GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
M MATHEMATICS AND DECISION SCIENCES
SREDELLEEN  Volume 16 Issue 6 Version 1.0 Year 2016
Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Distribution Natural Waves in an Infinite Viscoelastic Cylinder
with Radial Cracks and Wedges

By Safarov Ismail Ibrahimovich, Akhmedov Magsud Sharipovich
& Boltayev Zafar Ixtiyarovich

Abstract- This paper deals with the distribution of natural waves of an infinite cylinder with radial
crack and wedge. The task is put in cylindrical coordinates. Viscoelastic cylinder with radial crack

is a limiting case of the wedge with an angle 360°. With the help of the Navier equations and
physical system received six differential equations. After not complicated conversion obtained
spectral boundary value problem for systems of ordinary and partial differential equations
complex the coefficient, which is then solved by the direct and orthogonal shooting with a
combination of the method of Mueller on a complex arithmetic. A dispersion relation for a
cylinder with radial crack and the wedge was got.

Keywords: crack, viscoelastic cylinder, freezing procedure, the navier equation, orthogonal
shooting, ordinary differential equations.

GJSFR-F Classification: MSC 2010: 00A69, 00A79

DISTRIBUT IDNNATURALWAVESINANINFINITEVISCOELASTICCYLINDERWITHRADIALCRACKSANDWEDGES

Strictly as per the compliance and regulations of :

© 2016. Safarov Ismail Ibrahimovich, Akhmedov Magsud Sharipovich & Boltayev Zafar Ixtiyarovich. This is a research/review
paper, distributed under the terms of the Creative Commons Attribution-Noncommercial 3.0 Unported License
http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use, distribution, and reproduction in any
medium, provided the original work is properly cited.



epaper ek
. ,‘ % I

Print Journal standard

R Distribution Natural Waves in an Infinite
Viscoelastic Cylinder with Radial Cracks and
Wedges

Safarov Ismail Ibrahimovich *, Akhmedov Magsud Sharipovich ° & Boltayev Zafar Ixtiyarovich °

Annoiation- This paper deals with the distribution of natural waves of an infinite cylinder with radial crack and wedge.
The task is put in cylindrical coordinates. Viscoelastic cylinder with radial crack is a limiting case of the wedge with an
angle 360°. With the help of the Navier equations and physical system received six differential equations. After not
complicated conversion obtained spectral boundary value problem for systems of ordinary and partial differential
equations complex the coefficient, which is then solved by the direct and orthogonal shooting with a combination of the
method of Mueller on a complex arithmetic. A dispersion relation for a cylinder with radial crack and the wedge was got.
Keywords: crack, viscoelastic cylinder, freezing procedure, the navier equation, orthogonal shooting, ordinary
differential equations.

L. [NTRODUCTIONS

One of the central tasks of dynamic elasticity theory is the study of the spread of
a perturbation of the stress-strain state in deformed bodies with geometric structures
that combine the concept of a mechanical waveguide [1,2,3]. The main features are the
length of the waveguide in one direction, as well as restrictions and localization of the
wave beam in other directions. Accounting for the damping capacity of the waveguide
material plays an important role in the dynamic behavior of the structure [4,5]. It leads
to a marked weakening of the natural oscillations, a significant decrease in amplitudes
of forced vibrations and smoothing of the stresses in the concentration zone of the
oscillations. The complexity of their solutions for many reasons, for example, rheological
properties of real waveguides, not the classic geometric shapes and so on. N., Resulting
in a wide variety of schematized models to describe in some approximation of real
phenomena and makes it difficult to create a unified mathematical model of the
mechanical system [6] . In the viscoelastic cylinder with radial crack is a limiting case of
the wedge with an angle360°. A method and a solution algorithm for the study of wave
propagation in viscoelastic cylinder with radial crack and wedge with an arbitrary angle
vertex.
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1. WAVES IN AN INFINITE CYLINDER WITH RADIAL CRACK

The propagation of harmonic waves in an infinite elastic cylinder with radial
crack is dialed. The task is put in cylindrical coordinates. The elastic cylinder with
radial crack is a limiting case of the wedge with an angle 360°. The basic equations of
motion of an elastic medium, which occupies a region B are defined by three groups of
relations [6]:

:p >
OX, ot
1( ou; ou, > ~
E = | —+— |, oy =A65, +20g, . (1)
« 2[8xk axij ‘ e

Here o, - stress tensor, ¢, - strain tensor, 6- volumetric deformation, 4 and u -

operator elastic moduli [7,8,9]:

~

T0l0)= 2 ol0)- [ R, (- olt)ir |

¢ (2)
Hglt)= po| olt)- [ R, (t=7)olt)d

o(t)— Arbitrary function of time; R, (t—7) and R u (t—7) — core and relaxation A, tg—
Instant elastic modules. We accept the integral terms in (2) small, then the function

p(t)=w(t)e ™", where y(t)- a slowly varying function of time, @g- real constant. Next,
using the freezing procedure [9], we note the relation (3) approximate species

ﬂ_,(pzﬂm[l—rf (wR)_ irAS (wR )] ;

ue = ,u01[1_ F;? (a)R )_ iF; (a)R )}0’
Where

Fic(a)R)szi(r)coszrdr; r,° (a)R):le(r)Sin wgrdr,
0 0

Fﬂc(a)R):JRﬂ(r)COSa)err,Fus(a)R) IRﬂ(f)anerr.
0 0
Respectively cosine and sine Fourier transform of the relaxation of the core
material. As an example, the viscoelastic material take three parametric relaxation

- 1- . .
nucleus R; (t)= Rﬂ (t)= Ae "' [t On the effect of the function R(t — 1) superimposed
usual requirements integral ability, continuity (exceptt = 7), sign certainty and
monotony:

© 2016 Global Journals Inc. (US)

Ref

*d92g - "926T ‘100U2S IOUSIH "N - “uonjexepl pue dooIl)) "y N AOUNIOY ‘6



Ref

10. Safarov I.I., Teshaev M.KH. Boltaev Z.I.. Distribution of linear waves in extended

lamellar bodies. LAP, Lambert Academic Publishing (Germany). 2016. 315 p.

dR(t)
dt

R)O, <0, o<TR(t)dt<1

In a cylindrical coordinate system, the equation (1), (2), (3) have the form

6(7” O-“' _O-W’ 1 60"%7 aO-rz 82ur f
+ +_ + = )
dr r r dp o1 dt?
0 2 0 0 o%u
E G¢¢+ O-,-(p+ Ur¢+ O'z;o:p 2;0; (4)
r op r or 0z ot
aGzz a(Trz 0y 1 aal(ﬂ azuz .
+ + +— =
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1éu, +8u¢, _uwj_

o,, =2UE,, = U —
ro = Sy ﬂ[l’@@ or r

o, =2Us,, = 6u2+8ur)_
rz HE 2 or oz ’

ou 10U, u. du 10u, u
Cpp = A -+ =+ — |+ 20 =+,
or rop r 0z rop r
ou, 1au,
Cn=H +——=,
0z r O
du, 10u, u,  ou ou
o, =Al —+-— L+ L | +2u—~. (6)
or ror r oz 0z
Where O ,0,,,0,,0,,,0,,0,- respectively components of the stress
tensor; Eyp s Erp 1 Ery 1 E 1 € 4y 1 €4, -Tespectively components of the strain

tensor. The link between stress and strain is given in the third chapter. Equations (4),
(5) and (6) after algebraic manipulations are identical to the system of six differential
equations solved with respect to the first derivative of the radial coordinate [10,11]
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where we use the notation

A=2u ou, 1 6u¢+u ;
or rlop

é—_ 8u¢+18uz
H oz rop )

Boundary conditions are given in the form:

=0, =0 (8)

rr ro

r=0, 2r:u,=0,0,=0, =0. (%)

r=r,>0R:c,=0

Condition (8) r= 0 physically result can be interpreted as limiting the transition
from the hollow cylinder with the inner free surface to the solid. Inner radius tends to
zero. In the case of harmonic waves traveling along the axis z, solution of (7), (8), (9)
admits separation of variables [12,13]

u, = W(F)COS% cos(kz — at);,

u, =v(r)sin % cos(kz — wt); (10,0)

1

u, = u(r)cos%si n(kz — wt);

o, = o-(r)cos% cos(kz — wt);
ro

o, =1,(r) Sin%cos(kz — wt);

rz

o, =1, (r)cos%sin(kz — wt),
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Notes

or

u, = w(r)cos% gilkz—et).

r

u, =v(r)sin %e‘(kZ*“");

u, = u(r)cos% gikz—et)

z

o, = o-(r)cos% e'ke—at) -
Oy = z'(p(r)sin%ei(kz_“’t) :
o, =1, (r)cos% e'teet),

(10,b)

Given (10), problem (7), (8), (9) is transformed into a spectral boundary value

problem for a system of ordinary differential equations with complex the coefficient:

Here a= 2;1(19; W —W’j; b= ,u(—i— k19j.
r

with boundary conditions

r=rp,—>0:0=7,=17,=0;

r=R: oc=7,=7,=0.

, o A vV W
=———lku+—+—|;
k Kk 2r
Vr__(p_'_ﬁ_'_ﬂ’
uor 2r
u’=T—Z+kW,
y7]
o"=—a)2pw+3—r—(p—kl'z;
r 2r
2t - ~
7 =—w’pd——2~ —l—(O'—l—a)i—kb;
2r
! 2 z-z b ’
T, =—w pu-— —2—+k(0_+2/,l(ku—W)),
r r

(12)

Thus formulated spectral boundary value problem (11), (12) describing the
propagation of harmonic waves in an infinite cylinder with radial crack. Note that the
choice of boundary conditions at the edges of the slit (9) led primarily to separate
variables to the coordinates r and ¢, which greatly simplifies the solution of the original
problem. Separation of variables is also possible in the case of the following boundary

conditions:
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Indeed, performing in (7), (8) the change of variables so as to satisfy the conditions (13)

¢=0: o0,=0 u =u,=0;
¢=2r.0,,=0 u =u,=0. ;
u, =v~v(r)sin%cos(kz—a)t);
u, = §(r)cos%cos(kz—a)t);

u, = G(r)sin%si n(kz — at);

o, = E(r)sin%cos(kz — ot);
Crp =7, (r)cos% cos(kz — wt); (14)
o, =1, (r)sin%sin(kz — wt);

We obtain spectral boundary value problem with complex coefficients and roots
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Figure 1: Changes in the real and imaginary parts of the frequency of oscillation on x
With the boundary conditions

[ zZ
TR S-F T = (16)
r=R:o=7,=1,=
It is easy to see that the problem (15), (16) reduces to the problem (11), (12) by
replacing
t,=1,, 7,=-7,,0=0, W=W, U, =-U, U,=U,.

The solution of (11), (12) was carried out by the orthogonal shooting Godunov
[14]. Dimensionless quantities in the formulation of the problem chosen in such a way
that the shear rate C,, density p and the outer radius R has the single value. Fig. 1
shows dispersion curves of the first two modes in infinite cylinder with viscoelastic
radial thickness (curves 1 and 2). For comparison, the same figure shows the
dependence of the phase velocity of the wave number of the first bending mode
vibrations of a solid cylinder (curve 3) without gaps. final solution of the problem has
been previously found Pohgomerom Cree and with the help of special functions (5) the
solution was used for testing tasks.

linear ordinary differential equations. - Successes of Mathematical Sciences, 1061,

14. S.K. Godunov. On the numerical solution of boundary value problems for systems of
T.16, Ne 3, 171-174p.
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Figure 2: Changes in the real and imaginary parts of the waveform
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Figure 3: Changes in the real and imaginary parts of the waveform V_

and V, on R
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Figure 4: Changing the real and imaginary parts of the waveform on R
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Figure 5: Changing the real and imaginary parts of the waveform on R
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Figure 6: Change the absolute value of the waveform V?= V.>+V,? on R
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Figure 7: Change the absolute value of the waveform W?= W,>+W ? on R

Note the characteristics of the curve 3: at the origin of the phase velocity is equal
to zero, but not infinite, is committed to the Rayleigh wave velocity for a half. In the
case of a cylinder with radial crack the first mode has a cut-off frequency and phase
velocity tends to infinity. At large wave numbers limit the phase velocity of this mode
also coincides with the velocity of the Rayleigh wave. At the cutoff frequency axial
displacement are zero and cylinder vibrations occur in the plane strain condition. In the
second mode at a cut-off frequency are observed only real and opinions of the axial
displacement, circumferential and radial displacement are zero. The evolution of the
form of the solution of the complex movements of the first and second modes depending
on the wave number is shown in Figures 2-4 and 5-7, respectively.

The curves are numbered in order of growth x. Note the strong dependence on
the wave number of forms. With the growth of the wave number in the first mode are
localized oscillations near the outer surface of the cylinder. It is characteristic that the
second mode, which is on the small wave numbers, is a form of predominantly axial
vibration, with growth k gradually turning into a form of predominantly radial
oscillations.

© 2016 Global Journals Inc. (US)

Volume XVI

Frontier Research (F)

Global Journal of Science



N

Global Journal of Science Frontier Research (F) Volume XVI Issue VI Version I H Year 2016

I11. WAVES IN A DEFORMABLE WEDGE WITH AN ARBITRARY ANGLE VERTICES

In this section we consider the propagation of harmonic waves in an infinite
elastic wedge with an arbitrary angle peaks. For a description of the wave process, use
the above relations in the preceding paragraph (1), (2), (3). Resolving equation system
coincides with the system (7) is also saved without changing the boundary conditions
on the surface (8). The boundary conditions for ¢ for any angle of the wedge when the
free lateral surfaces should be written in the form:

_ %o %o . _ _ _
= — > o ¢ Gy =C = O, = 0O, (17)
where ¢, - angle at the apex of the wedge. Harmonic waves propagating along the z
axis, the essence of the solution of the problem (7), (8), (9), (17) periodic in z and time.
Terms periodicity allows to eliminate the dependence of the main unknowns on the time
axis and the z coordinate with the following change of variables:
i(kz—at).

u, =w(r,ple :

u, =v(r,p)e'=;

u, =(r,p)'=;
o =olr k" (13)
o, =7,(r "=

O-r(p _ 2_(p(l,.’gp)ei(rcz—a)t);

Under the condition (17), separation of variables r and ¢, as in the previous
paragraph, it is already impossible. Taking into account (18), the system of equations
(7) takes the form:

(& 7 1 ov
W=———ku+=| W+—
k k[ r[ 8¢B

H T op
u == + kw
J 7z
0 19
a’z—a)zpw+—[A— T(”j kz, 19)
r op
7! ——oe)zpv—i a(AJFG)+27 — kB
4 5(0 4
0

. =—w’pu —1(6—8 + rzj + k(o + 2z(ku —w'))
P
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T or o
u =2 4+ kw
Notes ) M
o 19

G'=—a)2pw+1(A— T(”j—krz 1)
r op

T, = —a)zpv—l[a(A—w+21(pj—kB
r op

= —a?pu _1[5_B+ sz k(o + 2z(ku — w))
r\ op

A= 2;7[%(%+ Wj — W']; B= E(ES—U— kvj.
®» roe

Similarly transformed boundary conditions (8)

Where

r=0,R:ioc=7,=1,=0. (20)
It is easy to see that the components of the stress tensor, O,,,0  and O,
expressed in terms of the main unknowns on formulas:
10u, u, au
o, =0, +2u ——%+-—+L——=L1
14 " 'u[r op r or j
1774 ﬂ 8¢ 62 4 ( )
_(ou, ou,
o, =0, +2U — .
oz or

Then, taking into account the first equation (21), the boundary conditions (20)
take the form:

c,=A+0, =aoc, +b1(ﬂ+wJ+cku =0;
r\oe

~ (22)
Do Do . —

=—,—. :O,B: — _kr :O,

o= %% 0B k]

where
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a=1+—"—;b=2 1+— |,c=21z—.
K ”[ kj “k

A boundary value problem for the alignment of the system in the frequency of
derivatives (19) (20) (22) can be reduced to a boundary value problem for a system of
ordinary differential equations by the method of lines that will be used in solving a
software unit orthogonal shooting method. According to the method of direct
rectangular domain of the function key unknown is covered by lines parallel to the axis
rand evenly spaced (Figure 8).

The solution is sought only on these lines, and the directional derivative ¢, is
replaced by the approximate finite differences. Used a second-order approximation
formulas for the first and second derivatives are of the form [14,15]:

yi#) ~ yi+1 - yi—l ~ _ 3)ll + 4yi+1 _ yi+2 ~ 3y| - 4yi71 + yifz (23)

2A 2A 2A
v~ Yia —2Y:i + VY, 24
Vi, = e (24)

where 7 it varies from 0 to N+1(i= 0 N+1), y, - the projection of the unknown
function on the line number 7; A — move partition to the coordinate ¢

As a result, the main vector of the sample of unknown total 6NV dimension can be
written as:

Y =(w L {v. Liu b io. bz 7)) i=LN @)

The central difference (23), (25) are used for domestic direct (7<i<N), the
difference between the left and right (24), (25) make it possible to take into account the
boundary conditions for ¢. In the first case, the derivative with respect ¢ on the right
sides of equations (19) is expressed by the formulas:

1 <i<N

Wi (Wi+1 - Wi—l)/ZA; Uiy, = (ui+1 - ui—l)/ZA;
i@ (Vi+l - Vi—l)/2A ; T(p, @ = (T¢(i+1) B T(p(i—l) )/ZA
wo = (ot = Topin) 245

\"

T =
(26)
b 2
0.0 i+1 -~ Yia O I\Vier T Y i1 ) i
c,,=alo,-0,) 2A+r[(v 2V, + Vi, )/ A+ W ]+ cku
The boundary conditions at ¢ = _ %o accounted for in the equations

corresponding straight 7 = /. For the main unknown outside the boundary conditions
w; , v;, u; Use the right difference (24):
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W, = (= 3w, + 4w, —w,)/2A;

V., =(=3v, +4v, —Vv,;)/2A; (27)

(%
u,, =(—3u, +4u, —u,)/2A.

i,0

For variable T(/, Conditions (22) are recorded by means of the central difference

Notes T = (T(ﬂz — T% )/ZA =— 2-(02 /2A (28)

2%

The first and third of the conditions (22) is taken into account in the
approximation of the derivatives of the function in the software ¢ o,

- (%2 -0, )/ZA:%Z/ZA:(aar2 +9[(v3 —vl)/2A+W2]—cku2)/2A;
r (29)
B, =(B, - By,)/2A=B,/2A = (us —u,)/2A/r —kv, ]/ 2A.

Similarly, derivatives are presented to the line with number i = N, taking into

account the boundary conditions at ¢ =¢)—2°. The only difference is the replacement of

the right finite difference Left:
=N :

Wip = (SWN _4WN71+WN72)/2A; Vie = (3VN _---)/ZA;

Ui :(Ui+1_Ui—1)/2A;u', :(SUN _---)/ZA;

1L,p i
oo =~ Totn )/ 28300 = T ~ 700 )/ 2 (30)
Oip = (aGN—l + 9[(VN —VN_Z)/ZA + WN_1]+ CkuN_lj/zA = _%’

' 2A
B, = _[(UN - UN,Z)/ZA/I’ — kVNl]/ZA — _BZNA—l_

The number of lines can be reduced by half if the conditions of use of anti
symmetry transverse plate vibrations at @ =0

W=U=O‘(p=0 (31)

The corresponding difference ratio, taking into account the conditions (31) can
be written as:

1 =N:

Wiy =—Wy_1/2A; Uiy =—Uy,/2A;

V. = (3VN —.. )/2A, T‘/’i @ = (37¢)N — 4T¢(N—l) + Z'(p(N_z))/ZA;

Lo
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Ona
2A

, (32)

Oip = _(ao-N—l +:)[(VN _VN—Z)/2A+WN—1]+CkuN—lj/2A =-

B, =—(-2uy +uy)/A/r—ky,,.

The resolution of a system of ordinary differential equations according to (21)
has the form:

W, = ai/k —a(kui +(Wi +vi,¢)/R); Vi =7, +(vi —WW)/R;

u =7, +kw,; o/ = —0)2Wi + [2((Wi +vw)/R —Wi,j — rwp]/r —kz,;
(33)

’

T, =—w°uU, — (B. + 7, )/r + k(a + 2(kui — Wi'));

I,o

T, =—o°V, + (aw, + 27, )/r — k(ui,(p/R — kvi)

ol

In equations (33) the expression for the derivatives wip, vy, , uy ,0;p f 4 7 ;0 are

selected from (29) - (32) depending on the boundary conditions of the coordinate ¢. free
surface conditions equivalent (20) and forming together with the equations (33), the
boundary value problem, is obtained in the form of

B,=0,z, =0,0, =0. (i=I1,N) (34)

Thus, the initial spectral problem (19), (20), (22) by means of sampling

coordinate ¢ by the method of direct reduced to the canonical problem (33), (34), for
solutions which use the method of orthogonal sweep method previously used. The table
shows the limit values of the phase velocity of the first edge of fashion, depending on
the angle of the wedge. Found phase velocity for a material with a Poisson’s ratio v =

0,25 Kirchhoff theory on plates - Love (column 3), Timoshenko - (column 4), contained
within this section of the wedge method for calculating three-dimensional (column 5 - 6)
and the formula C,=C, sin(mg) /8/, m =1, 2, ..., mp <90° (column 6). Column 5
corresponds to the embodiment of calculation with three internal lines (N = 3) and the
boundary conditions (17), column 6 corresponds to the boundary conditions:

(pz_&; Cpp=0,=0,=0 =0 u

2 PP P =Uu =O-¢’(P=O'

r z

In accordance with the numerical results and shown in Table 1, embodiments of
methods for calculating the Kirchhoff - Love, a three-dimensional theory of Timoshenko
and agree with each other within 7 % for a thickness of the wedge angles of the base A,,
not exceeding 0.5 (the wedge angle ¢, = 28°). Note that for the angle ¢ = 90°
limiting phase velocity was calculated as in [16,17,18], where the value is for her 0,901
(v= 0,25). Thus, in contrast to the waveguides with a rectangular cross-section in the
tapered waveguide with a sufficiently small wedge angle in the analysis of the dispersion
relations of the first mode is permissible to use the theory of plates Kirchhoff - Love.
Established fact is explained by the phenomenon of localization waveform near the
acute angle of the wedge, as described in [8]. This phenomenon should be seen as a
characteristic feature of the dynamic behavior of a plate of variable thickness.

© 2016 Global Journals Inc. (US)
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Figure 8: The settlement scheme
Table 1
R ? K/1 T 3(1) 3(2)  |Ilo paGore[8]
0,2 11° 0,2 0,196 - - 0,182
0,3 7 0.3 0,286 0,308 0,298 0,276
0,5 28" 0,5 0,442 0,475 0,462 0,433
0,7 38" 0,7 0,563 0,605 0,592 0,574
1 53" 1 0,691 0,741 0,729 0,736
2 90" 2 0,864 0,908 - 0,02

V. CONCLUSIONS

. It was revealed that in an elastic cylinder with radial crack no waves having a real

part of the phase velocity, localized near the axis of the cylinder.

. The results of calculation of the maximum speed the spread of the first tapered

waveguide modes in the theory of plates Kirchhoff - Love and dynamic elasticity
does not differ by more than 6% to the top of the wedge angles not exceeding 25°.
At 28°<p<90° characterized by certain surcharges to 20%. Thus, for small wedge
angles permissible use of the simplified theory of Kirchhoff - Love and Timoshenko
in the whole wavelength range. Thus, for small wedge angles permissible use of the
simplified theory of Kirchhoff - Love and Timoshenko in the whole wavelength
range.

. Accounting for the viscoelastic properties of the wedge material reduces the real part

of the wave propagation velocity is 10-15%, as well as to evaluate the ability of the
system damping in general. The work was supported by the Foundation for

Fundamental Research ®-4-14 of the Republic of Uzbekistan.
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