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Multi-Criteria Optimization Problems with
Non-Smooth Functions

H. S. Faruque Alam

Abstract- In this paper, we deal with non-smooth multi criteria optimization problem. Throughout the text we consider the
functions which are non-differentiable. A few special derivatives have been deployed to obtain first order optimality
conditions. We presented the generalized form of optimality conditions for multi-objective optimization problem when
classical derivatives failed to apply. We illustrate these optimality conditions by means of suitable examples.

Keywords: non smooth function, multi-criteria optimization, optimality condition.

I. INTRODUCTION

We intend the term “non-smooth” to refer to certain situations in which
smoothness (differentiability) of the data is not necessarily postulated. If we want to use
the first order necessary condition, we have to require that the function under
discussion actually has a derivative. Recent research is concerned with problems that
do not have this property. So we need several alternative concepts of generalized
directional derivatives that allow to establish an analysis for non-smooth functions.
First order non-smooth necessary optimality conditions for single and multi-objective
optimization problems, have been provided by many authors. Among those we may
refer to Bigi [1], Clarke [2], Stein [3], Yang [4,5] etc. Of these, Preda [6] established the
necessary conditions for semi differentiable function, where the Lagrange multipliers
associated with each of the objective function are positive.

In section 3, we review and prove first order optimality conditions for non-
smooth optimization problems. We have extended to multi objective non-smooth
optimization the approach introduced by O. Stein [3] for scalar objective optimization.
To deal with multi objective optimization a number of approaches have been proposed
to develop a necessary optimality conditions with example. Also have discussed some
review result bases on G. Bigi’s [1] work.

II. PRELIMINARIES

In this section, we introduce some notations and definitions, which are used

throughout the paper. Let E, be n-dimensional Euclidean space.

For X,y € E,, we use the following conventions.

X>y, iffx >y;, i=l,...n,

Author: Department of Mathematics, University of Chittagong, Bangladesh. e-mail: hsfaruque _math cu@yahoo.com
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X2y, iffx>y and X=#Y,
x>y, iffx; >y, i=1,...,n,

At first, we consider the following multi objective optimization problem P:
minf(x), subject to the conditions that the minimizing point (or vector) X should lie in
the set X:

XeX= {XE E, g(x)io,h(x):o}

Let, f:E,—>E, g:E,—>E, and h:E > E, be vector-valued functions
defined by f(x)=(f,(x), f,(x).... f;(x)); 9(x)=(g(x) g (x)-. gn(x)) and h(x)= (r(x), h(x),....h(x))
where f:E, —>E, fori=1,..,/ g;:E, > E, for j=1,....m and h :E, - E, for k=1,...,p.
Assume that |(X)= {J 19, ()= O} for j=1,...,m.

[11. FIRST ORDER OPTIMALITY CONDITIONS

Extensions of optimality conditions to non-smooth optimization problems can be
found in the literature under different assumptions on the directional differentiability of
the functions involved. Preda and Yang [4,6] use directional differentiability in the
Gateaux differentiable sense; G. Bigi and Castalenni and Papalardo [1] use directional
derivatives in the Dini-Hadamard sense; Kuntz and Scholtes [7,8] wuse quasi
differentiability i.e. Dini directional differentiability where the directional derivative can
be written as the difference of two sub linear functions; Clarke [2] assumes Clarke
directional differentiability.

In contrast to these approaches, the chapter does not make any directional
differentiability assumptions, but we just present a few component-wise optimality
criteria based on Dini-Hadamard derivatives.

Definition 3.1 An efficient point X for P is said to be of order one, if a bounded open
neighbourhood N can be chosen such that there exists a positive constant ¢ with

f(x) > f(x)+c|x, —X|, for all xe X "N
Also we define the inner tangent cone.
Definition3.2
.o\ |deE, 3t >0suchthatx+td e X,
T (X;X)= N
forallte(0,t),d e N(d)

The following proposition cites some of the Laurent results [3,9,10] about the
basic properties of these tangent cones, which will be important in the sequel.

Proposition 3.1 [See 3, 11, 12]. LetX e X c E,. Then
i) T*(X;Y) and T(X;Y) are open and closed cones, respectively
i)  T(XX)cT(X;X)
i) TTGx)° = T(Xx)
Thus, we start recalling the following classical definitions of upper and lower
directional derivatives of fat X in the direction d in the Hadamard sense (see [2,3])

© 2016 Global Journals Inc. (US)
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Definitions 3.3 The upper Hadamard derivative of f :E, — E; at X in the direction d is

F*f(x,d)=lim sup f(x+td)- (%)

d—d t—0" t

Definitions 3.4 The lower Hadamard derivative of f:g - E, at X in the direction d is

N F- f(x,d)= lim inf LX) ()
otes d—d t—>0" t

It is easy to check that, for each d#0, we have F* f(X,d)=F f(X,d)= Vf (X)Td, %
whenever £ is differentiable at X. .
In this case, we write ~

X — (X 3
Fr(xd)= lim L ortd)- () B
d—d t—>0" t —

Thus we can rely on the Hadamard derivatives of the components of the 2
objective function fto study optimality for problem P. -
Theorem 3.1 ;

i) If Xe X is an efficient solution of P then for any direction d e T(X;X)

XVI

the system F* fi(i)Td <0,i=1,2,..,1

—~
'OO
—
SN—
Volume XV

has no solution d € E, .
ii) If XeX 1is an efficient solution of order one for P then for any direction
d e T(X;X)\{0} the system
F'fi(x)'d<0,i=12,..,1 e e (32)
has no solution d e E,,.

iii) If XeX is an efficient solution of order one for P then for any direction
de T(X;X)\ {0} the system  F~f;(x)'d<0,i=1,2,.., e (33)

has no solution d € E,.

iv) Let £ be directionally differentiable. If X € X is an efficient solution of order one for
P then for any direction d e T(X;X)\{0}

Global ]()Lll‘l’]dl of Science Frontier Research (F)

the system Ffi(x) d<0,i=12,..., e (34)

has no solution d e E,,.

i) Let deT(X;X), that is d=Ilimt (x,—X), where t, >0, x, €X for each n, and

n—oo
limx, =X. |
n—o

Since X is an efficient solution, so there is no point X, € X, where f(x,)<f(X)
Then for all n we have

© 2016 Global Journals Inc. (US)
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f.(x, )= fi(i+tidn)s £.(x), i =12,

n

for sufficiently large n. Consequently, it holds that

fi(i+t1d]— f.(X)

lim su fn <0, i=12..,1
d-d 1 p+ 1 Notes
t—eO t—

n

= F*f;(x,d)<0, i=12..,1

which implies (3.1) has no solution.

ii) Let deT(X;X)\{0}, that is d =limt,(x, —X), where t, >0, x, € X for each n, and
limx, =X with d #0. We find a ¢ such that

n—o

tnﬁ(i+f£dnj-fxi)zchxn—i”

n

for sufficiently large ne N, since X is an efficient solution of order one, we have

Iimsupi fi(i"'tidnJ' fi(i)z C||d|| >0, as d#0. Thus, we have

nN—o0 n n

Ff,(x)'d>0, i=12,..,1

which implies (3.2) has no solution.
iii) Suppose that X is not an efficient solution of order one. Let d e T(X;X)\{0}, that is
d=limt,(x, —X), where t, >0, x, € X for each n, and limx, =X with d =0 and | = 1.

n—oo

Since X is not an efficient solution of order one. Then, there exist sequences {Cn}

with ¢, - 0.

For sufficiently large ne N,

liminf 1 fi[ithidn]' f.(X)<0, as ||d|| =landc, - 0. Thus, we have

Nn—oo n n

F f(X)'d<0, i=1,2,..,1

which implies (3.3) has no solution.
This follows directly from parts (ii) and (iii).
G. Bigi has achieved similar result of 3.1(i) by deriving the following Theorem 3.2.

Theorem 3.21f X e X is an efficient solution of P then

© 2016 Global Journals Inc. (US)
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max F* f,(X,d)>0 e . (35)

Vi

holds for any d e T(X;X)

Proof: see [1].

It would be reasonable to try to replace the upper Dini-Hadamard derivatives
with the lower ones for at least some components of fsince a stronger condition would
be achieved; G. Bigi [1] has given the following example and shows that it is not
possible to substitute even one of them with the corresponding lower derivative.

Example 3.1 (G. Bigi [1]) Consider problem é
X ={XeE}ix, 2x2 2 x{ fand f(X,,%,)= (X, =X, X, =%X,)  if  xeX and -

f(X,,%X,)= (=X, = X=X, — X, ) if X & X. -

Thus, X =(0,0) is a vector minimum point and F* f;(X;w)=w, —w; =—F * f,(X;w)

so that (3.5) holds. =
Since F~f;(X;w)=-w, whenever w, =0 and F~f,(X;w)=-w, whenever w, =0, é
then we have >

max{F (xw), Ff,(x; w)}: ~w; (0 g

For any nonzero (W;,0)eT(X,X)=E; and max{F’ f,(X;w), F*f,(X; W)}= —-w, (0 i

for any nonzero (0,w,)e T(X,X). E

1 1 :

0.5 a_5 3

X— 2

Fig. 1 Fig. 2 ~

Now we deduce the following necessary optimality condition where we use lower %

derivative.

Theorem 3.3 If X e X is an efficient solution of P then for any direction d e T*(X;Y),

the system F_fi(i)Td <0,i=1,2,...,1 (3.6) B

has no solution d € E,.
Now we shall see the sufficiency of Theorem 3.1(i).

© 2016 Global Journals Inc. (US)
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Theorem 3.4 LetX e X . If for any direction d € T(X;X)
the system

F f.(X)'d<0,i=12,..,1 U € % ¢

has no solution d € E, then X is an efficient solution of P.
The above Theorem is no longer true, as the following example shows.

FExample 3.2 Consider the problem

min{x,, X,} and X ={xeE,| x{ <xZ<-x,|
It is easily verified that:
) F={F ,(x)d<0i=1,2
= {d,.d,)" <E,[d, <0,d, <0f,
i) Clearly FAT # ¢

iii) x, = (0,1)is not an efficient solution to the problem.

iv) Figure 2.
[V. CONCLUSION

Combining the result of [6], we generalized first order optimality conditions for
non-differentiable functions. We illustrated the obtained results by means of two
suitable examples. The results can be developed for the optimization problem where the
functions are Lipschitz continuous. We leave it as our future work.
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Abstract-In this article we give a new proof of the celebrated theorem of Feuerbach.
Keywords: feuerbach’s theorem, stewart’s theorem, nine point center, nine point circle.

[. INTRODUCTION

The Feuerbach’s Theorem states that “ 7The nine-point circle of a triangle is

tangent internally to the in circle and externally to each of the excircles’.

Feuerbach’s fame is as a geometer who discovered the nine point circle of a
triangle. This is sometimes called the Euler circle but this incorrectly attributes the
result. Feuerbach also proved that the nine point circle touches the inscribed and three
escribed circles of the triangle. These results appear in his 1822 paper, and it is on the
strength of this one paper that Feuerbach’s fame is based. He wrote in that paper:-

The circle which passes through the feet of the altitudes of a triangle touches
all four of the circles which are tangent to the three sides of the triangle; it is
internally tangent to the inscribed circle and externally tangent to each of the circles
which touch the sides of the triangle externally.

The nine point circle which is described here had also been described in work of
Brianchon and Poncelet the year before Feuerbach’s paper appeared. However John
Sturgeon Mackay notes in [4] that Feuerbach gave:-

... the first enunciation of that interesting property of the nine point circle
namely that ”it is internally tangent to the inscribed circle and externally tangent to
each of the circles which touch the sides of the triangle externally.” The point where the
incircle and the nine point circle touch is now called the Feuerbach point.

In this short paper we deal with an elementary concise proof for this celebrated
theorem.

I[I. NOTATION AND BACKGROUND
Let ABC be a non equilateral triangle. We denote its side-lengths by a, b, c, its
. . 1 . . .
semi perimeter by SZE(a+b+ C), and its area by A. Its classical centers are the circum

center S, the in center I, the centroid G, and the orthocenter O. The nine-point center
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N is the midpoint of SO and the center of the nine-point circle, which passes through

the side-midpoints A’, B’, C’' and the feet of the three altitudes. The Euler Line
Theorem states that G lies on SO with OG: GS=2:1and ON: NG:GS=3:1:2.
We write 1,, I, I; for the excenters opposite A, B, C, respectively, these are points
where one internal angle bisector meets two external angle bisectors. Like I, the points
I, I,, I, are equidistant from the lines AB, BC, and CA, and thus are centers of three
circles each tangent to the three lines. These are the excircles. The classical radii are the
circum radius R (= SA = SB = SC), the in radius r, and the exradii r,, r,, r;.

The following formulas are well known

(a) A:%: rs=r,(s—a)=r,(s-b)=ry(s-c)= \/s(s—a)(s—b)(s—c)

4R
(b) r =4RsinésinEsinE, = 4RsinécosEcosE, r,= 4RcosésinEcosE,
2 2 2 2 2 2 2
r,= 4RcosécosEsin%
(c) L+r,+r;—r=4R, r+r,+r,—r,=4RCOSA, r+r+r,—r,=4RcosB,

r+r+r,—r,=4RcosC

[I. BASIC LEMMA’S
Lemma -1

If A, B and C are the angles of the triangle ABC then

(1) cosA+cosB+cosC=1+LR
(2) cosB+cosC—cosA:%_
(3) cosA+cosC—cosB:r—F2Q_1

(4) cosA+cosB-cosC= %_1

Proof:
Using the formula (c) and by little algebra, we can arrive at the conclusions (1),
(2), (3) and (4)

Lemma -2

R
If N is the center of Nine point circle of the triangle ABC then its radius is 2

Proof:
Clearly Nine point circle is acts as the circum circle of the medial triangle, so the
radius of nine point circle is the circum radius of medial triangle.

It is well known that by the midpoints theorem if a, b and c¢ are the sides of the
reference(given) triangle and A is its area then a/2, b/2 and ¢/2 are the sides of its

A
medial triangle whose area is 2

If R'is the radius of nine point circle then using (a) we have

© 2016 Global Journals Inc. (US)
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B

Hence proved

Lemma -3
If N is the nine point center of the triangle ABC then

AN :%\/Rz+cz+b2—a2 =%\/R2+2bccosA

BN :%\/F{2+cz+a2—b2 :%\/R2+2accosB

CN :%\/R2+az+b2—c2 =%\/R2+2abcosC

Proof:
We are familiar with the following results

If G is the centroid and S is the circum center then GS? = R? —%(a2 +b? +Cz)

Nine point center(N) lies on the Euler’s Line and N acts as the mid point of the
line segment formed by joining the Orthocenter(O) and Circum center(S), So AN is the
median of the triangle AOS

Hence by Apollonius theorem, we have AN = %\/ 2A0% +2AS* -0S* el (A)

Since ON : NG : GS = 3 : 1 : 2, we have OS* =9GS?

And also we know that AO=2RcosA, AS=R
By replacing AO, AS and OS in (A) and by some computation, we get

AN = %\/ R*+c*+b*-a’ :% R? +2bccos A (by cosine and sine rule )

Similarly we can find BN and CN

Lemma -4
If I is the In center of the triangle ABC whose sides are a, b and ¢ and M be any
point in the plane of the triangle then

© 2016 Global Journals Inc. (US)
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_aAM?+bBM?+cCM?*—abc
a+b+c

IM 2

Proof:
The proof of above lemma can be found in [1]
Similarly we can prove that

If I, I, and I, are excenters of the triangle ABC whose sides are a, b and ¢ and
M be any point in the plane of the triangle then

| Mz_—aAM2+bBM2+cCM2+abc
! b+c-a
IMZ_aAMZ—bBM2+cCM2+abc
? a+c-b
IMz_aAM2+bBM2—CCM2+abc
M=

a+b-c

Lemma -5
If r, and r, are the radii of two non concentric circles whose centers are at a
distance of d then the circles touch each other

(i) internally only when d = |I’1— |’2|
(ii) externally only when d=r, +r,

Proof:

We know that If r, and r, are the radii of two circles whose centers are at a
distance of d units then the length of their direct common tangent = /d*—(r, - r2)2
And the length of their transverse common tangent = \/d?—(r, +1,)’

Now if two circles touch each other internally then their length of direct common
tangent is zero

So /d*~(r,—1,)" = 0, it implies that d =|r,—r,|
In the similar manner, if two circles touch each other externally then their
length of transverse common tangent is zero. So dz—(r1+r2)2 =0, it implies that

d=r+r,

[TT. MAIN RESULTS

Theorem -1
Nine point circle of triangle ABC touches its in circle internally, that is if N and I are

the centers of nine point circle and in circle respectively whose radii are > and r then

R
——r
2

NI =

© 2016 Global Journals Inc. (US)



Proof:

I\Iotes

aAM2+bBM?+cCM?2-abc
a+b+c

Clearly by lemma -4, for any M we have IM?=
Now fix M as Nine point center(N),

_aAN?+bBN?+cCN*—abc
a+b+c

So IN?2

Frontier Research (F) Volume XVI

> a(éll(R2 + 2bccosA)j —abc

It can be rewritten as INZ =2bC¢

a+b+c

Using lemma -1, (a) and by some computation, we can arrive at the conclusion

IN? =(§—r)2 (since R>2r)

Global Journal of Science

It further gives NI = ‘g—r

Hence proved

Theorem -2
Nine point circle of triangle ABC touches their excircles externally, that is if N M
and I, L,, I, are the centers of nine point circle and excircles respectively whose radii

are R and 1, 1,, ry then Nllzg+r1, NI2=§+r2 and NI3=§+F3

© 2016 Global Journals Inc. (US)
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Proof-

2 2 2
Clearly by lemma -4, for any M we have |, M?= aAM“+bBM?+cCM*+abc
b+c-a
Now fix M as Nine point center(N),
2 2 2
So IN?= aAN“+bBN“+cCN*+abc
—-a+b+c

2
F;(—aﬁt b+c) +agc(cosB+cosC—cosA)+ abc

It can rewritten as I,N*=
-a+b+c

Using lemma -1, (a) and by some computation,

R
we can arrive at the conclusion I,N*= (E+ r)?
. R
It further gives NI, = 2 +1,

Similarly we can prove NI, = §+ r, and NI, :§+ ry

Hence proved
Now we are in a position to deal with the concise proof of celebrated Feuerbach’s
Theorem.

Theorem - 3( Feuerbach, 1822 )

In a nonequilateral triangle, the nine-point circle is internally tangent to the
incircle and externally tangent to the three excircles.
Proof:

Theorem -1 and Theorem-2 completes the proof of Feuerbach’s Theorem.
For historical details see [4] , [5], [6] and [9]
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sequence spaces, generalized difference sequence spaces.

[. INTRODUCTION

In several branches of analysis, for instance, the structural theory of topological
vector spaces, Schauder basis theory, Summability theory, and the theory of functions,
the study of sequence spaces occupies a very prominent position. The impact and
importance of this study can be appreciated when one sees the construction of
numerous examples of locally convex spaces obtained as a consequence of the dual
structure displayed by several pairs of distinct sequence spaces. There is an ever
increasing interest in the theory of sequence spaces that has made remarkable advances
in enveloping summability theory via unified techniques effecting matrix
transformations from one sequence space into another.

Thus we have several important applications of the theory of sequence spaces
and therefore we attempt to present a survey on recent developments in sequence
spaces and their different kinds of duals.

There are two types of dual of a sequence space, namely Algebraic dual and
Topological dual. The set of all linear functionals, on a linear space V, with domain as
V and range as K is denoted by L(V, K) = V* and is called algebraic dual of V. If we
consider the set of all continuous linear functional, then we get topological dual denoted
by V.

From the point of view of the duality theory, the study of sequence spaces is
much more profitable. KOthe & Toeplitz were the first to recogonize the problem that it
is difficult to find the topological duals of sequence spaces equipped with linear

topologies. To resolve it, they introduced a kind of dual, a - dual, in quite many
familiar and useful sequence spaces. In the same paper [10], they also introduced

another kind of dual namely p — dual which together with the given sequence space
forms a nice dual system. A still more general notion of a dual, y - dual was later

Author: Assistant Professr, Department of Mathematics, Deen Dayal Upadhyay College, University of Delhi, Karampura, Shivaji Marg, New
Delhi — 110015, India. e-mail: nigam.mamta@gmail.com

© 2016 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I H Year 2016



Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

introduced by Garling [6]. For symmetric sequence spaces there is another notion of a
dual, called a 6 — dual due to Garling [7] and Ruckle [28].

Let A be a sequence space, and o is the family of all sequences {x,} with X,eK,
n>1.Definea-,p-, vy ,and d— dual, respectively as follows:

1. a—dua A° :{XZXGa),Z|)§M|< oo,Vyeﬁ.}

i1

DXV,

izl

2. f—dual iﬁ:{x:XGa),

< oo,Vye/i}

n

DXV,

nli=1

3.y—dua A7 ={XZXE(0,SUp

<oo,Vye/1}

4.5—-dual 2° :{x: Xe a)Z‘x yp(i)‘<oo,Vy eland p en}
i>1
Here 7z is the set of all permutations of N.
A%, A7, A7 ,and A° are sequence spaces, and ¢Cl‘5c/1“ cAfcar.

Constantine G. Lascarides [11] in his paper, “A study of certain sequence spaces

of Maddox and a generalization of a theorem of Iyer”, has examined the Ko6the —
Toeplitz reflexivity of certain sequence spaces and characterized some classes of matrix
transformations defined on them.

Matrix transformation: let X, Y be two nonempty subsets of the spaces of all
complex sequences and A = (a,) an infinite matrix of complex numbers a,, (n, k& =

1,2,...). For every X=(X )€ X and every integer n we write

&@zg%&,

Where the sum without limits is always taken from & = 1 to k = o. The
sequence Ax = (A,(x)), if it exists, is called the transformation of x by the matrix A.

we say that A € (X, V) if and only if AXeY wheneverX e X.
The following classes of sequences were defined by Maddox [17]:

I(p):{x:Z|xk|pk <oo},
Im(p)z{x:Stdp|xk|pk<oo},
c(p):{x:|xk—l|pk —0 for somel},

& (P ={xx[* >0}.

When all the terms of (p,) are constant and all equal to p>0 we have
I(p)=I1,.l..(p)=I,,c(p)=c,and ¢;,(p)=¢, , where |,I,C,C,, are respectively the spaces of

p — summable, bounded, converget, and null sequences.

© 2016 Global Journals Inc. (US)
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It was shown in [14],[15],[17], that the sets I(p),l (p),c(p)andc,(p), are linear
spaces under coordinatewise addition and scalar multiplication if and only if pel .

Let E be a nonempty subset of s. Then we denote by E'the generalized Kéthe —
Toeplitz dual of E, i.e.,

E' ={a:2akxk converges for every x E}
k

Some properties of dual spaces:
Lemma 1:

The K6the — Toeplitz duality has the following properties:
(i) E'is a linear subspace of s for every Ecs.
(ii) Ec Fimplies E'>F",VE,Fcs.
(i) E"=(E")'>E,VEcs
(iv) (UE))"=NE, for every family{Ej}with E cs.
A nonempty subset E of s is said to be perfect or KOthe — Toeplitz reflexive if
and only if EM=E. E'is perfect for every E. If E is perfect then it is a linear space.

The converse is not always true, e.g., ¢ is a linear space with K&6the — Toeplitz dual |,
and not perfect.

Let E(p) be any of the sets I(p),|. (p).c(p).c,(p), Let E(p;)=E"(p),E(p;2 FE™(p) etc.
Then E(p;)=E(p;2n+1),vn=>0.
Kothe — Toeplitz dual of the above classes of sequences:
Lemma 2 : (I) If 0<p, <1,VK, then I(p;1)=I_(p)
(ii) If p, >1 VK thenl(p;1)=M (p) where

M(p)=Ngl{a:z|ak|qk N <oo}
= k

With p,*+q,"=1. For convenience we write r, =p,*,s =0 "

(ili) For every p=(p,)we have
I (p;)=M_(p),where

M_(p)=N {a:2|ak| N <oo}
N>1 K
(iv) Also for every p=(p,),c(pP;D)=M,(p) where

MO(p):l\LIJ {a:2|ak| N <oo}.
>1 K

Theorem 1: For every p=(p,) we have ¢(p;1)=c,(p;D)(Ny where y is the space of all

convergent series.
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Also he has characterized the second K6the — Toeplitz duals and discussed the
reflexivity of the sets [(p),l (p),and c,(p),

Theorem 2: For every p=(p,)we have C,(p;2)= 4, where
=N {y:sup|yk| N <oo}.
N>1 K
Theorem 3: For every p=(p,)we have |_(p;2)=A4, where
A,=U {a:sup|ak| N~ <oo}.
N>1 K

I.J. Maddox [12] in his paper “Generalized KOthe — Toeplitz duals” has
characterized the o and B — dual spaces of generalized | spaces where O<p<o. The

question of when the o and B — dual spaces coincide is also considered.

Let A=(A,)denote a sequence of linear, but not necessarily bounded, operators
on X into Y. Following results are given there:

Theorem 4 : Let 0<p<l. Then Ae Ig (X)if and only if there exists me N such that A4,is
bounded, for all k>m, and

H =sup|Af <co.
Theorem 5: If 0< p<1 then
a —_18
I3 (X)=1;(X).

Theorem 6: Let 1< p< .

M :kZ||A<||q<oo.

Theorem 7: Let 1< p<oo. Then Aelf (X)if and only if there exists meN such that A,
is bounded for all k>m, and

© q
sukaHA:fH <0

Where the supremum is over all f eY" with || f || <1.

Theorem 8: Ael?(X)if and only if there exists meN such that A, is bounded for all
k>m, and

SIAl<,

Theorem 9: Acl’?(X)if and only if there exists meN such that A, is bounded for all
k>m, and
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sup D | A% <o
k=m

m+n

ZA(ka—m(m—)oo)

Sup

where the suprema are over alln>0and all X e X with ||Xk|| <1
Theorem 10: If 1< p<o then there are Banach spaces X and Y such that |Z(X)C|§(X)
with strict inclusion.

Theorem 11:1f 1< p<oo and Yis finite dimensional then for any X we have
a _|8
1o (X)=I;(X).
For certain values of p, and any X, the next result is the converse of previous theorem.

Theorem 12: 1f 2<p<wand |7 (X) =|£(X) then Y must be finite dimensional.

Theorem 13: Let Y be a Hilbert space and suppose |5 (X)=17(X). Then ¥ must be
finite dimensional.

In this paper Maddox [13] has established relations between several notions of
solidity in vector valued sequence spaces, and has introduced a generalized KOthe —
Toeplitz dual space in the setting of a Banach algebra.

Topologies on a sequence space, involving B and y — duality have been examined
by Garling [6], who noted that E”=E”=E” when E is solid (or normal), i.e., when xeE

and |yk| < |Xk| for all ke N together imply that ye E.

For example, the space c, of null sequences is solid, but the space c¢ of convergent
sequences is not.

If X is a complex normed linear space, denote by B the closed unit ball of X and
by B(X) the space of all bounded linear operators on X. X denotes the continuous dual
space of X. Two subspaces of s(X) that has been considered are

lw(X)={xes(X):sup ||xk||<oo},

Il(X):{XEs(X):i||xk||<oo}.

These spaces generalize the classical spaces | andl which are subspaces of s.
Consider the following statements, each of which expresses some notion of solidity for
linear subspace E of s(X).

(1) xeEand A€l implyAxeE
(2) xeEand|4,|<1limply AxeE
(3) xeEand|4,|=1imply AxeE
(4) xeEand |y,|=[x| implyyeE
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(5) xeEand|y,|<x.| implyye E
(6) xeEand|A||el, imply Axe E
(7) xeEand|A |<1limply AxeE
(8) xeEand|A |=1imply Axe E

FEquivalences:

Theorem 14: In any complex linear space X the statements (1), (2) and (3) are
equivalent.

Theorem 15: In any normed linear space X the statements (4), (5), (6), (7) and (8) are
equivalent.

Theorem 16: In any normed linear space X any one of the statements (4) to (8) implies
all of the statements (1) to (3). But (1) is equivalent to (4) if and only if X is one
dimensional.

The notion of difference sequence spaces was first introduced by Kizmaz[9]. He
defined the sequence spaces

Iw(A)={X=(xk):AXEI@},i-e,{X=(xk):sip||xk—Xk+1||<oo}
c(A)={x=(x):Axec},i.e {x=(%):lim|x —X,|exdsts}
Go(A) ={X=(%):AXeC, },ie {x=(x):lim|x —X,,|=0}

Where AX=(AX)=(X —X..,), and showed that these are Banach spaces with norm

[ =[x +lax...

The notion of generalized difference sequence spaces was further generalized by
Et. and Colak.

Et and Colak [4] generalized the above sequence spaces to the following sequence
spaces.

L (A™) ={x=(x):A"xel,},
c(A™)={x=(x):A"xec},
Go(A™) ={x=(%):A"xeC,}

Where, me N, A’ X= (%), AX = (X — X,1), A™X= (A% ) = (A% —A" "X, ;) and

A% =i(—1)”(\r,n j Xy

These are Banach spaces with norm

b, =]+ a4

We can see that ¢ (A™)cc,(A™),c(A™)cc(A™),1_(A™) I, (A™) and
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“ON Kothe — Toeplitz Duals Of Generalized Difference Sequence

Spaces”, Bull. Malaysian Math. Sc. Soc.(second series) 23, 2000, 25 — 32.

5. Et, D. & Esi, A.:

C,(AM)cc(A™) I (A™) are satisfied and strict [et and colak].
Colak [3] defined the sequence space A,(X)={x=(X):A X € X} where

A X )=(V. X —V, and X is any sequence space, and investigated some of its
vXk ka k+le+l y

topological properties.

Later Etand Esi [5] have defined the sequence spaces

AT (1), A7(c)and AT(c,)  (meN)

and some topological properties, inclusion relations of these sequence spaces have been

given, their continuous and K6the — Toeplitz duals have been computed.

Let | ,c,andc,be the linear spaces of bounded, convergent and null sequences.

X=(X,) with complex terms, respectively, normed by

I, =smi,

where ke N={1,23,...}, the set of positive integers.

Let v=(Vv,)be any fixed sequence of non-zero complex numbers. Define
AT(,)={x=(x):A7xel, |
AT(©)={x=(x):ATxec]

AT (o) ={x=(%):AlxeCy}

where

me N, A)X= (%), A, % = (VX Vi Xn) » AT % = (AT X — AT X ,4)
and so that

m C i m
Av Xk :Z(_l) [| jvkﬂ Xk+i
i=0
It is trivial that Al'(I,), AT(c), AJ(c,)are Banach spaces normed by

m
I, =2+

m
A,X

LO

Theorem 17: Let

Ul

{a:(ak):2|akxk|< o,V Xe X}and

U.=fa=(a) 5Pk "lay < =)

Then
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(US)

Global ]()Lll‘l’]dl of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016



Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

M) (A70,))" =(A7©)" =(AM(c)) = U,

(i) (A7) =(a7(©) " =(A0(,)) " =,

Corollary 1: (AC‘(I@)),(AC‘(C)) and (A\r,”(co)) are not perfect.
Corollary 2: If we take (v)=(111...)and m=1 in theorem 17, then we obtain for X=I_orc

() (A"(X))" ={a=(ak) > km|ak|<oo},
(i) (4"00)" ~[a(a,) isupk "l <z,

(i) (A™(X))” ={a=(ak) : Zk‘m‘akvk‘l‘ <oo}.
k
Corollary 3: If we take v = (X”) in theorem 17, then we obtain

(i) (A7) =(A7©) =(A7(c)) =1,

aa

(i) (AV(L)) " =(AT(©)" =(AT(%)) " =1,

Prabhat Chandra and Binod Chandra Tripathy [2] introduced the concept of 1 -
dual of sequence spaces. Further they established some results involving the perfectness
of different sequence spaces relative to n - dual.

Denote by o the space of all eventually alternating sequences i.e., if (X )€o, then
there exists kye N such that X =—X_,,VK>k;. It is well known that bv,=bvnc,.

Definition: Let E be a non — empty subset of ® and r>1, then the n - dual of E is
defined as

E”={(y)em:(xy)el, forall (x)eE}.

A non — empty subset E of ® is said to be perfect or n — reflexive if E" =E.
Taking r = 1 in the above definition we get the a — dual of E.

Theorem 18: 1"=1_,17=I_and the spaces |, and|  are perfect spaces.

Theorem 19: o" =|, and o is not perfect.

Theorem 20: Let p>r>1, then |7=| where pr+qt=r"". The space 1, is perfect.
Theorem 21: ¢] =c"=|, and the sequence spaces C,and Care not perfect.

Theorem 22: (bv)" =l =(bv,)"” and the spaces bv and bv, are not perfect.

T. Balasubramanian and A. Pandiarani [1] have given an account of some of the

main developments which has occurred since Robinson’s [19] paper of 1950.

A sequence X=(x)is said to be an entire sequence if Lim|)q(|l/k =0.
—®
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1/k

= 0.

Let T and Arespectively denote the linear space of all entire and analytic

A sequence X=(X,) is said to be an analytic sequence if —|xk|

sequences. Gy denote the linear space of all sequences X=(X)such that
> 22|x [ <o, 4 is fixed, 4, >O,and%—>1ask —o.
NO tes If (X,|| ||) is any Banach space over C then we define

PO ={x=(x):lim]x [ <eo]
AOO={x=(0):upl,|** <z

G, (X)={x=(x): L2 |x ] <e0}
gl
A

Where (4,)is fixed sequenceof real numbers an —lask » o
Theorem 23: G,(X)cI'(X)cA(X).

Suppose in general that (4,) is a sequence of linear but not necessarily bounded
operators A, mapping a Banach space X into a Banach space Y.

Theorem 24: (A)eTl #(X) if and only if there exist me N such that
(i) (A)eB(X,Y)

1/k

(ii) %E||M| < ©

Theorem 25: (A)en”(X)if and only if
(i) (A)el#(X) and
(ii) |R,["" —0asn—ow.

Theorem 26: (A)eG #(X) if and only if there exists me N such that
(i) (A)eB(X,Y) forallk>m and

e 1 2
(ii) I;n?”A(” <.

Theorem 27: (A)el “(X)if and only if there exists me N such that
(i) (A)eB(X.Y)

(i) @”A*”j <.

It is clear from theorem 27 that these conditions are also necessary and sufficient

for (A)en”’(X)
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Hence I'* (X)=A" (X).
Zeren and Bektas [29] introduced and studied the new sequence spaces

V.4, F, pauly(al) , V,4,F, p,g,ul (A7) and [V, 4,F, p,q,ul, (A7)

which are generalized difference sequence spaces defined by a sequence of moduli in
locally convex Hausdorff topological linear space.

[I. RECENT DEVELOPMENTS DONE IN BicOMPLEX KOTHE — TOEPLITZ DUALS OF SOME
B1COMPLEX SEQUENCE SPACES

These are some of the recent developments in the KoOthe — Toeplitz duality
theory of sequence spaces. We in our research work are studying the spaces of
bicomplex sequences and, which is the most recent generalization of complex sequences.

Kothe — Toeplitz duals of these spaces are also studied and some important results are
found
About C,:

Bicomplex Numbers were introduced by Corrado Segre (1860 — 1924) in 1892. He
published a paper [20] in which he defined an infinite set of algebras and gave the
concept of multicomplex numbers. For the sake of brevity, we have confined ourselves
to the bicomplex version of his theory. The spaceof bicomplex numbers is the first in an
infinite sequence of multicomplex spaces. Price [18] may be referred to study more
about bicomplex space.

The set of bicomplex numbers is denoted by C, and defined as follows:

C, = { X +igXp +ipXg +iginXy 1 X, X0, Xg, X4 €Cp }
or equivalently as
Co :{ z,+i,2,:2,2,€C } ;
where i’= i,> = — 1; iji, = i,i, , and C, and C, denote the sets of real and complex

numbers, respectively.

The binary compositions of addition and scalar multiplication on C, are defined
coordinate wise and the multiplication in C, is defined term by term. With these binary
compositions, C,becomes a commutative algebra with identity.

Algebraic structure of C,differs from that of C, in many respects. Few of them
are mentioned below:

1. Non-invertible elements exist in C,.

2. Non-trivial idempotent elements exist in C,.
3. Non-trivial zero divisors exist in C,

If ® is the family of all sequences &=(&,) with &, €C,, k > 1. Where C,is the
space of bicomplex numbers.

1 a—dual A“ :{§:§ea)',2||§i.77i||< oo,VyE/l}

i>1

Zé-m

i>1

2. B —dual /Iﬂ:{éch cw',

<oo,Vyel}
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sequences”, South East Asian J. Math. & Math. Sc. 5(3), 2007, 47 — 68.

22. Srivastava, Rajiv K., Srivastava, Naveen K.,

zgl 1

noflix1

3. y —dual /17={§:§ea)',sup <oo,‘v’ye/1}

4. 5—dual A° ={§:§ ea)',zu(,ﬁ .np(i)H<oo,‘v’ye Aand p eﬂ}
i>1

Various types of duals such as a -, -, y-, and 6 — dual, can be defined on the
so constructed bicomplex sequence spaces. In this way we have 16 types of duals for
bicomplex sequence spaces viz.

a a—dual, ap—dual, ay—-dual, a § — dual
B o — dual, BP — dual, By — dual, B 6 — dual
vy a — dual, yp — dual, yy — dual,y 6 — dual
6 6—dual, 6 B —dual , 6 y—dual, § 6 - dual

In [23] and [24] a functional analytic study of some bicomplex sequence spaces is
done. In 2007, Srivastava and Srivastava [22] defined and studied a class B of bicomplex
sequences associated with the functions which are holomorphic in the bicomplex space
C,, i.e., bicomplex entire functions. In [23], the study of Srivastava and Srivastava is
furthered. The structure of the spectrum of an element in B has been formulated. Two

subclasses B"and B’ have been defined and studied with a functional analytic viewpoint.
Another class B* is also defined which has been shown to be a subalgebra of B which is
not a normed subalgebra of B. However B* has been furnished with a Hilbert Space

structure. In [24], certain properties of a particular class B" of bicomplex sequences
associated with the bicomplex functions which are holomorphic in the bicomplex space

C,, is investigated with a functional analytic view point. B" has been provided with a
modified Gelfand algebraic structure and it has been proved that B" is an algebra ideal

which is not a maximal ideal of B. Invertible and quasi invertible elements in B have
been studied. A characterization of zero divisors is given and a sufficient condition for
an element to be topological zero divisor has been derived. Algebra homomorphism

between B and B’ has been investigated.In [25], [26] bicomplex duals of sequence spaces
studied in [23], [24] are defined and analysed. [27] gives a study on some bicomplex
modules. We are still working on duals and modules of these bicomplex sequence spaces
and some interesting new results are expected in further study.

1 shall always be thankful to Prof. Rajiv K. Srivastava for work done in this paper.

REFERENCES REFERENCES REFERENCIAS

1. Balasubramanian T. & Pandiarani A. : “Duals of vector sequence spaces”, Int.
Journal of Math. Analysis, 3 (16), 2009, 779 — 785.

2. Chandra, P. & Tripathy, B.C. : “On Generalized Ko6the — Toeplitz Duals Of Some
Sequence Spaces”, Indian J. pure appl. Math., 33 (8), 2002, 1301- 1306.

3. Colak R. “On some Generalized Sequence Spaces”, Commun. Fac. Sci. Univ. Ank.
Series A, 38, 1689, 35 — 46.

4. Colak R. & Et. M, “On some Generalized Difference sequence spaces”, Soochow
Journal of Math., 21, 1995, 377 — 386.

5. Et, D. & Esi, A.: “ON Kothe — Toeplitz Duals Of Generalized Difference Sequence
Spaces”, Bull. Malaysian Math. Sc. Soc.(second series) 23, 2000, 25 — 32.

© 2016 Global Journals Inc. (US)

Volume XVI

Frontier Research (F)

Global Journal of Science



Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

6.

—
=)

—
—

—
[N}

—
w

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Garling, D.G.H.: “The B - and vy - duality”, Proc. Cambridge Philos. Soc. (1967), 963
— 981.

Garling, D.G.H.: “On symmetric sequence spaces”, Proc. London Math. Soc. 16 (3),
1966, 85 — 106.

Kamthan, P.K & Gupta, M: “ Sequence spaces and Series”, Marcel Dekker, Inc.
New York and Bassel.

Kizmaz, H. : “On certain Sequence Spaces”, Canad. Math. Bull. 24 (1981), 169 —
176.

.Kb6the, G & Toeplitz, O: “Lineare Raume mit unendlich vielen Koordinaten und

Ringe unendlicher Matrizen”, Jour. Reine angew. Math. 171, 1934 , 193 — 226.

. Lascarides, G. Constantine: “A Study of Certain sequence spaces of Maddox and A

generalization of a theorem of Iyer” Pacific Journal of Mathematics, 38 (2), 1971.

.Maddox, I. J. : “Generalized KOthe — Toeplitz duals”, International, J. Math. &

Math. Sci. 3 (3), 1980, 423 — 432.

.Maddox, I. J. : “Solidity in Sequence Spaces”, Revista Mathematica de la,

Universidad Complutense de Madrid, 4 (2), 1991, 185 — 192.

Maddox, I. J., “Paranormed sequence spaces generated by infinite matrices”, Proc.
Cambridge Philos. Soc. 64 , 1968, 335 — 340.

Maddox, I. J., “Continuous and KOthe — Toeplitz duals of certain sequence spaces.”,
Proc. Cambridge Philos. Soc. 65 , 1969, 431 — 435,

Maddox, I. J., “Some properties of paranormed sequence spaces”, J. London Math.
Soc., (2), 1, 1969, 316 — 322.

Maddox, I. J., “Spaces of strongly summable sequences”, Quaterly J. Math. Oxford,
2(18),1967, 345 — 355.

Price, G. B., “An Introduction to Multicomplex Spaces And functions”, Marcel
Dekker, Inc., 1991.

Robinson, A. R., “On functional transformations and summability”, Proc. London
Math. Soc., 52, 1995, 132 — 160.

Segre C., “Le Rappresentazioni Reali Delle forme complesse e Gli Enti Iperalgebrici”,
Math. Ann., 40, 1892, 413-467.

Srivastava, Rajiv K., “Certain topological aspects of Bicomplex space”, Bull. Pure &
Appl. Math. 2(2), 2008, 222-234.

Srivastava, Rajiv K., Srivastava, Naveen K., “On a class of Entire Bicomple
sequences”, South East Asian J. Math. & Math. Sc. 5(3), 2007, 47 — 68.

Wagh Mamta A., “On certain spaces of Bicomplex sequences ”, Inter. J. Phy. Chem.
and Math. fund.(IJPCMF), 7(1), 2014, 1 — 6.

Wagh Mamta A., “On a Class of Bicomplex Sequences”, Inter. J. Trends in Math. &
Stats., 3(5), 2014, 158 — 171.

Wagh, Mamta A. & Kumar, S., “KOthe — Toeplitz Duals of Certain Bicomplex
Sequence Spaces”, Inter. J. Math. & Comp. App. Research(IJMCAR), 4(3), 2014,
87-98.

Wagh, Mamta A. & Kumar, S., “On certain Bicomplex Duals”, Global J. Sc. &
Frontier Research (GJSFR), 14(6), 2014, 17 — 23.

© 2016 Global Journals Inc. (US)

Notes



Notes

27. Wagh, Mamta A., “On some Bicomplex Modules”, to appear in Global J. Sc. &
Frontier Research GJSFR, 16(3), 2016.

28. W. Ruckle, “Topologies on sequence spaces”, Pacific Jour. Math. 42(1), 1972, 235-
249.

29. Zeren S. & Bektas A. Cigdema. “Generalized difference sequence spaces defined by a
sequence of moduli”, Kragujevac Journal of Mathematics, 36(1), 2012, 83 — 91.

© 2016 Global Journals Inc. (US)

Frontier Research (F) Volume XVI

Global Journal of Science



A SURVEY ON DEVELOPMENTS IN SEQUENCE SPACES AND INTRODUCTION TO BICOMPLEX DUALS

This page is intentionally left blank

Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

© 2016 Global Journals Inc. (US)



% GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
einnpsenE MATHEMATICS AND DECISION SCIENCES

"’:ﬁ Volume 16 Issue 4 Version 1.0 Year 2016

Ca Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Super-Symmetry  Quantum  Factorization  Of  Radial
Schrodinger Equation for the Doubly An-Harmonic Oscillator
Via Transformation to Bi-Confluent Heun’s Differential
Operators

By A. Anjorin & S. Akinbode

Abstract- Radial Schrodinger equation for the doubly An-Harmonic oscillator is considered and
the transformation to Bi-Confluent equation done in [13] are considered. Super-symmetry
method of factorization is applied to the transformed equation in obtaining solutions of the
Schrodinger equation. Partner potentials and super-potentials are obtained.

Keywords: heun’s, bi-confluent, schrodinger equation, super-Symmetry, factorization.

GJSFR-F Classification : MSC 2010: 42C20

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

AAAAAAAAAAAA

Strictly as per the compliance and regulations of :

© 2016. A. Anjorin & S. Akinbode. This is a research/review paper, distributed under the terms of the Creative Commons
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial
use, distribution, and reproduction in any medium, provided the original work is properly cited.



Ref

12. M. Suzuki, E. Takasugi and H. Umetsu Prof. Thor. Phys. 100, 491 (1998).

¢

o epaper é l I »

Print Journal

Super-Symmetry Quantum Factorization of

Radial Schrodinger Equation for the Doubly
An-Harmonic Oscillator Via Transformation
to Bi-Confluent Heun’s Differential Operators

A. Anjorin * & S. Akinbode®

Abstract- Radial Schrodinger equation for the doubly An-Harmonic oscillator is considered and the transformation to Bi-
Confluent equation done in [13] are considered. Super-symmetry method of factorization is applied to the transformed
equation in obtaining solutions of the Schrodinger equation. Partner potentials and super-potentials are obtained.
Keywords: heun’s, bi-confluent, schrodinger equation, super-symmetry, factorization.

[. INTRODUCTION

Heuns differential equation and its confluent forms have been subject of many investigations in last years due to a large
number of their applications in mathematical physics and quantum mechanics [13, 9]. They indeed play a central role in
a number of physical problems, like quasi-exactly solvable systems [10], higher dimensional correlated systems [11],
Kerr-de Sitter black holes [12], Calogero-Moser-Sytherland system [14], finite lattice Bethe-ansatz systems [15], etc.

Besides, this equation appears as a natural generalization of the hypergeometric equation and its special cases including

the Gauss hypergeometric, confluent hypergeometric, Mathieu, Ince, Lame, Bessel, Legendre, Laguerre equation, etc.

The general second order Heun'’s differential equation (GHE) can be written, in canonical form, as follows [6]

. . 4 8 € (aBx—q)
\begln{equatlon}Dzy + (;+xT1 + E)D'y + my =0, (1.I)

\end{equation}
Where $§ D = %,{0{, B.v,8,€,a,q} (a #0,1)$ are parameters, generally complex and arbitrary, linked by the
Fuschian constraint $ {& + f +1 = y + 6 + €.$ This equation has four regular singular points at ${0,1, a, 0},$
with the exponents of these singularities being respectively, $ {0,1,—y},{0,1 — 6},{0,1 — €},$ and ${a, B}.$ The

equation (LI) can be transformed into the foﬂowing other multi—parameters equations one of which is (14): Bi-confluent

Heun’s equation (BHE) (see page 131 of [13]).
\begin {equation} DY + (a7+1 -p - Zx) Dy + (y —a—3%- W) Y =0, (1.2)
\end{equation}

This equation has many important features in obtaining solutions to Schrodinger equations.
Consider the Schrodinger equations.

Author a: Department of Mathematics, Lagos State University (LASU), PMB 1087 Apapa Lagos Nigeria.
Author o: Department of Math & Stat, East Tennessee State University, Tennessee State, U.S.A. e-mail: akinbodes@goldmail.etsu.edu
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\begin {equation}
y” (x) +{E— Mxlz - /1‘11' - nxf}’y(x) =0, \end{equation} (1.3)

Is transformed into multi-parameters equation Bi-confluent Heun differential equation via the transformation

\begin{equation} Y(x1) = x%e - (iaCOO‘f + %,[)’COO%) E(x),x% = (aic)%x \end{equation}

The Bi-confluent equation obtained was
\begin{ equation }
b Rt BBy — 202 € (x) + (o (B2, — 3 — wx + 1 (2)2(E +3 =0
x§(x) + {3 ﬁc(ac) x—2x°} ¢ (%) {Zac B, —3ac—wx 4(ac) ( B (x) =
\end{equation} (14)
with
E

2.2 3
$$a= 3B =P ()2 ¥ =5, (B —3ac—w)+5,6= ——58

(ac)?

Comparing equation (1.2) and (1.4), the following parameter relations were deduced in page 201 of [13],

8 a=20+Dap -1 =L y=S+20+1) (a2 - 1); 6= {—a+26:(1+ 1)(1 — a2)} 5

2 a

ag

F

At this point, it is necessary to emphasize that the super-symmetry method of factorization of the Bi-confluent Heun's
differential equation can be use to obtain solutions of the named Schrodinger equation. To do this we briefly discuss the
SUSY method of factorization.

In recent work [4], the concept of factorization method, super-symmetry quantum mechanics (SUSY QM) and shape
invariant techniques have been extended to Sturn-Liouville (SL) equations to solve Schrédinger equations. In the present

work this concept shall be extended to the Bi-confluent Heun’s differential equation,

[I. FACTORIZATION OF BH OPERATOR

a) General method of factorization of SL operators
In this section, we extend to BH the general method of factorization of SL operators developed in the previous work [4]

to construct new solvable potentials fOf Heun’s operators. For a matter Of convenience we ﬁrst brleﬂy recall the results

of [4].

b) Brief Review of general method of factorization of SL Operator
Foﬂowing [4], the concept of factorization method was extended to SL equation SUSY QM and shape [nvariance were

widely developed to solve Schrédinger equations and reviewed. Consider the one-dimensional second order differential
equation

H® =éd', &P’ € AC. (Jab,]), (2.1)
where
d? d
H=—-0(x) i (%) ot V (x). (2.2)

¢ is a constants, a(x), T(x) and V(x) are real function defined on the open interval, (Jab,[) € R and ACjyc(a,b)

is the set of local absolute continuous functions given by

ACioc(a,b) = {f € AC[a;By], Vla;By] < (a,b), [a; B,] compact], 2.3)

AClayBy] = {f € ClasByl, F(0) = f(@) + f; g(®)dt, g € Loy}, (24)
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The suitable Hilbert space H = L? ([a, b], p (x)dx) with the inner product defined by means of non-negative weight

function p(x) on (Jab,[):
(w,v) = f;ﬁ(x)v(x)p(x)dx, u(x),v(x) € H,

(2.5)

Where U is the complex conjugate of U. The domain of H will be examined below. Choosing the weight function p(x)

such that the Pearson equation.
[c(x)p(x)] = T(x)p(x),
Is satistied. The differential equation (2.1)) can be reduced to the self-adjoint form [4]

[c()p()¥' ()] — [V—-¢&] P(x)px) = 0,
and the operator (2.2) can be written in the equivalent form of SL operators [4]

1 d d
H = o) (—Ep(x)a‘HI(x)),

(2.6)

(2.7)

(2.8)

Where p(x) = o(x)p(x) and q(x)V(x)p(x). Eq. (2.5), together with the following boundary condition:

p(x)o(x) [E(x)v’(x) - ﬁ'(x)v(x)] |§ =0, Vu,v € H,

(2.9)

Is called Sturm-Liouville system [4] The boundary condition ensures the self—adjointness of the operator H. Since we

want the operator to be self-adjoint, we take on the Hilbert space / as
D(H) ={u € H,u,pu’ € AC.(a,b),Hu € Hj},
p(x) [ﬂ(x)v’(x) — ﬁ'(x)v(x)] |§ =0, Yu,v € H.
It is clear that D(H) is dense in H since Cg(Jab, [) € D(H). by requiring:

(i) pE€ ACoc (Jab,[),p' € Li.(Jab,[),p~t € L, (Jab, ) positive and real-valued;
(i) q€ Lic(Jab,[), be real-valued;

(2.10)

(i) € L},.(Jab,D,pt €Ll .(ab,], positive and real valued. Then, the operator (H, D(H)) is self adjoint

[4]):

The purpose of this section is to introduce a factorization model with an annihilator operator of the form

d
A=k [E-}‘ W(x)],
with domain:

D(A) ={u e H,xu' + kWu € H},

(2.11)

(2.12)

where Kk and W are continuous functions on (]a b, [). We infer that D(A) dense in H since HY2 ((Ja b, [), p(x)dx)
is dence in Hsince H? ((Jab,[), p(x)dx) € D(A) where H™" (Q) is a sobolev space of indices {m,n}. The

operator A is closed in H. The adjoint operator At is given by [4].

DAY ={veH}|Fv e H}: (Au, v) = (Au, v),Vu,€ D(A),Atv =7 (2.13)

The explicit expression of (A™) is given through the following theorem

Theorem 2.1 [4] Suppose the following boundary condition

k(x)p(x)u(x)v(x) |§ =0,Vu € D(A) andv D(4A"),

(2.14)
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Is verified, then the opemtorA+ can be written as
i d
At = k(@) [~ £+ W) +p@)], (2.15)

where ft(%) is a real continuous function defined by p(x) = % In[k(x)p(x)].
Let Hy and Hy be the product operators A* A and AA™, respectively,
H, = A*A,  H,= AA*, (2.16)
with the corresponding domains
D (Hy) = {u € D(A),v = Au € D(AT) and ATv € H},
D (Hy) = {u € D(A"),v = Atu € D(A) and Av € H}. (2.17)
Remark that
HY2(Jab[,p(x)dx) € D(A) € D(AM),
D (Hy),D (Hy) = H*?*(Jabl, p(x)dx).

We infer the D (H;) and D (H3) are dense in H. Furthermore, the following theorem gives the additional conditions
to subject to the function of k and the potentials V'so that the operator / factorizes in terms of A and At

Theorem 2.2 [4] Suppose that

(1) K and U are related to 0 andT as:
k2 =o0; k(k'—Kkw) = 7 (2.18)

(11) the potent[a] function V' is related to the W b oy the Riccati type equation

V—§&=o0cW?—-W)— tW'. (2.19)

Then the operators Hy 5 are self-adjoint and

At A —H_ r —_ .4 d 2 _ '
Hy=A"A=H— §y=-0—— de+a(W wh—-tw’,
2
H, = AA*T = —a% — T% +o W2 =W+ (t— "W + k(ku)'. (2.20)

Let us remark that the condition k(k! — k) = T of (2.19) can be done from the Pearson equation (2.6) and the
1

constraint k% = ¢. The quantity @ can also be expressed as a = £ by means of the operation 4 and AT we can
K o

form a superalgebra as follows;
{04,0;} = Q:Q; +Q;Q; = Hy63), [HsQ1=0;  i,j=12
Where @ = (Q* +Q7)/V2and Q, = (Q* + Q7)/iV2
wingt= (4. 0= @Y = (5 ) 21
We can rewrite the operators Hy 5 as
d? d?

d d
Hy= A*A= -0 —t—+Viand Hy = AA* = —0—— — 14V, (2.22)

dx? dx?2
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0

(2002)

1L ‘RE "U9Y) ‘Yjew 1y SAYJ ‘[ ‘nosseyezy 'S5 pue eSopog ‘g 3y ‘nouuoyunoy ‘N'IN ¥



Ref

4. M.N. Hounkonnou, K.S. Sodoga and E.S. Azatassou, J. Phys A: math. Gen. 38, 371

(2005)

Where
Vi=oaW2=W")—1W, Vy,=0cW?-W")— (-0 )W + k(xkpn)'. (2.23)

It clearly appears the SUSY QM is extended to SL operators. We design here that the operators Hy H, as SUSY partner.
V1, V5 are SUSY partner potentials. The expression [4]

Hgs = [_DZ + Wz(x)]lz + W'(x)a3, (2.24)

which gives the superalgebra in terms of the superpotentials takes here the form

d? da 1 ’ 1
Hyg= —[o— —t(®) = oW? + W — (o'W + k() )]I;
(oW’ + % (o'W + (kp)']o3.] (2.25)

Where 03 = (%1 %) is the Pauli spin matrix and I, designs the 2 X 2 identity matrix. The equation (2.23) are the

. . . . . . 1
Riccati equation relating the partner potentials to the superpotentials. We denote, for n = 0, and f,g ) the energy

eigenfunctions and eigenvalues of Hyp, respectively andq)glz) and fr(ll)of H3, respectively.
The pair of SL operators Hj 5 satisfies the interwining relation
H,A=AH, HA*= A+H2, (2.26)

and their states are related by SUSY transformations
1 1 1 2 2 2
Hy (A0) = & (a0P),  H,(40P) = &P (a0P). (2.27)

. . . . .. 1,2 :
It is then straight forward to show that the eigenvalues of Hiand H: are positive definite f,(l ) > 0and isospectra,
i.e. they have almost the same energy eigenvalues, except for the ground state energy of Hi. Their energy spectra are

related by the same equations.

1 2 _1 1
$n = 1(11) + SCO, Y, = LPIE )r 1(12) = 1(1%!-)1 lpr(l )= [Er(z%l-)l] /ZAIPIE+)1'
w® = (gD Yoprg® n=0,12,.. (2.28)

We remark that the SL operator (2.2) is related to the Schrodinger-type operator. If we make the chance of variable

such that x = x(t) such that % = K(x(t)) and define the new function

Pn(t) = / (e(x () p2(O)  (2(2)) (2:29)

Then equation (2.1 turns to an equation of the Schrodinger type

dZ
@+ VO ¥y = &P, (2.30)
Where
_ () (K@p() +HEE K@) 3@ (@)px)')? 231
e = [V(x) * 2K(x)p(x) 4(k(x)p(x))? x=x(t) ( )

We shall denote various forms of corresponding superpotentials and partner-potentials of BHE by BHEW; and
BHEV;and j=1, ... k. The integer & depends on the number of the corresponding solutions of the Bi-confluent

Heun's equation.
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¢) Factorization of Bi-confluent Heun's Differential Operator (BH)

The second order differential operator s corresponding to BHE reads as
HBHE = —xD? — (1 + a — fx — 2x*)D — ((y —a—2)x— 1/2 [6+B(1+ a)]), (2.32)
Having the following factorization characteristics.
(1) o =x,k?=x which impies k = ++/x,
2) 7=00+a-pBx—2x?), Ref
@) V= -[y-a-x- O TFAFD]

_ Bx+2x?-a-1/,

@ u=

The operator H factorizes into two first order differentials operators A = k(%) (x)(D + W (x))and At =
k(x)(D + W(x) + p). The operator H, also could be expressed I terms of Hj 5 as

X

(G661

‘projx() ‘ssead AjysIoATUN PI0JX()) UOIYENDo TRIIUSIANI(] SUNSY ('Pd) ‘XNBIAUOY "V "€T

H, = —o(x)D? —t(x)D + V;(x), H, = —0(x)D? — t(x)D + V,(x),

Vi) = oW? =W =W, Vy(x)= oc(W2-W')— (-0 )W +k(ka). (233

As accustomed, we set V3 =V — Eg, with E; = 0and W = —z'(x)/z(x) into the Riccati equation of V; we
obtain the original BHE equation given below

xD?z+ (1+a—Px—2x)Dz+ ((y —a —2)x — 1/2 [6+B(1+a)]z=0. (2.34)

Also for BHE, from results in [13](pages 203-206), Eq. (2.34) has 16 forms of solutions corresponding to the super-
potential BHEVVJ-; j=12..,16, where

BHEW;(x) = — (Ing;(x))". (3.35)
The zj (x) are the solutions of (2.34). one of which is

Zl(x) = N(arﬁry'(S;x)! ZZ(x) = x_aN(—a,ﬁ,y, 6: x)l

. . A xn
when @ is not a relative integer. Here N(a, 8,7, §; xX) = Ynso —Z)n vy where Ag = 1; A1 =

(a+
% (5 +B(1+ a)) and
1
Anz = {4+ DB +35 (6 +BA+ D)} Apss = (n = D+ 1+ )y — 2 — a — 2n)4,
The associated partner potentials reads as, for j = 1,2 ...,16,

[o+2x%+a

1
BHEV,j = x(BHEW? + BHEW}! + (a — Bx — 2x?)BHEW; + -2 (2.36)

Thus, the BH operator factorizes as, for j = 1,2...16,& = *1,

A= eJx (D + BHEW(x)),

1 2
A= x (—D + BHEW; (x) + M)

Vx

© 2016 Global Journals Inc. (US)



Notes

Haven derive the solution of (2.34), these solutions are related to equation (1.4) with parameter relation as stated above.
These relation gives the solution of the equation (I.3>. a super—potentials and partner potentials are obtained. It should

be emphasizes at this stage that the partner-potentials and Super-potentials are not shape invariant.

I11. REMARKS

Apart from the confinement potentials of the Schrédinger equation, this method generates other potentials such as the

partner potentials and super-potentials which are not shape invariant.

10.

11.

12.
13.

14.

15.
16.

17.

REFERENCES REFERENCES REFERENCIAS

. K. Kuiten, Heun’s equation and the hypergeometric equation, S.I.LA.M. J. Math.

Anal. 10, 3 (1979)

Erdelyi et al, Higher Trunscidential Fucntions, (Bateman Manuscript Project), Vols.
1 and 3, McGraw-Hill, New York, 1953, 1955

C. Snow, Hypergeometric and Legendre Functions with Application to Integral
Cautions of Theory, Department of Commerce, National bureau of Standards,
Applied Matheamtics Series, 19, United States Government Printing Office,
Washinting, D.C. (1952).

M.N. Hounkonnou, K.S. Sodoga and E.S. Azatassou, J. Phys A: math. Gen. 38, 371
(2005)

G. Teiscl, Schrodinger operators, course http://www.math.univie.ac.at /- Gerald/,
(1999).

F. W. Byron, Jr, and R. W. fuller, mathematics of classical and quantum physics
(New York, Dover publications Inc, 1972).

S. M. Robert. The 192 solutions of the Heun's equation, Mathematics of
computation. 00.0000 (2004).

A. Ronveax, (ed). Heun’s Differential equation (Oxford university press, Oxford,
1995)

A. O. Smirinov, Eliptic solutions and Heun's equations C.R.M. Proceedings and
Lecture notes 32, 287 (2002).

N. H. Christ and T.D. Lee, Phys. Rev. D. 12, 1606 91975); D.P. jatker, C.N. Kumar
and A. khare, Phys. Lett. A 142, (19829); A. Khare and B.P. Mandal, Phys Lett. A.
239, 197 (1998)

R. K. bhadari, A. Khare, J. Law, M.V.N. Murthy and D. Sen; J. Phys A: math.
Gen. 30, 2557 (1997)

M. Suzuki, E. Takasugi and H. Umetsu Prof. Thor. Phys. 100, 491 (1998).

A. Ronveaux, (ed.) Heun’s Differential equation (Oxford university press, Oxford,
1995)

K. Takemura, Commu. Math. Phys. 235, 467 (2003); K Takemura, J. Nonlinear
Math. Phys. 11, 21 (2004).

P. Dorey, J. Suzuki and R. Tateo, J. Phys. A 37, 2047 (2004).

A. Ambramowitz and J.A. Stegun, (eds) Handbook of mathematics functions (New
York, Dover, 91965).

J. Mathews and R. L. Walker Mathematics methods of physics. Second edition ®
1964, 1970

© 2016 Global Journals Inc. (US)

2016

Year

w
!

[V Version |

[ssue

Volume XVI

Frontier Research (F)

Global Journal of Science



SUPER-SYMMETRY QUANTUM FACTORIZATION OF RADIAL SCHRODINGER EQUATION FOR THE DOUBLY AN-HARMONIC
OSCILLATOR VIA TRANSFORMATION TO BI-CONFLUENT HEUN'S DIFFERENTIAL OPERATORS

This page is intentionally left blank

Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

© 2016 Global Journals Inc. (US)



e GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
erenpstenne MATHEMATICS AND DECISION SCIENCES

’/:ﬁ Volume 16 Issue 4 Version 1.0 Year 2016

| Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Certain Results on Bicomplex Topologies and their
Comparison

By Akhil Prakash & Prabhat Kumar

Abstract- In this paper, we have investigated the relation between idempotent order and norm
topological structures. We have discussed about the relation between real order topology and
idempotent order topology and we have also established the relation between real order
topology and norm topology.

Keywords: real order topology, complex order topology, idempotent order topology, norm
topology, comparison.

GJSFR-F Classification : MSC 2010: 54A10, 30G35

CERTAINRESULTSONBICOMPLEXTOPOLOGIESANDTHE IRCOMPARISON

Strictly as per the compliance and regulations of :

© 2016. Akhil Prakash & Prabhat Kumar. This is a research/review paper, distributed under the terms of the Creative Commons
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial
use, distribution, and reproduction in any medium, provided the original work is properly cited.



Ref

5. Ringleb, F.: Beitrage Zur Funktionen theorie in Hyperkomplexon Systemen, I, Rend.
Circ. Mat. Palermo, 57 (1933), 311-340.

&

epaper ek
,’ ey .{

Certain Results on Bicomplex Topologies
and their Comparison

Print Journal

Akhil Prakash ®& Prabhat Kumar °

Abstract- In this paper, we have investigated the relation between idempotent order and norm topological structures. We
have discussed about the relation between real order topology and idempotent order topology and we have also
established the relation between real order topology and norm topology.

Keywords: real order topology, complex order topology, idempotent order topology, norm topology,
comparison.

[. INTRODUCTION

In 1892, Corrado Segre (1860-1924) published a paper [6] in which he treated an
infinite set of Algebras whose elements he called bicomplex numbers, tricomplex
numbers,...., n-complex numbers. A bicomplex number is an element of the form
(x,+1,%,) +i, (%5+i,%,), where x,,...., x, are real numbers, i,> =i, = -1 and i,i, = i,i,.

Segre showed that every bicomplex number z,+i,z, can be represented as the
complex combination

(Z1‘11Z2) [14-;_112]4’ (Zl+ilz2) [1_;112]

Srivastava [8] introduced the notations '¢ and *¢ for the idempotent components
of the bicomplex number § = z,+i,z,, so that

1 1+iqip 9¢ 1-iqip
g = tg iz o 11

Michiji Futagawa seems to have been the first to consider the theory of functions
of a bicomplex variable [1, 2] in 1928 and 1932.

The hyper complex system of Ringleb [5] is more general than the Algebras; he
showed in 1933 that Futagawa system is a special case of his own.

In 1953 James D. Riley published a paper [4] entitled “Contributions to theory of
functions of a bicomplex variable”.

Throughout, the symbols C,, C,, €, denote the set of all bicomplex, complex and
real numbers respectively.

Author a o: Department of Mathematics, Institute of basic Science, Khandari, Dr. B.R. Ambedkar University, Agra-282002 (India).
e-mails: akhil.sharma140@gmail.com, prabhatchaudhary553@gmail.com
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In C,-besides 0 and 1- there are exactly two non-trivial idempotent elements
denoted as e, and e, and defined as

_ 14iqip

1—igi
e, =—2ande, = —2
2

2
Obviously (e,)" = e, , (&))" = &,

e, +te=1¢e.e,=0

Every bicomplex number & has unique idempotent representation as complex
combination of e, and e, as follows

§ = z,+iyz, = (Zl'iIZQ)el + (Z1+ilz2)62

The complex numbers (z;-1,2,) and (z,+1i,2,) are called idempotent component of
¢, and are denoted by '¢ and *¢ respectively (cf. Srivastava [8]).
Thus € = '€ e, + € e,

a) h,, h, image and Cartesian idempotent set
The h, and h, image of a set X are denoted as 'X and *X respectively and defined as

h(X) = 'X = {z: ze,+we, € X} = {'€ :£eX}
h,(X) = *X = {w: ze,+we, € X} = {*¢ :£eX}

The Cartesian idempotent product of 'X and *X is the set which is the subset of
C, and denoted as 'X XX and defined as

"X XX = {ze,+we,: z €'X, w €’X}
If X = 'X %X then X is said to be Cartesian idempotent set (cf Srivastava [S]).
[I. CERTAIN RESULTS FROM TOPOLOGIES ON BICOMPLEX SPACE

a) Norm, Complex and Idempotent topologies on €,[9].
2.1.1 Norm topology

The norm of a bicomplex number §= z,+iyz, = x,+1,X,+i,X;+1,1,%, = '¢ €, +°€ e, is defined as
I8l = (%1 + %% +x3% + x42)"?
= (|21 [*+z21*)"

= [[ef + 7]
2

Since €, is modified normed algebra w.r.t this norm therefore for 8> 0, the 8-ball
centered at x is the set

B(x,6) = {yeC, : |[x — y||<6} of all points y whose distance from x is less than §,
it is called the 8-ball centered at x.

The collection ‘By, of all §-balls B(x,8), for xe®, and >0 is a basis for a topology
on C,. The topology generated by By is called norm topology on €, and denoted by Ty.

© 2016 Global Journals Inc. (US)
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2.1.2 Theorem

If X is a Cartesian idempotent set in €, then X is open (w.r.t. norm topology) if
and only if 'X and *X are open in complexplane (cf. Price [3]).

2.1.3 Complex topology
The norm of a complex number 'z’ is defined as ||z|| = |z|

Since €, is a normed algebra w.r.t. this norm therefore the collection ‘B of all
circular disk S(z,8), ze€, and 6> 0 will be a basis for a topology on C,, where S(z,8) =

{weC,: |z — w|<8}Therefore
BXB= {S,XS,: S,, S,eB} will be a basis for some topology on C,XC,.Since C,= C,xC,
therefore B, = {S,X.S,: S,, S,e B} will be a basis for some topology on C€,, where

S XS, = {n = w,+i,w,: w, €S, w,eS,}

If S; = Sy(z,,r)) and S, = S,(zy,1,)
Then S, XS, = Sl(Zhrl)XC Sz(zzarz)
= {n = w,+iL,w,: |z; —wy[< 1), |23 — Wy < 1y}

The set S,(z;,r;)X¢ Sy(2,r,) is denoted by C(§ = z,+iyz,;r,,r,) and this set
C(§ = z,+1y2y; 1,,1,) is called open complex discus centered at & and associated radii r,
and r,.

Therefore
C(§ = zy+Hiyzy; 11, 1) = {N = Wy +Hi,wy: |29 —wWq|< 1y, |2 — Wy |< 1,}
Thus B, = Set of all open complex discus
= {C(&; r;, 1,): £eC, and 1;, r,> 0}

The topology generated by ‘B is called complex topology and denoted by T.
2.1.4 Idempotent topology

Since BXB= {S,;xS,: S,, S,eB} is a basis for some topology on ¢, xC, and C,=
C,XC, therefore B, = {S,;X,S,: S;, S,e B} will be a basis for some topology on €,, Where

SiXS, = {n = lr] e + 2” ezzlnesh 2”'582}

If S, = 5,(z,,1)) and S, = S,(2,,15)
Then S, XS, = S5,(2,11) X, Sy(25,1)
={n="ne,+ e2:|177—zl| < Iy, |% - 2,| <15} The set Si(z,,1,) X, Sy(2,1,) is denoted by

D(§ = ze+2z.e,; r,,r,) and this set D(§ = z,e,+2ze,; 1y,r,) is called open idempotent
discus centered at ¢ and associated radii r; and r,.
Therefore D(g; 1y, 1,) = {n: |177—1§| < r1a|277—2~§| < I}
Thus B; = Set of all open idempotent discus
= {D(§; 1, 1): §€C, and 1}, 1,> 0}

The topology generated by ‘B; is called idempotent topology and denoted by Tj.
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b) Order topology on €,
Singh [7] has developed certain orders on €,. He defined three types of ordering
in C,, viz., Real dictionary order <, Complex dictionary order <, Idempotent

dictionary order<,, . With the help of these three relations he has defined three order
topologies on C,. The order topology induced by real dictionary order is called as real

order topology T,, the order topology generated by Complex dictionary order is called
complex order topology T, and the topology induced by Idempotent dictionary order is
called idempotent order topology T,” on C.,.

In the present paper, B, B,’and B/ denotes the basis of T,, T, andT,”
respectively. The sets (§, N)g, (§, N)c and (&, N);p are the open interval with respect to
Real dictionary order, Complex dictionary order and Idempotent dictionary order
relation.
¢) Product and metric topology on €,

Singh [7]defined three product topologies on C,,viz., Real product topology
T,,Complex product topology T, and Idempotent product topology T,".

B,, B, and B,” denotes the basis of T,, T, and T," respectively. Where

B, = {S, X3S, Xz S5 Xz Ss Sy, Sy, Sy, S, are in B}
S, Xg Sy Xz Sy Xz S, = {& = x4, X +H,Xy+H,15X,: X, €Sy, X,€S,, X;€S5;, X,€5,}

B is the collection all open intervals in €,

B,’= {S;X.S;: S;, Sqe B’}
B is the collection of all open intervals in ¢,

S.X.Sq = {§ = z,+ 1, zo: z,€ S;, z,€ S¢}
B7= {S.x.Ss: S,, S;,e B’}
S, X, Sg = {z,6,+2.€5: 2,€ S;, z,€ Si}

There are three metrics on C,, viz., real metric, complex metric and idempotent
metric. With the help of these three metric Singh /7] defined three metric topologies on

C,.The topology generated by the real metric is known as the real metric topology T,

the topology generated by the complex metric is called complex metric topology T, and
the topology generated by the idempotent metric is called idempotent metric topology

T
In this present paper, B, B,and Bj denotes the basis of T,, T, and T,"
respectively.

2.3.1 Theorem

The norm topology Ty and idempotent topology T; on €, are equivalent to each
other Srivastava [9].
2.3.2 Theorem

The norm topology Ty and complex topology T, on €, are equivalent to each
other Srivastava [9].
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7. Singh,

Theorems 2.3.1 and 2.3.2 imply that

2.3.3 Corollary
The complex topology T and idempotent topology T; on €, are equivalent.

2.3.4 Theorem
The real order topology T, and real product topology T, on €, are equivalent to
each other [T7].

235 Theorem

The real product topology T, and real metric topology T; on €, are equivalent to
each other [7].
Theorems 2.3.4 and 2.3.5 imply that

2.3.6 Corollary

The real order topology T, and real metric topology T, on €, are equivalent to
each other.
2.3.7 Theorem

The complex order topology T,and complex product topology T, on €, are
equivalent to each other [7].

2.3.8 Theorem
The complex product topology T, and complex metric topology T, on €, are
equivalent to each other [7].
In view of Theorems 2.3.7 and 2.3.8, we have
2.3.9 Corollary

The complex order topology T,’and complex metric topology T, on €, are
equivalent to each other.

2.3.10 Theorem

The idempotent order topology T,”and idempotent product topology T,” on C,
are equivalent to each other [7].

2.3.11 Theorem

The idempotent product topology T,” and idempotent metric topology T,* on €,
are equivalent to each other [7].

As the idempotent order topology on €, and the idempotent product topology on
C, are equivalent to each other. Also, the idempotent product topology and idempotent
metric topology are equivalent to each other, therefore we have.

2.3.12 Corollary

The idempotent order topology T,”and idempotent metric topology T,* on €, are
equivalent to each other.

2.3.13 Corollary
As the real dictionary ordering of the bicomplex number is same as the complex
dictionary ordering of the bicomplex numbers therefore the real order topology T, is

equivalent to the complex order topology T,  on C,.
Theorems 2.3.4, 2.3.5, 2.3.7, 2.3.8 and Corollary 2.3.6, 2.3.9, 2.3.13 imply that

2.3.14 Corollary

The real order, real product, real metric, complex order, complex product and
complex metric topology on €, are equivalent to each other.
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2.3.15 Corollary

The real dictionary ordering and complex ordering of the bicomplex numbers is
different from the idempotent ordering of the bicomplex numbers therefore the
idempotent order topology can be neither equivalent to the real order topology nor to
the complex order topology on C,.

I[11. COMPARISON OF VARIOUS TOPOLOGIES ON BICOMPLEX SPACE

This section is our contribution to the theory of bicomplex topology and contains
some important results from topological structures on the bicomplex space. In this
section, we have tried to develop some relation between various topological structures
on the bicomplex space.

a) Comparison of the idempotent order topology and norm topology on the bicomplex
space

3.1.1 Lemma

The set ("¢e, + (°¢ - 1,8)e,, '€e, + (¢ + 1,6)e,)p is the proper subset of B(E,r)
where 0 < 8 <v2and r > 0
Proof- Let suppose

ne(*€e, + (°€ - i,8)e,, ‘e, + (°¢ + i,8)ey)n (1)
='n = "¢ and *€ - i,6<’n<’*¢ + 1,8
Since *€eC, therefore consider *¢ = a+ib

where a, b €C,

=N = a+i,q where b-8§ < g <b+6
Now |*6=?n| = |(a+11b) — (a +i1q)

=Fb-a
Since b- 8§ < q < b + § therefore +(b — q) <8

:>|2§—277| <68
Since 0 <& <V2r

:>|2§—277|< V2r

¢—2n]
jT <r (2)

2 2
‘15—177‘ +‘2§—277‘
2

Now [[§ —nll=

2, 2
_ O+|§_77 winee ln — 1
= > ; since ‘N = ¢

|2
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From (2), [[E—nl[<r
=ne B(§r)
Now consider an element { in €, such that ' = '€+ r and *¢ = *¢

Then \/|l§_l§|2 +|2§_2§|2 =—<r
2 V2

Therefore CeB(§,r)
Since '¢ #'¢
5 CE ("Ge+ (%6 - 1,8)ey, 'Ge, + (P§ + 1,8)ey)

(4)

(5)

Hence the set (‘ge, + (%€ - ,8)e,, '€e, + (°€ + 1,8)e,);p is a proper subset of B(§, r)

where 0 < § <V2r
3.1.2 Lemma

If (¢, W), is an open interval in C, such that '¢+'"¥ then there exist no open ball

B(§,r); r < oo which contain the set ({, ¥)p.

Proof- Let B(,r) be an arbitrary open ball in €, such that r < oo
Let n be the arbitrary element of B(&, r)

=ne B(r)
=g —nll<r
J et +|Pe-2n]
= > <r

:>|l(§—177| <+\2r ,|2§—277| <2r

=ne D(§V2r,V2r)
From (6), (7)

Therefore B(§ r)€ D(§V2r,V2r)

(7)

(8)

Let us consider an arbitrary open interval (¢, W), in €, which contain the element n

=ne((, ¥)p
=>(0<pN<p¥

Since (<, N

Therefore either '{<'n or 'C = 'n, *{<’n

Since N<p¥

Therefore either 'n<'¥ or 'n = '¥, *n<*¥Y

Since '¢#'¥ therefore there will be only three possibilities.
Case 1* - If '{<'n and 'n<'¥

© 2016 Global Journals Inc. (US)
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Consider an element yeC, such that 'y = 'n and |2§—2y|>\/§r
Since 'y = 'n
:>1C<ly’ ly <11_IJ
=C<pyand y <p¥
Therefore ye (¢ , W)
Since |2cf—2y|>\/§r
—y¢ D(E;V2r,V2r)
From (8), y€B(§ 1)
Therefore we have an element ye (¢ ,%);, such that y& B(§,r)
= (¢,¥)p €B(§ 1)
Case 2™ - If 'T<'n, 'n = '¥ and *n<*¥
Consider an element yeC, such that '{<'y <'n and |2§—2y|>\/§r
Since '{<'y =<,y
Since 'y <'n and 'n = '¥='y <'¥
=y <p¥
Therefore ye (¢ , W)
Since |2§—2y|>\/§r
=y¢ D(§V2r,V2r)
From (), y¢B(E 1)
Therefore we have an element ye(¢ , W), such that y& B(§,r)
= (¢,¥)p €B(E 1)

Case 3" - If 'C = 'n, *{<’n and 'n<'¥

Consider an element yeC, such that 'n<'y <'¥ and |2§—2y|>\/§r
Since 'n<'y and '¢ = 'n=>'¢<'y

=>(<ppy

Since 'y <'W= y <, ¥

Therefore ye (¢ , W)

Since |2§—2y|>\/§r

=y& D(§V2r,V2r)

From (8), y€B(5 1)
Therefore we have an element ye(¢ , W), such that y& B(§,r)
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= (¢, ¥)p €B(§ 1)

Finally the ball B(§,r); r < o cannot contain any open interval ({ , ¥),, where '{#"¥

Hence (¢ ,W);, cannot be contained in any ball B(§,r); r < oo
3.1.3 Theorem

The Idempotent order topology is strictly finer than Norm topology.

Proof- Let X = (§, n);p be an open interval such that '¢ = 'n
Then by (X) = 'X = (€} and hy(X) = X = (5, *n)
In fact X = 'X x X

Since 'X is not open in complex plane
Therefore X will not be open w.r.t. Norm topology.

(By Theorem-2.1.2)

Since X is open w.r.t. Idempotent order topology therefore Idempotent order
topology and norm topology are not equivalent and Norm topology cannot be finer than

Idempotent order topology

Now we want to show for all open ball B(§,r) and for all ne B(E,r) then there

exist (¢ %), such that ne(¢ ,¥);, € B(§,r)

Let us consider an arbitrary ball B(§,r) and consider an arbitrary element n of B(§,r)

=ne B 1)

1" Method- Since NeB(E, r) then there exist a ball
B(n, s);s> 0 such that B(n, s) € B(§, 1)

From Lemma-3.1.1,

(‘ne, + (°n - i,8)e,, 'ne; + (>N + 1,8)e,);p will be the proper subset of B(n, s)

Therefore for neB(§,r) we have a set ('ne, + (°n - ,8)e,, 'ne; + (°n + 1,8)e,)p such that

Ne (1r'|e1 + (Zﬂ - 1,8)e,, lﬂel + (2ﬂ + i,8)e,)p and

(‘ne, + (°n - i,8)e,, 'ne; + (N + 1,8)e,)p is the subset of B(E, )
2'Y Method- Since neB(E,r)

=d,*+d,’< 2r°

There exist d,> 0 such that d,< d; and d,>+d,*< 2r*

Consider a set Q = ('ne; + (°n - i,8)e,, 'ne, + (*n + i,8)e,), where 8§ =d,-d,> 0

© 2016 Global Journals Inc. (US)

Year 2016

Issue IV Version I E

Volume XVI

Global ]()Lll‘l’]dl of Science Frontier Research (F)



Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I E Year 2016

Obviously neQ
Let yeQ ..(9)

='y ='nand (*n-i,8) <’ < (°’n +i,9)
Let °n = a+i,b
Then *y = a+i,q where b-§ < qg<b+§

Now |?&—2y|<|?&=27|+|?n—Y)|
=|%&—2y| < d, +li; (b — )|
=|?s-?y| < dt(b - q) ...(10)

Since b-8 < g < b + 6 and & =d,-d,

Therefore +(b — q)< d;-d,

From (10), |2.§—2y| < d,

Since |1§—1y| =d,

Therefore |1(§—1y|2 +|2§—2y|2 < d/’+d< 2r?

=ye B(§ 1) ..(11)
From (9), (11) Q €B(§, 1)
Therefore for neB(§,r) we have a open interval Q w.r.t. idempotent ordering
such that neQ < B(§,r)
Hence it proves that Idempotent order topology is strictly finer than Norm topology.

Theorem 3.1.3 together with Theorems 2.3.1, 2.3.2, 2.3.10, 2.3.11 and Corollary 2.3.3,
2.3.12 generate a new corollary which states that

3.1.4 Corollary
The topology T,” (and therefore T,” and T,;*) on C, is strictly finer than the
topology Ty (and therefore T;and T¢) on C,.

b) Comparison of the idempotent order topology and real order topology on the
bicomplex space

3.2.1 Theorem
The Real order topology and Idempotent order topology are not comparable.

Proof- Consider an open interval ‘A’ w.r.t. real ordering such that A= (§, n)z where
=121, +4i, - 7i,i, and N=2-+2i,+3i,+4i,i,
Consider an element x in €, such that x=142i,+5i,+7i,i, therefore {<;x and x <z n

—XE€ (ga n)R

Let us consider arbitrary open interval ({, W), in €, (w.r.t. Idempotent
ordering) which contain the element x.
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ie. xe((, V)p=>C(<px,x <p¥

Since (<, x

Therefore either '{<'x or ' = 'x, *{<’*x
Since x < ¥

Therefore either 'x <'¥ or 'x ='W, *x <*¥
Hence there will be four possibilities.

Case A- If '{<'x and 'x <'¥
Since x=1421,+5i,+7i;i,
Therefore 'x = 8-3i,, *x = -6+Ti,

Consider an element y in €, such that y = 6+2i,+5i,+2i,i,
Therefore 'y = 8-3i,, ’y = 4+7i,

Since 'y = 'x and '{<'x, 'x <'®¥

Therefore (<, y <p¥

=ye(Q, Y -..(12)

Since {<; y and n<gp y
=Y€(E, Nr -.(13)

From (12), (13) (¢, ¥)nE (8, N)r

Case B-If '{<'x, 'x = '¥ and *x <*¥

Consider an element y in €, such that '{<'y <'x
Since '¢<'y =C<pp ¥

Since 'x = Wly <'x => y < ¥

=ye(C,P)p ...(14)
Since 'x = 8-3i, and 'y <'x
= Therefore there are only two possibilities either 'y = 8 + 8i; where § <=3 or 'y
=a+i;b where a < 8, beC,
If 'y = 8 + 8i; where § < —3
Then y will be in the form y = a,+i,a,+i,a,+1,i,a,
Where a,+a, = 8, a,a;< -3
Choose a,=7, a,=1 and choose a, and a; in such a way that a,-a;< -3
Therefore y = 7+i,a,+i,a,+1,i,

:>§<R Y n<R y
=Yy&(& Nk --(15)

From (14), (15) (€ ,¥)n%(& Nk

If 'y = a+i;b where a < 8, be(,

Then y will be in the form y = b,+i;b,+i,b;+i;i,b,, Where b;+b,< 8
Choose b, = 8 and b, = -C where C > 0

Therefore y = 8+4i,b,+i,b,-1,i,C
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=y€(& N ...(16)
From (12), (14) (€ W)u&(E )
Case C-If ' = 'x, *{<*x and 'x <'¥
Consider an element y in C, such that 'x <'y <'¥
Since 'y <'W =y < ¥
Since '¢ = 'x and 'x <'y =(<py

=ye(C, Vo .. (17)

Since 'x = 8-3i; and 'x <'y
Therefore there are only two possibilities either 'y = 8 + 8i; where § > —3 or 'y
= a+i;b where a > 8, be(,

o) If 'y = 8 + 8i; where § > —3

Volume XVI Issue IV Version I

Frontier Research (F)

Global Journal of Science

Then y will be in the form y = a,+i,a,+i,a;+11,a,
Where a,+a, = 8§, a,-a;> -3
Choose a,=7, a,=1 and choose a, and a, in such a way that a,-a,> -3
Therefore y = 7+i,a,+i,a5+1,1,
:§<Ry 7r]<R y

=YE&(&, Nx --(18)
From (17), (18) (T ,¥)n% (& Nk
If'y =a+ib where a > 8, beC,
Then y will be in the form y = b,+i,b,+i,b;+i,i,b,, Where b;+b,> 8
Choose b, = 8 and b, = C where C > 0
Therefore y = 8+i,b,+i,bs-1,i,C

=Y€(& N)x --(19)
From (17), (19) (€ ,¥)n%(&, N)r
Case D- If ' = 'x, 2{<*x and 'x = '¥, ’x <*¥
Consider an element y in €, such that

'y = 'x and *(<’y <*¥
=>C<py, ¥y <p¥
=ye(C W) ...(20)

If Z = a+i,b is a complex number then the region of all complex number which
is greater than Z or less than Z is define as follows.

Figure-1 shows the region of all complex numbers which is greater than Z and
figure-2 shows the region of all complex numbers which is less than Z.
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X2 €

Xq

Figure-1

X3

N

Since *x = -6+7i, and *{<*x <’¥
Here there are four possibilities.

Possibility 1%-If *C is on the axis QT except Q point and *¥ is on the axis QS

except Q point.

0(0,0) -

v
Xa

Figure-2

3 Xs
A
=2y
P . » )
R Q = zx F
- 2(
.‘I.
XZ <€ quo,o) > X1
v
Xa
Figure-3

Since 'y ='x and *(<’y <*¥
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Therefore 'y =8-3i, and *y = -6+i,b whereb > 7orb < 7
We will consider only b < 7
Then y = 1+(2-8)i,+(5-8)i,+7i,i, where § > 0

=y <gd
=y&(&, Nx ...(21)

From (20)7 (21) (C 7Lp)ID'¢—(§7 n)R
Possibility 2"-If % is situated in the region QSRT except ST axis and *¥ is on
the axis QS except Q point.
Since 'y ='x and *{<’y <*¥
Therefore 'y =8-3i,

Consider *y= a+i,b where a < -6, be(C,

Global Journal of Science Frontier Research (F) Volume XVI Issue IV Version I

5 X,
2 :.213[}
g
R- Q= P
T
X< 0(0,0) >,
\xf4
Then y = (1' 81)+(2'82)11+(5' 82)12+(7+ 81)1112
where 8,>0 and 8,eC,
=y <g$
=Y€(8 N ...(22)

From (20), (22) (¢ ,\¥)p%(§, N)x

Possibility 3"- If *¥ is situated in the region QSPT except ST axis and *C is on
the axis QT except Q point.

© 2016 Global Journals Inc. (US)

Notes



Notes

=W

Xs
A
'
P
R , Q = ZX r
o
¥
X, € 0(0,0) > X,
v
X

Since 'y ='x and *{<*y <*¥

Therefore 'y =8-3i,

Consider %y in such a way that *{<’y <*x
Therefore >y = -6-+i,b where b < 7

= y = 14(2-8)i,+(5-8)iy+7i,i, where § > 0
=y <i§
=y€(&, N)x
From (20), (23) (¢, )% (8, Nr

.(23)

Possibility 4™-If ¥ is situated in the region QSPT except ST axis and *C is

situated in the region QSRT except ST axis.
y = -6-4bi, satisfies the condition *{<’y <*¥
Therefore on choosing *y = -6+5i,

Since 'y = 8-3i, then y = 1+i,+4i,+7i,i,

=y <gb
s "
2: 211” R
R-< Q=x P
T
X; € 000,0) >
v
X4
Figure-6

From (20)7 (24) (C 7LIJ)ID-¢—(§> H)R

(24)
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Finally all open interval (w.r.t. idempotent ordering) which contain the element
x they cannot be subset of the set A.

Since A is open w.r.t. Real order topology therefore it shows that Idempotent
order topology is not finer than Real order topology.

Now consider an open interval ‘B’ w.r.t. idempotent ordering such that B = («, ),
Where o = (6-i;)e;+(-2+5i,)e, and B = (8-2i;)e,+(-6+61,)e,
Consider an element p in ¢, such that p=2+2.5i,+3.5i,+4i,i, N
otes
='p=(6—1),"p =(-2+6i)

Since 'a= 'p and *a<’p =>a < p
Since 'p <'B= p <;pB therefore pe(a,B)p

Let us consider arbitrary open interval (¢,%)y in €, (w.r.t. Real ordering) which
contain the element p.

ie. pe(d W)p=p<zp,p <g¥

Let o= x;+1;X,+1,%3+i)ipx, and W= y,+i,y,+Hy;+ii1,y,
Since p=2+2.51,+3.5i,+41,i, and <z p, p <g¥

Therefore there are 16 cases.

Case-(1) If x, < 2 and y, > 2
=0 = (2- €)+ix,+Hi,x;+, 1%, and
W = (24 8)+i,y,+Hi,ys+ily, where g, 8> 0

Consider an element A in €, such that
A= 2+42.51,4+3.51,+9i,i,
=Ae(dp W)y ...(25)
Since 'A = (11-i,)

='a<'A and 'B<'A
=a<pA, B<pA
=A¢(a,B)p ...(26)

From (25), (26) (d,¥)rZ (o, B)mp

Case-(ii) If x,=2, x,<2.5 and y,>2
=¢ = 2+(2.5- €)i,+i,x;+i1x, and

¥ = (24 8)+i,y,+H,y5+iiy, where €, 6> 0

Also in this situation Ae(d W)y ..(27)
Therefore from (26), (27) (¢, ¥)rZ (o, B)ip
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Case-(iif) If x,=2, x,=2.5, x,<3.5 and y,>2
S = 242.51,4+(3.5- €)i,+i,ix, and

W = (2+ 8)+i,y,+iyy;+ily, wheree, 6> 0
=Ae(d W)y
Therefore from (26), (28) (b, ¥)rZ (o, B)ip
Case-(iv) If x,=2, x,=2.5, x,=3.5, x,<4 and y,>2
S = 242.51,43.50,+ (4- €)i,i, and
W = (2+ 8)+i,y,+iyy;+ily, wheree, 6> 0
=Ae(d W)y

Therefore from (26), (29) (b, ¥)rZ (o, B

Case-(v) If x,< 2, y;=2 and y,>2.5

=0 = (2- €)+ix,+H,x3+i,ix, and

Y = 24(2.54+ 8)i,+i,y;+i;i,y, where €, 8> 0
Since A = 2+2.5i,+3.51,+9i,i,

=Ae(d W)y
Therefore from (26), (30) (b, ¥)rZ (o, B)m

Case-(vi) lf x, = 2, x,< 2.5, y;,=2and y,> 2.5
=¢ = 2+(2.5- €)i,+ix;+iix, and

Y = 2+4(2.54+ 8)i;+Hiyy;+iii,y, where €, 6> 0

Also in this situation Ae(d W)y
Therefore from (26), (31) (&, %)rZ(, B)ip

Case-(vii) If x, = 2, x,= 2.5, x;,< 3.5, y;=2 and y, > 2.5
=¢ = 2+2.51,+(3.5- €)i,+i,i,x, and
Y = 24(2.54+ 8)i,+i,y;+i;i,y, where €, 8> 0

:>AE(¢ 7LP)R
Therefore from (26), (32) (¢, ¥)rZ (o, B

Case-(viii) If x, = 2, x,= 2.5, x,= 3.5, x, < 4, y,=2 and y, > 2.5
= = 2+2.51,+3.51,+(4- €)i,i, and
Y = 2+4(2.54+ 8)i,+i,y;+i;i,y, where €, 8> 0

:>AE (Cb 7qJ)R

(28)

.(29)

~.(30)

(32)

..(33)
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Therefore from (26), (33) (b, ¥)rZ(, B)p

Case-(ix) If x, < 2, y, = 2, y,= 2.5 and y; > 3.5
= = (2- €)+i;x,+Hipxy+i,ix, and

¥ = 242.51,4+(3.5+ 8)iy+ii,y, wheree, 6 > 0
Since A = 2+42.51,43.51,+9i,i,

—Ae(d W)y G4 N otes
Therefore from (26), (34) (¢, %) Z(a, B)

2016

Case-(x) If x,= 2, x,< 2.5, y;= 2, y,= 2.5 and y;> 3.5
= = 24+(2.5- €)i,+i,x,+H, 1%, and
Ja ¥ = 2+2.51,+(3.5+ 8)i,+i;i,y, where€g, 8 > 0

Year

Also in this situation Ae(d W) ...(35)
Therefore from (26), (35) (¢,¥)rZ (B

Case-(xi) If x, = 2, x, = 2.5, x;< 3.5, y, = 2, y,= 2.5 and y; > 3.5
= = 242.51,+(3.5- €)i,+,i,x, and
W = 24-2.51,4+(3.54 8)i,+i,i,y, wheree, 6> 0

=Ae(d W), ...(36)

Volume XVI Issue IV Version I

Therefore from (26), (36) (¢ W) Z(a, B)p

Case-(xii) If x, = 2, x, = 2.5, x,, = 3.5, x,< 4, y,= 2, y,= 2.5 and y,>3.5
o = 242.5i,4 3.5, +(4- €)i,i, and
W = 242.5i,4+(3.5+ 8)i,+i,i,y, where€, 6 >0

—Ae(d Py -..(37)
Therefore from(26), (37) (¢ ,¥)rZ(a, B)p

Case-(xiii) If x,< 2, y;= 2, y,= 2.5,y,=3.5 and y, > 4

= = (2- €)+i;x,+Hipxy+i,i,x, and

W = 242,51, +3.5i,4 (4+ 6)i,i, where €, 6> 0

Consider an element B in €, such that B= 2+2.51,+3.51,+3i,i,

Global Journal of Science Frontier Research (F)

—Be(¢p W)y ..(38)
Since 'B = (5-1))
='B <'a, 'B <'B

= B <pa, B <pB
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=Bé&(a, B)ip -(39)
From (38), (39) (&, %)% (o, B)p

Case-(xiv) If x, = 2, x, < 2.5, y,= 2, y,= 2.5,y,= 3.5 and y, > 4
= = 2+(2.5- €)i,+i,x,+H, 1%, and
Y = 242.51,43.51,+(4+ 6)i,i, where €, 6>0

Also in this situation Be(¢p W)y ...(40)
Therefore from (39), (40) (¢, ¥)rE (e, B

Case-(xv) If x,= 2, x,= 2.5, x,< 3.5, y,= 2, y,= 2.5, y,=35and y, > 4

= = 24251+ (3.5 €)iy+i,i,x, and

¥ = 2+2.51,4-3.51,+(4+ 6)i,i, where €, 6> 0

—Be(¢ ¥)y .(41)

Therefore from (39), (41) (¢, ¥)r% (o, B

Case-(xvi)lt x, =y, =2, x, =y, =25, x; =y, = 3.5 and x,< 4 < y,

= = 2+2.51,+3.51,+(4-€)i,i, and

W = 242.5i,+3.5i,+(4+ 8)i,i, where €, 6> 0

Consider an element D in €, such that D= 2+2.5i,+3.5i,4ai,i, = where (4-€) < a < 4

—De(d W), ...(42)

Since 'D = {(2 + a)-i,}
Sincea <4 =>2+4+a<6

='D <'a= D <0
=De&(a,B)ip ... (43)

Therefore from (42), (43) (b, W)r% (0, B)im

Hence all open interval (w.r.t. real ordering) which contain the element ‘p’ they
cannot be subset of the set ‘B’.

Since B is open w.r.t. Idempotent order topology therefore it shows real order
topology is not finer than Idempotent order topology.
Hence it proves that both topologies are not comparable.

Theorem 3.2.1, 2.3.10, 2.3.11and corollary 2.3.12, 2.3.14 submerge together to
give a new corollary which is started below.
3.2.2 Corollary

The topology T, (and therefore T,” and T,*) and the topology T, (and therefore
T T, T, T and T, )on €, are not comparable.

¢) Comparison of the real order topology and norm topology on the bicomplex space
3.3.1 Lemma

The set (¢, W)y is the proper subset of B(§= x,+i,x,+1,%x;+1,1,%, , r) where

¢ = xHi XX, +Hi(x,€), W = x+Hi,X,+iyx;+H,i,(x,+€) and either € = Min(d,,d,),
d+d,’< 2r'ande> 0or 0 <e<r
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Proof- Let suppose
ne( g, Wk

=>0<xn<g¥

=N = x;+i;x,+1,%x;+1,1,q where (x,-€) < q < (x,+€)

Since N = x;+1;X,+Hi,%x3+1,1,q

='n = (x,+q)+1i;(x,-x5) and n= (x-q) +ip (X +x5)

Since &= x;+i;X,+Hi,X3+H, 15X,

31§ = (X1+X4)+11(X2‘X3) and 2§ = (X1‘X4)+11(X2+X3)

Now ‘15—177‘ =X, — 0| = +(x, — Q)

Volume XVI Issue IV Version |

Frontier Research (F)
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Since (x,-€) < q < (x,+ €) therefore +(x4, — q) <€
:>|1§—177| <€

Similarly |2§—277| = +(x4 —q) <€

Since € = Min(d,,d,) and d,*+d,’< 2r?

Therefore |1§—177|2 + | 2.»:—277|2 <2r?

\/ e i
= > <r

Therefore || —n|l< r

=ne B(§= x4 x,Fiyx+H, 1%, , T)

Now consider an element P in €, such that 'P = '€+ r and °P = *¢

it i S

<
2 zo

Constitute \/

Therefore PeB(E,r)

Since '§ = (x;4+x,)+H,(x-x;) and ¢ = (x,-%,) i, (x,+x;)
SOP = (3 4n) (%) and P o= (xx) (X +xs)
S Po= (%1 2) X (%+1/2)

=P & (G, W)
From (44), (45), (46) and (47)

Hence the set (g, W)y is the proper subset of B(§= x,4i,x,+1,x3+1,i,%, , 1)

3.3.2 Lemma

.(44)

Notes

..(45)

..(46)

.(47)

If (¢, W), is an open interval in ¢, such that u, # v, or u, = v, a,# b,

then there exist no open ball B(,r); r < « which contain the set (¢, ¥)c.

Or

© 2016 Global Journals Inc. (US)
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If (¢, W)y is an open interval in €, such that a, # b, or a, =

b17

a, # b,ora, =

b,, a, = b,, a,# b, then there exist no open ball B(§,r); r < « which contain the set (C,

W)R'
Where { = u,+i,u, = (a,+i,a,) + i,(a;+i,a,) and
W = v +i,v, = (b +iby) + iy(by+ib,)

Proof- Let B(,r) be an arbitrary open ball in €, such that r < o

Let suppose § = z,+1,2, = (x;+1;%,) + 1(x3+1,x,) and

let N = wy+i,w, = (y;+1,y,) + i,(y;+iy,) be the arbitrary element of B(E, ).

=ne B(§ 1)
=g —nll<r

3\/|Z1 — w2 +|z; —wyl?<r

Or [(XI_Y1)2+ (Xz‘Y2)2+ (X3‘Y3)2+ (X4‘Y4)2] i<y

:>|Zl —W1|<r and |Zz —W2|< r

OI' (Xi_Yi) < r; 1= 17 27 37 4

Let us consider an arbitrary open interval (¢, W), in €, which contain the element n

=ne(q, W)

=(<.n<W¥

Since (<N

Therefore either u,< w, or u;, = w;, u, < w,
Since n< W

Therefore either w,< v, or w;, = v, w, < v,

Case-A If u, # v, then there will be three possibilities.

Possibility-17: If u,< w,and w,< v,

Consider an element y = q,+i,q, €€, such that q, = w, and |z, — q,|>r

Since q, = w,

= w< qand ;< v,

=(<.y and y <.W¥

Therefore ye( , W)¢

Since |z, — q|> 1

=y& B(§ 1)

Therefore we have an element ye(g ,W) such that y& B(§,r)

= (C 7LIJ)C *¢—B(§' F)

Possibility-2": If u,< w,, w, = v,and w, < v,

Consider an element y = q,+i,q, €, such that u,< q, < w, and |z, — qz|>r

Since u,< q, =(<.y

Since q;< w; and w, = v,
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=y <MW

Therefore ye(C , W),

Since |z, — q|> 1

=y¢€ B(&1)

Therefore we have an element ye(C ,W). such that y& B(§,r)

= (¢, W) £B(& 1)

Possibility-37: If u, = w,, u, < w, and w,< v,

Consider an element y = q,+i,q, €€, such that w,< q, < v, and |z, — qz|>
Since u; = w; and w;< q;= (<. y

Since ;< vi= v <W¥

m Therefore ye(( , W),

Volume XVI Issue IV Version I
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Since |z, — qz|> 1
=y¢€ B(g,r)
Therefore we have an element ye (¢ ,W). such that y& B(E,r)
= (W) EB(& 1)
Case-BIf u, = v, & a;# b,
Since a;# b,= a;< b,
Consider an element s = a,+i,a,+1,¢,+1,i,¢, €C, such that a,< ¢; < b, and (x,-¢,) > 1
Therefore s (¢ ,W),and s¢ B(,r)
Also in this situation (¢ ,W). € B(§, 1)
Finally the ball B(§,r); r < < cannot contain any open interval (¢ , W), where
U, # Vv, or u; = vy, a;# by
Hence (¢ ,W). cannot be contained in any ball
B, r); r <

3.3.3 Theorem
The Real order topology is strictly finer than Norm topology.
Proof- Since the Real order topology and Idempotent order topology are not
comparable.[By Theorem-3.2.1]

Therefore there exist a set QESC, which will be open w.r.t. Real order topology
and will not be open w.r.t. Idempotent order topology.
Since Q is not open w.r.t. Idempotent order topology.
Therefore, from Theorem-3.1.3
Q will not be open w.r.t. Norm topology

Therefore we have a set Q which is open w.r.t. Real order topology and not open
w.r.t. Norm topology.

Therefore Idempotent order topology and norm topology are not equivalent and
Norm topology cannot be finer than Idempotent order topology

Now we want to show for all open ball B(§ r) and for all ne B(§ r) then there
exist (¢ W)y such that ne(¢ ,¥)z € B(E, 1)

Let us consider an arbitrary ball B(§,r) and consider an arbitrary element n of
B(E1) =ne BED)
Let N = y;+iy,+hys iy,

© 2016 Global Journals Inc. (US)
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I'" Method- Since neB(&, r) then there exist a ball
B(n, s);s > 0 such that B(n, s) € B(, 1)
Since N = y,;+i,y,+Lys+i by, then
(€ ,9)y will be the proper subset of B(N=y,+i,y,+1,y;+iL,y,, T)
Where (= y,+i,y, iy +ib(y-€),
Y = y,+H,y,+ioy;+iiy(y,+€) and € =Min(d,,d,) and d,*+d,*< 2r?
N otes [By Lemma-3.3.1]
Therefore for neB(E, r) we have a set (¢ ,W) such that ne (¢ ,¥)zand (¢ W) S B(E, ).
2"! Method-Since neB(&, r)

Let |1§_177|2 _ d12,|2§—277| —d,2

= d/+d,’*< 2r?

There exist d,, d,> 0 such that d, < d,, d,< d, and d,*+ d,°< 2r?

Consider a set (¢ ,%)y such that

¢ = yiHiyo iy Hib(yr€), ¥ = yi+iy,Hys+ihy(y,+€) and € = Min(dy-d;,d,-d,)
Obviously ne(q ,W)y

Let Ye(¢, W), ...(48)

=>0<p Y <g¥

= Y = y;+iy,Hystiha where (yr€) < a < (y,+e)
Therefore

Y = (v:+a)+i(yo-y;) and Y = (vi-a)+i (Yo tys)

Since N = y;+i;y,H,y;+iiby,

Therefore 'n = (y,+y,)+ii(y-ys) and 'n = (yr-y,) + i1 (ya+ys)
Now |1§—1Y| < |1§—177| + |177—1Y|

= [*e—v| <d, +lys —al
= |1«§—1Y| <d £(ys—2a)
Since (y,€) < a < (y,+€) therefore +(y, —a) <€
=X |1§—1Y| <d,+e

Since € = Min(d;-d;,d,~d,)
Therefore |1§—1Y| < d,

Similarly |2.§—2Y| <d,
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Since d,’+d,*< 2r°

Therefore |1§—1Y|2 + | 25—2Y|2 <2r?

JreT et
j—y > <r

Therefore ||E—Y||< r

= YeB(§, 1) ...(49)
From (48), (49)

(€, ") B(E1)

Therefore for NeB(§,r) we have a set (¢ ,W)gsuch that ne (¢ ,¥)yand (¢ ,¥); € B(§ 1).
Hence it proves that real order topology is strictly finer than Norm topology.

Compiling Theorems 3.3.3, 2.3.1, 2.3.2 and corollary 2.3.3, 2.3.14 together, result
to new corollary which states that

3.3.4 Corollary
The topology T, (and therefore T,, Ts T,» T» and T;)onC,is strictly finer than
the topology Ty (and therefore T;and T) on C,.
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Coordinate Systems, Numerical Objects and
Algorithmic Operations of Computational
Experiment in Fluid Mechanics

Alexander Degtyarev * & Vasily Khramushin °

Abstract- The paper deals with the computer implementation of direct computational experiments in fluid mechanics,
constructed on the basis of the approach developed by the authors. The proposed approach allows the use of explicit
numerical scheme, which is an important condition for increasing the efficiency of the algorithms developed by
numerical procedures with natural parallelism. The paper examines the main objects and operations that let you
manage computational experiments and monitor the status of the computation process. Special attention is given to a)
realization of tensor representations of numerical schemes for direct simulation; b) realization of representation of large
particles of a continuous medium motion in two coordinate systems (global and mobile); ¢) computing operations in the
projections of coordinate systems, direct and inverse transformation in these systems. Particular attention is paid to the
use of hardware and software of modern computer systems.

[. INTRODUCTION

The problems of the Computational Fluid Dynamics (CFD) are among the most complex for imple-
mentation on modern computers both because of their strong connectivity and because of the complex
nature of the problem. Not surprising that a large number of “grand challenges” to one degree or an-
other gets reduced to CFD problem:s.

Traditionally, the calculation of flows is associated with the solution of Navier-Stokes equations.
The problems in this area can be divided into three broad groups [1]:

1. Incorrectness of the Navier-Stokes equations underlying the simulation, since it is a certain
idealization of real processes.

2. Idealization is also present in the geometry of these flows. This concerns sharp edges, corners,
etc. in calculations. Such ideal forms were due to the method of approximation using large
meshes. This causes a very big problem in the solution, because in reality most of these features
are absent. Currently, the size of the mesh may be significantly reduced, which means that the
methods of dealing with the problems that arise should be different.

3. Every time when the current problems are mapped on a new computer architecture, there arise
porting problems of such applications. Since long ago it became clear that the appearance of
new architectures is related with the appearance of new programming environments, which
means the development of new libraries for currents will also be needed. Thus, we need to
approach the problem of fluid dynamics programming in a different way.

A distinctive feature of the solution of the first problem is the traditional use of the implicit nu-
merical schemes. Such a way reduces the solution to linear algebra problems that do not allow to

Author o o: St. Petersburg State University, Universitetskii prospect 35,198504 Saint-Petersburg, Russia. e-mails: a.degtyarev@spbu.ru,
v.khram@gmail.com
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efficiently control nonstationary processes and qualitative changes of the continuum for the consid-
ered complex problem. Moreover, the disadvantage of the implicit schemes as compared with the
explicit ones is in the raise of complexity and parallelization problems. We know that it is a price to
pay for the stability of the numerical scheme. However, the attractiveness of the explicit schemes has
led to the development of an approach based on the description of the behavior of many large liquid
particles [2]. Problems of numerical schemes instability in this case are avoided by providing a large
particle with additional degrees of freedom. Geometrically this requires the introduction of a dual
basis for describing the state of a large particle [3], [4].

The second group of problems is connected just with the geometric description of these flows.
The efficiency of the calculations (especially in the case of direct numerical schemes) depends sig-
nificantly on the description of the modeled objects, computational meshes and possibilities of their
transformation and manipulation [5], [6]. This article is focused on the construction of such formal
computational basis. Special attention is paid to programming procedures, which take into account
the architecture of the computing systems.

[I. THE SUBJECT OF APPLICATION

The algorithmic realization of direct numerical simulations using explicit schemes has a beautiful his-
torical analogy [2] in the form of calculus of fluxions by Isaac Newton. In the up-to-date algorithms,
such implementation is represented as three-dimensional space numeric objects. Between them, con-
nections are established for hydromechanics laws implementation.

Fluxions calculus! creates the basis of Newton classic mechanics for the motion in vector space
and scalar time. Velocity v [m/s] becomes first fluxia in kinematics. It is differential (in accordance
with Newton “moment”) in multiplication with time step At [s] or just ¢. If we adapt such reasoning
with reference to modern algorithms, then motion of control point in space is presented as follows?:

A=R+V 4+ T G+v="A+V+T V-1, )

where 7 is the calculated time interval [s]; @ is the vector count in the local basis (of the large particle)
[m~2]; *X and OX are new and initial positions of the control point in the global reference system [m];
R is the location of the local basis in the global reference system [m]; V is the velocity of the local
basis translational displacement [m/s]; ‘A; [m>/s] is the tensor of rotation and deformation of the basis
axes of the tensor form® r [m?].

This equation presents a point shift during one step of the direct computational experiment. As
shown, it can be represented in the form of the recalculation from the local coordinates of the point
into the global reference system in accordance with the time interval ¢.

Renewed spatial field of velocities and deformations are used at conjugate stage of computational
experiment. They are necessary for the control of the dynamic state as well as for redefining rheolog-
ical characteristics of fluid, which are presented in the form of scalar, vector and tensor objects. In
up-to-date complex computational models similar hydrodynamic characteristics are associated with
spatial distribution of polarized dipole cores, initiated sources of vortexes, etc.

Obviously, the direct computational experiment efficiency directly depends on the manipulation
efficiency with reference systems, numerical objects and algorithmic operations on these objects.

[11. GEOMETRIC SYNTHESIS OF COMPUTATIONAL OBJECTS AND RELATED
ALGORITHMIC OPERATIONS

Let us consider the principles of construction of the computational objects in direct computational
experiment. The described approach allows to partly automate the validation of code writing and to
improve its computational efficiency.

" fluens, fluentis are functions x,y,z on the argument of time 7, fluxio x, g, z are time derivatitives X, ¥,z.

2In scalar notation: *A, = %A, + (Vy + 5@ + 03y@” + 0300%) - 1
tA, = OA!, + (Vy + vypa® + vyya? +v,.0°) - 1;
A = A, + (V, + 000" + vya? + 0,507 - 1.

3 Tensor object without indices here and later are marked by bold.
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The geometrical construction of spatial problems includes scalar, vector and tensor numerical ob-
jects. Algorithmic procedures and arithmetic-logic operations are defined in the dimensional physical
form and associate numerical objects and interpolation basis in a tensor mesh space.

—_—

A=R+ar a=(A-R)-r

rzt rz_*.-‘ 2z
/
Irj\:\r 'r.‘v.\' zx
L —_ — —
r=r:.=(r_‘r r\ r;: ): r!J: r\\ ’r_'lj-' zy
rvz }Tm rz

Figure 1: Geometry of global space (gv)) and local basis (f~ (w)); i, j, k) denote unitary vectors in the

connected reference system

Elementary numerical objects are formed by non-coplanar basis vectors (Fig. 1). They serve to

. . . . . . . . . —
build indissoluble physical fields in the vicinity of adjacent mesh nodes (gTzR) and centers of mass (w).
Products of vector and tensor quantities are performed with convolution, i.e. by summation over a

repeated index in the monomial product (@ = a- roral = a; - r'/), the transition to local basis and
back (d = @ r or ar = a’ - r’%). The latter occurs at the return to absolute coordinates.

The proposed notation is similar to that in [7] and [8]. The symbol notations and the principles of
their construction are summarized below.

— A Left upper index marks the current time, which may be indicated by a capital letter 7 Q in
absolute terms or the calculated step in time ‘R. In addition, badges *w and ~w designate links to the
next or previous time interval.

— A Left low index marks a location in the mesh space (x.yz ?, or links to adducent knots (4, IA‘,
or centers of mass of liquid particles |, r. Itis performed on conjugate stages of the computational
experiment.

Right indices connect vector and tensor components in absolute and local bases. They serve to a
strict definition of the dynamics and deformation of numeric cells (particles of a continuous medium).

— Low right indices, tensor “box” and the right arrow show the belonging to an absolute coordinate
system (Fig. 1). For example, the tensor r [m?] is a collection by columns of basis vectors 7; in
matrices of geometric transformations (liked = @ r [m]).

— Upper right indices mark projections inside mobile and deformable mesh cells. The display of
unitary vectors of absolute coordinates lies in row vectors in matrix of inverse coordinate transforma-

. \ — ik /\71 -3 Cegr th) & S
tions, r= r/ = 1/ =r [m™]. They are marked by tensor “tick” and vector left arrow a = d- r
[m~2].

— Capital letters are used for big numerical values measured in scale of global space () and

general absolute time (7);

— Lowercase letters are used for especially small quantities or finite differences which are com-
mensurable with the physical dimensions of local bases of particle continuum w, as well as in the
range of the current time step ¢.

The absolute time 7 can contain the Julian date and time from the beginning of the day*: *T =

) - = A .
T + k - 1. Absolute values in space may also be presented®: A = R + @- r [m] (geographical and

* The real time is set by the numeric structure Event with Julian data: D (from 4713 BC), and local time in hours from the day beginning:

T

° In software environment points in global coordinates (Point) are separated with free vectors in local bases (Vector). It unifies
computing operations with tensor numerical objects Tensor and Basis.
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. . . . — .
other generalized coordinates). The need of involvement of absolute encoder in space gTzR and time
T is eliminated in the balanced numerical schemes. In this case, the use of numerical values at nodes

. . . LA
and centers of mass of conjugate mesh cells is sufficient at all stages of calculations 7 [m?].

Kinematics of internal streams is defined by the speed difference tensor (Fig. 2). It is given on the
large liquid particles basis vectors form shifted in time,

A — —> - —
V'tzvi-tzﬁr,-ztr,-—gri, 2)

Ref

6

Figure 2 : Movement of basis vectors of calculation cell in space

The tensor v [m?/s] defines the current speed of the displacement of the liquid particle basis vectors
on a local scale (lowercase letters) that is measured in the projection of the global coordinate system
(lower indices). The independent convective rates tensor describing the local motion of the fluid is
obtained after transformation of the velocity tensor reference frame® to the local basis of the large

liquid particle (geometric normalization): ;:QI . ¥' [1/s].

The tensor (‘</ [1/s]) contains the extended set of kinematic elements of the differential equations
with cross derivative components of deformable liquid particle motion:

y Vin™ + 0y + 0™ 0 0 Y 0 8 0 v 1+ 0, rE

< A : v

V=V - = vijrfk e R i e e A P B T P A Pl AR 3 B )
e ) R e LA sV e R VR G S V0 i o o

LTLETIETOZ N SJIA “AVISI9ATUN 99R)G 8INGSIN0g

sotueyoowWl Py} ur sjuewiirodxe [euoryeindurod I0j SOTJRUISY)RUL
-90I} JO SUOIOUNJ PUR UOI}ONIISU0D $300[qO [eolIowNU I0J 9pPO))

-jureg ‘(10suaT,)
IOSU9) [RUOISTUIIP

. . . .. < A A
Alternatively, such products can be presented in the form of complete differentiation v=v / r=

f)?,?/ ﬁ?,’ executed without artificial exceptions of “small” or convective elements in substantial deriva-
tive approximations. Thus correct physical interpretation of rheological characteristics of liquid and
living conditions of currents is remained.

IV. CONSTRUCTION OF TENSOR NUMERICAL OBJECTS AND MODELING
ALGORITHMS

Computing space is constructed on fixed nonregularized nodes (Point) in indexed set of mesh cells.
Three-dimensional interpolation is carried out using Euclidean bases (Base). Inside and in the vicin-
ity, coordination of physical laws with the use of free vectors (Vector) is realized.

Object-oriented programming allows to move the control of the basic math operations correctness
at the stage of the source program compilation, if they are applied to uniquely determined numerical
objects (in accordance with physical characteristics).

The main computational objects (see, e.g., [9]) are defined by the requirement of fast and indepen-
dent performance of computational operations. Particular attention is paid to the possibility of quick
adjustment of the calculations for the application of hybrid algorithms depending upon conditions of
the physical phenomena existing in a local subdomain. The following objects are introduced:

8 Prohibition improving rank in product operation enables automatic permutation of factors in geometric transformations:
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typedef double Real; //scalar quantity in global space and time
typedef double real; //local or differential counts in space and time

struct Tensor; // tensor object without contextual links for quick calculation
struct Base; // location coordinates and related Euclidean basis

struct Cell; // numerical cell with contextual links to adjacent particles
struct Point; // point in scale of absolute reference system

struct Vector; // free difference vector in scale of local reference system
struct Space; // space of nodal elements for net area in general

struct Volume; // set of free/moving and deformable cells

The control of the correctness of the mathematical operations with respect to the listed objects
can be illustrated as follows. The automatic conversion of a complex variable Vector or Tensor to
a local value real determines the length of the vector and the determinant of the matrix. Any other
transformation are marked as wrong by a translator. The difference between values of type Point can
only give a value of Vector. Addition of objects of type Vector with Vector or Point values will
result in the same type of data, and no other.

The development of modern computers goes rather towards adding more RAM, than towards im-
proving the processing of large amounts of data. The basic data arrows Space and Volume have to
be retained at current, previous and subsequent cuts in time for the technical support of the paral-
lelization. This allows to synchronize the parallel processing in the case of complete separation of
the stages of the experiment into independent physical processes, or to create any cycles for matching
parameters of the computing environment in complex and ill-conditioned mathematical models, if
necessary.

V. CONCLUSION

The solution of any computational problem consists of several stages:

— problem identification;

— formalization of the physical problem;

— construction of a computational procedure;

— creation of code for the chosen computer architecture.

At the transition between any successive stages, qualitative change in the essence of the described
phenomenon can occur. Problems associated with incorrect mathematical models, numerical schemes
to replace them, mapping problems on the architecture of a computer system, etc. are quite well
known. For an adequate creation of a complete solution of the problem, it is necessary to develop
consistent mapping of one stage onto another. The above approach is an attempt to adequately repre-
sent the final stage of solving the overall problem.
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I. THE SCALAR TRANSMISSION PROBLEM

Let Q_ be a bounded region in R® and Q, =R3\ Q_. Let X = 9Q_ = dQ. the interface is of
class C°| see figure 1. Throughout this work, ® denote the space consisting of all C'*°-functions
with compact support and @’ is the topological dual space of @ (space of distributions).

Q,

Figure 1 : Region of the problem

Consider the basic weight

Ur) =V1+12, (1)

with r = /2% 4+ 23 + 23, for x = (z1, 22, x3), is the distance of the origin. For any scalar function
u = u(x1, 22, x3), we define the laplace and grad operator of u by

3
0%u

Au = 8—3722’

i=1

W:(au ou 8u>.

da1’ xy’ Dxs

and

Due to the unboundedness of the exterior domain A = €, the transmission problem is based on
the weighted Sobolev spaces, also known as the Beppo-Levi spaces (see [1], [2]), these spaces were
introduced and studied by Hanouzet in [3].

For any multi-index « in N3, we denote by 9% the differential operator of order a:
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oled

= «aq a a3 ?
0z 0x5” 0y

o“ with |a| = a1 + a2 + as.

Then, for all m in N and all £ in Z, we define the weighted Sobolev space:

W (Qi*) = {v €D(QF) | YaeN?, 0<|al <m, £(r)el-mTkgay e Lz(Q“)}, 2)

which is a Hilbert space for the norm:

1

2

[vllwye (is) = Z ||f(7’)|a|7m+k5’%||2m(ms)
|a|=0

And a wide range of basic elliptic problems were solved in these spaces by Giroire in [4],
Wi (A) = {u €eD'(A) | (U(r) ue L*(A),Vu e LQ(A)}

and
0%
6$i 81‘]'

They are reflexive Banach spaces equipped, respectively, with natural norms:

W2(A) = {u € D'(A) ‘ % € L*(A),Vu € L*(A), ((r) € L?(A),1<i,j< 3}

1

ety ay = (1) ullFeay + IVulZz))

and
u |2 9% | :
lotbzin = (|| + 1Vt g
1 E(T) L2(4) ) 1<i5<3 3%813 L2(A)
We also define semi-norms
|U|W(1](A) = ||VU||L2(A),
and
1
0%u ’
[ulwz(ay = Ur)s—5—
1(4) lgiZj:Si’) amial‘j L2(A)

Here L?(A) = (L?(A))?3, and also we define for all m in NU {0} and all k in Z

L2 (R?) = {u ER | VaeN3, 0<|a| <m, £(r)lal=m+ky ¢ L2(R3)} :

m,k

with the norm

2

lallzz, , rsy = § D 167" ul pageay
| ] =0

Hence
W) = L2(Q) and WO, (RY) = L3, (R?).
We set the following spaces:
Wh(4) =D Y and W4) = DA) O,

We denote by W5 (A) (respectively WO(A)) the dual space of W(A)
(respectively of W2(A)). They are spaces of distributions.

With a(x) = a— € Q_, a(x) = a4 € Q4 for constants a+, its jump [a]x = a1 — a_, across ¥ and

the restriction ¢ (™) of a function ¢ to Q4 (22_) we consider the problem:
For given

FELXQ_)UWIQ,) and ge H?(X),

© 2016 Global Journals Inc. (US)
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find ¢ € V, such that

with

pEV = HYQ ) UWYQ,), HY(Q )= {so e H'(Q)

a+/ Vet -V +dm+a,/ Vo= -V —dx= —/ f~de+[a]z;/ g-ds, ¥ €V (7)
Q+ — Q+U97 b))
| e - 0} , (8)
Ref and ¢ satisfies the decay condition at infinity
1

1
csz(H), (9,1@:0(W) as |x| — oo, (9)

The transmission problem (6)-(7) is elliptic. By elliptical regularity, ¢ has more regularity on
sub-domains when the data are more regular.
We introduce

PH*(R®) = {p = (¢",07) | ¢t € Wi(Q4) and o~ € H*(Q_)},
with norm
el Bre@e) = o™ @) + leT [Fe @, )- (10)

The following result is an extension of Peron’s results [5] (for a bounded exterior domain) to an
unbounded exterior domain €.

Proposition 1. Let ¢ be a solution of the problem (7). For f and g satisfying (6) we have
¢ € PH*(R?), (11)
 solves
aJrA(PJr = er in QJra
a_Ap~ =f" in Q_,
+ _ -

a+Opp™ —a_Onp™ =[als-g on %,

1 1
CPO(E)’ angoo<|w—2) as |z — oo,

where Op, denote the normal derivative.

Proof. We choose a ball B with radius R > 0 and boundary 0Bg containing 2_. Let
Qp =limg o Qg and Qg = BRNQy, with 9Qr = IBr U X, see figure 2.

Br

5. V. Peron, Modjelisation mathjematique de phjenom‘enes jelectromagnjetiques dans
des matjeriaux ‘a fort contraste, PhD thesis, Universitje de Rennes I, Rennes,
France, (2009).

Figure 2 : The domain Qp = BR N Q.
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Then, the first term in (7) is

a+/ Vot - Vider = lim a+/ Vot - Vidz,
Q. R Qg

— 00

and by integration by parts in Qg

a4 Vot Vider = ay ApT apdr + ay Onp™ - hds
Qr Qr QR

—ay A(p+.@dm+a+/an¢+.@ds+a+/ D™ - Tds, Notes
Qr b)) 9BR

then, when R — oo, comes
a4 Vot Vidr =a, ApT - pdx + a+/ OnpT - 1bds + lim a+/ Onp™ - 1bds.
Q Qy b R—o0 dBr
The second term in (7) by integration by parts, yields

a_ Vo~ - Vipdr = a_ Ag™ - pdx — a_/ Onp™ - hds
b

Q_ Q_

then

a+/ Vot - Vids + a_ Vo~ - Vipdr =
Q4 Q_

=a4 Ap™t - pdr +a_ Ap™ - pdr+
Q4 Q_

+/(a+8ng0+ —a_0Onp™) -1bds + lim a+/ Onp™ - ds.
> R— o0 OBr

The right part in (7) is

[ (g Bds = [ gt e [ f T lds [ g T,
QU0 b Qy Q_ b
then, we have
ay | ApTddr=— | fT-dda,
Qy Qy
a_ A~ - pdx = — f~ - dde,
Q- Q-

/ (a10n" — a_Bup™) - Tds = [a)s / g-Pds,
> >

and
lim a+/ Ono™ - 9ds. = 0.
R—yoo dBr
This implies (12), because ¢ satisfies (9). g.e.d.
Next we set a; =1, a_ = p € C, and consider:

Find ¢, € V, such that, for all €V,

wj-v +dx+p/ Ve, -V —dx:—/ f~@dw+(1—p)/g-@ds, (P,)

Q+ Q_ Q+U97 b))

with f and g satisfying (6) independent of p and ¢ satisfying (9).

We construct a mapping p — ¢, where ¢, solves (P,) and consider its behavior when |p| — co.
We assume

© 2016 Global Journals Inc. (US)



Ref

conduction and electromagnetism, Journal of

Mathematical Analysis and applications. 370 (2) (2010), 555—-572.

in heat

7. G. Caloz and M. Dauge and V. Peron, Uniform estimates for transmission problems
with high contrast

/ fdz =0 and / gds = 0. (13)
QLU0 )

and show an a priori estimate for ¢, uniformly in p.
We show now that ¢, € V. By construction, ¢, is a solution of problem (12), with a_ = p, a4 = 1.
Especially ¢, € H'(Q_) UWg(Qy). Finally [, ¢, dr =0, because ¢, has integral mean zero.

To complete the proof of Proposition 1 let as now to prove the following a priori estimate. Its

application gives the assertion of Proposition 1.

II. A PRIORI ESTIMATE

The main result for this work is to show a priori estimate in PH? uniformly in p for a solution
¢, €V of (P,); that is the following theorem ([6, Teorema 3]).

Theorem 1. Assuming (6) and (13), there exists a constant po > 0 such that for all p € {Z €
C||21 = po}, problem (P,) has a solution ¢, € PH?*(R3) with

[pollprr2es) < Coo (1F L2y + I1F  wgcary + 1191l 4 ) (14)

where C\,, > 0 is independent of p, f and g.

The proof of Theorem 1 follows the same steps as the approach in [5, 7] and is given via the
following steps.

First we expand ¢, in a power series in p L.

el in Qy,
n=0
Zw;p_", in Q_.
n=0

We show that these series converge in the norm in the space PH? to a solution of problem (P,).

Inserting (15) in (12) and identifying terms of like powers of p~! we obtain a family of problems

independent of p, coupled by their conditions on ¥, and the decay condition at infinity. Then by
simple calculation we obtain:

Apg =0, in Q_,

(16)
ancp(; =g, on 2;
and
ASDS_ = f+7 in Q-i-a
(17)
@5 =@y, on X,
and for £ € N with the Kronecker symbol d, 1
A(p]; = 6k‘,1f_7 in Q—7
(18)
an@]; = _616719 + ansp;:717 on Eu
and
Apf =0, in Q,
(19)

and the condition at infinity
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1 1
wp =0 (;) , Onp,=o0 (F) as |x| — oo, (20)

We construct every term successively ¢,, and ¢;", by beginning in ¢, and <par.
Let us assume that {¢; }7=5 and {{ }7Z, are known. Then, problem (18) defines a unique ¢, .
Its trace on X is inserted in (19) as Dirichlet data to determine the external part ¢ .

The Neumann problem (16) has a unique solution gy € H'(Q_)if [, ¢y dz = 0. We remember
that we have the compatibility condition [, gds = 0. Also, by elliptic regularity, o5 € H?*(_)
and there is a constant Cy > 0, independent of p, such that (see [8, Theorem 2.5.2])

95 iy < Onlaly g (1)
We are interested in (g in (17). Problem (17) has a unique solution (see [4, Chapter 2]), ¢ €
W{(Q4). Also, by elliptic regularity and since ¢, € H?(Q_), ¢f € W?(Q) and there is a constant
Cpn > 0 independent of p, such that (see [2, Theorem 6])

leg llwz o,y < Conlleg 2@y + 1/ lwoos))- (22)

Now that (20) guaranties that ¢f € W§(Q4) and not only in W§(€24)\R. Similarly we can deal
with (18) and (19). Since ¢, satisfies the decay condition at infinity, ¢, can not behave like a
constant. Therefore the constraints (23) are not necessary.

Next we show that the Neumann problem (18) is compatible.

For k = 1, is necessary to prove that

fdx+ / (=g + O )ds = 0. (23)
Q_ )
According to (17) and (20)
AQDSF = f+a in Q-‘ra
o5 = ©5 on X, (24)

1
Onpg =0 (W) , as |x| — oo.

We choose a ball Bg with radius R > 0 and boundary 0Bp containing Q_ (see figure 2). Then
for the bounded domain 4 N Bg, integrating by part in (24); gives

/ [T tdx = / Apd Fdx
Q+QBR Q+QBR

=/ Ve -V +dx+/ T Onpdds,
Q+QBR 8(Q+QBR)

for =1 yields

/ [Tde = / Ontpg ds
Q. NBr 8(Q1+NBg)

and 0(Q24 N Br) = 0Br UX, then

/ frdx = / Onpg ds +/ Onpg ds
Q4NBr OBr =

1
OBRr =

© 2016 Global Journals Inc. (US)
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Notes

1 2
/ f+dx:0(1)+/8ngog'ds, as R — oo,

/ f+d:c:/8n<pards.

/ gds =0, and fdx =0,
b R3

then

then

Under the hypothesis (13)

then
frde = — fdx,

Q4 Q_

the compatibility condition (23) is deducted.
For k > 2, we assume that the term @:71 is constructed. It is necessary to show that

/Eancpg_lds =0. (25)
According to (19) and (20)
Acpz_l =0, in Qg
Pho1 = Pt on X, (26)

1
3,1302'_1 =0 <W> , as |x| — oo.

Again we choose a ball Br with radius R > 0 and boundary 0Bp containing 2_. Then for the
bounded domain Q4 N Bpg, integrating by part in (26); gives

0= / Agp;ll_‘irdx = / Vgogfl -V tdx +/ +. 8ng0;r71ds,
Q+r‘IBR a(Q+ﬂBR)

0= / 6ngo'k"_1ds
a(Q+ﬂBR)

and 9(Q4 N Br) = 0Br UX, then

O:/ Bngozflds—l—/angpzilds

&Br b

—/ o(i)ds—i—/agfr ds
9Br R? 5 Tk

1
=o(gm) '+ [ npiats
by

0=o0(1) —|—/ 8n<pg71ds, as R — oo,
Y

then

then

0= / angogflds,
)
then (25) is deducted.
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Consequently, the Neumann problem (18) admits a solution ¢, € H'(Q_), which is unique
under condition [, ¢ dz =0 (see [8, Theorem 2.5.10]). Also, ¢, € H*(Q_) and (see [5, 7])

Ik sy < CNIBEIS Iz + gl 3 ) + 1081l 3 ) (27)

Finally, problem (19) has a unique solution ¢} € W}(2;) (see [4, Chapter 2] and the estimate
(see [8, Theorem 2.5.14])

lei lwaayy < Conlley a2y (28) Ref
Next, we demonstrate the convergence in PH?(R3) of the series (15) for large |p|.
For the Neumann trace (see [5, 7))
i WHQL) — HE (D),
¢ > Oy
we have with a constant C; > 0,
1.2 3 gy < Crllelimnca (29)

We pose o = CyC1Cpn, where Cy and Cpy are the respective constants of estimates (21) and
(22). With (27), (28) and (29) we show by induction

lenllmz) < o Hlerllme),
(30)
e lway < Cbpn-a™ ey a2

(30)1 can be see as follows: For n =1,

o1 2oy = a®ller a2
With (27) we have for k = 2

oz 20y < Onl|One] ||

(100g) ‘Sef1oA-108ut1dg ‘smejqoid oruouLIRY]

10J suorjejussardal [eIS93u] ‘Suoryenba O13OUSLWOIIIO pUR OIISNOIY ‘O9[OPAN D [ '8

HE(s)
and with (29)

g a2y < CnCillef w2,y
hence by (28) we have for k = 1

leT w20y < Conller la2@.y,
and therefore
les llm2@y < OnCiCon ey a2y = eller a2 @)

We assume that (30); is true for k =n — 1, this is

lon_illmzo ) < & llor lm2.),
then, according to (27), for k =n

len 2@ ) < CnllOnwpn— 13 5y
and for (29)

len 12y < OnCillog_illwz oy

according to (28) for k=n—1

||<P:—1||Wf(n+) < Conllen_1llm20 )

then

© 2016 Global Journals Inc. (US)
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||(p;||H2(Qf) < CNcchN||QD;_1||H2(97)
R N EG )
=a" i a2y,

then (30); is true for all n.
(30)2 can be see as follows: According to (28) for k =1

||80f||w§(9+) < Conller a2y,
and for k =2

13 lw2(ey) < Conlles 12y
According to (27) for k = 2

I3 oy < Onl0agt 3

and for (29)

3 120y < OnCLlleT lwz iy
then

13 lwzy) < ConCNCilleT llwaay)
< Cpn - alley lm2@)-
We assume that (30)s is true for k = n — 1, this is
led_1llweia,y < Con - o 2llor a2
then, according to (28), for k =n

e lwz o,y < Conllen a2 ),

and according to (27) for k =n

len 20y < OnllOnn_ill 4 )

and for (29)
len 20y < OnCillen_illwaay):
then
lonlmzy < COnCiCon - o™ 2lor lm2(al)

=a" i a2 @)
then

o lwe2 ey < Con - o™ Hier a2,

then (30)2 is true for all n.

Hence for all p € C, with |p| "l < 1, the series (15) converges in W (€2 ) and H?(Q_), respectively.
Now we are in the position to prove Theorem 1.

We show first the estimate (14) for ¢, in (15). Let pg > 0, such that py'a < 1, where a =
CnCiChn.

Let p € {z € C|[z] > po}. According to (30) ¢, converges geometrically in PH?(R?) with
convergence ratio |p~!|a, bounded by py . Hence,
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1 _ _
e llwe,) < CDNmPo ey ezl + ||<Pg||W§(Q+)7
0

o1 |22y + [lwg [[r2(0)

1
_ < —1
e, lazy < po = pla

From (15)1, (30)2 and the triangular inequality, we have
leglwzyy =11 2020 o P " lwzcay)

< ||S05r||wf(n+) + 3t 1ot lwe ™™

<leg w2y + Con - a ey a2y Xopey I e,

and

Z|p—”|a e [ S U

n=1 P l_paa
then

1 _ _
||<Pp w2,y < CDNmPO Yl |2y + ||<P(J)r||wf(9+)-
0

Using the triangle inequality, (15)2 and (30);, we have

oy lazsy =10 PP a2
< leg laz_y + > omey len laz@y o™

<o a2y + o et a2y domey o7 " ™,

this and (32) implies (31)a.
Now, from (27), for k =1

It ) < OnlI iy + 19l 3 ) + 10058 13 )
according to (33) and (29), get

ler ez < ON[IFlez@y + 19l 3 ) + Cilleg llwa(as))-

From (34), (31), (21) and (22), we have

1
ot lwe ) < CDNﬁ o "CN I 2oy + llgll (s
~ Po

+CCoN (Onlgll g ) + I1f *llwe@,))] + Con(Crligl s o T £ * lwoas))s

and

1
— —1
ey lr20) < po m NI ez ) + ||g||H2(E)

+C1CpN (O lgll 3 ) + 1 Iwo )] + O llgl 3 )

This yields the estimate (14).
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Philosophy and knowledge. The Global Journals Inc. (US) is parental platform for Global Journal of Computer Science and Technology,
Researches in Engineering, Medical Research, Science Frontier Research, Human Social Science, Management, and Business organization.
The choice of specific field can be done otherwise as following in Abstracting and Indexing Page on this Website. As the all Global

© Copyright by Global Journals Inc.(US) | Guidelines Handbook .



Journals Inc. (US) are being abstracted and indexed (in process) by most of the reputed organizations. Topics of only narrow interest will
not be accepted unless they have wider potential or consequences.

2. ETHICAL GUIDELINES
Authors should follow the ethical guidelines as mentioned below for publication of research paper and research activities.

Papers are accepted on strict understanding that the material in whole or in part has not been, nor is being, considered for publication
elsewhere. If the paper once accepted by Global Journals Inc. (US) and Editorial Board, will become the copyright of the Global Journals
Inc. (US).

Authorship: The authors and coauthors should have active contribution to conception design, analysis and interpretation of findings.
They should critically review the contents and drafting of the paper. All should approve the final version of the paper before
submission

The Global Journals Inc. (US) follows the definition of authorship set up by the Global Academy of Research and Development. According
to the Global Academy of R&D authorship, criteria must be based on:

1) Substantial contributions to conception and acquisition of data, analysis and interpretation of the findings.
2) Drafting the paper and revising it critically regarding important academic content.
3) Final approval of the version of the paper to be published.

All authors should have been credited according to their appropriate contribution in research activity and preparing paper. Contributors
who do not match the criteria as authors may be mentioned under Acknowledgement.

Acknowledgements: Contributors to the research other than authors credited should be mentioned under acknowledgement. The
specifications of the source of funding for the research if appropriate can be included. Suppliers of resources may be mentioned along
with address.

Appeal of Decision: The Editorial Board’s decision on publication of the paper is final and cannot be appealed elsewhere.

Permissions: It is the author's responsibility to have prior permission if all or parts of earlier published illustrations are used in this
paper.

Please mention proper reference and appropriate acknowledgements wherever expected.

If all or parts of previously published illustrations are used, permission must be taken from the copyright holder concerned. It is the
author's responsibility to take these in writing.

Approval for reproduction/modification of any information (including figures and tables) published elsewhere must be obtained by the
authors/copyright holders before submission of the manuscript. Contributors (Authors) are responsible for any copyright fee involved.

3. SUBMISSION OF MANUSCRIPTS

Manuscripts should be uploaded via this online submission page. The online submission is most efficient method for submission of
papers, as it enables rapid distribution of manuscripts and consequently speeds up the review procedure. It also enables authors to
know the status of their own manuscripts by emailing us. Complete instructions for submitting a paper is available below.

Manuscript submission is a systematic procedure and little preparation is required beyond having all parts of your manuscript in a given
format and a computer with an Internet connection and a Web browser. Full help and instructions are provided on-screen. As an author,
you will be prompted for login and manuscript details as Field of Paper and then to upload your manuscript file(s) according to the
instructions.
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To avoid postal delays, all transaction is preferred by e-mail. A finished manuscript submission is confirmed by e-mail immediately and
your paper enters the editorial process with no postal delays. When a conclusion is made about the publication of your paper by our
Editorial Board, revisions can be submitted online with the same procedure, with an occasion to view and respond to all comments.

Complete support for both authors and co-author is provided.

4. MANUSCRIPT’S CATEGORY

Based on potential and nature, the manuscript can be categorized under the following heads:
Original research paper: Such papers are reports of high-level significant original research work.
Review papers: These are concise, significant but helpful and decisive topics for young researchers.
Research articles: These are handled with small investigation and applications

Research letters: The letters are small and concise comments on previously published matters.

5.STRUCTURE AND FORMAT OF MANUSCRIPT

The recommended size of original research paper is less than seven thousand words, review papers fewer than seven thousands words
also.Preparation of research paper or how to write research paper, are major hurdle, while writing manuscript. The research articles and
research letters should be fewer than three thousand words, the structure original research paper; sometime review paper should be as
follows:

Papers: These are reports of significant research (typically less than 7000 words equivalent, including tables, figures, references), and
comprise:

(a)Title should be relevant and commensurate with the theme of the paper.

(b) A brief Summary, “Abstract” (less than 150 words) containing the major results and conclusions.

(c) Up to ten keywords, that precisely identifies the paper's subject, purpose, and focus.

(d) An Introduction, giving necessary background excluding subheadings; objectives must be clearly declared.

(e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit repetition;
sources of information must be given and numerical methods must be specified by reference, unless non-standard.

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to
have adequate numerical treatments of the data will be returned un-refereed;

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing.
(h) Brief Acknowledgements.
(i) References in the proper form.

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial
correction.
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness.
It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines.
Format

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable,
that manuscripts should be professionally edited.

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary.
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater.

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed
by the conventional abbreviation in parentheses.

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration,
1.4 | rather than 1.4 x 10-3 m3, or 4 mm somewhat than 4 x 10-3 m. Chemical formula and solutions must identify the form used, e.g.
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear.

Structure
All manuscripts submitted to Global Journals Inc. (US), ought to include:

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces),
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining
and indexing.

Abstract, used in Original Papers and Reviews:
Optimizing Abstract for Search Engines

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most
public part of your paper.

Key Words

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and
Internet resources.

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible
keywords and phrases to try.

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing

research paper are very helpful guideline of research paper.

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as
possible about keyword search:
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e One should start brainstorming lists of possible keywords before even begin searching. Think about the most
important concepts related to research work. Ask, "What words would a source have to include to be truly
valuable in research paper?" Then consider synonyms for the important words.

e It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most
databases, the keywords under which a research paper is abstracted are listed with the paper.

e One should avoid outdated words.

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are
bound to improve with experience and time.

Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references.
Acknowledgements: Please make these as concise as possible.

References

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions
will cause delays.

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the
Editorial Board.

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not
being noticeable.

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management
and formatting.

Tables, Figures and Figure Legends

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used.

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers,
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them.

Preparation of Electronic Figures for Publication

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible).

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi;
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi.
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork.
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to
complete and return a color work agreement form before your paper can be published.

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the
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Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper?
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about this field
from your supervisor or guide.

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:

1. Choosing the topic: In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can
have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can be done by
asking several questions to yourself, like Will | be able to carry our search in this area? Will | find all necessary recourses to accomplish
the search? Will | be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper.
They are here to evaluate your paper. So, present your Best.

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and
automatically you will have your answer.

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper
logical. But remember that all points of your outline must be related to the topic you have chosen.

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the
supervisor to help you with the alternative. He might also provide you the list of essential readings.

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious.
7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose

quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet.

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model
research paper. From the internet library you can download books. If you have all required books make important reading selecting and
analyzing the specified information. Then put together research paper sketch out.

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth.

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier.

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it.
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and
always give an evaluator, what he wants.

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it
either in your computer or in paper. This will help you to not to lose any of your important.

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those
diagrams, which are made by your own to improve readability and understandability of your paper.

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but
if study is relevant to science then use of quotes is not preferable.

16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will
confuse the evaluator. Avoid the sentences that are incomplete.

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be
possible that evaluator has already seen it or maybe it is outdated version.

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that
suits you choose it and proceed further.

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your
target.

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use
language that is simple and straight forward. put together a neat summary.

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with

records.

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute
will degrade your paper and spoil your work.

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot.

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in
trouble.

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also
improve your memory.

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have
several ideas, which will be helpful for your research.

29.Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits.

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their
descriptions, and page sequence is maintained.

31. Adding unnecessary information: Do not add unnecessary information, like, | have used MS Excel to draw graph. Do not add
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be
sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers.
Amplification is a billion times of inferior quality than sarcasm.

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way
to put onward earth-shaking thoughts. Give a detailed literary review.

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical
remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples.

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING

Key points to remember:

®  Submit all work in its final form.
®  Write your paper in the form, which is presented in the guidelines using the template.
®  Please note the criterion for grading the final paper by peer-reviewers.

Final Points:

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections,
submitted in the order listed, each section to start on a new page.

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness
of prior workings.
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Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation,
and controlled record keeping are the only means to make straightforward the progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines.

To make a paper clear

- Adhere to recommended page limits
Mistakes to evade

e |[nsertion a title at the foot of a page with the subsequent text on the next page
e  Separating a table/chart or figure - impound each figure/table to a single page
e  Submitting a manuscript with pages out of sequence

In every sections of your document
- Use standard writing style including articles ("a", "the," etc.)

- Keep on paying attention on the research topic of the paper

- Use paragraphs to split each significant point (excluding for the abstract)

- Align the primary line of each section

- Present your points in sound order

- Use present tense to report well accepted

- Use past tense to describe specific results

- Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives
- Shun use of extra pictures - include only those figures essential to presenting results

Title Page:

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed
lines. It should include the name(s) and address (es) of all authors.
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Abstract:

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references
at this point.

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written?
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to
shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no
more than one ruling each.

®  Reason of the study - theory, overall issue, purpose

®  Fundamental goal

®  To the point depiction of the research

®  Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results
of any numerical analysis should be reported

e  Significant conclusions or questions that track from the research(es)

Approach:
®  Single section, and succinct
®  Asaoutline of job done, it is always written in past tense
® A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table
®  Center on shortening results - bound background information to a verdict or two, if completely necessary
¢  What you account in an conceptual must be regular with what you reported in the manuscript

Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics)
are just as significant in an abstract as they are anywhere else

Introduction:

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction,
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the
protocols here. Following approach can create a valuable beginning:

e  Explain the value (significance) of the study

®  Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its
appropriateness from a abstract point of vision as well as point out sensible reasons for using it.

®  Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them.

e Very for a short time explain the tentative propose and how it skilled the declared objectives.

Approach:

e  Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is
done.

®  Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a
least of four paragraphs.
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®  Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the
whole thing you know about a topic.

e  Shape the theory/purpose specifically - do not take a broad view.

®  Asalways, give awareness to spelling, simplicity and correctness of sentences and phrases.

Procedures (Methods and Materials):

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section.
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic
principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the
whole thing you did, nor is a methods section a set of orders.

Materials:

®  Explain materials individually only if the study is so complex that it saves liberty this way.
®  Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.
® Do not take in frequently found.

e |[f use of a definite type of tools.
®  Materials may be reported in a part section or else they may be recognized along with your measures.
Methods:

®  Report the method (not particulars of each process that engaged the same methodology)

®  Describe the method entirely

®  To be succinct, present methods under headings dedicated to specific dealings or groups of measures

e  Simplify - details how procedures were completed not how they were exclusively performed on a particular day.

e If well known procedures were used, account the procedure by name, possibly with reference, and that's all.
Approach:

e |t is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use
third person passive voice.

e  Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences.

What to keep away from

®  Resources and methods are not a set of information.
®  Skip all descriptive information and surroundings - save it for the argument.
® leave out information that is immaterial to a third party.

Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the
outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated

in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not
be submitted at all except requested by the instructor.
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Content

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate.
Present a background, such as by describing the question that was addressed by creation an exacting study.
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if
appropriate.

e  Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form.
What to stay away from

® Do not discuss or infer your outcome, report surroundings information, or try to explain anything.
L] Not at all, take in raw data or intermediate calculations in a research manuscript.

® Do not present the similar data more than once.
®  Manuscript should complement any figures or tables, not duplicate the identical information.

®  Never confuse figures with tables - there is a difference.
Approach

e Asforever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
e  Put figures and tables, appropriately numbered, in order at the end of the report

e |f you desire, you may place your figures and tables properly within the text of your results part.
Figures and tables

e |f you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix
materials, such as raw facts

®  Despite of position, each figure must be numbered one after the other and complete with subtitle
®  |n spite of position, each table must be titled, numbered one after the other and complete with heading

e Allfigure and table must be adequately complete that it could situate on its own, divide from text
Discussion:

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally  accepted information, if  suitable.  The implication of  result  should be  visibly  described.
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that.

®  Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain."

®  Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work

®  You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea.

®  Give details all of your remarks as much as possible, focus on mechanisms.

®  Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted.
®  Tryto present substitute explanations if sensible alternatives be present.

®  One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain?

e  Recommendations for detailed papers will offer supplementary suggestions.
Approach:

®  When you refer to information, differentiate data generated by your own studies from available information
®  Submit to work done by specific persons (including you) in past tense.
= Submit to generally acknowledged facts and main beliefs in present tense.
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THE ADMINISTRATION RULES

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get

rejected.

. The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis.

e Do not give permission to anyone else to "PROOFREAD" your manuscript.

®  Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.)
®  To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XXIII

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

E-F

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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