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Existence of Fixed Points of a Pair of Self
Maps under Weak Generalized Geraghty

Contractions in Complete Partially Ordered
Partial b - Metric Spaces

Vedula Perraju

Abstract- We introduce the notion of (a, ¢, p) - weak generalized Geraghty contractions in complete partially ordered
partial b - metric spaces via triangular a-admissible mappings. We obtain sufficient conditions for the existence of fixed
points of such maps in complete partially ordered partial b - metric spaces with coefficient s > 1, where ¢ is an altering
distance function and g €Q whe re Q = /8 : (0,) —[0, 1) satisfying g(f) —1 =>£, =0}. Examples are provided to
illustrate our results.

Keywords: fixed points, weak contraction, altering distance function, geraghty type contraction. coupled
o. — admissible, partial b - metric, complete partially ordered partial b - metric space.

I. INTRODUCTION AND PRELIMINARIES

Most of the fixed point theorems in nonlinear analysis usually start with Banach [9]
contraction principle. A huge amount of literature is witnessed on applications, gen-

eralizations and extensions of this principle carried out by several authors in different
directions like weakening the hypothesis and considering different mappings. But all

the generalizations may not be from this principle. In 1989, Bakktin [ 8 | introduced
the concept of a b - metric space as a generalization of a metric space. In 1993,
Czerwik[11] extended many results related to the b - metric space. In 1994, Matthews
[20] introduced the concept of partial metric space in which the self distance of any
point of space may not be zero. In 1996, O’Neill [28] generalized the concept of partial
metric space by admitting negative distances. In 2013, Shukla [35] generalized both the
concepts of b - metric and partial metric space by introducing the notation of partial
b - metric spaces. Many authors recently studied the existence of fixed points of self
maps in different types of metric spaces [16,35,23,32,38]. Some authors [4,20,24,30,31]
obtained some fixed point theorems in b - metric spaces . After that some authors

proved o — ¢/ versions of certain fixed point theorems in different types of metric
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spaces [3,16]. Recently Samet et.al [29] and Jalal Hassanzadeasl [14] obtained fixed
point theorems for az — v contractive mappings . Mustafa [24] gave a generalization of
Banach contraction principle in complete ordered partial b - metric space by using the
notion of a generalized o — ¢ weakly contractive mapping. Babu et.al[5] proved
coupled fixed point theorems by using («, ¢, 3) - weak generalized Geraghty
contraction. In 2012, Mohammad Mursaleen et.al [ 22 | proved coupled fixed point
theorems for « - ¢/ contractive type mappings in partially ordered metric spaces.

In this paper we extend the concepts of G. V. R. Babu. et.al.[6] to complete partially
ordered partial b- metric space with coefficient s > 1 and obtain sufficient conditions for
the existence of fixed points of weak generalized Geraghty contractions in a complete
partially ordered partial b - metric space with coefficient s > 1. A supporting example
is also given. Further an open problem is also given at the end of this paper.

Shukla [35] introduced the notation of a partial b - metric space as follows.

Definition 1.1. (S.Shukla [35]) Let X be a non empty set and let s >1 be a given
real number. A function p: X x X — [0,00) is called a partial

b - metric if for all x,y, 2 € X the following conditions are satisfied.
(i) z =y if and only if p(z, ) = p(z,y) = p(y,y)

(ii) p(z, z) < p(z,y)

(iii) p(z,y) = p(y, z)
(

iv) p(x,y) < s{p(z,2) + p(z,9)} — p(z,2)

The pair (X, p) is called a partial b - metric space.
The number s > 1 is called a coefficient of (X, p).

Definition 1.2. (Z.Mustafa.et.al.[24]) A sequence {z,} in a partial b - metric space
(X, p) is said to be:
(i) convergent to a point z € X if lim p(x,,z) = p(z,x)

n—oo

(i) a Cauchy sequence if lim p(x,,z,,) exists and is finite

n,Mm—00

(iii) a partial b - metric space (X, p) is said to be complete if every Cauchy sequence

{z,} in X converges to a point x € X such that

lim p(zp,x,) = lim p(z,,x) = p(z,x).
nm—)oo n—oo

Definition 1.3. (E.Karapinar. et.al [18]) Let (X, <) be a partially ordered set. A
sequence {x,} € X is said to be non decreasing,
ifr, <z, 1VneN

Definition 1.4. (Z.Mustafa.et.al.[24]) A triple (X, <,p) is called an ordered
partial b - metric space if (X, <) is a partially ordered set and p is a partial
b - metric on X. In Sastry et.al[30], the notion of a partially ordered partial metric

space is introduced.
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For definiteness sake Sastry et.al[30](Definition 2.1) adopting the definition 1.1 for par-
tial metric and defined the triple (X, <,p) as partially ordered partial metric space.
A partially ordered partial metric space (X, <, p) is said to be complete if every Cauchy

sequence is convergent.

Notation: The following notation is used throughout this paper.
(X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1
and we write it as X. Let T : X — X be a self map of X and let Fiz(T') denote the
set of all fixed points of T'. We denote Q = {3 : (0,00) — [0,1)/5(t,) — 1 = t,, — 0},
and that &5 = {¢ : [0,00) — [0, 00)/¢ is non-decreasing, continuous, tlirg p(t) < % and
©(t) =0 <t =0}. We call the elements of ®; as altering distance functions.

Further, we use the following notation: for any sequences {a,} and {b,} in X with

Pn = p(anabn) 7é 07

we write A, = w and AY = “D(SP(TSEZ)’)T(I’"))) Y n,

We denote the set of all real numbers by R, the set of all nonnegative reals by Rt and

the set of all natural numbers by N.

Definition 1.5. (I.Beg and A.R.Butt [ 10 | ) Let (X, <) be a partially ordered set and
S, T : X — X be such that Sx < TSz and Tx < STx Vxr € X. Then S and T are said

to be weakly increasing mappings.

Definition 1.6. (B.Samet et.al.[29])Let T': X — X beaself map and o : X x X - R
be a function. Then T is said to be « - admissible if a(z,y) > 1 = a(Tz,Ty) > 1.

Definition 1.7. (JalalHassanzadeasl.,[14] ) Let T,S : X — X, and let
a: X x X —[0,400). We say that T, S are coupled o — admissible if
a(z,y) > 1= a(Tz,Sy) > 1 and a(Sz, Ty) > 1 for all z,y € X

Definition 1.8. (E. Karapinar. et.al. [18]) An « - admissible map T is said to be
triangular o« — admissible if a(z,z) > 1 and a(z,y) > 1 = a(z,y) > 1.

Lemma 1.9. (E.Karapinar. et.al.[18]) Let T : X — X be triangular o — admissible
map. Assume that there exists x; € X 3 a(xy,Txy) > 1. Define the sequence {x,} by

Tpi1 =Tz, n=0,1,2,.... Then we have a(x,,T,) > 1 for allm,n € N with n < m.

For more details and examples on o« — admissible and coupled o — admissible maps,
one can refer [17], [18] and [29].
The following lemma can be easily established.

Definition 1.10.  (S. H. Cho. et.al.[13]) Let (X, d) be a metric space, and let
a: X xX — R be a function. A map T : X — X is called an a — Geraghty type

contraction if there exists 8 € () such that
a(z,y)d(Tx, Ty) < B(d(x,y))d(x,y) forall x,y € X. (1.10.1)

© 2016 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XVI Issue II Version I E



Global Journal of Science Frontier Research (F) Volume XVI Issue II Version I E Year 2016

Definition 1.11. (G. V. R. Babu. et.al.[6]) Let (X, d) be a metric space and
T:X — X be aself map. If there exist a: X x X — R, € ® and L > 0 such that

a(z, y)e((d(Tz, Ty))) < e((M(z,y)))+L.N(z,y) (1.11.1)
for all x,y € X,z # y where

M (z,y) = maz{d(z,y),d(z,Tx),d(y, Ty), 3ld(z, Ty) + d(y, Tz)]},

and N(z,y) = min{d(z,Tx),d(z,Ty),d(y, Tx)}, then we say that T is an almost
generalized o — contractive map with respect to an altering distance function .
Definition 1.12. (G. V. R. Babu. et.al.[6]) Let (X, d) be a metric spacelet T': X — X
beaself map. f Ja: X xX >R, e Q,pePand L > 05 a(z,y)p((d(Tz,Ty))) <

Ble(M(z,y)))p(M(z,y)) + L.N(z,y) (1.12.1)
for all x,y € X, where

M(z,y) = maz{d(z,y),d(z, Tx), d(y, Ty), 5[d(=, Ty) + d(y, T)]},
N(z,y) = min{d(z,Tx),d(x,Ty),d(y, Tx)},
then we say that 7' is (a, ¢, B) - weak generalized Geraghty contractive map.
The following theorems are established in ( K.P.R,Sastry et.al.[32]).
Theorem 1.13. ( K.P.R,Sastry et.al.[32]) Let T be a self map on a complete partially

ordered partial b - metric space (X, <,p) with coefficient s > 1. Let v : X x X — R be
a continuous function and

a(z,x) >1VxeX.

Assume that there exists ¢ € @4 such that

a(z, y)p(sp(Tx, Ty)) < o(M(z,y)) (1.13.1)
for all x,y € X,p(x,y) # 0 where

M(z,y) = maz{p(z,y), p(z, Tx),p(y, Ty), 35 [p(x, Ty) + p(Tz, y)]}
Further, assume that

(i) T is triangular o - admissible, and

(i) there exists xy € X such that a(xg, Txg) > 1

and set x, = Tx,_1 forn=1,2,3,... .

(1) for any two sequences {a,} and {b,} in X with p, = p(a,,b,) # 0, we have that
A¥ -1 = o(p,) = 0 as n — oc.

Then {x,} is a Cauchy sequence. And if x,, — z then z is a fixed point T in X . Further
if y, z are fized point of T in X, then either a(y,z) <1 ory = z.

Corollary 1.14. ( K.P.R,Sastry et.al.[32]) Let T be a self map on a complete partially
ordered partial b - metric space X. Let a: X x X — R be a continuous function.
Assume that there exists ¢ € @4 such that

a(z,y)e(sp(Tz, Ty)) < (M (z,y)) (1.14.1)
for all x,y € X, p(x,y) # 0 where

M(z,y) = maz{p(x,y), p(x, Tx), p(y, Ty), 35 p(z, Ty) + p(Tz,y)]}
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for the existence of fixed points of weak generalized geraghty contractions
international journal of mathematics and scientific computing (issn: 2231-5330), vol.

6. Babu.G.V.R, Sarma.K.K.M, and Krishna.P.H: Necessary and sufficient conditions
b, no. 1, 2015 38.

Further, assume that

(i)T is « - triangular admissible,

(ii) there exists xg € X such that a(xg, Txg) > 1

and set x, = Tx, 1 forn=1,2,3,....

(#ii)for any two sequences {a,} and {b,} of X with p, = p(an,b,) # 0, we have that
A?Y -1 = p(p,) = 0asn — oo (1.14.2)

Then the sequence {x,} is a Cauchy sequence. Suppose {x,} converges to z and
a(z,z) > 1. Then z is a fized point of T in X.

Theorem 1.15. ( K.P.R,Sastry et.al.[32]) Let (X,<,p) be a complete partially or-
dered partial b - metric space with coefficient s > 1,and T : X — X be a self map. Let
a: X x X — R be a continuous function and € Q,p € O,.

Suppose the following conditions hold:

(i) T is (o, @, B) - weak generalized Geraghty contraction map i.e.,

a(z,y)p(sp(Tz, Ty)) < B(e(M(z,y)))p(M(z,y)) ¥,y € X, p(z,y) # 0 (1.15.1)
where

M(z,y) = maz{p(z,y), p(x,Tx), p(y, Ty), 3;p(x, Ty) + p(Tx,y)]}

(i) T is triangular o - admissible, and

(i) there exists xo € X such that a(xg, Txg) > 1

and set x, = Tx,_1 formn=1,2,3,...

Then {x,} is a Cauchy sequence. Suppose {x,} converges to x

and a(x,x) > 1. Then x is a fized point of T in X

These results are extended to partially ordered partial b - metric space for a pair of
self maps in the next session.

II. MAIN RESULT

In this section we continue our study to extend the concepts of G. V. R. Babu. et.al.[6]
to complete partially ordered partial b- metric space with coefficient s > 1 and obtain
sufficient conditions for the existence of fixed points of weak generalized Geraghty con-
tractions in a complete partially ordered partial b- metric space with coefficient s > 1.
A supporting example is given. Further an open problem is also given at the end of
this paper.

We begin this section with the following definition.

Definition 2.1. ( K.P.R,Sastry et.al.[30]) Suppose (X, <) is a partially ordered set
and p is a partial b - metric on X as in definition 1.1 with coefficient s > 1. Then we
say that the triplet (X, <,p) is a partially ordered partial b - metric space. Notions
of convergence of a sequence and Cauchy sequence are as in definition 1.2. A partially
ordered partial b - metric space (X, <, p) is said to be complete if every Cauchy sequence

in X is convergent .
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Now we state the following useful lemmas, whose proofs can be found in Sastry. et.
al.[30].

Lemma 2.2.  Let (X, <,p) be a complete partially ordered partial b - metric space. Let
{z,} be a sequence in X such that lim p(zp, x,11) = 0. Suppose lim z, =z and lim
n—00 n—00 n—00
Tp =1y
Then (a)lim p(z,,z) = lim p(x,,y) = p(z,y) and hence x =y
n—o0 n— oo
(b) (i) {xn} is a Cauchy sequence = lim p(xp,,x,) = 0.
m,n—00

(i7) {xn} is not a Cauchy sequence = 3 € > 0 and sequences {my}, {ng} > mg > ny >
ke N;p(wn,, Tm,) > € and p(xp,, Ty, 1) < €

Lemma 2.3. (a) p(z,y) =0=z=1y
(b) p(xnk—lvxmk—l) 7£ 0

Proof. : Suppose p(Tn,—1, Tm,—1) =0
: Ink—l = xmk—l
= Twp, 1 =Txm, 1

Ty, = Ty,

NOW € < p(xnkv xmk) = p(l’nka l’nk) < p(xnk7 xnk—l)
Allowing k — oo

e < lim p(x,,, Tn,—1) = 0, a contradiction.
k—o0

p<xnk717 xmkfl) 3& 0

Lemma 2.4. If p € @ then

(1) li_r>n e"(t)=0 V>0

(i) (t) <LVt >0 where s > 1 is the coefficient of (X, p)

Definition 2.5. Let (X, <,p) be a complete partially ordered partial b - metric space
with coefficient s > 1. Let T': X — X be a self map. If there exist a : X x X —
R, 5 € Q,p € &, such that

a(z,y)e(sp(Tz, Sy)) < B(p(M(z,y)))e(M(z,y)) (2.5.1)
for all x,y € X, where

M(z,y) = maz{p(z,y), p(x, Tx), p(y, Ty), 5;[p(x, Ty) + p(Tw,y)]}. Then we say that
T is (o, @, B) - weak generalized Geraghty contractive map.

Notation: The following notation is used throughout this paper.
(X, <,p) be a complete partially ordered partial b - metric space with coefficient s > 1
and we write it as X. Let S,T : X — X be a self map of X and let Fiz(T) denotes
the set of all fixed points of S and T'. We denote Q@ = {3 : (0,00) — [0,1)/5(t,) —
1 = t, — 0}, and that &, = {¢ : [0,00) — [0,00)/¢ is non-decreasing, continuous,
tlgg @(t) <~ and p(t) =0« t = 0}. We call the elements of ®, as altering distance

functions.

© 2016 Global Journals Inc. (US)
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Further, we use the following notation: for any sequences {a,} and {b,} in X with

Pn = p(am bn) 7£ 0,
P(S(an).T(n) 414 AP — 2(P(S(@n), Tn)) v/
Pn n ©(pn) ’
We denote the set of all real numbers by R, the set of all nonnegative reals by Rt and

we write A,, =

the set of all natural numbers by N.

Now we state our first main result :

Theorem 2.6. Let S,T be weakly increasing self maps on a complete partially ordered
partial b - metric space (X, <,p) with coefficient s > 1. Let o : X x X — R be a
continuous function and

alz,z) >1VreX.

Assume that there exists ¢ € ®5 such that

a(z,y)e(sp(Tz, Sy)) < o(M(z,y)) (2.6.1)
for all z,y € X, p(x,y) # 0 where

M (z,y) = maz{p(z,y),p(x,Tx), p(y, Sy), 5 p(Y, Tx) + p(Sy, x)]}

Further, assume that

(i) S, T are weakly increasing

(ii) S, T are coupled and triangular « - admissible,

(7ii) there exists xog € X such that a(xg, Txg) > 1

and set x, = Tx,_1 forn=1,2,3,... .

(iv) for any two sequences {a,} and {b,} in X with p, = p(an,b,) # 0, we have that
AY = 1= o(p,) = 0 asn — 0.

Then {z,} is a Cauchy sequence. And if x,, — z then z is a common fized point T and
S in X. Further if y, z are fived point of T in X, then either a(y,z) <1 ory = z.

Proof. We first prove that any fixed point of T is also a fixed point of S and conversely.
Let x be a fixed point of T
Then Tx = x
Now M (z,z) =maz{p(z,z),p(Tz,z),p(Sz,x), 3 [p(Tz, z) + p(Sz, )|}
= p(S(L’, IE)
~oe(ple, Sz)) = o(d(Tx, Sx))
< oz, z)p(d(Tz, ST))
<p (M(z,z)))
= ¢ (p(x, Sx)))
a contradiction, if p(z, Sz) # 0
Sop(x,Sx) =0
.. by lemma 2.3 Sx ==
Similarly if Sx = x then Tx = x.
Further we show that if 7" and S have a common fixed point then it is unique.
Let Te =Sz =xzand Ty =Sy =y
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Suppose «(z,y) < 1 then there is nothing to prove.
To show that x = y. Suppose x # y

We have M (z,y) =maz{p(z,y),p(Tx,x),p(Sy,y), 5[p(Tx,y) + p(Sy, x)]}
= p(z,y)
~op(p(z,y) = e(p(T'z, Sy))
< ale,y)p(M(z,y))
= alz,y)p (p(.)) < ¢ (p(z.y)) , & contradiction Notes
copp(r,y) =0=plr,y)=0=z=y
Let g € X and w9, 1 = Taop;
Topto = STopr1; n=20,1,2...
For any n suppose z,+1 = x,
Now n = 2m
= Toam4+1 = Tam
= Tr9, = Top
= x, is a fixed point of T
n=2m+1
= Tom+2 = Tom41
SToms1 = Lam+1
= x, is a fixed point of S
.. For any n if x,,,; = x, then z, is a common fixed point of 7" and S.
Hence for any n,we suppose that x,,; # x, for alln € N
Since S and T are weakly increasing,
1 =Txg < STxg=Sx1 =29 <TSx1 =Ty =23 ...
oo < a9 < ay < ... Thus {z,} is increasing.
Let zy € X be such that a(zg, Txo) > 1 by (iii). Without loss of generality, we
assume that x, # x,,; for all n € N. By using the a - admissibility of T, we have
a(xg, 1) = a(ze, Txg) > 1 = a(zy,z2) = a(Tzo,Sx1) > 1. Now, by mathematical
induction, it is easy to see that a(z,,x,11) > 1 for all n € N.
Let n be even and by taking x = x,,_; and y = x,, in the inequality (2.6.1), and
observing that p(x,_1,%,) # 0 by lemma 2.3,
we get
@(p(Tn, Tny1))
< o(sp(@n, Tnt1))
= p(sp(Szp_1,Tx,))
< a(rp_1,20)e(sp(Szp_1,Txy,))

< p(M(xp, Tp-1)) (2.6.2)
where
M({lfn, xn—l)

= m@x{p<xn717 xn)ap(ajnfla Sa:nfl)ap(xna Ta:n)> %[p(mnfb T:Un) + p(l'n, Sa:nfl)]}

© 2016 Global Journals Inc. (US)
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Tn—1, ZCn),p(.Tn,.Tn+1), 2s [p('rn laanrl) —|—p(xn,xn)]}
s [3p<xn 1, an) + Sp(xm xn—i—l) p($n’ $n> + p(xm xn)]}
p(xn—la mn) +p(xn7 xn—i—l)]}

(

(%0, Tnta), 55
(Tns Tn1),
( xn+l)}
I max{p(x,_1, ), p(Tn, Tni1)} = P(Tn, Tpny1) forsomen € N (2.6.3)
then from (2.6.2) and (2.6.3), we have

p(sp(Xn; Tnt1)) < (M (2n1,%n)) = @(P(Zn, Tn11)), & contradiction.

Thus, we have M(z,_1,z,) = mazx{p(zp_1,2,), p(Tn,Tns1)} = p(@n_1,x,) Similarly,

2s
1
2

( p
( p
= mafc{p(xn 1, ), P
( p(n

:maa:{p Tp—1,T n)>

Let n be odd and by taking z = x,_; and y = z,, in the inequality (2.6.1), and
observing that p(x,_1,z,) # 0 by lemma 2.3,

we get

P(P(Tn, Tny1))

< o(sp(Tn, Tnt1))

= p(sp(T'xp—1, Szy))

< arp_1,xn)e(sp(Txy_1,S2,))

< p(M(xp_1,x)) (2.6.4)
where

M(z,_1, )

= maz{p(xn_1,%n), P(Tn-1, TTn 1), D(Tn, ST0), 3:[P(Tn-1, S20) + p(wn, Txn1)]}

= maz{p(Tn_1,Tn), P(Tn-1,Tn), (xnaxn+1)723[p(xn 1, Tny1) + D(Tn, Tn)]}

< maz{p(zn-1,n), P(Tn, Tnt1)s 55 [8P(Tn-1,Tn) + 8P(Tn, Tnt1) = P(Tn, Tn) + (20, 24)]}
= maz{p(Tn—1,n), P(Tn, Tnt1), 3[P(Tn-1,20) + P(Ln, Tni1)]}

= maz{p(Tn—1, %), P(Tn; Tnt1)}

I max{p(x,_1, ), p(Tn, Tni1)} = P(Tn, Tpy1) forsomen € N (2.6.5)

then from (2.6.2) and (2.6.3), we have

o(sp(xp, Tps1)) < (M (zp_1,2,)) = @(p(2n, Tni1)), a contradiction.

Thus, we have M (z,,_1, x,) = max{p(z,_1, %), p(Tn, Tni1)} = p(n_1,2,) for alln € N
and hence, p(x,, Tpi1) < p(Tp-1,2,) for all n € N. (2.6.6)
Thus it follows that {p(z,,x,11)} is a non-negative, decreasing sequence of real num-
bers. Suppose that lim p(z,,z,.1) =r,r >0

Now we prove that 7“_)2000.

Assume that r > 0.

Now by (2.6.2)

(p(Tn; Tnt1))

< @(sp(Tn, Tnt1))

< (M (xp-1,2n))

= o(p(x,_1,2,)) for alln € N

On taking limits as n — oo,
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we have,

lim @ (p(Tn, Tni1))

< lim o(sp(an, Tni1))

< lim p(p(zn—1, 20))

= (r) < p(sr) < o(r)

= ¢(r) = ¢(sr)

Let n be odd. By choosing a,, = x,,b, = T,1, NOteS

AP — ep(I(@n-1),5(n))
n e(p(Tn—1,wn))
o lim AY
n—oo

— lim &PEntnt1))
nooo PP@En—1,2n))
Jim o(sp(zn,ent1))
Jim o(p(zn—1,2n))
w(s nlimoo P(Tn,Tnt1))
¢( lim_p(zn—1,zn))

_ o(sr)
w(r)

= 1(since ¢(r) = @(sr)) (2.6.7)
Hence by our assumption ¢(p,) — 0 as n — o i.e.,

Tim o (p(2p-1,2n)) = 0

= p(r)=0

= r = 0, a contradiction for our assumption r > 0

Hence r = 0.
Similarly,
Let n be even. By choosing a,, = x,,b, = xp11,

Av — 2sp(S(@n—1),T(xn))
n o(Pp(Tn—1,7n))
colim A¥
n—o0

— lim €6pEntnt1))
nooo PP@n—1,2n))
Jlim_ o(sp(zn,Tni1))
Jim o (p(en—1,2n))
p(s lim p(zn,ni1))
e( lim p(zn—1,2n))

_ p(sr)
w(r)

= 1(since ¢(r) = @(sr)) (2.6.8)

Hence by our assumption ¢(p,) — 0 as n — o i.e.,

Jlrgogo(p(xn_l, r,))=0VneN

= p(r)=0

= r = 0, a contradiction for our assumption r > 0

Hence r = 0.

Now, we show that {x,} is a Cauchy sequence in X. Suppose that {x,} is not a Cauchy
sequence. Then by Lemma 2.2(b), there exist some ¢ > 0, and sub-sequences {x,, }
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and {z,, } of {z,} with my > nj, > k such that p(x,,,,x,,) > € and p(@;,, 1, T, ) < €
and by lemma 1.9

We have Case(i): Let my is odd and ny, is even

" s5€ < sp(Tymys Ty )

= @(s€) < o(sp(my, Tny))

= @(sp(Txm,—1,5%n,—1))

<o(@my—1, Tny—1) P(SP(T Ty -1, Sy —1))

( by lemma 1.9, a(@p,—1, Tn,—1) > 1)

< (M (@ -1, Tny—1)) (2.6.9)
where M (2, —1, Tpn,—1)

= maz[P(Tmy—1, Tnp—1), P(Tng—1,STn,—1), D(Tmp—1, TTm,—1),

55 1P(@my—1, 5%n, 1) + P(TTpy 1, Tny 1) }]

= max[p(mmk—la xnk—l)’ p(xnk—h x”k)’ p(xmk—lv Ty, (xmk—h 'Ink) +p(xmk7 xnk—l)}]

R
’2s
QL { p(xmkfhxnkfl)—i_sp(xnkfl,xnk>_

S max[p(xmk717 Can,l), p('rnkfh xnk)y xmk,b xmk )

1

);

p( )
P(@ny—1; Tny—1) + SP(Timy—1, Tny—1) + SP(Timy—1, Ty, ) = P(Timy—1, Tmy—1) }]
P(Tmg—15 Ty, ) 132 125D (Trmy—15 Trg—1) F5D(Tpy—1, Ty )+

<maz[p(Tm—1, Tnp—1), P(Tny—1, Tn,,),
SP(Tm> Tmy—1) ]

< P(Ting—15 Ty —1) + P(Tny—15 Ty ) + P(Ting s Tonge—1)

< Sp(Timy—1, Ty ) + SP(Tny s T—1) — P(Tnys Ty ) + P(Tnp—1, Ty ) + P( Ty s Ting—1)
< Sp(Tmp—1, Tny) + SP(Tngs Trg—1) + D(Tnp—1, Tny ) + D(Timy s Ting—1)

<. p(se)

< P(5p(Tmys Ty )
< @(M<xmkflyxnkfl)
S 90<p(xmk717 xnk71> +p(xnk717 xnk) +p<xmkaxmkfl))

< @(5p(Tmy 15 Ty )F5D(Ly s Trip—1) (T —1 T )+ P (L s Trn—1)) (2.6.10)
Allowing k — o0,

plse) < lim (sp(zm,, Tn,)

< lim @(M(2pm—1, Tny—1)

k—o0

- klggo PO(Tmy—1, Tny—1)) < p(5€)
:kh—{go @(M($mk—1: xnk—l))
= hnl (P(p(xmkflvxnkfl))
k—o0
i (2.6.11)
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. lim A¥

n—oo
— llm @(Sp(szkflysxnkfl))
N0 ©(pn)

Jim o(sp(@my 2ny, )

Jim eD(Tmy—1,Tny 1))

— 29 (hy (2.6.8)

p(se)

= 1. (2.6.12)

Hence by our assumption @(p(Zm,—1,%n,—1))) — 0 as k — o0
ie., p(se) =0
= se = 0, a contradiction.
Case(ii): Let my is odd and ny is odd
L o(P(Tmy s Trg 1)) < A(Ty—1, Tny,) P(SP(TT 0y 1, Sy ))
< p(M (21, Tn,))
where M (2,1, Tn,)
= maz[p(Tmy—-1, Tny ), P(@mg—1, Tmy—1), P(@ngs STy )55 {P(TTg—1, Tny) +0(Timp—1, Sy ) ]
= max[p(Tm,—1, Tny ) P(Tmy—1, Ty, ), (xnkaxnk—l-l)v% {p(@my, Tny) + P(@my -1, Tny1) }]
= p(Tmy—1,Tn,) OF % {p(Tm,s Tny) +p($mk 1, Tyt1) }]
Suppose M (X, —1,Zn, ) = P(Tmy—1, Tn,,) <
But € < p(@m,, Tn,) <SP(Tmy, Tnyt1) + sp(:cnkﬂ,xnk) — p(Tppt1s Ty 11)
< $p(Xpmy s Tnyy1) + s where > 03 p(xp, 41, Tn,) <7 (2.6.13)
=€ — 5N < Sp(Tpmy,s Tyt1) (2.6.14)
Since ¢ is non decreasing

(e —sn) < p(sp(Lm s Tnyt1))
< @(P(Emy—1,Tn,)) < p(e) (2.6.15)

As ¢ is continuous and n — 0 as k — 0o, we get

p€) < m @(sp(Tmy; Tnyt1)) < M @(P(Ly—1, 20, )) < (€)

I (3P Ty 1)) = (€)= 10 P21, 0,))

Suppose M (1, Tn,) = QLS {p(@mys Tny) + P(Timg—1, Tng1) H

On the other hand

p(xmka Ink) "‘p(xmk—la l’nk+1)

< Sp(Tmys Tng—1) + SP(Tny—1, Tny) — P(Tny—1, Tg—1) + SP(Trmy41, Ty, )
+ SP(Timys Tng—1) — D(Timys Timy)

< SP(XTimys Ty—1) + SP(Tny—1, Ty, ) + SP( Ty s Trpm1) +SP(Timp 41, Ty, )

< 28p(Tpy, s Tnpo1) + 25m < 2s€ + 251

where p(Tym,+1, Tm,) < 1 and p(x,,, Tn,—1) < n for some n > 0 for large k
a5 U@y Ty) + P(Timg—1, Tpy41)}] < €+ 1(2.6.16)
Therefore,

M(:Emk*17xnk) = % [{p(xmk?xnk) +p<xmk*17xnk+1)}] <e+ n
. From (2.6.13), (2.6.15) and (2.6.16)
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< @(5p(Tmy; Tnyt1))

< o(M(zmy—1,Tny))
< ¢(e+n)

As ¢ is continuous and n — 0 as k — oo , we get

P(sP(Tmp; Tny1)) = (e)
. lim AY

n—oo

p(e —sn)

— lim @(Sp(szkflvsa:nk))
lim Lp(sp(:rmk Ty +1))

hm 0 p(p(@my—1,2n,,))

5 (by (2.7.8)

= 1. (2.6.17)
Hence by our assumption ¢(p(zm, —1,Tn,—1))) — 0 as k — oo

ie., () =0

= ¢ = 0, a contradiction.

Similarly the other two cases can be discussed.
" {x,} is a Cauchy sequence.
Since X is complete, there exists z € X such that lim x, = z. Now, we show that z is

n—oo

a fixed point of T'. We consider

p(sp(r2n41,T2))
= @(sp(Swan, Tz))
< axon, 2)@(sp(Sxaen, Tz))(since « is continuous and «(z, z) > 1)

< p(M (20, 7)) (2.6.18)
But M (z,, 2)

= max{p(x%m Z),p(l‘2n, x2n+1) (Z TZ)? 23[ (x2n+17 Z) + p<x2n= TZ)]}

= p(z,T=z) for large n

" p(sp(ans1, Tz)) < a(xon, 2)(sp(ST2n, T2)) < o(p(2,T2))

Suppose p(sp(z,T'z)) # 0
Dividing through out by ¢(sp(z,T'z))

(sp(z2n+1,T2)) (sp(z2n,Tz)) p(2,T2))
AT < alwan, ) L) < Sy <1

On letting n — o0,

we get 1 < a(z,z) <1=a(z z) =1, a contridiction

L o(sp(z,Tz) =0=p(2,Tz) =0

Then by lemma 2.3, z = Tz.

..z is a fixed point of T in X.

Similarly ¢(sp(za,,Sz)) is to be considered to show z is a fixed point of S in X.
Hence z is a common fixed point of S and 7" in X.

Suppose ¥y, z and y # z are common fixed points of S and T in X

ThenTy =Sy =y, Tz=5z==z (2.6.19)
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Suppose a(y, z) < 1 then there is nothing to prove.
Suppose «a(y, z) > 1 and p(y, z) # 0
Now ¢(sp(Sy, T'z))
< a(y, 2)p(sp(Sy, T'z))
< (M(y, 2)) (2.6.20)
But M(y, 2)
= maz{p(y, 2),p(y, Sy),p(2,T2), 5;[p(y, Tz) + p(Sy, 2)]}
=p(y, 2)
~p(sp(Sy, T2)) < aly, 2)e(sp(Sy, T'z)) < ¢(p(y, 2))
which is a contridiction
Sop(y,2) =0
Then by lemma 2.3, y = z.
The following corollary can be easily established.
Corollary 2.7. Let T be a self map on a complete partially ordered partial b - metric

space X. Let a: X x X — R be a continuous function.
Assume that there exists ¢ € ®4 such that

a(z,y)p(sp(Tz, Ty)) < p(M(,y)) (27.1)
forall x,y € X, p(x,y) # 0 where
M(z,y) = maz{p(z,y), p(z, Tx), p(y, Ty), 3;[p(x, Ty) + p(Tz, y)]}
Further, assume that
(i)T is « - triangular admissible,
(i1) there ezists vg € X such that oo, Txo) > 1
and set x, = Tx, 1 forn=1,23,....
(iii)for any two sequences {a,} and {b,} of X with p, = p(an,b,) # 0, we have that
AY - 1= p(p,) = 0asn — oo (2.7.2)
Then the sequence {x,} is a Cauchy sequence. Suppose {x,} converges to z and
az,z) > 1. Then z is a fized point of T in X.

In the following, we prove the existence of fixed points of (o, p, 5) - weak generalized
Geraghty contraction type maps in a complete partially ordered partial b - metric space.

Theorem 2.8.  Let (X,<,p) be a complete partially ordered partial b - metric space
with coefficient s > 1,and S, T : X — X are weakly increasing self maps on X. Let
a: X x X — R be a continuous function and 5 € Q, o € ®,.

Suppose the following conditions hold:

(i) S, T are (o, ¢, B) - weak generalized Geraghty contraction map i.e.,
a(z,y)e(sp(Tz, Sy)) < Blo(M(z,y)))p(M(z,y)) V 2,y € X, p(z,y) # 0 (2.8.1)
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where

M (z,y) = maz{p(z,y), p(x, Tz), p(y, Sy), 55[p(, Sy) + p(Tx, )]}
(ii) S, T are coupled and triangular a - admissible,

(i11) there exists xo € X such that a(xg, Txo) > 1

Then {x,} is a Cauchy sequence. Suppose {x,} converges to x
and a(x,x) > 1. Then x is a fized point of T in X.

Proof. As in theorem 2.6, let o € X be such that a(zg, Txg) > 1 by (iid). If z,, = 211
for some n € N, then z,, = Tx,, and hence x,, is a fixed point of T or S. Without loss
of generality, we assume that z, # x,.; for all n € N. By using the a - admissibility
of T, we have a(zg, 1) = a(xg, Txo) > 1 = a(xy,x2) = a(Txy,Sx1) > 1. Now, by
mathematical induction, it is easy to see that a(x,,x,41) > 1 for all n € N.

Let n be even and by taking x = x,,_; and y = x,, in the inequality (2.8.1), and
observing that p(x,_1,x,) # 0 by lemma 2.3,

we get

p(sp(Ln; Tni1))

= o(sp(Stp_1,Ty))

< a(rp_1,2n)e(sp(Stp_1,Txy,))

< Blo(M (21, 2n))) (M (21, 2n))( since p(zn, Tni1) # 0V 1)

< p(M(xp-1,2,)) (2.8.2)
where

M(zp_1,z,)

= maz{p(T,_1,2,), p(Tpn_1, 1), p(Tn, Txy), %[p(xn_l, Tx,) + p(x,, Sx,_1)|}

= maz{p(n-1, ), P(Tn-1, ), P(Tn, Tnt1), 5 [P(Tn-1, Tus1) + P(Tn, )]}

= maz{p(Tn—1,Tn), P(Tn, Tny1)}

I max{p(x,_1,2n), p(Tn, Tni1)} = P(@pn, Tpy1) for somen € N (2.8.3)
then from (2.8.2) and (2.8.3), we have

P(sp(Tn, Tpt1)) < (M (Tp-1,20)) = o(P(Tn, Tnt1)), a contradiction.

Let n be odd and by taking x = z,,_; and y = z,, in the inequality (2.8.1), and
observing that p(z,_1,x,) # 0 by lemma 2.3,

we get
@(sp(Tn, Tnt1))
= so(sp(Trcn 1, 5%n))
(w1, 20)p(sp(T -1, ST0))
Blo(M(2n-1,2n))) (M (2n—1,%n))( since p(zn, Tni1) # 0V n)
(M (zn-1,2n)) (2.8.4)
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where

M(z,_1, )

= maz{p(zn_1,%n), p(Tn—1, TTn 1), P(Tn, ST0), 5 [P(Tn-1, ST0) + p(2n, Txn1)]}
= max{p(Tn_1,Tn), P(Tn-1,Tn), (wn,xnﬂ),25[})(13”,1,1:7”1)—i—p(xn,xn)]}
). p(

= max{p(Tn-1,Tn), P(Tn, Tni1)}
I maz{p(z,_1,2n), p(Tn, Tni1)} = (20, Tpy1) forsomen € N (2.8.5)
then from (2.8.4) and (2.8.5), we have Notes

o(sp(xp, i) < (M (zp_1,2,)) = p(p(2n, Tni1)), a contradiction.

Thus, we have max{p(z,_1,%n), p(Tn, Tni1)} = p(Tn_1,x,) for all n € N and hence,
P(Tn, Tny1) < p(@p_1,2,) for alln € N. (2.8.6)
Thus it follows that {p(zn,z,11)} is a non-negative, decreasing sequence of real num-
bers. Suppose that lim p(z,,zn,11) =7r,7 >0

Now we prove that 7;_;000.

Assume that r > 0.

We have

O(P(Tn; Tni1))

< @(sp(Tn; Tnta))

< Ble(P(@n-1,n)))(P(Tn-1, n))

< o(p(Tn-1,7n))

Allowing as n — oo

p(r) = lim o(p(zn, Tni1))

< limint B(p(p(rat, 2)))p (Pl 7,)

< limsup B(o(p(Tn-1,7n))) 0 (P(Tn-1, Tp))

n—o0

< lim @(p(Tn-1,7a)) = o(r)
= p(r) < ligri}icgfﬁ(go(p(ﬂfn—la Tn)))e(r)
< limsup B(p(p(Tn-1,Tn)))p(r)

< ()
= ¢(r) =0 or lim B(p(p(ta-1,7,))) = 1
¢(r) =0 or 7}520 o(p(xy_1,2,)) = 0( since € Q)

Tim @(p(wn-1,2n)) =0

. p(r) =0 = r =0, a contradiction.

Hencer = nh_)rglop(xn, Tpi1) =0 (2.8.7)
Now, we show that {z,} is a Cauchy sequence in X. Suppose that {x,} is not a Cauchy
sequence. Then by Lemma 2.2(b), there exist some € > 0, and sub-sequences {z,, }

and {x,, } of {x,} with my > ny > k such that p(x,,,, z,,) > € and p(xp,, —1,2n,) < €.

Let m; be odd and n; be even
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.56 < Sp(Tpy s Ty
= p(s€) < p(sp(Tmy; Tn,))
= SO(Sp<Txmk*17 ank*1>>
<(Tymy—1, Tny—1) P(SP(T Xy -1, STpy—1))
(by lemma 1.9 a(xp,, —1,%pn,—1) > 1)
< BM (g1 T 1)) M (g1 1)
Notes < o(M(@my—1, Tny—1)) (2.8.8)
where M (2, —1, Tny—1)
= maz[p(Tmy—1, Tn—1), P(Tny—1, ST —1), D(Tmy—1, TTm, 1),

= {P(@m—1: STap—1) + D(TTing—1, Tpp—1) }]

Sp(xmlw xmk—l)}]

< p(xmkflv xnkfl) + p(l’nk,h xnk) + p(xmkv xmkfl)

< Sp(Tmp—1, Ty ) + SP(Tny s Tg—1) — P(Tnys Ty ) + D(Tnp—1, Ty ) + D(Tnys Ty —1)
< 8p(Trmy—1, Ty ) + SP(Tny, Ty 1) + P(Ty1, Tny,) + D( Ty T —1)

. p(se)

< Blp(M (2, —1, Ty 1)) (M (T -1, Tny—1))

< (p(M(Imk,l’ xnkfl)

S QO(Sp('ka—h xnk)+sp(xnk7 xnk—l)—i_p(xnk—l? Ink)+p<xmk ) xmk—l)) (289)
Allowing k£ — oo, we get
p(s€)

< h’gglfﬁ((p(M<xmk*17 xnkfl))) @(M(xmkflv xnkfl)
S limsupﬁ(go(M(xmk,l,xnk,l))) @(M<xmkflaxnkfl)

k—o00

<Hm @(sp(Tpy—1, Tny ) + SP(XTny, Trg—1) + D(@np—1, Tny,) + P( Xy, Tip—1))

k—o0

< p(se)

< lim inf B(p(M (2, -1, Zn, 1)) J$(56)

gligisogp B(o(M(Zmy—1, Tny—1)))p(5€)

< ¢(se)

.. Either p(se€) = 0 or ]}g& Ble(M(@my—1, Tny—1))) = L(since § € 5) (2.8.10)
= p(se) =0

= se = 0, a contradiction.
Let my be odd and n; be odd

@(Sp(xmlﬂ xnk-i-l)) < a(xmk_17xnk) 90<Sp(Txmk—17 ank))
< B(o(M (@my—1, 20, ) (M (g1, Tn.))
< @(M(xmk*17 x”k))
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where M (2,1, Zn,)

= max([p(Tmp—1, Tny )s PD(Tmp—1, TTmp—1), P(Tn,, S:L‘nk),%s HUp(Txm,—1, %n,,) +0(Tmy -1, STp, ) }]
= maz[p(Tm—1, Tu )y P( Tyt Ty )y P(Ts Tg1) 55 [{P(@mses Tny) + P(Tmy—1, Tas1) }]

= p(xmk—la xnk) or é [{p(xmkv x”k) +p(xmk—1> $nk+1)}]

Suppose M (X, —1,Zn,) = P(Tmy—1, Tn,) < €

BUE € < Py ny) S5P(Emgs Tngs1) + 5P(Tngs1,Tng) — P(Tng 1> T 1)

< $p(Xpmy s Tnyy1) + s where > 03 p(xp, 41, Tn,) <N (2.8.11)
=€ — 5N < Sp(Tymy, Togt1) (2.8.12)
Since ¢ is non decreasing

cople = sn) < @(sp(Tmy s Tnyr1))

< p(P(Tmy—1,7n,)) < p(€) (2.8.13)

As ¢ is continuous and n — 0 as k — oo, we get

ple) < Hm o(sp(Lmy; Tnyt1)) < M Q(P(Tmy—1, 20, )) < (€)

s lim o(sp(Emy s Tngi1)) = (€)= M Q(P(Tg—15 Tny))

Suppose M (T, 1, 7n) = & [P Fny) + P(Em 1, T 1)}

On the other hand
P(Timys Ty ) + P(Timp—1, Trgt1)

< Sp(Tmys Tng—1) + SP(Tny—15 Tny) — P(Tny—15 Tg—1) + SP(Tmy+1; Tny,)

+ (T, Tny1) = P(Tmy, Ty )

< 5p(@my, Tog—1) + SP(Tny—1, Tny) + 8P(Timy, Try—1) +5P(Timy+1, Tny)

< 28p(Tpy, s Tppo1) + 25 < 25€ + 251

where p(Tym,+1, Tm,) < 1 and p(x,,, Ty, 1) < n for some n > 0 for large k

<2 g5 U@ ) + P(@my—15 1)} < €+ (2.8.16)
Therefore,

M(xmkflvxnﬁ = % [{p(xmkaxnk) —"_p(xmk*l?xnk‘i’l)}] <e€e+n

. From (2.8.13), (2.8.15) and (2.8.16)

(e —sn) < @(sp(Tm, ; Tnyt1))

< @(M (2, -1, Tny))

< p(e+n)
As ¢ is continuous and n — 0 as k — oo , we get
P(p(Zmy» Tny41)) = 0(€)
20
< Blp(M (2 —1, T —1))) (M (T -1, Tny—1))
< (M (T -1, Tny—1)
< (SP(Tmp—1, Ty, ) F5P (T, Trgo—1)FP(Tng—15 Ty ) +P (T, Ting—1)) (2.8.17)
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Allowing k — oo, we get

(€)

<t inf B(p(M (2,1, 2,))) @M (1. 22,)
< T sup B (M (g1 ) @M (g1, )

k—00

Skh—{go @(Sp(xmk—l, xnk) + Sp(‘rnkv xnk—l) + p(xnk—lv Ink> + p(xmk7 xmk_l))

- p(e)

< liminf B(p(M (2m, -1, 2, ))) o (€)

Shgl_igp B(o(M (T, -1, Tn, ) p(€)

< ()

.. Either p(€) = 0 or kh_)n; Blo(M (@, -1, Tn,))) = 1(since § € 5) (2.8.18)
= ¢(e) =0

= ¢ = 0, a contradiction.
Similarly we can discuss the other two cases.

. {x,} is a Cauchy sequence.

Since X is complete, there exists z € X such that lim x,, = z. Now, we show that z is
n—o0

a fixed point of T . We consider

p(sp(xan, T2))

= ¢(sp(Swon-1,T2))

< afzan-1, 2)e(sp(Sxa,—1,Tz))(since « is continuous and a(z, z) > 1)

< Ble(M(22n-1,2))) (M (2201, 2)) (2.8.19)
But M (z2,-1, 2)

= maz{p(xan—1,2), p(Tan—1, T2 ), P(2, T2), 5 [P(T2n, 2) + p(@2n—1, T2)]}

= p(z,Tz) for large n

2 (sp(@2n, T2)) < Be(p(2, T2)))p(p(z, T2)) < ¢(p(2,T2))

On letting n — oo,
we get

p(p(z,Tz)) < p(sp(z,Tz)) < Ble(p(z,T2)))e(p(z,Tz2)) < ¢(p(z, T'z))
= ¢(p(2,T2)) = 0 or Bp(p(z,Tz))) =1

=p(2,Tz) =0

Then by lemma 2.3, z = T'z.

.z is a fixed point of T in X. Further ¢(sp(x2,11,S5%))

= @(sp(Tw2n, 52))

< afxan, 2)@(sp(Txe,, Sz))(since « is continuous and «(z, z) > 1)

< B(e(M (z2n, 2))) (M (220, 2)) (2.8.20)
But M (za,, 2)

= max{p(xzn, Z),p(ilfzn, x?n—l—l)vp(zv SZ)? 2_s[p($2n+1a Z) + p(anna SZ)]}
= p(z,Sz) for large n
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~p(sp(w2n41,52)) < Ble(p(z, 52)))p(p(2,52)) < p(p(z, S2))
On letting n — oo,

we get

o(p(2 52)) < plsp(2,T2)) < Ble(p(=, $2))e(p(z, 52)) < p(p(z, S2))

= p(p(2,Tz)) = 0 or B(p(p(z,T2))) =1

= p(z,52) =0

Then by lemma 2.3, z = Sz. Ref
z is a fixed point of S in X.

Hencez is a common fixed point of S and Tin X

Now we give an example in support of theorem 2.8
Example 2.9. ( K.P.R.Sastry et.al.[33]) Let X ={0,1,3,5,..., 75} with usual ordering.
Define )
Otf x=y
lif z#ye{0,1}
[z —ylif =,y € {0, %7 zlu %7 é’ 110

(4 otherwise

p(r,y) =

Clearly, (X, <,p) is a partially ordered partial b - metric space with coefficient s = g
(P.Kumam et.al [19])

Define S, 7 : X — X by

leTézTé:T%:Tézo; TOzT%:T1 =Ti=rl=-T71l_—

|
ol

A={0,2 1 L1 1Y T(A) =

7274767810 4

and
B={1111 115 T(B) =0
T(X)={0,1}

1
4

ande:}l‘v’xeX$S(A):S(B):

81 (€10¢) £10¢ Teuy [ddy 1sqy seoeds orou-q pue

S00vdSs JLI)OUI-q U0 UIIMPDq SooURAINDd dtog ' I A'SueH ‘A’N Sun(‘J urewnyf ‘61

o = if ¢ e (0,00)

0 ift=0

a(r,y)=2Vwx,ye€ Xand pt) =2t V>0
For z,y € X and p(z,y) # 0 = x # y, then following are the cases
(i)For z,y € A= Sz =Ty =1 = sp(Sz,Ty) =0
a(z, y)e(sp(Sz, Ty)) < Ble(M(z,y)))e(M(z,y))
(i))For z,y € B = Sz =1, Ty =0= sp(Sz,Ty) = ($)(3) =
where M (z,y) =4 = o(B(M(z,y)))p(M(z,y)) =4(5) = ¥
a(z, y)p(sp(Sz, Ty)) < Ble(M(z,y)))e(M(2,y))
(ili)For x € A,y € B= Sz =1, Ty =0= sp(Sz,Ty) = (§)(3) = 2
= ¢(sp(Sz, Ty)) = 5 where M(z,y) = 4 = (B(M(2,y)))p(M(x,y)) = 4(5) = ¥

2016 Global Journals Inc. (US)



a(z,y)e(sp(Sz, Ty)) < Ble(M(z,y)))p(M(z, y))
(iv)For z € A,y € B= Tz = Sy =+ = sp(Tx,Sy) =0 = (sp(Tz, Sy)) =

a(z,y)e(sp(Tz, Sy)) < Ble(M(z,y)))p(M(z,y))
Since T(3) = S(3) =3 and a(3,T3) =2 > 1

4

Therefore i € X is a fixed point.

Notes

The hypothesis and conclusions of 2.8 satisfied.

Open Problem: Are the theorems 2.6 and 2.8 true for partial b - metric spaces

with coefficient s > 1 when conditions on « removed?
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