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Abstract- We introduce the notion of (α, φ, β) -

 

weak generalized Geraghty contractions

 

in complete partially ordered 
partial b - metric spaces via triangular α-admissible

 

mappings. We obtain sufficient conditions for the existence of fixed 
points of such

 

maps in complete partially ordered partial b - metric spaces with coefficient s ≥ 1,

 

where φ

 

is an altering 
distance function and     β

 

∈

 

Ω

 

whe re

 

Ω

 

= {β

 

: (0,∞) →

 

[0, 1)

 

satisfying β(tn) →

 

1 ⇒

 

tn

 

→

 

0}. Examples are provided to 
illustrate our results.
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Most of the fixed point theorems in nonlinear analysis usually start with Banach [9]

contraction principle. A huge amount of literature is witnessed on applications, gen-

eralizations and extensions of this principle carried out by several authors in different

directions like weakening the hypothesis and considering different mappings. But all

the generalizations may not be from this principle. In 1989, Bakktin [ 8 ] introduced

the concept of a b - metric space as a generalization of a metric space. In 1993,

Czerwik[11] extended many results related to the b - metric space. In 1994, Matthews

[20] introduced the concept of partial metric space in which the self distance of any

point of space may not be zero. In 1996, O’Neill [28] generalized the concept of partial

metric space by admitting negative distances. In 2013, Shukla [35] generalized both the

concepts of b - metric and partial metric space by introducing the notation of partial

b - metric spaces. Many authors recently studied the existence of fixed points of self

maps in different types of metric spaces [16,35,23,32,38]. Some authors [4,20,24,30,31]

obtained some fixed point theorems in b - metric spaces . After that some authors

proved α − versions of certain fixed point theorems in different types of metric
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spaces [3,16]. Recently Samet et.al [29] and Jalal Hassanzadeasl [14] obtained fixed

point theorems for α− contractive mappings . Mustafa [24] gave a generalization of

Banach contraction principle in complete ordered partial b - metric space by using the

notion of a generalized α− weakly contractive mapping. Babu et.al[5] proved

coupled fixed point theorems by using (α, φ, β) - weak generalized Geraghty

contraction. In 2012, Mohammad Mursaleen et.al [ 22 ] proved coupled fixed point

theorems for α - contractive type mappings in partially ordered metric spaces.

In this paper we extend the concepts of G. V. R. Babu. et.al.[6] to complete partially

ordered partial b- metric space with coefficient s ≥ 1 and obtain sufficient conditions for

the existence of fixed points of weak generalized Geraghty contractions in a complete

partially ordered partial b - metric space with coefficient s ≥ 1. A supporting example

is also given. Further an open problem is also given at the end of this paper.

Shukla [35] introduced the notation of a partial b - metric space as follows.

(S.Shukla [35]) Let X be a non empty set and let s ≥ 1 be a given

real number. A function p : X ×X → [0,∞) is called a partial

b - metric if for all x, y, z ∈ X the following conditions are satisfied.

(i) x = y if and only if p(x, x) = p(x, y) = p(y, y)

(ii) p(x, x) ≤ p(x, y)

(iii) p(x, y) = p(y, x)

(iv) p(x, y) ≤ s{p(x, z) + p(z, y)} − p(z, z)

The pair (X, p) is called a partial b - metric space.

The number s ≥ 1 is called a coefficient of (X, p).

(Z.Mustafa.et.al.[24]) A sequence {xn} in a partial b - metric space

(X, p) is said to be:

(i) convergent to a point x ∈ X if lim
n→∞

p(xn, x) = p(x, x)

(ii) a Cauchy sequence if lim
n,m→∞

p(xn, xm) exists and is finite

(iii) a partial b - metric space (X, p) is said to be complete if every Cauchy sequence

{xn} in X converges to a point x ∈ X such that

lim
n,m→∞

p(xn, xm) = lim
n→∞

p(xn, x) = p(x, x).

(E.Karapinar. et.al [18]) Let (X,≤) be a partially ordered set. A

sequence {xn} ∈ X is said to be non decreasing,

if xn ≤ xn+1∀ n ∈

(Z.Mustafa.et.al.[24]) A triple (X,≤, p) is called an ordered

partial b - metric space if (X,≤) is a partially ordered set and p is a partial

b - metric on X. In Sastry et.al[30], the notion of a partially ordered partial metric

space is introduced.

Definition 1.1. 

Definition 1.2. 

Definition 1.3. 

Definition 1.4. 
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For definiteness sake Sastry et.al[30](Definition 2.1) adopting the definition 1.1 for par-

tial metric and defined the triple (X,≤, p) as partially ordered partial metric space.

A partially ordered partial metric space (X,≤, p) is said to be complete if every Cauchy

sequence is convergent.

The following notation is used throughout this paper.

(X,≤, p) be a complete partially ordered partial b - metric space with coefficient s ≥ 1

and we write it as X. Let T : X → X be a self map of X and let Fix(T ) denote the

set of all fixed points of T . We denote Ω = {β : (0,∞) → [0, 1)/β(tn) → 1 ⇒ tn → 0},
and that Φs = {φ : [0,∞) → [0,∞)/φ is non-decreasing, continuous, lim

t→r+
φ(t) < r

s
and

φ(t) = 0 ⇔ t = 0}. We call the elements of Φs as altering distance functions.

Further, we use the following notation: for any sequences {an} and {bn} in X with

pn = p(an, bn) ̸= 0,

we write ∆n = p(T (an),T (bn))
pn

and ∆φ
n = φ(sp(T (an),T (bn)))

φ(pn)
∀ n,

We denote the set of all real numbers by R, the set of all nonnegative reals by R+ and

the set of all natural numbers by N.

(I.Beg and A.R.Butt [ 10 ] ) Let (X, ≤ ) be a partially ordered set and

S, T : X → X be such that Sx ≤ TSx and Tx ≤ STx ∀x ∈ X. Then S and T are said

to be weakly increasing mappings.

(B.Samet et.al.[29])Let T : X → X be a self map and α : X ×X → R
be a function. Then T is said to be α - admissible if α(x, y) ≥ 1 ⇒ α(Tx, Ty) ≥ 1.

(JalalHassanzadeasl., [14] ) Let T, S : X → X, and let

α : X ×X → [0,+∞). We say that T, S are coupled α − admissible if

α(x, y) ≥ 1 ⇒ α(Tx, Sy) ≥ 1 and α(Sx, Ty) ≥ 1 for all x, y ∈ X

(E. Karapinar. et.al. [18]) An α - admissible map T is said to be

triangular α − admissible if α(x, z) ≥ 1 and α(z, y) ≥ 1 ⇒ α(x, y) ≥ 1.

(E.Karapinar. et.al.[18]) Let T : X → X be triangular α − admissible

map. Assume that there exists x1 ∈ X ∋ α(x1, Tx1) ≥ 1. Define the sequence {xn} by

xn+1 = Txn, n = 0, 1, 2, .... Then we have α(xn, xm) ≥ 1 for all m,n ∈ with n < m.

For more details and examples on α − admissible and coupled α − admissible maps,

one can refer [17], [18] and [29].

The following lemma can be easily established.

(S. H. Cho. et.al.[13]) Let (X, d) be a metric space, and let

α : X × X → R be a function. A map T : X → X is called an α − Geraghty type

contraction if there exists β ∈ such that

α(x, y)d(Tx, Ty) ≤ β(d(x, y))d(x, y) for all x, y ∈ X. (1.10.1)

Notation:  

Definition 1.5. 

Definition 1.6. 

Definition 1.7. 

Definition 1.8. 

Lemma 1.9. 

Definition 1.10. 
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(G. V. R. Babu. et.al.[6]) Let (X, d) be a metric space and

T : X → X be a self map. If there exist α : X ×X → R, φ ∈ Φ and L ≥ 0 such that

α(x, y)φ((d(Tx, Ty))) < φ((M(x, y)))+L.N(x, y) (1.11.1)

for all x, y ∈ X, x ̸= y where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), 1
2
[d(x, Ty) + d(y, Tx)]},

and N(x, y) = min{d(x, Tx), d(x, Ty), d(y, Tx)}, then we say that T is an almost

generalized α − contractive map with respect to an altering distance function φ.

(G. V. R. Babu. et.al.[6]) Let (X, d) be a metric space let T : X → X

be a self map. If ∃ α : X ×X → R, β ∈ Ω, φ ∈ Φ and L ≥ 0 ∋ α(x, y)φ((d(Tx, Ty))) ≤
β(φ(M(x, y)))φ(M(x, y)) + L.N(x, y) (1.12.1)

for all x, y ∈ X, where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), 1
2
[d(x, Ty) + d(y, Tx)]},

N(x, y) = min{d(x, Tx), d(x, Ty), d(y, Tx)},
then we say that T is (α, φ, β) - weak generalized Geraghty contractive map.

The following theorems are established in ( K.P.R,Sastry et.al.[32]).

( K.P.R,Sastry et.al.[32]) Let T be a self map on a complete partially

ordered partial b - metric space (X,≤, p) with coefficient s ≥ 1. Let α : X ×X → R be
a continuous function and

α(x, x) > 1 ∀ x ∈ X.

Assume that there exists φ ∈ Φs such that

α(x, y)φ(sp(Tx, Ty)) < φ(M(x, y))

for all x, y ∈ X, p(x, y) ̸= 0 where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Ty), 1
2s
[p(x, Ty) + p(Tx, y)]}

Further, assume that

(i) T is triangular α - admissible, and

(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

and set xn = Txn−1 for n = 1, 2, 3, ... .

(iii) for any two sequences {an} and {bn} in X with pn = p(an, bn) ̸= 0, we have that

∆φ
n → 1 ⇒ φ(pn) → 0 as n→ ∞.

Then {xn} is a Cauchy sequence. And if xn → z then z is a fixed point T in X. Further

if y, z are fixed point of T in X, then either α(y, z) < 1 or y = z.

( K.P.R,Sastry et.al.[32]) Let T be a self map on a complete partially

ordered partial b - metric space X. Let α : X ×X → R be a continuous function.

Assume that there exists φ ∈ Φs such that

α(x, y)φ(sp(Tx, Ty)) < φ(M(x, y))

for all x, y ∈ X, p(x, y) ̸= 0 where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Ty), 1
2s
[p(x, Ty) + p(Tx, y)]}

Definition 1.11. 

Definition 1.12. 

Theorem 1.13. 

Corollary 1.14. 

Existence of Fixed Points of a Pair of Self Maps under Weak Generalized Geraghty Contractions in 
Complete Partially Ordered Partial b - Metric Spaces

Ref

6.
B

ab
u
.G

. V
.R

, 
S
arm

a.K
.K

.M
, 

an
d
 
K

rish
n
a.P

.H
: N

eces sary an
d
 su

fficien
t con

d
ition

s
for 

th
e 

existen
ce 

of 
fixed

 
p
oin

ts 
of 

w
eak 

gen
eralized

 
geragh

ty 
con

traction
s 

in
tern

ation
al

jou
rn

al of m
ath

em
atics an

d
 scien

tific com
p
u
tin

g (issn
: 2231-5330), vol. 

5,
n
o. 1, 2015 38

(1.13.1)

(1.14.1)



 
 

 
 

 
 
 
 
 
 
 
 
 
 

  

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V
I   

Is
s u
e 

  
  
er

sio
n 

I
V

II
Y
ea

r
20

16

© 2016    Global Journals Inc.  (US)

93

  
 

( F
)

Further, assume that

(i)T is α - triangular admissible,

(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

and set xn = Txn−1 for n = 1, 2, 3, ....

(iii)for any two sequences {an} and {bn} of X with pn = p(an, bn) ̸= 0, we have that

∆φ
n → 1 ⇒ φ(pn) → 0 as n→ ∞

Then the sequence {xn} is a Cauchy sequence. Suppose {xn} converges to z and

α(z, z) > 1. Then z is a fixed point of T in X.

( K.P.R,Sastry et.al.[32]) Let (X,≤, p) be a complete partially or-

dered partial b - metric space with coefficient s ≥ 1,and T : X → X be a self map. Let

α : X ×X → R be a continuous function and β ∈ Ω, φ ∈ Φs.

Suppose the following conditions hold:

(i) T is (α, φ, β) - weak generalized Geraghty contraction map i.e.,

α(x, y)φ(sp(Tx, Ty)) ≤ β(φ(M(x, y)))φ(M(x, y)) ∀ x, y ∈ X, p(x, y) ̸= 0

where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Ty), 1
2s
[p(x, Ty) + p(Tx, y)]}

(ii) T is triangular α - admissible, and

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

and set xn = Txn−1 for n = 1, 2, 3, ...

Then {xn} is a Cauchy sequence. Suppose {xn} converges to x

and α(x, x) > 1. Then x is a fixed point of T in X

These results are extended to partially ordered partial b - metric space for a pair of

In this section we continue our study to extend the concepts of G. V. R. Babu. et.al.[6]

to complete partially ordered partial b- metric space with coefficient s ≥ 1 and obtain

sufficient conditions for the existence of fixed points of weak generalized Geraghty con-

tractions in a complete partially ordered partial b- metric space with coefficient s ≥ 1.

A supporting example is given. Further an open problem is also given at the end of

this paper.

We begin this section with the following definition.

( K.P.R,Sastry et.al.[30]) Suppose (X, ≤ ) is a partially ordered set

and p is a partial b - metric on X as in definition 1.1 with coefficient s ≥ 1. Then we

say that the triplet (X,≤, p) is a partially ordered partial b - metric space. Notions

of convergence of a sequence and Cauchy sequence are as in definition 1.2. A partially

ordered partial b - metric space (X,≤, p) is said to be complete if every Cauchy sequence

in X is convergent .

II. Main Result

Theorem 1.15. 

Definition 2.1.

Existence of Fixed Points of a Pair of Self Maps under Weak Generalized Geraghty Contractions in 
Complete Partially Ordered Partial b - Metric Spaces
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Now we state the following useful lemmas, whose proofs can be found in Sastry. et.

al.[30].

Let (X,≤, p) be a complete partially ordered partial b - metric space. Let

{xn} be a sequence in X such that lim
n→∞

p(xn, xn+1) = 0. Suppose lim
n→∞

xn = x and lim
n→∞

xn = y

Then (a) lim
n→∞

p(xn, x) = lim
n→∞

p(xn, y) = p(x, y) and hence x = y

(b) (i) {xn} is a Cauchy sequence ⇒ lim
m,n→∞

p(xm, xn) = 0.

(ii) {xn} is not a Cauchy sequence ⇒ ∃ ϵ > 0 and sequences {mk}, {nk} ∋ mk > nk >

k ∈ N ; p(xnk
, xmk

) > ϵ and p(xnk
, xmk−1) ≤ ϵ

(a) p(x, y) = 0 ⇒ x = y

(b) p(xnk−1, xmk−1) ̸= 0

Proof. : Suppose p(xnk−1, xmk−1) = 0

⇒ xnk−1 = xmk−1

⇒ Txnk−1 = Txmk−1

∴ xnk
= xmk

Now ϵ < p(xnk
, xmk

) = p(xnk
, xnk

) < p(xnk
, xnk−1)

Allowing k → ∞
ϵ ≤ lim

k→∞
p(xnk

, xnk−1) = 0, a contradiction.

∴ p(xnk−1, xmk−1) ̸= 0

If φ ∈ Φs then

(i) lim
n→∞

φn(t) = 0 ∀ t > 0

(ii) φ(t) < t
s
∀ t > 0 where s ≥ 1 is the coefficient of (X, p)

Let (X, ≤ , p) be a complete partially ordered partial b - metric space

with coefficient s ≥ 1. Let T : X → X be a self map. If there exist α : X × X →
R, β ∈ Ω, φ ∈ Φs such that

α(x, y)φ(sp(Tx, Sy)) ≤ β(φ(M(x, y)))φ(M(x, y)) (2.5.1)

for all x, y ∈ X, where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Ty), 1
2s
[p(x, Ty) + p(Tx, y)]}. Then we say that

T is (α, φ, β) - weak generalized Geraghty contractive map.

The following notation is used throughout this paper.

(X,≤, p) be a complete partially ordered partial b - metric space with coefficient s ≥ 1

and we write it as X. Let S, T : X → X be a self map of X and let Fix(T ) denotes

the set of all fixed points of S and T . We denote Ω = {β : (0,∞) → [0, 1)/β(tn) →
1 ⇒ tn → 0}, and that Φs = {φ : [0,∞) → [0,∞)/φ is non-decreasing, continuous,

lim
t→r+

φ(t) < r
s
and φ(t) = 0 ⇔ t = 0}. We call the elements of Φs as altering distance

functions.

Lemma 2.2. 

Lemma 2.3. 

Lemma 2.4. 

Definition 2.5. 

Notation:  
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Further, we use the following notation: for any sequences {an} and {bn} in X with

pn = p(an, bn) ̸= 0,

we write ∆n = p(S(an),T (bn))
pn

and ∆φ
n = φ(sp(S(an),T (bn)))

φ(pn)
∀ n,

We denote the set of all real numbers by R, the set of all nonnegative reals by R+ and

the set of all natural numbers by N.

Let S, T be weakly increasing self maps on a complete partially ordered

partial b - metric space (X,≤, p) with coefficient s ≥ 1. Let α : X × X → R be a

continuous function and

α(x, x) > 1 ∀ x ∈ X.

Assume that there exists φ ∈ Φs such that

α(x, y)φ(sp(Tx, Sy)) < φ(M(x, y))

for all x, y ∈ X, p(x, y) ̸= 0 where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Sy), 1
2s
[p( , T ) + p(Sy, x)]}

Further, assume that

(i) S, T are weakly increasing

(ii) S, T are coupled and triangular α - admissible,

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

and set xn = Txn−1 for n = 1, 2, 3, ... .

(iv) for any two sequences {an} and {bn} in X with pn = p(an, bn) ̸= 0, we have that

∆φ
n → 1 ⇒ φ(pn) → 0 as n→ ∞.

Then {xn} is a Cauchy sequence. And if xn → z then z is a common fixed point T and

S in X. Further if y, z are fixed point of T in X, then either α(y, z) < 1 or y = z.

Proof. We first prove that any fixed point of T is also a fixed point of S and conversely.

Let x be a fixed point of T .

Then Tx = x

Now M(x, x) =max{p(x, x), p(Tx, x), p(Sx, x), 1
2
[p(Tx, x) + p(Sx, x)]}

= p(Sx, x)

∴ φ(p(x, Sx)) = φ(d(Tx, Sx))

≤ α(x, x)φ(d(Tx, Sx))

<φ (M(x, x)))

= φ (p(x, Sx)))

a contradiction, if p(x, Sx) ̸= 0

∴ p(x, Sx) = 0

∴ by lemma 2.3 Sx = x

Similarly if Sx = x then Tx = x.

Further we show that if T and S have a common fixed point then it is unique.

Let Tx = Sx = x and Ty = Sy = y

Now we state our first main result :

Theorem 2.6. 

Existence of Fixed Points of a Pair of Self Maps under Weak Generalized Geraghty Contractions in 
Complete Partially Ordered Partial b - Metric Spaces

Notes

(2.6.1)

y x



 
 

 
 

 
 
 
 
 
 
 
 
 
 

© 2016    Global Journals Inc.  (US)

96

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
Y
ea

r
20

16
X
V
I   

Is
s u

e 
  
  
er

sio
n 

I
V

II
( F

)

Suppose α(x, y) < 1 then there is nothing to prove.

To show that x = y. Suppose x ̸= y

We have M(x, y) =max{p(x, y), p(Tx, x), p(Sy, y), 1
2
[p(Tx, y) + p(Sy, x)]}

= p(x, y)

∴ φ(p(x, y)) = φ(p(Tx, Sy))

≤ α(x, y)φ(M(x, y))

= α(x, y)φ (p(x, y)) < φ (p(x, y)) , a contradiction

∴ φ(p(x, y)) = 0 ⇒ p(x, y) = 0 ⇒ x = y

Let x0 ∈ X and x2n+1 = Tx2n;

x2n+2 = Sx2n+1; n = 0, 1, 2...

For any n suppose xn+1 = xn

Now n = 2m

⇒ x2m+1 = x2m

⇒ Tx2m = x2m

⇒ xn is a fixed point of T .

n = 2m+ 1

⇒ x2m+2 = x2m+1

Sx2m+1 = x2m+1

⇒ xn is a fixed point of S

∴ For any n if xn+1 = xn then xn is a common fixed point of T and S.

Hence for any n,we suppose that xn+1 ̸= xn for all n ∈ N
Since S and T are weakly increasing,

x1 = Tx0 ≤ STx0 = Sx1 = x2 ≤ TSx1 = Tx2 = x3 ....

∴ x1 ≤ x2 ≤ x3 ≤ ... Thus {xn} is increasing.

Let x0 ∈ X be such that α(x0, Tx0) ≥ 1 by (iii). Without loss of generality, we

assume that xn ̸= xn+1 for all n ∈ N. By using the α - admissibility of T, we have

α(x0, x1) = α(x0, Tx0) ≥ 1 ⇒ α(x1, x2) = α(Tx0, Sx1) ≥ 1. Now, by mathematical

induction, it is easy to see that α(xn, xn+1) ≥ 1 for all n ∈ N.
Let n be even and by taking x = xn−1 and y = xn in the inequality (2.6.1), and

observing that p(xn−1, xn) ̸= 0 by lemma 2.3,

we get

φ(p(xn, xn+1))

≤ φ(sp(xn, xn+1))

= φ(sp(Sxn−1, Txn))

≤ α(xn−1, xn)φ(sp(Sxn−1, Txn))

< φ(M(xn, xn−1)) (2.6.2)

where

M(xn, xn−1)

= max{p(xn−1, xn), p(xn−1, Sxn−1), p(xn, Txn),
1
2s
[p(xn−1, Txn) + p(xn, Sxn−1)]}

Existence of Fixed Points of a Pair of Self Maps under Weak Generalized Geraghty Contractions in 
Complete Partially Ordered Partial b - Metric Spaces

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

  

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V
I   

Is
s u
e 

  
  
er

sio
n 

I
V

II
Y
ea

r
20

16

© 2016    Global Journals Inc.  (US)

97

  
 

( F
)

= max{p(xn−1, xn), p(xn−1, xn), p(xn, xn+1),
1
2s
[p(xn−1, xn+1) + p(xn, xn)]}

≤ max{p(xn−1, xn), p(xn, xn+1),
1
2s
[sp(xn−1, xn) + sp(xn, xn+1)− p(xn, xn) + p(xn, xn)]}

= max{p(xn−1, xn), p(xn, xn+1),
1
2
[p(xn−1, xn) + p(xn, xn+1)]}

= max{p(xn−1, xn), p(xn, xn+1)}
Ifmax{p(xn−1, xn), p(xn, xn+1)} = p(xn, xn+1) for some n ∈ N (2.6.3)

then from (2.6.2) and (2.6.3), we have

φ(sp(xn, xn+1)) < φ(M(xn−1, xn)) = φ(p(xn, xn+1)), a contradiction.

Thus, we have M(xn−1, xn) = max{p(xn−1, xn), p(xn, xn+1)} = p(xn−1, xn) Similarly,

Let n be odd and by taking x = xn−1 and y = xn in the inequality (2.6.1), and

observing that p(xn−1, xn) ̸= 0 by lemma 2.3,

we get

φ(p(xn, xn+1))

≤ φ(sp(xn, xn+1))

= φ(sp(Txn−1, Sxn))

≤ α(xn−1, xn)φ(sp(Txn−1, Sxn))

< φ(M(xn−1, xn)) (2.6.4)

where

M(xn−1, xn)

= max{p(xn−1, xn), p(xn−1, Txn−1), p(xn, Sxn),
1
2s
[p(xn−1, Sxn) + p(xn, Txn−1)]}

= max{p(xn−1, xn), p(xn−1, xn), p(xn, xn+1),
1
2s
[p(xn−1, xn+1) + p(xn, xn)]}

≤ max{p(xn−1, xn), p(xn, xn+1),
1
2s
[sp(xn−1, xn) + sp(xn, xn+1)− p(xn, xn) + p(xn, xn)]}

= max{p(xn−1, xn), p(xn, xn+1),
1
2
[p(xn−1, xn) + p(xn, xn+1)]}

= max{p(xn−1, xn), p(xn, xn+1)}
Ifmax{p(xn−1, xn), p(xn, xn+1)} = p(xn, xn+1) for some n ∈ N (2.6.5)

then from (2.6.2) and (2.6.3), we have

φ(sp(xn, xn+1)) < φ(M(xn−1, xn)) = φ(p(xn, xn+1)), a contradiction.

Thus, we haveM(xn−1, xn) = max{p(xn−1, xn), p(xn, xn+1)} = p(xn−1, xn) for all n ∈ N
and hence, p(xn, xn+1) < p(xn−1, xn) for all n ∈ N. (2.6.6)

Thus it follows that {p(xn, xn+1)} is a non-negative, decreasing sequence of real num-

bers. Suppose that lim
n→∞

p(xn, xn+1) = r, r ≥ 0

Now we prove that r = 0.

Assume that r > 0.

Now by (2.6.2)

φ(p(xn, xn+1))

≤ φ(sp(xn, xn+1))

< φ(M(xn−1, xn))

= φ(p(xn−1, xn)) for all n ∈ N

On taking limits as n→ ∞,
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we have,

lim
n→∞

φ(p(xn, xn+1))

≤ lim
n→∞

φ(sp(xn, xn+1))

≤ lim
n→∞

φ(p(xn−1, xn))

⇒ φ(r) ≤ φ(sr) ≤ φ(r)

⇒ φ(r) = φ(sr)

Let n be odd. By choosing an = xn, bn = xn+1,

∆φ
n = φ(sp(T (xn−1),S(xn))

φ(p(xn−1,xn))

∴ lim
n→∞

∆φ
n

= lim
n→∞

φ(sp(xn,xn+1))
φ(p(xn−1,xn))

=
lim

n→∞
φ(sp(xn,xn+1))

lim
n→∞

φ(p(xn−1,xn))

=
φ(s lim

n→∞
p(xn,xn+1))

φ( lim
n→∞

p(xn−1,xn))

= φ(sr)
φ(r)

= 1(since φ(r) = φ(sr)) (2.6.7)

Hence by our assumption φ(pn) → 0 as n→ ∞ i.e.,

lim
n→∞

φ(p(xn−1, xn)) = 0

⇒ φ(r) = 0

⇒ r = 0, a contradiction for our assumption r > 0

Hence r = 0.

Similarly,

Let n be even. By choosing an = xn, bn = xn+1,

∆φ
n = φ(sp(S(xn−1),T (xn))

φ(p(xn−1,xn))

∴ lim
n→∞

∆φ
n

= lim
n→∞

φ(sp(xn,xn+1))
φ(p(xn−1,xn))

=
lim

n→∞
φ(sp(xn,xn+1))

lim
n→∞

φ(p(xn−1,xn))

=
φ(s lim

n→∞
p(xn,xn+1))

φ( lim
n→∞

p(xn−1,xn))

= φ(sr)
φ(r)

= 1(since φ(r) = φ(sr)) (2.6.8)

Hence by our assumption φ(pn) → 0 as n→ ∞ i.e.,

lim
n→∞

φ(p(xn−1, xn)) = 0 ∀ n ∈ N
⇒ φ(r) = 0

⇒ r = 0, a contradiction for our assumption r > 0

Hence r = 0.

Now, we show that {xn} is a Cauchy sequence in X. Suppose that {xn} is not a Cauchy

sequence. Then by Lemma 2.2(b), there exist some ϵ > 0, and sub-sequences {xmk
}
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and {xnk
} of {xn} with mk > nk > k such that p(xmk

, xnk
) ≥ ϵ and p(xmk−1, xnk

) < ϵ

and by lemma 1.9

We have Case(i): Let mk is odd and nk is even

∴ sϵ ≤ sp(xmk
, xnk

)

⇒ φ(sϵ) ≤ φ(sp(xmk
, xnk

))

= φ(sp(Txmk−1, Sxnk−1))

≤α(xmk−1, xnk−1) φ(sp(Txmk−1, Sxnk−1))

( by lemma 1.9, α(xmk−1, xnk−1) ≥ 1)

< φ(M(xmk−1, xnk−1)) (2.6.9)

where M(xmk−1, xnk−1)

= max[p(xmk−1, xnk−1), p(xnk−1, Sxnk−1), p(xmk−1, Txmk−1),

1
2s

{p(xmk−1, Sxnk−1) + p(Txmk−1, xnk−1)}]

= max[p(xmk−1, xnk−1), p(xnk−1, xnk
), p(xmk−1, xmk

), 1
2s

{p(xmk−1, xnk
)+p(xmk

, xnk−1)}]

≤max[p(xmk−1, xnk−1), p(xnk−1, xnk
), p(xmk−1, xmk

), 1
2s
{sp(xmk−1, xnk−1)+sp(xnk−1, xnk

)−

p(xnk−1, xnk−1) + sp(xmk−1, xnk−1) + sp(xmk−1, xmk
)− p(xmk−1, xmk−1)}]

≤max[p(xmk−1, xnk−1), p(xnk−1, xnk
), p(xmk−1, xmk

), 1
2s
{2sp(xmk−1, xnk−1)+sp(xnk−1, xnk

)+

sp(xmk
, xmk−1)}]

≤ p(xmk−1, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

≤ sp(xmk−1, xnk
) + sp(xnk

, xnk−1)− p(xnk
, xnk

) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

≤ sp(xmk−1, xnk
) + sp(xnk

, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

∴ φ(sϵ)

≤ φ(sp(xmk
, xnk

))

< φ(M(xmk−1, xnk−1)

≤ φ(p(xmk−1, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1))

≤ φ(sp(xmk−1, xnk
)+sp(xnk

, xnk−1)+p(xnk−1, xnk
)+p(xmk

, xmk−1)) (2.6.10)

Allowing k → ∞,

φ(sϵ) ≤ lim
k→∞

φ(sp(xmk
, xnk

))

≤ lim
k→∞

φ(M(xmk−1, xnk−1)

≤ lim
k→∞

φ(p(xmk−1, xnk−1))≤ φ(sϵ)

∴ lim
k→∞

φ(p(xmk
, xnk

))

= lim
k→∞

φ(M(xmk−1, xnk−1))

= lim
k→∞

φ(p(xmk−1, xnk−1))

= φ(sϵ) (2.6.11)
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∴ lim
n→∞

∆φ
n

= lim
n→∞

φ(sp(Txmk−1,Sxnk−1))

φ(pn)

=
lim

k→∞
φ(sp(xmk

,xnk
))

lim
k→∞

φ(p(xmk−1,xnk−1))

= φ(sϵ)
φ(sϵ)

(by (2.6.8)

= 1. (2.6.12)

Hence by our assumption φ(p(xmk−1, xnk−1))) → 0 as k → ∞
i.e., φ(sϵ) = 0

⇒ sϵ = 0 , a contradiction.

Case(ii): Let mk is odd and nk is odd

∴ φ(sp(xmk
, xnk+1)) ≤ α(xmk−1, xnk

) φ(sp(Txmk−1, Sxnk
))

< φ(M(xmk−1, xnk
))

where M(xmk−1, xnk
)

=max[p(xmk−1, xnk
), p(xmk−1, Txmk−1), p(xnk

, Sxnk
), 1

2s
[{p(Txmk−1, xnk

) +p(xmk−1, Sxnk
)}]

= max[p(xmk−1, xnk
), p(xmk−1, xmk

), p(xnk
, xnk+1),

1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}]
= p(xmk−1, xnk

) or 1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}]
Suppose M(xmk−1, xnk

) = p(xmk−1, xnk
) < ϵ

But ϵ ≤ p(xmk
, xnk

) ≤sp(xmk
, xnk+1) + sp(xnk+1, xnk

) − p(xnk+1, xnk+1)

≤ sp(xmk
, xnk+1) + sη where η > 0 ∋ p(xnk+1, xnk

) < η ( 2.6.13)

⇒ ϵ − sη ≤ sp(xmk
, xnk+1) (2.6.14)

Since φ is non decreasing

∴ φ(ϵ− sη) ≤ φ(sp(xmk
, xnk+1))

< φ(p(xmk−1, xnk
)) < φ(ϵ) (2.6.15)

As φ is continuous and η → 0 as k → ∞, we get

φ(ϵ) ≤ lim
k→∞

φ(sp(xmk
, xnk+1)) ≤ lim

k→∞
φ(p(xmk−1, xnk

))≤ φ(ϵ)

∴ lim
k→∞

φ(sp(xmk
, xnk+1)) = φ(ϵ) = lim

k→∞
φ(p(xmk−1, xnk

))

Suppose M(xmk−1, xnk
) = 1

2s
[{p(xmk

, xnk
) + p(xmk−1, xnk+1)}]

On the other hand

p(xmk
, xnk

) + p(xmk−1, xnk+1)

≤ sp(xmk
, xnk−1) + sp(xnk−1, xnk

) − p(xnk−1, xnk−1) + sp(xmk+1, xmk
)

+ sp(xmk
, xnk−1) − p(xmk

, xmk
)

≤ sp(xmk
, xnk−1) + sp(xnk−1, xnk

) + sp(xmk
, xnk−1) +sp(xmk+1, xmk

)

≤ 2sp(xmk
, xnk−1) + 2sη ≤ 2sϵ+ 2sη

where p(xmk+1, xmk
) ≤ η and p(xnk

, xnk−1) ≤ η for some η > 0 for large k

∴ 1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}] ≤ ϵ + η(2.6.16)

Therefore,

M(xmk−1, xnk
) = 1

2s
[{p(xmk

, xnk
) + p(xmk−1, xnk+1)}] ≤ ϵ + η

∴ From (2.6.13), (2.6.15) and (2.6.16)
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φ(ϵ− sη) ≤ φ(sp(xmk
, xnk+1))

≤ φ(M(xmk−1, xnk
))

≤ φ(ϵ+ η)

As φ is continuous and η → 0 as k → ∞ , we get

φ(sp(xmk
, xnk+1)) = φ(ϵ)

∴ lim
n→∞

∆φ
n

= lim
n→∞

φ(sp(Txmk−1,Sxnk
))

φ(pn)

=
lim

k→∞
φ(sp(xmk

,xnk+1))

lim
k→∞

φ(p(xmk−1,xnk
))

= φ(ϵ)
φ(ϵ)

(by (2.7.8)

= 1. (2.6.17)

Hence by our assumption φ(p(xmk−1, xnk−1))) → 0 as k → ∞
i.e., φ(ϵ) = 0

⇒ ϵ = 0 , a contradiction.

Similarly the other two cases can be discussed.

∴ {xn} is a Cauchy sequence.

Since X is complete, there exists z ∈ X such that lim
n→∞

xn = z. Now, we show that z is

a fixed point of T . We consider

φ(sp(x2n+1, T z))

= φ(sp(Sx2n, T z))

≤ α(x2n, z)φ(sp(Sx2n, T z))(since α is continuous and α(z, z) > 1)

< φ(M(x2n, z)) (2.6.18)

But M(x2n, z)

= max{p(x2n, z), p(x2n, x2n+1), p(z, Tz),
1
2s
[p(x2n+1, z) + p(x2n, T z)]}

= p(z, Tz) for large n

∴ φ(sp(x2n+1, T z)) ≤ α(x2n, z)φ(sp(Sx2n, T z)) < φ(p(z, Tz))

Suppose φ(sp(z, Tz)) ̸= 0

Dividing through out by φ(sp(z, Tz))
φ(sp(x2n+1,T z))

φ(sp(z,Tz))
≤ α(x2n, z){φ(sp(x2n,T z))

φ(sp(z,Tz))
} < φ(p(z,Tz))

φ(sp(z,Tz))
≤ 1

On letting n→ ∞,

we get 1 ≤ α(z, z) ≤ 1 ⇒α(z, z) = 1, a contridiction

∴ φ(sp(z, Tz)) = 0 ⇒ p(z, Tz) = 0

Then by lemma 2.3, z = Tz.

∴z is a fixed point of T in X.

Similarly φ(sp(x2n, Sz)) is to be considered to show z is a fixed point of S in X.

Hence z is a common fixed point of S and T in X.

Suppose y, z and y ̸= z are common fixed points of S and T in X

Then Ty = Sy = y, Tz = Sz = z (2.6.19)
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Suppose α(y, z) < 1 then there is nothing to prove.

Suppose α(y, z) ≥ 1 and p(y, z) ̸= 0

Now φ(sp(Sy, Tz))

≤ α(y, z)φ(sp(Sy, Tz))

< φ(M(y, z)) (2.6.20)

But M(y, z)

= max{p(y, z), p(y, Sy), p(z, Tz), 1
2s
[p(y, Tz) + p(Sy, z)]}

= p(y, z)

∴φ(sp(Sy, Tz)) ≤ α(y, z)φ(sp(Sy, Tz)) < φ(p(y, z))

which is a contridiction

∴ p(y, z) = 0

Then by lemma 2.3, y = z.

The following corollary can be easily established.

Let T be a self map on a complete partially ordered partial b - metric

space X. Let α : X ×X → R be a continuous function.

Assume that there exists φ ∈ Φs such that

α(x, y)φ(sp(Tx, Ty)) < φ(M(x, y))

for all x, y ∈ X, p(x, y) ̸= 0 where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Ty), 1
2s
[p(x, Ty) + p(Tx, y)]}

Further, assume that

(i)T is α - triangular admissible,

(ii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

and set xn = Txn−1 for n = 1, 2, 3, ....

(iii)for any two sequences {an} and {bn} of X with pn = p(an, bn) ̸= 0, we have that

∆φ
n → 1 ⇒ φ(pn) → 0 as n→ ∞

Then the sequence {xn} is a Cauchy sequence. Suppose {xn} converges to z and

α(z, z) > 1. Then z is a fixed point of T in X.

In the following, we prove the existence of fixed points of (α, φ, β) - weak generalized

Geraghty contraction type maps in a complete partially ordered partial b - metric space.

Let (X,≤, p) be a complete partially ordered partial b - metric space

with coefficient s ≥ 1,and S, T : X → X are weakly increasing self maps on X. Let

α : X ×X → R be a continuous function and β ∈ Ω, φ ∈ Φs.

Suppose the following conditions hold:

(i) S, T are (α, φ, β) - weak generalized Geraghty contraction map i.e.,

α(x, y)φ(sp(Tx, Sy)) ≤ β(φ(M(x, y)))φ(M(x, y)) ∀ x, y ∈ X, p(x, y) ̸= 0

Corollary 2.7. 

Theorem 2.8. 
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where

M(x, y) = max{p(x, y), p(x, Tx), p(y, Sy), 1
2s
[p(x, Sy) + p(Tx, y)]}

(ii) S, T are coupled and triangular α - admissible,

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1

Then {xn} is a Cauchy sequence. Suppose {xn} converges to x

and α(x, x) > 1. Then x is a fixed point of T in X.

Proof. As in theorem 2.6, let x0 ∈ X be such that α(x0, Tx0) ≥ 1 by (iii). If xn = xn+1

for some n ∈ N , then xn = Txn and hence xn is a fixed point of T or S. Without loss

of generality, we assume that xn ̸= xn+1 for all n ∈ N. By using the α - admissibility

of T , we have α(x0, x1) = α(x0, Tx0) ≥ 1 ⇒ α(x1, x2) = α(Tx0, Sx1) ≥ 1. Now, by

mathematical induction, it is easy to see that α(xn, xn+1) ≥ 1 for all n ∈ N.
Let n be even and by taking x = xn−1 and y = xn in the inequality (2.8.1), and

observing that p(xn−1, xn) ̸= 0 by lemma 2.3,

we get

φ(sp(xn, xn+1))

= φ(sp(Sxn−1, Txn))

≤ α(xn−1, xn)φ(sp(Sxn−1, Txn))

≤ β(φ(M(xn−1, xn)))φ(M(xn−1, xn))( since p(xn, xn+1) ̸= 0 ∀ n)

< φ(M(xn−1, xn)) (2.8.2)

where

M(xn−1, xn)

= max{p(xn−1, xn), p(xn−1, Sxn−1), p(xn, Txn),
1
2s
[p(xn−1, Txn) + p(xn, Sxn−1)]}

= max{p(xn−1, xn), p(xn−1, xn), p(xn, xn+1),
1

2s
[p(xn−1, xn+1) + p(xn, xn)]}

= max{p(xn−1, xn), p(xn, xn+1)}
Ifmax{p(xn−1, xn), p(xn, xn+1)} = p(xn, xn+1) for some n ∈ N (2.8.3)

then from (2.8.2) and (2.8.3), we have

φ(sp(xn, xn+1)) < φ(M(xn−1, xn)) = φ(p(xn, xn+1)), a contradiction.

Let n be odd and by taking x = xn−1 and y = xn in the inequality (2.8.1), and

observing that p(xn−1, xn) ̸= 0 by lemma 2.3,

we get

φ(sp(xn, xn+1))

= φ(sp(Txn−1, Sxn))

≤ α(xn−1, xn)φ(sp(Txn−1, Sxn))

≤ β(φ(M(xn−1, xn)))φ(M(xn−1, xn))( since p(xn, xn+1) ̸= 0 ∀ n)
< φ(M(xn−1, xn)) (2.8.4)
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where

M(xn−1, xn)

= max{p(xn−1, xn), p(xn−1, Txn−1), p(xn, Sxn),
1
2s
[p(xn−1, Sxn) + p(xn, Txn−1)]}

= max{p(xn−1, xn), p(xn−1, xn), p(xn, xn+1),
1
2s
[p(xn−1, xn+1) + p(xn, xn)]}

= max{p(xn−1, xn), p(xn, xn+1)}
Ifmax{p(xn−1, xn), p(xn, xn+1)} = p(xn, xn+1) for some n ∈ N (2.8.5)

then from (2.8.4) and (2.8.5), we have

φ(sp(xn, xn+1)) < φ(M(xn−1, xn)) = φ(p(xn, xn+1)), a contradiction.

Thus, we have max{p(xn−1, xn), p(xn, xn+1)} = p(xn−1, xn) for all n ∈ N and hence,

p(xn, xn+1) < p(xn−1, xn) for all n ∈ N . (2.8.6)

Thus it follows that {p(xn, xn+1)} is a non-negative, decreasing sequence of real num-

bers. Suppose that lim
n→∞

p(xn, xn+1) = r, r ≥ 0

Now we prove that r = 0.

Assume that r > 0.

We have

φ(p(xn, xn+1))

≤ φ(sp(xn, xn+1))

≤ β(φ(p(xn−1, xn)))φ(p(xn−1, xn))

< φ(p(xn−1, xn))

Allowing as n→ ∞
φ(r) = lim

n→∞
φ(p(xn, xn+1))

≤ lim inf
n→∞

β(φ(p(xn−1, xn)))φ(p(xn−1, xn))

≤ lim sup
n→∞

β(φ(p(xn−1, xn)))φ(p(xn−1, xn))

≤ lim
n→∞

φ(p(xn−1, xn)) = φ(r)

⇒ φ(r) ≤ lim inf
n→∞

β(φ(p(xn−1, xn)))φ(r)

≤ lim sup
n→∞

β(φ(p(xn−1, xn)))φ(r)

≤ φ(r)

⇒ φ(r) = 0 or lim
n→∞

β(φ(p(xn−1, xn))) = 1

φ(r) = 0 or lim
n→∞

φ(p(xn−1, xn)) = 0( since β ∈ Ω)

lim
n→∞

φ(p(xn−1, xn)) = 0

∴ φ(r) = 0 ⇒ r = 0, a contradiction.

Hence r = lim
n→∞

p(xn, xn+1) = 0 (2.8.7)

Now, we show that {xn} is a Cauchy sequence in X. Suppose that {xn} is not a Cauchy

sequence. Then by Lemma 2.2(b), there exist some ϵ > 0, and sub-sequences {xmk
}

and {xnk
} of {xn} with mk > nk > k such that p(xmk

, xnk
) ≥ ϵ and p(xmk−1, xnk

) < ϵ.

Let mk be odd and nk be even
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∴ sϵ ≤ sp(xmk
, xnk

)

⇒ φ(sϵ) ≤ φ(sp(xmk
, xnk

))

= φ(sp(Txmk−1, Sxnk−1))

≤α(xmk−1, xnk−1) φ(sp(Txmk−1, Sxnk−1))

(by lemma 1.9 α(xmk−1, xnk−1) ≥ 1)

≤ β(φ(M(xmk−1, xnk−1)))φ(M(xmk−1, xnk−1))

< φ(M(xmk−1, xnk−1)) (2.8.8)

where M(xmk−1, xnk−1)

= max[p(xmk−1, xnk−1), p(xnk−1, Sxnk−1), p(xmk−1, Txmk−1),
1
2s

{p(xmk−1, Sxnk−1) + p(Txmk−1, xnk−1)}]
= max[p(xmk−1, xnk−1), p(xnk−1, xnk

), p(xmk−1, xmk
), 1

2s
{p(xmk−1, xnk

)+p(xmk
, xnk−1)}]

≤max[p(xmk−1, xnk−1), p(xnk−1, xnk
), p(xmk−1, xmk

), 1
2s
{sp(xmk−1, xnk−1)+sp(xnk−1, xnk

)−
p(xnk−1, xnk−1) + sp(xmk−1, xnk−1) + sp(xmk−1, xmk

)− p(xmk−1, xmk−1)}]
≤max[p(xmk−1, xnk−1), p(xnk−1, xnk

), p(xmk−1, xmk
), 1

2s
{2sp(xmk−1, xnk−1)+sp(xnk−1, xnk

)+

sp(xmk
, xmk−1)}]

≤ p(xmk−1, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

≤ sp(xmk−1, xnk
) + sp(xnk

, xnk−1)− p(xnk
, xnk

) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

≤ sp(xmk−1, xnk
) + sp(xnk

, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1)

∴ φ(sϵ)

≤ β(φ(M(xmk−1, xnk−1)))φ(M(xmk−1, xnk−1))

≤ φ(M(xmk−1, xnk−1)

≤ φ(sp(xmk−1, xnk
)+sp(xnk

, xnk−1)+p(xnk−1, xnk
)+p(xmk

, xmk−1)) (2.8.9)

Allowing k → ∞, we get

φ(sϵ)

≤ lim inf
k→∞

β(φ(M(xmk−1, xnk−1))) φ(M(xmk−1, xnk−1)

≤ lim sup
k→∞

β(φ(M(xmk−1, xnk−1))) φ(M(xmk−1, xnk−1)

≤ lim
k→∞

φ(sp(xmk−1, xnk
) + sp(xnk

, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1))

∴ φ(sϵ)

≤ lim inf
k→∞

β(φ(M(xmk−1, xnk−1)))φ(sϵ)

≤lim sup
k→∞

β(φ(M(xmk−1, xnk−1)))φ(sϵ)

≤ φ(sϵ)

∴ Either φ(sϵ) = 0 or lim
k→∞

β(φ(M(xmk−1, xnk−1))) = 1(since β ∈ S) (2.8.10)

⇒ φ(sϵ) = 0

⇒ sϵ = 0 , a contradiction.

Let mk be odd and nk be odd

∴ φ(sp(xmk
, xnk+1)) ≤ α(xmk−1, xnk

) φ(sp(Txmk−1, Sxnk
))

≤ β(φ(M(xmk−1, xnk
)))φ(M(xmk−1, xnk

))

< φ(M(xmk−1, xnk
))
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where M(xmk−1, xnk
)

=max[p(xmk−1, xnk
), p(xmk−1, Txmk−1), p(xnk

, Sxnk
), 1

2s
[{p(Txmk−1, xnk

) +p(xmk−1, Sxnk
)}]

= max[p(xmk−1, xnk
), p(xmk−1, xmk

), p(xnk
, xnk+1),

1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}]
= p(xmk−1, xnk

) or 1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}]
Suppose M(xmk−1, xnk

) = p(xmk−1, xnk
) < ϵ

But ϵ ≤ p(xmk
, xnk

) ≤sp(xmk
, xnk+1) + sp(xnk+1, xnk

) − p(xnk+1, xnk+1)

≤ sp(xmk
, xnk+1) + sη where η > 0 ∋ p(xnk+1, xnk

) < η ( 2.8.11)

⇒ ϵ − sη ≤ sp(xmk
, xnk+1) (2.8.12)

Since φ is non decreasing

∴ φ(ϵ− sη) ≤ φ(sp(xmk
, xnk+1))

< φ(p(xmk−1, xnk
)) < φ(ϵ) (2.8.13)

As φ is continuous and η → 0 as k → ∞, we get

φ(ϵ) ≤ lim
k→∞

φ(sp(xmk
, xnk+1)) ≤ lim

k→∞
φ(p(xmk−1, xnk

))≤ φ(ϵ)

∴ lim
k→∞

φ(sp(xmk
, xnk+1)) = φ(ϵ) = lim

k→∞
φ(p(xmk−1, xnk

))

Suppose M(xmk−1, xnk
) = 1

2s
[{p(xmk

, xnk
) + p(xmk−1, xnk+1)}]

On the other hand

p(xmk
, xnk

) + p(xmk−1, xnk+1)

≤ sp(xmk
, xnk−1) + sp(xnk−1, xnk

) − p(xnk−1, xnk−1) + sp(xmk+1, xmk
)

+ sp(xmk
, xnk−1) − p(xmk

, xmk
)

≤ sp(xmk
, xnk−1) + sp(xnk−1, xnk

) + sp(xmk
, xnk−1) +sp(xmk+1, xmk

)

≤ 2sp(xmk
, xnk−1) + 2sη ≤ 2sϵ+ 2sη

where p(xmk+1, xmk
) ≤ η and p(xnk

, xnk−1) ≤ η for some η > 0 for large k

∴ 1
2s

[{p(xmk
, xnk

) + p(xmk−1, xnk+1)}] ≤ ϵ + η (2.8.16)

Therefore,

M(xmk−1, xnk
) = 1

2s
[{p(xmk

, xnk
) + p(xmk−1, xnk+1)}] ≤ ϵ + η

∴ From (2.8.13), (2.8.15) and (2.8.16)

φ(ϵ− sη) ≤ φ(sp(xmk
, xnk+1))

≤ φ(M(xmk−1, xnk
))

≤ φ(ϵ+ η)

As φ is continuous and η → 0 as k → ∞ , we get

φ(sp(xmk
, xnk+1)) = φ(ϵ)

∴ φ(ϵ)

≤ β(φ(M(xmk−1, xnk−1)))φ(M(xmk−1, xnk−1))

≤ φ(M(xmk−1, xnk−1)

≤ φ(sp(xmk−1, xnk
)+sp(xnk

, xnk−1)+p(xnk−1, xnk
)+p(xmk

, xmk−1)) (2.8.17)
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Allowing k → ∞, we get

φ(ϵ)

≤ lim inf
k→∞

β(φ(M(xmk−1, xnk
))) φ(M(xmk−1, xnk

)

≤ lim sup
k→∞

β(φ(M(xmk−1, xnk
))) φ(M(xmk−1, xnk

)

≤ lim
k→∞

φ(sp(xmk−1, xnk
) + sp(xnk

, xnk−1) + p(xnk−1, xnk
) + p(xmk

, xmk−1))

∴ φ(ϵ)

≤ lim inf
k→∞

β(φ(M(xmk−1, xnk
)))φ(ϵ)

≤lim sup
k→∞

β(φ(M(xmk−1, xnk
)))φ(ϵ)

≤ φ(ϵ)

∴ Either φ(ϵ) = 0 or lim
k→∞

β(φ(M(xmk−1, xnk
))) = 1(since β ∈ S) (2.8.18)

⇒ φ(ϵ) = 0

⇒ ϵ = 0 , a contradiction.

Similarly we can discuss the other two cases.

∴ {xn} is a Cauchy sequence.

Since X is complete, there exists z ∈ X such that lim
n→∞

xn = z. Now, we show that z is

a fixed point of T . We consider

φ(sp(x2n, T z))

= φ(sp(Sx2n−1, T z))

≤ α(x2n−1, z)φ(sp(Sx2n−1, T z))(since α is continuous and α(z, z) > 1)

≤ β(φ(M(x2n−1, z)))φ(M(x2n−1, z)) (2.8.19)

But M(x2n−1, z)

= max{p(x2n−1, z), p(x2n−1, x2n), p(z, Tz),
1
2s
[p(x2n, z) + p(x2n−1, T z)]}

= p(z, Tz) for large n

∴φ(sp(x2n, T z)) ≤ β(φ(p(z, Tz)))φ(p(z, Tz)) ≤ φ(p(z, Tz))

On letting n→ ∞,
we get

φ(p(z, Tz)) ≤ φ(sp(z, Tz)) ≤ β(φ(p(z, Tz)))φ(p(z, Tz)) ≤ φ(p(z, Tz))

⇒ φ(p(z, Tz)) = 0 or β(φ(p(z, Tz))) = 1

⇒ p(z, Tz) = 0

Then by lemma 2.3, z = Tz.

∴ z is a fixed point of T in X. Further φ(sp(x2n+1, Sz))

= φ(sp(Tx2n, Sz))

≤ α(x2n, z)φ(sp(Tx2n, Sz))(since α is continuous and α(z, z) > 1)

≤ β(φ(M(x2n, z)))φ(M(x2n, z)) (2.8.20)

But M(x2n, z)

= max{p(x2n, z), p(x2n, x2n+1), p(z, Sz),
1
2s
[p(x2n+1, z) + p(x2n, Sz)]}

= p(z, Sz) for large n
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∴φ(sp(x2n+1, Sz)) ≤ β(φ(p(z, Sz)))φ(p(z, Sz)) ≤ φ(p(z, Sz))

On letting n→ ∞,

we get

φ(p(z, Sz)) ≤ φ(sp(z, Tz)) ≤ β(φ(p(z, Sz)))φ(p(z, Sz)) ≤ φ(p(z, Sz))

⇒ φ(p(z, Tz)) = 0 or β(φ(p(z, Tz))) = 1

⇒ p(z, Sz) = 0

Then by lemma 2.3, z = Sz.

∴ z is a fixed point of S in X.

Hencez is a common fixed point of S and T in X

( K.P.R.Sastry et.al.[33]) Let X = {0, 1, 1
2
, 1
3
, ..., 1

10
} with usual ordering.

Define

p(x, y) =


0 if x = y

1 if x ̸= y ∈ {0, 1}

|x− y| if x, y ∈ {0, 1
2
, 1
4
, 1
6
, 1
8
, 1
10
}

4 otherwise

Clearly, (X,≤, p) is a partially ordered partial b - metric space with coefficient s = 8
3

(P.Kumam et.al [19])

Define S, T : X → X by

T1 = T 1
3
= T 1

5
= T 1

7
= T 1

9
= 0 ; T0 = T 1

2
= T 1

4
= T 1

6
= T 1

8
= T 1

10
= 1

4

∴ A = {0, 1
2
, 1
4
, 1
6
, 1
8
, 1
10
} ⇒ T (A) = 1

4

and

B = {1, 1
3
, 1
5
, 1
7
, 1
9
} ⇒ T (B) = 0

∴ T (X) = {0, 1
4
}

and Sx = 1
4
∀ x ∈ X ⇒ S(A) = S(B) = 1

4

β(t) =

 1
1+t

if t ∈ (0,∞)

0 if t = 0

α(x, y) = 2 ∀ x, y ∈ X and φ(t) = 2t ∀ t ≥ 0

For x, y ∈ X and p(x, y) ̸= 0 ⇒ x ̸= y, then following are the cases

(i)For x, y ∈ A ⇒ Sx = Ty = 1
4
⇒ sp(Sx, Ty) = 0

∴ α(x, y)φ(sp(Sx, Ty)) ≤ β(φ(M(x, y)))φ(M(x, y))

(ii)For x, y ∈ B ⇒ Sx = 1
4
, T y = 0 ⇒ sp(Sx, Ty) = (8

3
)(1

4
) = 2

3
⇒ φ(sp(Sx, Ty)) = 4

3

where M(x, y) = 4 ⇒ φ(β(M(x, y)))φ(M(x, y)) = 4(4
5
) = 16

5

∴ α(x, y)φ(sp(Sx, Ty)) ≤ β(φ(M(x, y)))φ(M(x, y))

(iii)For x ∈ A, y ∈ B ⇒ Sx = 1
4
, T y = 0 ⇒ sp(Sx, Ty) = (8

3
)(1

4
) = 2

3

⇒ φ(sp(Sx, Ty)) = 4
3
where M(x, y) = 4 ⇒ φ(β(M(x, y)))φ(M(x, y)) = 4(4

5
) = 16

5

Now we give an example in support of theorem 2.8  

Example 2.9.
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∴ α(x, y)φ(sp(Sx, Ty)) ≤ β(φ(M(x, y)))φ(M(x, y))

(iv)For x ∈ A, y ∈ B⇒ Tx = Sy = 1
4
⇒ sp(Tx, Sy) = 0 ⇒ φ(sp(Tx, Sy)) = 0

∴ α(x, y)φ(sp(Tx, Sy)) ≤ β(φ(M(x, y)))φ(M(x, y))

Since T (1
4
) = S(1

4
) = 1

4
and α(1

4
, T 1

4
) = 2 > 1

Therefore 1
4
∈ X is a fixed point.

The hypothesis and conclusions of 2.8 satisfied.

Are the theorems 2.6 and 2.8 true for partial b - metric spaces

with coefficient s ≥ 1 when conditions on α removed?
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