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[.  INTRODUCTION AND PREREQUISITES

The well-known Eulerian Beta integral [6]
b
/ (z—a)* 1 (b—t)’"1dt = (b — a)*P 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a)

Is a basic result of evaluation of numerous other potentially useful integrals
involving various special functions and polynomials. The mathematicians Raina and
Srivastava [7], Saigo and Saxena [8], Srivastava and Hussain [11], Srivastava and Garg
[10] et cetera have established some Eulerian integrals involving the various general
class of polynomials, Meijer’s G-function and Fox’s H-function of one and more
variables with general arguments. Recently, several Authors study some multiple
Eulerian integrals, see Bhargava [2], Goyal and Mathur [5], Ayant [1] and others. The
aim of this paper, we obtain general multiple Eulerian integrals of the product of two
multivariable A-functions defined by Gautam et al [4], a class of multivariable
polynomials [10] and the extension of the Hurwitz-Lerch Zeta function.

The last function noted ¢(z,s,a) is introduced by Srivastava et al ([15], eq.(6.2),
page 503) as follows:

(;S(pl’ ~~,pp7tf17- ffq) (z;5,a) i 1 )Rp” X f
Aty Apapnyee R:O a—I—R H] 1 (1) ro; R

with: p,q € Ng,A; € C(j=1,---,p),a,u; € C\Zy (j=1,---,q),p;,0% eRT
(G=1,--,p;k=1,---,q)
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1
where A > —1when s,z € C; A = —1 and s € C,when|z| < v*,A = —1and Re(x) > 5 When |z| =

P a P
R VO VR SLp DU —5+Zua ZHu

[15=1 (X)) Ry,
(a+ R)* IT7_, (1)) ro,
The multivariable A-function is a generalization of the multivariable H-function

studied by Srivastava and Panda [13,14]. The A-function of r-variables is defined and
represented in the following manner.

We shall call these conditions the conditions (f) and Ar =

Z 1 r 1 1 T
PG AT AT (O (O

Alzr ) = Ap et ™
1 T 1 1 T T
g B B (@Y, D) g (d DS ),
U(styse) [[0k(se)zp dsi---dsy (1.3)
L L paiey
where ¢(s1,---,8,),0i(s;),i=1,---,r are given by:

17, Db — 0, BYs >HJ T —ay+ 307, AYs))

w(sb : aST) ;
§=n+l ( Zz 1 A(l ) _] =m-+1 (1 - bj + ZZ:l B§Z) Sj)
0:(si) = 470 - ¢ +)s ’) [T, 0(d” - D)
¢ v Pi Z) C() (1 — d(l) D(Z> i
j=ni+1 ( 8;) g R ;. t D 5;)

Here m,n, p,m;,n;, ps,c; € N*5i=1,--- ,r; aj,bj,cg),dgl , ) B(z) C']@,D;-i) eC

The multiple integral defining the A-function of r variables converges absolutely if:

1
‘arg(Qi)Zk?‘ < 577#;77’5* = 05771' >0 (1.4)
P i (4) _p® (i) (Ol
0, = TT1A9 TLesy 2 Ty TLe) = 1 s (1.5)
j=1 j=1 j=1 Jj=1
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P q qi Pi
=Im(> A ST BO 4N DY N oWyi=1, (1.6)
j=1 j=1 j=1

Jj=1
. n ) ) Pi }
ni=Re| Y AP Z A ZBJ@— Z B(’)+ZD Z D(’>+ZC S o)1)
J=1 Jj=n+1 Jj=1 Jj=m+1 Jj=m;+1 j=n;+1
fori=1,---,r
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If all the poles of (1.6) are simple, then the integral (1.4) can be evaluated with
the help of the residue theorem to give

N I G D
Az = 3 > 0 IR 1.8
Gr=1gx=0 Hk:l 5((;21«) Hk:l gk! ( )

where ¢ and ¢: are defined by

NOteS ¢ B H;li FAj (1 —a; + 22‘:1 C(;Z)Sk)
Y N | R (RITES S
and
I o - 4 '
b = I (1 + ,yjl)S ) Hj:l r (dy) . 6](1)Sk> . r
i i c< ) (%) (z) DEi) ) @ =1,
fnﬂrl (j S) jm+1FJ (l_dj +6j Sk)
where
dgy) + Gy,
Sk =NGr,9x — gkéTfork: 1,---,7
9k

which is valid under the following conditions: eg\’}) [p; ®) 4 pp] # elgk) pav, + 9%]

We shall note A(z1,--- ,2.) = A1(21,- - , 2») and

) S 71 . . S S
(aj;A’v“),---’A;( ))1,p/ . (C§ ),C;'(l))l,p’la"' 7(03,( )705,( ))1p,

s

VA S Y N A
A Z/ Zl Am PR RIS RPN
1 y*s) = 7 gl em! Lol em! ’

P9 'P1:915 " iPsy49s

: (b’j;B;'(l)v .. .73;(3))1,(1, :(d’ﬁl),Dé(l))l,q{§"' ;(d;'(s),D;(s))ng

(2mw)? / e ts>,g¢k<tk>zk“dt1 e dt (1.9)
where ((t1,--- ,ts), ¢i(t;), i =1,-- ,s are given by :

2,0 = S, B0 I PO+ S, 40)

¢/(t17”' 7ts): 7 - :
Il D@ = 320 A T T (L= 5+ 32, B 01)

[, ra—df +C”-(i)tr)]_[ LD — DO

T, D = OO T, DO = df” + DO

0;(t;) =

Here m’,n/,p',m},n},p}, ¢, e N*;i =1,--- ,r;d, b, d'( A;-("‘%B;»(i),C";("),D‘;(")EC

J’]’J

The multiple integral defining the A-function of r variables converges absolutely if:

lnfmﬁ’* =0,7, >0 (1.10)

larg()24 <
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P q 4 P}
i 7 (i) i)y —B.® i 7 (4) Ny —CL @ .
Loy Twor = oo oo oz
j=1 j=1 j=1 j=1

?’ qa p;
g =1m(>_ A -5 B +ZD ZC“”);i:L--- s (1.12)
j=1 j=1 j=1

’
n

v’ Pi
TR O TS oS oL oD WL DIFVLES oLl ot
j=1 j=n’+1 j=m'+1 Jj=1 Jj=mi+1 Jj=nj+1

o (1.13)

Srivastava and Garg [10] introduced a class of multivariable polynomials as follows

hiRi+:-hyRy<L Ry R,

1y 5w . Z ... Zu .
SZ " [21"" ’ZU] = Z (_L)th1+~~~+huRuB(L7Rl,'" Iy, )ﬁ (1 14)
Ry, ,R,=0
The coefficients B(L; Ry, --- , R,)are arbitrary real or complex constants.

We shall note

(=L)n,Ry++horR,B(L; Ry, -+ Ry)
Ryl R,!

B, =

I1. INTEGRAL REPRESENTATION OF GENERALIZED HYPERGEOMETRIC FUNCTION

The following generalized hypergeometric function regarding multiple integrals
contour is also required [12, page 39 eq.30]

T2 T(4))

[, 15 )PFQ[(AP) ;(Bg); —(x1+ - + )]

1 HJ (D(Aj+ 51+ +5,)
~ @2mw)” [(=s1) - D(=s.)a} - zirdsy - - - dsy 2.1
(QWW)T /Ll / B +s1+- +Sr) ( él) ( 5)131 v 51 § ( )

where the contours are of Barnes type with indentations, if necessary, to ensure that
the poles I'(A;+s;+---+s,)of are separated from those of I'(-s;),j=1,---,r. The above
result (2.1) is easily established by an appeal to the calculus of residues by calculating
the residues at the poles of T'(—s;),j =1,---,r

The equivalent form of Eulerian beta integral is given by (1.1):

[II. MAIN INTEGRAL
We shall note:

X =mf,ny;--smlnl;1,0;---31,0;1,0;--- 51,0

S7 )

Y =pi, ¢y 305 ¢5; 0,150+ 50,1;0,1;--- 50,1

A= 1+a ZRk 1(1,k") Z” k,gkﬂ(lk) 9(1)R (11) _ p/(ls) (11)7._.’7_2_(1,1)’1’0,_“’O]
k'=1
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Notes

K2

[14+0T - ZR /T chk,gkp(”) BT R p TV .. T (T T g

k'=1

[1_A,7;0a"' 70517"' 71705"' 70]1,P;

[1 —Bi — Z Rk/n;/(k,) ZnGk’ng]’f ) RAi;n;(l)v T ’77;(5)’97(,1 ’ez(l)’ L 1,0, ’0]1,5

k'=1 k=1
A :(a’wA;,(l),... ,A;(S),O,~~~ ,0,0,--,0)1 (62-(1)70/-(1))1,;;'1;"' ;(C;(T)’C]/'(S))Lpl

(1’0)5"' 7<170)§(1a0)"" 5(1’0)

B = 1+U ZRk’ (LK) chkygkp(lk) 9§1)R;p;(1’1),-~~ /(15) (11) B (11)0
k'=1

1 + O- Z Rk p”(T k /- Z nGkagkp(T *) ez(T)Rv p;(T’l)a e 7p;(T’S)7 Ti(T’l)v Ty Ti(T’l)aov B}

k'=1
[1_B77O7 70117"' a1707"' 70]1,Qa

u

[1—ai— 8= > (&) 40/ Ry — Z(a”“ 1 0G0 — (G + N R;
k'=1 k=1

(6:(1) + 77;(1))7 ] ((5:(3) + 772(8)); (N’z('l) + 91(1))7 Tt (Mgl) + 950)7 1, 71]138

=B W, B0, 0,0, ,0)1 g (d;(l),DQ(l))l,q;;“- JCAQNVAC) WE

(0,1),---,(0,1);(0,1),---,(0,1)

We have the following multiple Eulerian integrals, we obtain the A-function of

(r + 1+ T)—variables.

Theorem
U1 Ut ot »
H ) _ J
/ P / (x’l/ _ ui)az _ .’L‘ 61 1 I | j T + V(J))
U1 Ut =1
eh) 1)) (1) @
’ Ht (wi—ui)%  (vj—a)" ’ 1Tt (mquI)‘si (vi—z;)"
R o G rTD 7 12y ( ARy
]:l(UiJ @4V ) i (U g, +Vu>)
A, . As
/(s) /(s)
(r) t (i—u;)%  (vi—x)"
t (m,—u,) 1 (UL*IL)W 7! H T; i B i
A o s1li=1 ) 1(3,8)
r Hz_l (J ™) 3":1 (Ui(”xﬁVi(”)p

Hff (U(i)x +V(J))

0]19,"'

)
1,s

)
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~11(1) //(1)
" Ht (zi—u;)%  (vi—x)"

7 :
1 =1 . ,,”(J;l)
T=1 (Uf”wr‘rvfj)) i

ha,e s ho
SL
11(w) 11(w)
A TTE (i=ug)’i (vi=wy)"i
u lli=1 pl/ Gy

J y (U(J)J] _H/(J))

Notes

t Vi (1 — )N
(P17 Pps01, 10q) (T — u;)% (v — 2;)
¢ 11

(Ala"'aAp’HIa"'aNq) () () Q(j) ;ﬁ’a
=T (U e+ VD)
! t (x) o¢")
T — U v; — T
o | (Ar)s ()= g JT [~ 2 =0
k=1 i=1 H (U(])xl+v(]))
H i W NN T . (J)
H —U a +8i— H ( U(J V;(J)> ’ H (uzUZ(]) V(J))
HJ 1 I J:1 Jj=1 J=W+1
0o hiRi4hyRu<L mi oo -
IR S P S T e
k r u v
Ry, ,R,=0 Gp=1gr=0 Hk;:ldé()k) szlgk!
7w,
1 A A
Ziws
g1
m’ ,sT+P+2s+n’:X . .
AsT+P+2s+p’-,:T+Q+s+q’:Y ) . (3 1)
aWi
Gy
; B. B
Gr ’

E !
v G) 4 NSy o Ry, 00 06 0+ R
LY U 4 V)i i wontO:
+ u (6//(k’)+ //(k’))R S+ (5(k)+ (k)) +(Ci+MA)R
Hi 1(Uz ) o —1(0; i k k=19 "~ TNy ")NGg.9k 1A

Ty Ty U 4 V) D o Rt i 6 01 R

= J
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Notes

t w ] L\ —plm™ T ’(J ™)
wn = [T | (vi - )5 11 (uiUi(j) + Vz‘(])) L 11 (UZU(]) + V(j)) =1y,
i=1 j=1 J=W+1
t w . . —'r.(j’k) T . . _ng,k)
W, = H (s — Ui)ﬂgkwegk) H <uiUi(]) n V;(J)) i H (uiUi(J) 4 Vi(J)) ‘ k=1,---,1
i=1 j=1 J=W+1

t ()
1 = Wy U,
Gj *H g (j)u> Z(J) J=W+1 T
i1 w0 +V;
mp [e'e] My, My oo

Provided that:

(A) Wel0,T)ui,v; ERyi=1,---,t
(B)ymin{ai” 0\, 6" i 570 g G} 2 09 =1, ri= 1, h =1 sk =1, u

mln{p(]’g 3pl(]’ ) /l(]k)9]> (]yk)}>ov.]:1a7T12:17 atag:177r7h:17757 k/: 1,"',U;l€:1,"',l

2 ? ’I

(C) O'Ej) G]R,Ui(j),Vi(j) EC,ziI,zj/,zg/,gk,Gj cCii=1,--,t;5=1,--- T;i' =1,--- |

(UZ‘ — ’U,Z)UZ(])

- - <l,i=1,---,8j=1,--- ,W and
uzUl(])'f"/z(J)

(D)max

(v; — Ui)Ui(j)

max

T .
arg H U2, + VO™ || < S,k = 1,-- 7, where

my

= Re zn:Ag Z Al +ZB“ Z B +ZD(Z Z DY +ZC“ i o
j=1

j=n+1 j=m+1 Jj=m;+1 j=n;+1
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58 _ o) Z )

T
i NNVERS 1
arg (ZZ{H(Ui(J)Ii +Vi(1))pj A)) | < 57727“]@ =1,---,5, where

J=1

0 = Re(nz' A Z A0 +Z B Z B +Z D Z D +Zcm> Z C’(”)
j=1

j=n'+1 j=m/+1 J7n+1 jn+1

_ 5k ’(k Zp/(J k)

d/~(k)
(@) ; J
(F) Re (al+CzR+Zc5 nG; g,> +Z5 1<I§1é%;cRe <W >0 and

Jj=1 J

d/-(k)
Re (,BZ—F/\ R+Zn(7)77gJ gJ) +Z77 1<1§1é171n (W >0fori=1,---,t

J

(G). P<Q+1 The equality holds, when, also

1

I T _ Q-F
either P > Qand " |g, | [[W0 ;i + V)" <1 (w; < 2 Swvizi=1,---,t)
k=1 j=1
r . . (4.k)
or P <@ and max gk H(Ui(j)wi—l—vi(j))_ﬂ/“ <1 (u <x; <vi=1,--- 7t)
1<k<I i

(H) the conditions (f) are satisfied
Proof

To establish the formula (3.1), we first express the extension of the Hurwitz-
Lerch Zeta function, the class of multivariable polynomials S7*""«[] and the

multivariable A-function A;(z1,---,2,) in series with the help of (1,2), (1,14) and (1.18)
respectively, use integral contour representation with the help of (1.9) for the
multivariable A-function A,(z{,---,z.) occurring on its left-hand side and use the
integral contour representation with the help of (2.1) for the Generalized
hypergeometric function pFg(.). Changing the order of integration and summation
(which is easily seen to be justified due to the absolute convergence of the integral and

the summations involved in the process). Now we write:

T w T
[0+ v)ED = [0+ VR ] (0D, + vO)E (3.2)
j=1 j=1 J=W+1

© 2017 Global Journals Inc. (US)
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9. H.M. Srivastava H.M. and M.C. Daoust, Certain generalized Neumann expansions

associated with Kampé de Fériet function. Nederl. Akad. Wetensch. Proc. Ser

AT72 = Indag Math 31(1969), 449-457.

: 1 1 ke ,
where K = vl — 0 R — szj 06190 — ZPZQ Sy - Zpl(] 'K wherei =1, t;j =1, T

and express the factors occurring in R.H.S. Of (3.1) in terms of following Mellin-Barnes
integral contour, we obtain:

W W T ) (D KD 1
) GIED _ (U7 ui + Vi)™ @
j=1 j=1 (—K;7) 1 Ly j=1
W ) G
U (x; — u;
j=1 (w U + V")
and
T i N @)
] W9+ v 2 ] (U v+ V) ] / / (~C)T(~KP +¢)
i ? i 1 T—W ? J
J=W+1 J=WH1 F(*Kim) 27Tw Wil Llj= W+1
11 O =2 |7 o ,
S S B Sl Vi dCW+1 dCT 3.16
J=W+1 (”iUz‘(j) + Vi(J)> ] ( )

We apply the Fubini’s theorem for multiple integral. Finally evaluating the
innermost x-integral with the help of (1.1) and reinterpreting the multiple Mellin-
Barnes integrals contour regarding the multivariable A-function of (r + 1+ T)— variables,
we obtain the formula (3.7).

YA PARTICULAR CASES

a) Srivastava-Daoust polynomial [9]

T (@) g o TLZ 0y TS (05 o
[f B(L; Rla e 7Ru) = é Rla S 6 ’ — ]D(“ 7(71,) Rud)]
Hj:l(CJ)Rl¢ 4ot R H] 1( )Rlé "'Hj:l (dj )Rucﬁ;“)

we have
Corollary 1

U1 vt ot T .
- o i ol
/ .. / | I (25 — ug)™ 1(%‘ _xi)ﬂz 1 I I(Ui(j)xi _|_Vi(3)) 0
u u

1 t =1 =1
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71(1) 11(1)
(i—ui)® (vi—wi)"i ]

21 lli=1 : STCRY

M, (v )

pUHAB B ’ [ |
CD/ . D(u) .
11(w) 77(u)
1" Ht wi—uz)Ji (vi—wi)"i

Zu lli=1 o R

(U 7 z;+V; J )
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(1) (1)

(1) /(1)
t (%‘*uz)a" (vi—m;)" ’ t (mifui)‘srlé (vi—x;)"i
7 [[im - 0 N 21 [ Ly PACRY
I (e v ) L (U ®)
Ay . A,
(" R AC S
7 Ht (m—uz) 1 ('U'L_flfz)n Z; H§71 (wi—ui) (vi—zi) s
rlli=1 (J ™) - 1(U(]>a: +V(J))”i ’
Jj=

Hzl (U(J)CE +V(J))

(P14 sPpsT1, " Oq) (xi - uz)g (Ui - $i>>\i
d)(klla A pvp‘llﬁ "Hu‘c; H ( ) ( )
j=1 H (U Doy + VU )

l t (k)

r; — U V; — X5
PFo | (Ap); (BQ)i—> ar ][] (s =)™ (05 = @ o dzy - day
k=1 =1 HT (U(J)xz V(J))

9,1 w Lo T W
H o u a +Bi— H <U¢U¢(]) + ‘/z(])) ¢ H (uzUZ(]) + ‘/1,(1)) ¢
H] 1 J:l 7j=1 J=W+1

oo hiRi+hyR.,<L myp oo

Z Z Z Z Hk 1¢kznck 9% (— )Z};—lgkg B, "Rl-HZZR“ By

Ry, ,Ry=0 Grp=1gx=0 Hk 1 G(k) Hk 1 9!

zjwq

A A

Ziws

g1 Wi

Am sT+P+23+n : X
sT+P+2s+p’,sT4+Q+s+q":Y : (4 1)

gWi
Gy

Gr

(=L)nRy++horR,B(L; Ry, Ry
Ril---R,!

where b, = BIL;Ry,...,R,) is defined by (4.1)
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3. B.P. Gautam, A.S. Asgar and A.N.Goyal. The A-function. Revista Mathematica.
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The validity conditions are the same that (3.1).

b) A-function of one variable

If r=s=1, the multivariable A-functions reduce to A-functions of one variable
defined by Gautam et Asgar [3]. We have.

/ Ule

(1)
Ay ZH?, (zi—ui)° : (vz—az)
T l(U(7)z +V(7)>

ha,eshay
SL

(b(l)l» . Ppa<71a .
A1y Apspiaye

"
1

1

aUq)
Ha)

l

PFo |(Ap); (Bo); —

k=

t
2y [li=1

t
zy [ Ticy

(1
(mtfut)oi

(vbme)

v — 25 1H

J x; + V(J))

//(1)

(U(J)’E +V(’>)

(r7fu )i

17(w)

(U17mt)

”(J 1)

//(u)

I

Jj=1

t

i=1

(U(])x +V(J))

(i — ui)% (v — )

//(] u)

g

|

ng
1

(x; — ui)“gk) (v; — x5
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The wvalidity conditions are the same that (3.1) with r=s=1. The quantities
é1,Vi, W1, A1, By, A1, B; are equal to ¢, V,W,A, B, A, B respectively forr =s=1.

Remark: By the similar procedure, the results of this document can be extended to the
product of any finite number of multivariable A-functions and a class of multivariable
polynomials defined by Srivastava and Garg [10].

V. CONCLUSION

Our main integral formula is unified in nature and possesses manifold generality.
It acts a capital formula and using various particular cases of the multivariable A-
function, a general class of multivariable polynomials and the generalization of the
Hurwitz-Lerch Zeta function, we can obtain a large number of other integrals involving
simpler special functions and polynomials of one and several variables.
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