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[. INTRODUCTION

In 1892, Corrado Segre (1860-1924) published a paper [6] in which he treated an
infinite set of Algebras whose elements he called bicomplex numbers, tricomplex
numbers,...., n-complex numbers. A bicomplex number is an element of the form
(x,+1,%,) +i, (%3+i,%,), where x,,...., x, are real numbers, i,> =i, = -1 and i,i, = i,i,.

Segre showed that every bicomplex number z,+i,z, can be represented as the
complex combination

(Z1‘11Z2) [14-;_112]4’ (Zl+ilz2) [1_;112]

Srivastava [8] introduced the notations '¢ and *¢ for the idempotent components
of the bicomplex number § = z,+i,z,, so that

1 1+iqip 9¢ 1-iqip
g = tg iz o 1t

Michiji Futagawa seems to have been the first to consider the theory of functions
of a bicomplex variable [1, 2] in 1928 and 1932.

The hyper complex system of Ringleb [5] is more general than the Algebras; he
showed in 1933 that Futagawa system is a special case of his own.

In 1953 James D. Riley published a paper [4] entitled “Contributions to theory of
functions of a bicomplex variable”.

Throughout, the symbols C,, C,, €, denote the set of all bicomplex, complex and
real numbers respectively.
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In C,besides 0 and 1- there are exactly two non-trivial idempotent elements
denoted as e, and e, and defined as

_ 14iqip

1—igi
e, =—2ande, = —-2
2

2
Obviously (e,)" = e, , (&))" = &,

e, +e=1¢e.e,=0

Every bicomplex number & has unique idempotent representation as complex
combination of e, and e, as follows

§ = z,+i,z, = (Zl'iIZQ)el + (Z1+ilz2)62

The complex numbers (z;-1,2,) and (z,+1i,2,) are called idempotent component of
¢, and are denoted by '¢ and *¢ respectively (cf. Srivastava [8]).
Thus € = '€ e, + € e,

a) h,, h, image and Cartesian idempotent set
The h, and h, image of a set X are denoted as 'X and *X respectively and defined as

h(X) = 'X = {z: ze,+we, € X} = {'€ :£eX}
h,(X) = *X = {w: ze,+we, € X} = {*¢ :£eX}

The Cartesian idempotent product of 'X and *X is the set which is the subset of
C, and denoted as 'X XX and defined as

"X XX = {ze,+we,: z €'X, w €’X}
If X = 'X %X then X is said to be Cartesian idempotent set (cf Srivastava [S]).
[I. CERTAIN RESULTS FROM TOPOLOGIES ON BICOMPLEX SPACE

a) Norm, Complex and Idempotent topologies on €,[9].
2.1.1 Norm topology

The norm of a bicomplex number §= z,+iyz, = x,+1,X,+i,X;+1,1,%, = '¢ €, +°€ e, is defined as
I8l = (%1 + %% +%3% + x42)"?
= (|21 [*+z21*)"

= [[ef + 7]
2

Since €, is modified normed algebra w.r.t this norm therefore for 8> 0, the 8-ball
centered at x is the set

B(x,6) = {yeC, : |[x — y||<6} of all points y whose distance from x is less than §,
it is called the 8-ball centered at x.

The collection ‘By, of all §-balls B(x,8), for xe®, and >0 is a basis for a topology
on C,. The topology generated by By is called norm topology on €, and denoted by Ty.

© 2016 Global Journals Inc. (US)
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2.1.2 Theorem

If X is a Cartesian idempotent set in €, then X is open (w.r.t. norm topology) if
and only if 'X and *X are open in complexplane (cf. Price [3]).

2.1.3 Complex topology
The norm of a complex number 'z’ is defined as ||z|| = |z|

Since €, is a normed algebra w.r.t. this norm therefore the collection ‘B of all
circular disk S(z,8), ze€, and 6> 0 will be a basis for a topology on C,, where S(z,8) =

{weC,: |z — w|<8}Therefore
BXB= {S,XS,: S,, S,eB} will be a basis for some topology on C,XC,.Since C,= C,xC,
therefore B, = {S,X.S,: S,, S,e B} will be a basis for some topology on C€,, where

Si1XeS, = {n = w,+i,w,: w, €S, w,eS,}

If S, = Sy(z,,r)) and S, = S,(zy,1,)
Then S, XS, = Sl(Zhrl)XC Sz(zzarz)
= {n = w,+iL,w,: |z; —wy[< 1), |23 — wa|< 1y}

The set S,(z;,r;)X¢ Sy(2,r,) is denoted by C(§ = z,+iyz,;r,,r,) and this set
C(§ = z,+1y2y; 1,,1,) is called open complex discus centered at ¢ and associated radii r,
and r,.

Therefore
C(§ = zy+iyzy; 11, 1) = {N = Wy Hi,wy: |29 —wWq|< 1y, |2 — Wy |< 1,}
Thus B, = Set of all open complex discus
= {C(&; r;, 1,): £eC, and 1;, r,> 0}

The topology generated by ‘B is called complex topology and denoted by T.
2.1.4 Idempotent topology

Since BXB= {S,;xS,: S,, S,eB} is a basis for some topology on ¢, xC, and C,=
C,XC, therefore B, = {S,;X,S,: S;, S,e B} will be a basis for some topology on €,, Where

SiXS, = {n = lr] e + 2” ezzlnesh 2”'582}

If S, = 5,(z,,1)) and S, = Sy(2,,15)
Then S, XS, = S5,(2,11) X, Sy(2s,1)
={n="ne,+ 7 e2:|177—zl| < Iy, |% - 2,| <15} The set Si(z,,1,) X, Sy(2,1,) is denoted by

D(§ = ze,+2z.e,; r,,r,) and this set D(§ = z,e,+2ze,; 1y,r,) is called open idempotent
discus centered at ¢ and associated radii r; and r,.
Therefore D(g; 1y, 1,) = {n: |177—1§| < r1a|277—2~§| < I}
Thus B; = Set of all open idempotent discus
= {D(§; 1, 1): §€C, and 1}, 1,> 0}

The topology generated by ‘B; is called idempotent topology and denoted by Tj.
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b) Order topology on €,
Singh [7] has developed certain orders on €,. He defined three types of ordering
in C,, viz., Real dictionary order <, Complex dictionary order <, Idempotent

dictionary order<,, . With the help of these three relations he has defined three order
topologies on C,. The order topology induced by real dictionary order is called as real

order topology T,, the order topology generated by Complex dictionary order is called
complex order topology T, and the topology induced by Idempotent dictionary order is
called idempotent order topology T,” on C,.

In the present paper, B, B,’and B/ denotes the basis of T,, T, andT,”
respectively. The sets (§, N)g, (§, N)c and (&, N);p are the open interval with respect to
Real dictionary order, Complex dictionary order and Idempotent dictionary order
relation.
¢) Product and metric topology on €,

Singh [7]defined three product topologies on C,,viz., Real product topology
T,,Complex product topology T, and Idempotent product topology T,".

B,, B," and B, denotes the basis of T,, T, and T," respectively. Where

B, = {S, X3S, Xz S5 Xz Ss Sy, Sy, Sy, S, are in B}
Sy Xg Sy Xz Sy Xz S, = {& = x4+, X +H1,Xy+H1,1,X,: X, €Sy, X,€S,, X;€S5;, X,€5,}

B is the collection all open intervals in €,

B,’= {S;X.S;: S;, Sge B’}
B is the collection of all open intervals in €,

S.X.Sq = {§ = z,+ 1, zo: z,€ S;, z,€ S¢}
B7= {S.x.Ss: S,, S;e B’}
S, X, Sy = {z,6,+2.€5: 2,€ S;, z,€ Si}

There are three metrics on C,, viz., real metric, complex metric and idempotent
metric. With the help of these three metric Singh /7] defined three metric topologies on

C,.The topology generated by the real metric is known as the real metric topology T,

the topology generated by the complex metric is called complex metric topology T, and
the topology generated by the idempotent metric is called idempotent metric topology

T
In this present paper, B, B,and Bj denotes the basis of T,, T, and T,"
respectively.

2.3.1 Theorem

The norm topology Ty and idempotent topology T; on €, are equivalent to each
other Srivastava [9].
2.3.2 Theorem

The norm topology Ty and complex topology T, on €, are equivalent to each
other Srivastava [9].
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7. Singh,

Theorems 2.3.1 and 2.3.2 imply that

2.3.3 Corollary
The complex topology T and idempotent topology T; on €, are equivalent.

2.3.4 Theorem
The real order topology T, and real product topology T, on €, are equivalent to
each other [7].

235 Theorem

The real product topology T, and real metric topology T; on €, are equivalent to
each other [7].
Theorems 2.3.4 and 2.3.5 imply that

2.3.6 Corollary

The real order topology T, and real metric topology T, on €, are equivalent to
each other.
2.3.7 Theorem

The complex order topology T,and complex product topology T, on €, are
equivalent to each other [7].

2.3.8 Theorem
The complex product topology T, and complex metric topology T, on €, are
equivalent to each other [7].
In view of Theorems 2.3.7 and 2.3.8, we have
2.3.9 Corollary

The complex order topology T,’and complex metric topology T, on €, are
equivalent to each other.

2.3.10 Theorem

The idempotent order topology T,”and idempotent product topology T,” on C,
are equivalent to each other [7].

2.3.11 Theorem

The idempotent product topology T,” and idempotent metric topology T,* on €,
are equivalent to each other [7].

As the idempotent order topology on €, and the idempotent product topology on
C, are equivalent to each other. Also, the idempotent product topology and idempotent
metric topology are equivalent to each other, therefore we have.

2.3.12 Corollary

The idempotent order topology T,”and idempotent metric topology T,* on €, are
equivalent to each other.

2.3.13 Corollary
As the real dictionary ordering of the bicomplex number is same as the complex
dictionary ordering of the bicomplex numbers therefore the real order topology T, is

equivalent to the complex order topology T, on C,.
Theorems 2.3.4, 2.3.5, 2.3.7, 2.3.8 and Corollary 2.3.6, 2.3.9, 2.3.13 imply that

2.3.14 Corollary

The real order, real product, real metric, complex order, complex product and
complex metric topology on €, are equivalent to each other.
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2.3.15 Corollary

The real dictionary ordering and complex ordering of the bicomplex numbers is
different from the idempotent ordering of the bicomplex numbers therefore the
idempotent order topology can be neither equivalent to the real order topology nor to
the complex order topology on C,.

I[11. COMPARISON OF VARIOUS TOPOLOGIES ON BICOMPLEX SPACE

This section is our contribution to the theory of bicomplex topology and contains
some important results from topological structures on the bicomplex space. In this
section, we have tried to develop some relation between various topological structures
on the bicomplex space.

a) Comparison of the idempotent order topology and norm topology on the bicomplex
space

3.1.1 Lemma

The set ("¢e, + (°¢ - 1,8)e,, '€e, + (¢ + 1,8)e,)p is the proper subset of B(E,r)
where 0 < 8 <v2and r > 0
Proof- Let suppose

ne(*€e, + (°€ - i,8)e,, ‘e, + (°¢ + i,8)ey)n (1)
='n ="'¢ and *€ - 1,6<’n<*¢ + 1,8
Since *€eC, therefore consider *¢ = a+ib

where a, b €C,

=N = a+i,q where b-8§ < g < b+ 6
Now |*6=?n| = |(a+11b) — (a+i1q)

=Fb-a
Since b- 8§ < g < b + § therefore +(b — q)<$8

:>|2§—277| <68
Since 0 <& <V2r

:>|2§—277|< V2r

¢—2n]
jT <r (2)

2 2
‘15—177‘ +‘2§—277‘
2

Now [[§ —nll=

2, 2
_ O+|§_77 winee ln — 1
= > ; since ‘N = ¢

|2
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From (2), [[E—nl[<r
=ne B(§r)
Now consider an element { in €, such that ' = '€+ r and *¢ = *¢

Then \/|l§_l§|2 +|2§_2§|2 =—<r
2 V2

Therefore CeB(§,r)
Since '¢ #'¢
" Q& ("Ge+ (%6 - 1,8)ey, 'Gey + (P§ + 1,8)ey)

(4)

(5)

Hence the set (‘ge, + (%€ - i,8)e,, '€e, + (°¢ + 1,8)e,);p is a proper subset of B(§, r)

where 0 < § <V2r
3.1.2 Lemma

If (¢, W), is an open interval in C, such that '¢+'"¥ then there exist no open ball

B(§,r); r < oo which contain the set ({, ¥)p.

Proof- Let B(, 1) be an arbitrary open ball in €, such that r < oo
Let n be the arbitrary element of B(§, r)

=ne B(r)
=g —nll<r
J et +|Pe-2n]
= > <r

:>|l(§—177| <+\2r ,|2§—277| <2r

=ne D(§V2r,V2r)
From (6), (7)

Therefore B(§ r)C€ D(§V2r,V2r)

(7)

(8)

Let us consider an arbitrary open interval (¢, W), in €, which contain the element n

=ne((, ¥)p
=>(<pN<p¥

Since (<, N

Therefore either '{<'n or 'C = 'n, *{<’n

Since N<p¥

Therefore either 'n<'¥ or 'n = '¥, n<’¥

Since '¢#'¥ therefore there will be only three possibilities.
Case 1* - If '{<'n and 'n<'¥
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Consider an element yeC, such that 'y = 'n and |2§—2y|>\/§r
Since 'y = 'n
:>1C<ly’ ly <11_IJ
={<pyand y <p¥
Therefore ye (¢ , W)
Since |2cf—2y|>\/§r
—y¢ D(E;V2r,V2r)
From (8), y€B(§ 1)
Therefore we have an element ye (¢ ,%);, such that y& B(§,r)
= (¢,¥)p €B(§ 1)
Case 2™ - If 'T<'n, 'n = '¥ and *n<*¥
Consider an element yeC, such that '{<'y <'n and |2§—2y|>\/§r
Since '{<'y =<,y
Since 'y <'n and 'n = '¥='y <'¥
=y <p¥
Therefore ye (¢ , W)
Since |2§—2y|>\/§r
=y¢ D(§V2r,V2r)
From (8), y¢B(E 1)
Therefore we have an element ye(¢ , W), such that y& B(§,r)
= (¢,¥)p €B(E 1)

Case 3" - If 'C = 'n, *{<’n and 'n<'¥

Consider an element yeC, such that 'n<'y <'¥ and |2§—2y|>\/§r
Since 'n<'y and '¢ = 'n=>'¢<'y

=>(<ppy

Since 'y <'W= y <,V

Therefore ye (¢ , W)

Since |2§—2y|>\/§r

=y& D(§V2r,V2r)

From (8), y€B(5 1)
Therefore we have an element ye(¢ , W), such that y& B(§,r)

© 2016 Global Journals Inc. (US)
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= (¢, ¥)p €B(§ 1)

Finally the ball B(§,r); r < o cannot contain any open interval ({ , ¥),, where '{#"¥

Hence (¢ ,W);, cannot be contained in any ball B(§,r); r < oo
3.1.3 Theorem

The Idempotent order topology is strictly finer than Norm topology.

Proof-Let X = (§, n);p be an open interval such that '¢ = 'n
Then by (X) = 'X = (€} and h,(X) = X = (€, "n)
In fact X = 'X x X

Since 'X is not open in complex plane
Therefore X will not be open w.r.t. Norm topology.

(By Theorem-2.1.2)

Since X is open w.r.t. Idempotent order topology therefore Idempotent order
topology and norm topology are not equivalent and Norm topology cannot be finer than

Idempotent order topology

Now we want to show for all open ball B(§,r) and for all ne B(E,r) then there

exist (¢ %), such that ne(¢ ,\¥);, € B(§,r)

Let us consider an arbitrary ball B(§ r) and consider an arbitrary element n of B(§,r)

=ne B 1)

1" Method- Since NeB(E, r) then there exist a ball
B(n, s);s> 0 such that B(n, s) € B(§, 1)

From Lemma-3.1.1,

(‘ne, + (°n - i,8)e,, 'ne; + (>N + 1,8)e,);p will be the proper subset of B(n, s)

Therefore for neB(§,r) we have a set ('ne, + (°n - ,8)e,, 'ne; + (°n + 1,8)e,)p such that

Ne (1r'|e1 + (Zﬂ - 1,8)e,, lﬂel + (2ﬂ + i,8)e,)p and

(‘ne, + (°n - i,8)e,, 'ne; + (N + 1,8)e,)p is the subset of B(E, )
2'Y Method- Since neB(E,r)

=d,*+d,’< 2r°

There exist d,> 0 such that d,< d; and d,>+d,*< 2r*

Consider a set Q = ('ne; + (°n - i,8)e,, 'ne, + (°n + i,8)e,), where 8§ =d,-d,> 0
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Obviously neQ
Let yeQ ..(9)

='y ='nand (*n-i,8) <’ < (°’n +i,9)
Let °n = a+i,b
Then *y = a+i,q where b-§ < qg<b+§

Now |?&—2y|<|?&=27|+|?n—Y)|
=|%&—2y| < d, +li; (b — )
=|?s-y| < dt(b - q) ...(10)

Since b-6 < g < b + 6 and & =d,-d,

Therefore +(b — q)< d;-d,

From (10), |2.§—2y| < d,

Since |1§—1y| =d,

Therefore |1(§—1y|2 +|2§—2y|2 < d/+d< 2r?

=ye B(§ 1) ..(11)
From (9), (11) Q €B(§, 1)
Therefore for neB(§,r) we have a open interval Q w.r.t. idempotent ordering
such that neQ < B(§,r)
Hence it proves that Idempotent order topology is strictly finer than Norm topology.

Theorem 3.1.3 together with Theorems 2.3.1, 2.3.2, 2.3.10, 2.3.11 and Corollary 2.3.3,
2.3.12 generate a new corollary which states that

3.1.4 Corollary
The topology T,” (and therefore T,” and T,;*) on C, is strictly finer than the
topology Ty (and therefore T;and T¢) on C,.

b) Comparison of the idempotent order topology and real order topology on the
bicomplex space

3.2.1 Theorem
The Real order topology and Idempotent order topology are not comparable.

Proof- Consider an open interval ‘A’ w.r.t. real ordering such that A= (§, n)z where
=121, 141, + 7i,i, and N=2-+2i,+3i,+4i i,
Consider an element x in €, such that x=142i,+5i,+7i,i, therefore {<;x and x <z n

—XE€ (ga n)R

Let us consider arbitrary open interval ({, W), in €, (w.r.t. Idempotent
ordering) which contain the element x.

© 2016 Global Journals Inc. (US)
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ie. xe((, V)p=>C(<px,x <p¥

Since (<, x

Therefore either '{<'x or ' = 'x, *{<’*x
Since x < ¥

Therefore either 'x <'¥ or 'x ='W, *x <*¥
Hence there will be four possibilities.

Case A- If '{<'x and 'x <'¥
Since x=1421,+5i,+7i,i,
Therefore 'x = 8-3i,, *x = -6+Ti,

Consider an element y in €, such that y = 6+2i,+5i,+2i,i,
Therefore 'y = 8-3i,, y = 4+7i,

Since 'y = 'x and '{<'x, 'x <'®¥

Therefore (<, y <p¥

=ye(Q, Y -..(12)

Since <z y and n<gp y
=YE(E, Nr -.(13)

From (12), (13) (¢, ¥)nE (8, N)r

Case B-If '{<'x, 'x ='W and *x <*¥

Consider an element y in €, such that '{<'y <'x
Since '¢<'y =C<pp ¥

Since 'x = Wly <'x => y < ¥

=ye(C,P)p ...(14)
Since 'x = 8-3i, and 'y <'x
= Therefore there are only two possibilities either 'y = 8 + 8i; where § <=3 or 'y
=a+i;b where a < 8, beC,
If 'y = 8 + 8i; where § < —3
Then y will be in the form y = a,+i,a,+i,a;+1,i,a,
Where a,+a, = 8, a,a;< -3
Choose a,=7, a,=1 and choose a, and a; in such a way that a,-a;< -3
Therefore y = 7+i,a,+ia,+1,i,

:>§<R Y n<R y
=Yy&(& Nk --(15)

From (14), (15) (€ ,¥)n%(& Nk

If 'y = a+i;b where a < 8, be(,

Then y will be in the form y = b,+i;b,+i,b;+i;i,b,, Where b;+b,< 8
Choose b, = 8 and b, = -C where C > 0

Therefore y = 8+4i,b,+i,b,-1,i,C
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=y€(& N ...(16)
From (12), (14)  (C W)u&(E )
Case C-If ' = 'x, *{<*x and 'x <'¥
Consider an element y in C, such that 'x <'y <'¥
Since 'y <'W =y <V
Since '¢ = 'x and 'x <'y =(<py

=ye(C, Vo .. (17)

Since 'x = 8-3i; and 'x <'y
Therefore there are only two possibilities either 'y = 8 + 8i; where § > —3 or 'y
= a+i;b where a > 8, beC,

S If 'y = 8 + 8i; where § > —3
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Then y will be in the form y = a,+i,a,+i,a;+1i,a,
Where a,+a, = 8§, a,-a;> -3
Choose a,=7, a,=1 and choose a, and a, in such a way that a,-a,> -3
Therefore y = 7+i,a,+i,a5+1,1,
:§<Ry 7r]<R y

=YE&(&, Nx --(18)
From (17), (18) (T ,¥)n¥Z(& Nk
If'y =a+ib where a > 8, beC,
Then y will be in the form y = b,+i,b,+i,b;+i,i,b,, Where b;+b,> 8
Choose b, = 8 and b, = C where C > 0
Therefore y = 8+i,b,+i,b4-1,i,C

=Y€(& N)x --(19)
From (17), (19) (€ ,¥)n%(&, N)r
Case D- If ' = 'x, 2{<*x and 'x = '¥, ’x <*¥
Consider an element y in €, such that

'y = 'x and *(<’y <*¥
=>C<p ¥,y <p¥
=ye(C ¥ ...(20)

If Z = a+i,b is a complex number then the region of all complex number which
is greater than Z or less than Z is define as follows.

Figure-1 shows the region of all complex numbers which is greater than Z and
figure-2 shows the region of all complex numbers which is less than Z.
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N

Since *x = -6+7i, and *{<*x <’¥
Here there are four possibilities.

Possibility 1%-If *C is on the axis QT except Q point and *¥ is on the axis QS

except Q point.

0(0,0) -

v
Xa

Figure-2
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Since 'y ='x and *(<’y <*¥
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Therefore 'y =8-3i, and *y = -6+i,b whereb > 7orb < 7
We will consider only b < 7
Then y = 1+(2-8)i,+(5-8)i,+7i,i, where § > 0

=y <gd
=y&(8, Nx ...(21)

From (20)7 (21) (C 7Lp)ID'¢—(§7 n)R
Possibility 2"-If % is situated in the region QSRT except ST axis and *¥ is on
the axis QS except Q point.
Since 'y ='x and *{<’y <*¥
Therefore 'y =8-3i,

Consider *y= a+i,b where a < -6, be(,

Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I

5 X,
2 :.213[}
g
R- Q= P
T
X< 0(0,0) >,
\xf4
Then y = (1' 81)+(2'82)11+(5' 82)12+(7+ 81)1112
where 8,>0 and 8,eC,
=y <g$
=Y€(8 N)r ...(22)

From (20), (22) (¢ ,\¥)p%(§, N)x

Possibility 3"- If *¥ is situated in the region QSPT except ST axis and *C is on
the axis QT except Q point.
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Xs
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R , Q = ZX r
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¥
X, € 0(0,0) > X,
v
X

Since 'y ='x and *{<*y <*¥

Therefore 'y =8-3i,

Consider %y in such a way that *{<’y <*x
Therefore >y = -6-+i,b where b < 7

= y = 14(2-8)i,+(5-8)iy+7i,i, where § > 0
=y <i§
=y€(&, N)x
From (20), (23) (¢, )% (8, Nk

.(23)

Possibility 4™-If ¥ is situated in the region QSPT except ST axis and *C is

situated in the region QSRT except ST axis.
y = -6-4bi, satisfies the condition *{<’y <*¥
Therefore on choosing *y = -6+5i,

Since 'y = 8-3i, then y = 1+i,+4i,+7i,i,

=y <gb
s "
2: 211” R
R-< Q=x P
T
X; € 000,0) >
v
X4
Figure-6

From (20)7 (24) (C 7LIJ)ID-¢—(§> H)R

(24)
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Finally all open interval (w.r.t. idempotent ordering) which contain the element
x they cannot be subset of the set A.

Since A is open w.r.t. Real order topology therefore it shows that Idempotent
order topology is not finer than Real order topology.

Now consider an open interval ‘B’ w.r.t. idempotent ordering such that B = («, ),
Where o = (6-i;)e;+(-2+5i,)e, and B = (8-2i,)e,+(-6+61,)e,
Consider an element p in ¢, such that p=2+2.5i,+3.5i,+4i,i, N
otes
='p=(6—1),p =(-2+6i)

Since 'a= 'p and *a<’p =a < p
Since 'p <'B= p <;pB therefore pe(a,B)p

Let us consider arbitrary open interval (¢,%)y in €, (w.r.t. Real ordering) which
contain the element p.

ie. pe(d W)p=>p<zp,p <g¥

Let o= x;+1;X,+1,%3+i)ipx, and W= y,+Hi,y,+Hy; 4111y,
Since p=2+2.51,+3.5i,+4i,i, and <z p, p <g¥

Therefore there are 16 cases.

Case-(1) If x, < 2 and y, > 2
=0 = (2- €)+ix,+Hi,x;+, 1%, and
W = (24 8)+i,y,+Hi,ys+ily, where g, 8> 0

Consider an element A in €, such that
A= 2+42.51,4+3.51,+9i,i,
=Ae(dp W)y ...(25)
Since 'A = (11-i,)

='a<'A and 'B<'A
=a<pA, B<pA
=A¢(a,B)p ...(26)

From (25), (26) (d,¥)rZ (o, B)mp

Case-(ii) If x,=2, x,<2.5 and y,>2
=¢ = 2+(2.5- €)i,+i,x;+i1x, and

¥ = (24 8)+i,y,+Hi,y5+iiy, where €, 6> 0

Also in this situation Ae(d W) ..(27)
Therefore from (26), (27) (¢, ¥)rZ (o, B)ip
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Case-(iif) If x,=2, x,=2.5, x,<3.5 and y,>2
S = 242.51,4+(3.5- €)iy+i,ix, and

W = (2+ 8)+i,y,+iyy;+ily, wheree, 6> 0
=Ae(d W)y
Therefore from (26), (28) (b, %)rZ(, B)p
Case-(iv) If x,=2, x,=2.5, x,=3.5, x,<4 and y,>2
S = 242.51,43.50,+ (4- €)i,i, and
W = (2+ 8)+i,y,+Hiyy;+ily, wheree, 6> 0
=Ae(d W)y

Therefore from (26), (29) (&, ¥)rZ (o, B

Case-(v) If x,< 2, y;=2 and y,>2.5

=0 = (2- €)+ix,+H,xy+i,ix, and

Y = 24(2.54+ 8)i,+i,y;+i;i,y, where €, 8> 0
Since A = 2+2.5i,+3.51,+9i,i,

=Ae(d W)y
Therefore from (26), (30) (&, ¥)rZ (o, B

Case-(vi) lf x,= 2, x,< 2.5, y,=2and y,> 2.5
= = 2+(2.5- €)i,+ix;+iix, and

Y = 2+4(2.54+ 8)i;+Hiyy;+ii1,y, where €, 6> 0

Also in this situation Ae(d W)y
Therefore from (26), (31) (&, %)rZ(, B)ip

Case-(vii) If x, = 2, x,= 2.5, x;,< 3.5, y;,=2 and y, > 2.5
=¢d = 2+2.51,+(3.5- €)i,+i,i,x, and
Y = 24(2.54+ 8)i,+iyy;+i;i,y, where €,8> 0

:>AE(¢ 7LP)R
Therefore from (26), (32) (¢, ¥)rZ (o, B

Case-(viii) If x, = 2, x,= 2.5, x,= 3.5, x, < 4, y,= 2 and y, > 2.5
= = 2+2.51,+3.51,+(4- €)i,i, and
Y = 2+4(2.54+ 8)i,+i,y;+i;i,y, where €, 8> 0

:>AE (Cb 7qJ)R

(28)

.(29)

~.(30)

(32)

..(33)
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Therefore from (26), (33) (b, ¥)rZ(, B)p

Case-(ix) If x, < 2, y, = 2, y,= 2.5 and y; > 3.5
= = (2- €)+i;x,+Hipx3+i,ix, and

¥ = 242.51,4+(3.54+ 8)iy+ii,y, wheree, & > 0
Since A = 2+42.51,43.51,+9i,i,

SAe(d W)y 34 N otes
Therefore from (26), (34) (¢, %) Z(a, B)

2016

Case-(x) If x;= 2, x,< 2.5, y;= 2, y,= 2.5 and y;> 3.5
= = 2+(2.5- €)i,+i,x,+H, 1%, and
Ja ¥ = 2+42.51,+(3.5+ 8)i,+i;i,y, where€g, 8 > 0

Year

Also in this situation Ae(d W) ...(35)
Therefore from (26), (35) (¢,¥)rZ (B

Case-(xi) If x, = 2, x, = 2.5, x;< 3.5, y, = 2, y,= 2.5 and y; > 3.5
= = 242.51,+(3.5- €)i,+,i,x, and
W = 24-2.51,4+(3.5+ 8)i,+i,i,y, wheree, 6> 0

=Ae(d W), ...(36)

Volume XVI Issue IV Version I

Therefore from (26), (36) (¢ W) Z(a, B)p

Case-(xii) If x, = 2, x, = 2.5, x, = 3.5, x,< 4, y,= 2, y,= 2.5 and y,;>3.5
—p = 242,51, +3.5i,+ (4 €)ii, and
W = 242.5i,4+(3.5+ 8)i,+i,i,y, where€, 6 >0

—Ae(d ,P)x -..(37)
Therefore from(26), (37) (¢ ,¥)rZ(a, B)p

Case-(xiii) If x,< 2, y;= 2, y,= 2.5,y,=3.5 and y, > 4

= = (2- €)+i;x,+Hpxy+i,i,x, and

W = 242,51, +3.5i,4 (4+ 6)i,i, where €, 6> 0

Consider an element B in €, such that B= 2+2.51,+3.51,+3i,i,

Global Journal of Science Frontier Research (F)

—Be(¢p W)y, ..(38)
Since 'B = (5-1))
='B <'a, 'B <'B

= B <pa, B <pB
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=Bé&(a, B)ip -(39)
From (38), (39) (&, %) Z (o, B)p

Case-(xiv) If x, = 2, x,< 2.5, y,= 2, y,= 2.5,y,= 3.5 and y, > 4
=0 = 24+(2.5- €)i,+i,x,+H, 1%, and
Y = 242.51,43.51,+(4+ 8)i,i, where €, 6>0

Also in this situation Be(¢p W)y ...(40)
Therefore from (39), (40) (¢, ¥)rZ (o, B

Case-(xv) If x,= 2, x,= 2.5, x,< 3.5, y,= 2, y,= 2.5, y,=35and y, > 4

= = 242514 (3.5 €)iy+i,i,x, and

¥ = 2+2.51,4+-3.51,+(4+ 6)i,i, where €, 6> 0

—Be(¢ ¥)y .(41)

Therefore from (39), (41) (¢, ¥)r% (o, B

Case-(xvi)lt x, =y, =2, x, =y, =25, x; =y, = 3.5 and x,< 4 < y,

= = 2+2.51,+3.51,+(4-€)i,i, and

W = 242.5i,+3.5,+(4+ 8)i,i, where €, 6> 0

Consider an element D in €, such that D= 2+2.5i,+3.5i,4-ai,i, = where (4-€) < a < 4

—De(d W), ...(42)

Since 'D = {(2 + a)-i,}
Sincea <4 =>2+4+a<6

='D <'a= D <0
=De&(a,B)ip ... (43)

Therefore from (42), (43) (b, W)r% (0, B)im

Hence all open interval (w.r.t. real ordering) which contain the element ‘p’ they
cannot be subset of the set ‘B’.

Since B is open w.r.t. Idempotent order topology therefore it shows real order
topology is not finer than Idempotent order topology.
Hence it proves that both topologies are not comparable.

Theorem 3.2.1, 2.3.10, 2.3.11and corollary 2.3.12, 2.3.14 submerge together to
give a new corollary which is started below.
3.2.2 Corollary

The topology T, (and therefore T,” and T,*) and the topology T, (and therefore
To Ts, T, T and T, )on €, are not comparable.

¢) Comparison of the real order topology and norm topology on the bicomplex space
3.3.1 Lemma

The set (¢, W)y is the proper subset of B(§= x,+i,x,+1,%x;+1,1,%, , r) where

¢ = xHi XX, +Hih(x,€), W = x+Hi,X,+iyx;+H,i,(x,+€) and either € = Min(d,,d,),
d+d,’< 2r'and e> 0or 0 <e<r
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Proof- Let suppose
ne( g Wk

=>0<zn<g¥

=N = x;+i;x,+1,%x;+1,1,q where (x,-€) < q < (x,+€)

Since N = x;+1;X,+Hi,x3+1,1,q

='n = (x,+q)+1i;(x,-x5) and n= (x-q) +ip (X +x5)

Since &= x;+i;X,+Hi,X3+H, 15X,

31§ = (X1+X4)+i1(x2‘x3) and 2§ = (X1‘X4)+i1(x2+x3)

Now ‘15—177‘ =X, —d| = +(x4, — Q)

Volume XVI Issue IV Version |

Frontier Research (F)

Global Journal of Science

Since (x,-€) < q < (x,+ €) therefore +(x, —q) <€
:>|1§—177| <€

Similarly |2§—277| = +(x4 —q) <€

Since € = Min(d,,d,) and d,*+d,’< 2r*

Therefore |1§—177|2 + | 2.»:—277|2 <2r?

\/ e i
= > <r

Therefore || —n||< r

=ne B(§= x;+ix,Fiyx+H, 1%, , T)

Now consider an element P in €, such that 'P = '€+ r and °P = *¢

it i S

<
2 zo

Constitute \/

Therefore PeB(E,r)

Since '€ = (x;4+x,)+H,(x-x;) and ¢ = (x,-%,)+H; (x,+%;)
SOP = (3 4n) (%) and P o= (x03) (X +xs)
S Po= (%1 2) i Hoxg L, (%+1/2)

=P ¢ (G, W)
From (44), (45), (46) and (47)

Hence the set (, W)y is the proper subset of B(§= x,+i,x,+i%s4i,iy%, , 1)

3.3.2 Lemma

.(44)

Notes

..(45)

..(46)

.(47)

If ({, W), is an open interval in ¢, such that u, # v, or u, = v, a,# b,

then there exist no open ball B(, r); r < « which contain the set (¢, ¥)c.

Or

© 2016 Global Journals Inc. (US)
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If (¢, W)y is an open interval in €, such that a, # b, or a, =

b17

a, # b,ora, =

b,, a, = b,, a,# b, then there exist no open ball B(§,r); r < « which contain the set (C,

W)R'
Where { = u,+i,u, = (a,+1,a,) + i,(a;+i,a,) and
W = v +i,v, = (b +iby) + iy(by+ib,)

Proof- Let B(,r) be an arbitrary open ball in €, such that r < o

Let suppose § = z,+1,2, = (x;+1;%,) + 1(x3+1,x,) and

let N = wy+i,w, = (y;+1y,) + i,(y;+iy,) be the arbitrary element of B(E, ).

=ne B(§ 1)
=g —nll<r

3\/|Z1 — w2 +|z; —wyl?<r

Or [(XI_Y1)2+ (Xz‘Y2)2+ (X3‘Y3)2+ (X4‘Y4)2] i<y

:>|Zl —W1|<r and |Zz —W2|< r

OI' (Xi_Yi) < r; 1= 17 27 37 4

Let us consider an arbitrary open interval (¢, W), in €, which contain the element n

=ne(q, ¥)c

=(<.n<W¥

Since (<N

Therefore either u,< w, or u;, = w;, u, < w,
Since n< W

Therefore either w,< v, or w; = v, w, < v,

Case-A If u, # v, then there will be three possibilities.

Possibility-17: If u,< w,and w,< v,

Consider an element y = q,+i,q, €€, such that q, = w, and |z, — q,|>r

Since q, = w,

= w< qand ;< v,

=(<.y and y <.W¥

Therefore ye( , W)¢

Since |z, — q|> 1

=y€ B(§ 1)

Therefore we have an element ye(g ,W). such that y& B(§,r)

= (C 7LIJ)C *¢—B(§' F)

Possibility-2": If u,< w,, w, = v,and w, < v,

Consider an element y = q,+i,q, €, such that u,< q, < w, and |z, — qz|> r

Since u,< q, =(<.y

Since q;< w; and w, = v,
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=y <MW

Therefore ye(C , W),

Since |z, — q|> 1

=y¢€ B(§1)

Therefore we have an element ye (¢ ,W). such that y& B(§,r)

= (¢, W) £B(& 1)

Possibility-37: If u, = w,, u, < w, and w,< v,

Consider an element y = q,+i,q, €€, such that w,< q, < v, and |z, — qz|>
Since u; = w; and w;< q;= (<. y

Since ;< vi=> vy < W

m Therefore ye(( , W),

Volume XVI Issue IV Version I
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Since |z, — q|> 1
=y¢€ B(g,r)
Therefore we have an element ye (¢ ,W). such that y& B(§,r)
= (W) EB(& 1)
Case-BIf u, = v, & a;# b,
Since a;# b,= a;< b,
Consider an element s = a,+i,a,+1,¢,+1,i,¢, €C, such that a,< ¢; < b, and (x,-¢,) > 1
Therefore s (¢ ,W).and s¢ B(,r)
Also in this situation (¢ ,W). € B(§, 1)
Finally the ball B(§,r); r < < cannot contain any open interval (¢ , W), where
U, # Vv, or u; = vy, a;# by
Hence (¢ ,W). cannot be contained in any ball
B, r); r <

3.3.3 Theorem
The Real order topology is strictly finer than Norm topology.
Proof- Since the Real order topology and Idempotent order topology are not
comparable.[By Theorem-3.2.1]

Therefore there exist a set QESC, which will be open w.r.t. Real order topology
and will not be open w.r.t. Idempotent order topology.
Since Q is not open w.r.t. Idempotent order topology.
Therefore, from Theorem-3.1.3
Q will not be open w.r.t. Norm topology

Therefore we have a set Q which is open w.r.t. Real order topology and not open
w.r.t. Norm topology.

Therefore Idempotent order topology and norm topology are not equivalent and
Norm topology cannot be finer than Idempotent order topology

Now we want to show for all open ball B(§ r) and for all ne B(§ r) then there
exist (¢ W)y such that ne(¢ ,¥)z € B(E, 1)

Let us consider an arbitrary ball B(§,r) and consider an arbitrary element n of
B(ET) =ne BED)
Let N = y;+iy,+hys iy,

© 2016 Global Journals Inc. (US)
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I"" Method- Since neB(&, r) then there exist a ball
B(n, s);s > 0 such that B(n, s) € B(, 1)
Since N = y,;+i,y,+Lys+i iy, then
(€ ,9)y will be the proper subset of B(N=y,+i,y,+1,y;+iL,y,, T)
Where (= y,+i,y, iy +Hib(y-€),
Y = y,+H,y,+ioy;+iiy(y,+€) and € =Min(d,,d,) and d,*+d,*< 2r?
N otes [By Lemma-3.3.1]
Therefore for neB(E, r) we have a set (¢ ,W) such that ne (¢ ,¥)zand (¢ W) S B(E, ).
2"! Method-Since neB(&, r)

Let |1§_177|2 _ d12,|2§—277| —d,2

= d,/+d,’< 2r?

There exist d,, d,> 0 such that d, < d,, d,< d, and d,*+ d,°< 2r?

Consider a set (¢ ,%)y such that

¢ = yiHiyo iy, Hib(yr€), ¥ = yi+iy,Hys+ihy(y,+€) and € = Min(dy-d;,d,-d,)
Obviously ne(q W)y

Let Ye(¢, W), ...(48)

=>0<p Y <g¥

= Y = y;+iy,Hoys+iha where (yr€) < a < (y,+e)
Therefore

Y = (v +a)+i(yoy;) and Y = (vi-a)+i (Yo tys)

Since N = y;+i;y,H,y;+iiby,

Therefore 'n = (y,+y,)+ii(y-ys) and 'n = (y1-y,) + i1 (ya+ys)
Now |1§—1Y| < |1§—177| + |177—1Y|

= [*e—v| <d, +lys —al
= |1«§—1Y| <d £(ys—2a)
Since (y,€) < a < (y,+€) therefore +(y, —a) <€
=X |1§—1Y| <d,+e

Since € = Min(d;-d;,d,~d,)
Therefore |1§—1Y| < d,

Similarly |2.§—2Y| <d,
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Since d,’+d*< 2r°

Therefore |1§—1Y|2 + | 25—2Y|2 <2r?

JeenT et
j—y > <r

Therefore ||E—Y||< r

= YeB(§, 1) ...(49)
From (48), (49)

(€, ¥)r <€ B(E 1)

Therefore for NeB(§, r) we have a set (¢ ,W)gsuch that ne (¢ ,¥)yand (¢ ,¥); € B(§ 1).
Hence it proves that real order topology is strictly finer than Norm topology.

Compiling Theorems 3.3.3, 2.3.1, 2.3.2 and corollary 2.3.3, 2.3.14 together, result
to new corollary which states that

3.3.4 Corollary
The topology T, (and therefore T,, Ts T,» T» and T;)onC,is strictly finer than
the topology Ty (and therefore T;and Tc) on C,.
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