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Absiract- In his paper we obtained a canonical local basis {J;},i = 1,5 of vector bundle V on Clifiord Kéhler manifold
(M, V).the paths of semispray on Clifford Kahler manifold are infact the solutions of Euler-Lagrange equations.

[.  INTRODUCTION

It is well-known that modern differential geometry express explicitly the
dynamics of Lagrangians.

Therefore we explain that if M is an m-dimensional configuration manifold and
L:TM - R is a regular lagrangian function, then there is a unique vector field ¢ on
TM such that dynamics equations is determined by:

Where @, indicates the symplectic form and E; is the energy associated to L [1,2].

The Triple (TM ,®;,§) in named lagrangian system on the tangent bundle TM.

It is known, there are many studies about Lagrangian mechanics, formalisms,
systems and equations such as real, complex, paracomplex and other analogues[1,3] and
there in. so, it may be possible to produced different analogues in different spaces.

The goal of finding new dynamics equations is both a new expansion and
contribution to science to explain physical events.

Sir William Rowan Hamilton invented quaternions as an extension to the
complex numbers.

Hamilton’s defining relation is most succinctly written as:

i’ =j2=k*=ijk=-1 - (2)

Lagrangian Mechanics on the standard Clifford Kdhler Manifolds,

arXiv:0902.3724v1.

If it is compared to the calculus of vectors , quaternion’s have slipped into the
realm of obscurity. They do however still find use in the in the computation of
rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be
written pleasantly by means of quaternions. Some physicists hope they will find deeper
understanding of the universe by restating basic principles in terms of quaternion
algebra. It is well-known that quaternions are useful for representing rotations in both
quantum and classical mechanics[4]. Clifford manifolds are also quaternion manifolds(5].

5. M. Tekkoyun,

[1. PRELIMINARIES

In this paper, all mathematical objects and mappings are assumed to be smooth,
i.e. infinitely differentiable and Einstein convention of summarizing is adopted.
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F(M), X (M)and A*(M) define the set of functions on M, the set of vector fields on M
and the set of 1-forms on M respectively.

a) Theorem
Let f be differentiable ¢, ¥ are 1-form, then [6]:

(i) d(f¢) = df A + fd¢
(i) d(pAh)=dp\Y — PpAdip

b) Definition (Kronecker’s delta)
Kronecker’'s delta denote by § and defined as follows [7,8] :
5 = {1 ;o if i=]
L 0; if i#j
¢) Clifford Kihler Manifolds

Now, here we extend and rewrite the main concepts and structures given in
[5,9,10]. Let M be a real smooth manifold of dimension m. Suppose that there is a 6-
dimensional vector bundle V consisting of F;(i = 1,2, ...,6) tensors of type (1,1) over M.
Such a local basis {F;, F,, ..., Fs} is named a canonical local basis of the bundle V in a
neighborhood U of M. Then V is called an almost Clifford structure in M. The pair
(M,V)is named an almost Clifford manifold with V. Thus, an almost Clifford manifold
M is of dimension m = 8n. If there exists on (M,V) a global basis {F;, F;, ..., Fs}, then
(M, V) is called an almost Clifford manifold; the basis {F;, F,, ..., Fg} is said to be a global
basis for V.

An almost Clifford connection on the almost Clifford manifold (M, V) is a linear
connection Von M which preserves by parallel transport the vector bundle V. This
means that if @ is a cross-section (local-global) of the bundle V. Then V,® is also a
cross-section (local-global, respectively) of V,X being an arbitrary vector field of M.

If for any canonical basis {J;},i = 1,6 of V in a coordinate neighborhood U, the
identities

gU.X,J.Y) = g(X,Y), VX,Y € y(M),i =1,2,...6 — (3)

Hold, the triple (M, g,V) is called an almost Clifford Hermitian manifold or
metric Clifford manifold denoting by V an almost Clifford structure V and by g a
Riemannian metric and by (g,V) an almost Clifford metric structure.

Since each J;(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting

O,(X,Y)=g90UXY) i=12,..6 - (4)

For any vector fields X and Y, we see that ®; are 6-local 2-forms.

If the Levi-Civita connection V= V9 on (M, g,V) preserves the vector bundle V by
parallel transport, then (M, g,V) is named a Clifford Kdhler manifold, and an almost
Clifford structure ®@; of M is said to be a Clifford Kdhler structure. Suppose that let

(X Xt s Xonti » X3nti » Xan4i » Xsn+i » Xon+i» Xn4i), L = L

O
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be a real coordinate system on (M,V). Then we denote by

{ d d d d d d d d }
0x; " O0Xnyi OXonyi 0X3nyi OXanyi OXsnyi 0xenti 0X7ny)’

{dx;, dxy i, dXon iy AX30 4, AXag i, AXsy i, AXgn1iy AX7p 45}

N The natural bases over R of the tangent space T(M) and the cotangent space
otes  T+(M) of M, respectively.
By structure {J;,/2,/3,J4.,J5,]s} the following expressions are given

( l> n+i ( l) n+i ( l> n+i

=i fa(5) =~
_ax4n+i )2 0X2n 4 J3

) B d
axnﬂ axSn+t

(5
(5=

) d
axZn+t ax6n+i

d )_ d ( d )_ d ( d )_ d
0X5p 4 B 0X3y 4 )2 X5 4 B 0X7p 4 J3 0X5p 4 _axn+i

)= k) =5 ) =5
h 0Xen+i _ax7n+i J2 0Xen+i 0X3p 4 3 0Xen +i _ax2n+i

)= ko) =5 k() =
J 0X7p 4 B 0Xen +i )2 0X7p 4 0X5p 4 Js 0X7p 4 B 0X 4 4i

]4(i= 6' ]s(ii)= i ]6(%)= i

X5 4 0Xen +i
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B 0 ( 0 )_ 0 ( 0 ) d
B 0X5n 4 Js 0Xen+i B 0X4n i Je 0Xen+i 0x;

)
a.>:a.]5(a)_a ]6<a> 9

ax7n+i axZn+i ax7n+i axn+i

I11. LAGRANGIAN MECHANICS

In this section, we introduce Euler-Lagrange equations for quantum and classical
mechanics by means of canonical local basis {J;},i =1,60f Von Clifford Kdhler
manifold (M,V). We say that the Euler-Lagrange equations using basis {J;,/3,/3} of V
on (R®",V) are introduce in[5]. In this study, we obtain that they are the same as the

obtained by operators J; ,/,,/3 of V on Clifford Kdhler manifold (M, V).
If we express them, they are respectively:

First:
a(aL) oL B a(aL) 6L_06<6L )+ oL — 0
0t \ox;)  0x,4; | 0t\dx,.;/) 0x; 0t\Oxp,ii)  OXany;
6(6L> oL _06(6L) oL _06(6L) oL _ 0
0t \0x3,4i/  O0Xs5p4i "0t \0xgnyi/  OXppy Ot \OXspy)  Oxzpqp
O(E)L )+ oL _ O(E)L) oL _0
at ax6n+i ax7n+i ‘ot ax7n+i ax6n+i .
Second:
a(aL)+ oL _Oa(aL) JL B 6( oL ) aL_O
at axl’ ax2n+i - ‘at axn_H- 0x4n+i ,at ax2n+i axl’ o
a(aL )+ oL B a(aL )+ 6L_ 6<6L> oL _ 0
at a-x':»’n+i a-x6n+i ‘ot a-x4n+i a-xn+i ‘ot axSn+i ax7n+i ,
6<6L> oL _ 6<6L >+ oL _0
0t \Oxenyi/ Oxznyi Ot \Ox7nyi/  OXsny '
Third:
a(aL)+ oL B a(aL) oL B 6( oL ) oL —0
0t\0x;/  Oxzny 0t \0xpyi) Oxspyy 0t \0Xpny/ OXeny

© 2017 Global Journals Inc. (US)
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a(E)L) (’)L_OE)(OL >+ oL _ 6(6L> oL _0
0t \Ox3p4;/ 0, "0t \0Xypti/  OXyny "0t \Oxs5yii/  OXny ,
d ( JdL )+ JdL _ d ( JaL ) JaL _0
at ax6n+i axZn+i ‘ot ax7n+i ax4n+i .

Here, only we derive Euler-Lagrange equations using operators J;,Js5,J¢ of V on
Notes Clifford Kdhler manifold(M,V).

Fourth:
6(6L> oL 6(6L> oL _0 6( oL ) oL _0
0t \0x;/  0X4n+i ’ 0t \O0xp 4/ OXppyy , 0t \Oxon i/  O0Xpyy
6(6L> oL 6(6L> 6L_06<6L> dL _ 0
0t \0x3,4i/  0X7p4, [0t \0x4nyi/  Ox; "0t \0xsn i/ OXeny ’
6(6L> oL _06(6L) oL__,
0t \OXen+i/  OXs5py T0t \0x7n 4/ OXzny '

Such that the equations are named Euler-Lagrange equations structured on
Clifford Kéhler manifold (M,V) by means of ®/* and in the case, the triple (M, ®}*, &)
is said to be a mechanical system on Clifford Kdhler manifold (M, V).

Fifth, we obtain Euler-Lagrange equations for quantum and classical mechanics
by means of ®}° on Clifford Kéhler manifold(M, V).

Let J5 be another local basis component on the Clifford Kdhler manifold(M,V),
and  {X;, Xn4i ) Xonti» X3nti» Xanti » Xsnti» Xen+i» ¥7n4i}, 0 =1,n  be its  coordinate
functions.

Let semisparay be the vector field ¢ defined by:

g — Xli_l_ Xn+i a + X2n+i a + X3n+i a + X4—n+i

0x; 0%y 4 0%Xon +i 0%x3n +i X4 +i
Sn+i 9 6n+i 9 n+i 9
pxon+i 24 ybnti 0 4 y7nti_J - (5)
0Xs5n+i 0X6n+i 0X7n+i

Where

i — n+i — 5 2n+i — o 3n+i — o dn+i — o
Xt =5, X" =40, X = Xonti X = X3nti, X = Xan+i

Global ]()Lll'l’ldl of Science Frontier Research (F) Volume XVII Issue II Version I n Year 2017

Sn+i — o on+i — o n+i — o
X = Xsp4i X = Xen+i X = X7n+i-
This equation (5) can be written concise manner
. 4 an+i __0
§ =Y pxomt 2 - ©)
an +i

And the dot indicates the derivative with respect to time t. The vector field defined by

© 2017 Global Journals Inc. (US)
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9 ,_0 . 0 9
V. =] (f) = X! —_xnti__—_ _ y2n+i +X3n+z_+X4n+l
Js 5 ax5n+i ax3n+i ax7n+i axn_l_i ax6n+i

9]

_ X6n+i g + X7n+i g N (7)

_ X5n+i
Ox; X 4m+i 0xon +i

Is named Liouville vector field on Clifford Kdhler manifold (M, V).
The maps explained by T ,P: M — R such that:

_ 2 | 22 .2 .2 .2 .2 .2 .2
T = > M (7 + Xy gy + X4 + X34 + Xy + X5p + Xen + X7040)
7
1 .2
T=Emi Xgn +i , P=m;gh
a=0

Are said to be the kinetic energy and the potential energy of the system,

respectively. Here m;,gand h stand for mass of a mechanical system having m
particles, the gravity acceleration and distance to the origin of a mechanical system on

Clifford Kdhler manifold (M, V), respectively.

Then L: M — R is a map that satisfies the conditions:

i) L =T — P is a Lagrangian function.

ii) the function given by E{S =V, (L) — L, is energy function.
The operator ij, induced by J5 and defined by:

i]s(l)(Xl,Xz,...,Xr) = Z?zlw(Xl,...,]5Xi,...,Xr) - (8)

Is called vertical derivation, where w € A"M,X; € X(M). The vertical
differentiation d;, is determined by:

dy, = iy, d] = i,d — dij, - 9)

Where d is the usual exterior derivation. We saw that the closed Clifford Kdhler
form is the closed 2-form given by Q)ILS = —dd;.L such that

0 0
dx;

d dx,.; — AxXyp.; + —
Js n+i ax7n+i 2n+i

0X5p4i 0X3p4i

— ——dXspy; — Axenyi +

0x; 0Xan +i

And given by operator

d: F(M) > A'M - (10)
Then

2] 921 9°

DS = ————dx Ndx; dx; Adx,, ,; dx; Adxz, 4 ;
T P K T P A A P P

© 2017 Global Journals Inc. (US)
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oL dx; \d o°L dx; \d + 0°L dx; \d
Xi NAX3p 4 ———dx;i \dX4p 4; —dx: Ndxc., .;
0x;0xpy; O Ax0xgny T axax, O MM
oL dx;\d o°L dx; \d —62L d Ad
+ XiNAXegpn i — XiNAX7p 4 — Xp4+iN\AX;
j 6n+i j n+i n+j i
0% 0X 4 4. 0%; 0x2p 4 0%y 1j 0Xs5p 4
3%L 321 821
\| + dx, ;i Ndx,; + dx, ;i Ndxyp, 4 - dx, 4 Ndx3p 4
otes axn+jax3n+i n+j n+i axn+jax7n+i n+j 2n+i axn+jaxn+i n+j 3n+i
a%L 921, 92
— dx, iNdxg4y i + ———dx, i Ndxs,.; + dx, i NdXep 4
0xn4j0xgns; "V AT Gxyyjoxg Sn+i 0xn4j0xans; Y 6n+i
a%L a2L a2L
- Ax, i NdX7p i — —————dxy, i \dx; + dxyniiNdx, 4 +
0% 4j0X2p 4i n+tj n+i X 10%5n i 2n+j E Oy 0% 11 2n+j n+i
—62L d Nd o°L d Nd —(?ZL d Nd +
Xon+iNdXyp 4 — Xon+iNdX354; — Xon+iNdXgn 1
0Xon+j0X7n i e anxt 0X2p+j 0%y 4 ant) I 0X2p4j 0Xen+i 2nt] dnH
L e Ad L ey Ad L A
T Aa. AXon+j Xsp+i + Xon+j Xonti — == AXpp i X7p4i
axZ""‘I 0x; " e axZn+j 0%Xan +i n it a952n+j 0%X2n +i i i
o°L d Nd L d Nd o d Nd
- oo AX3pyiNax; + X3p+j NAXp 4 + X3n+j NAX oy i
ax3n+j axSn+i ax3n+j ax3n+i aX3n+j aX7n+i
o°L d Nd o°L d Nd + 0°L d Ad
T A Ao X3 i \AX3pyp T o AX3p g jNAXgp g T o o AX3p 4 NA X5 4
0304 0% 4 0%x3n+j OXen +i 0x3n+; 0x;
62L azL aZL
—————dx3, 4 NdXgpy ———————dX3, 4 NdX7py; — —————d x4, 4 \dX;
0x3n4j0%ansi ") SMHL T dxzyyjoxgny ot T Gy dxsnys Y :
62L aZL aZL
+——————dxy, i Ndx,y; + AX4n+iNAdXop i — dX4n i NdX3, 4
Oxap4j0xznyy  HI M T xgyj0xgngy H 2nti Oxanaj0xpy; Y 3n+i
9L 92L 821
—————dxy, i Ndxyyy; + AXgn+iNAX5y 1; + —————d X4+ NdXgp i
OXan+j0%en+i dn+j dn+i 9xX4n4;0%; 4n+j Sn+i X4 10%4n +i 4n+j 6n—+i
d2%L 92 92
———dxy, i NdX7y oy — —————dx5, i Ndx; + dxs, i Ndx, 4
0x4ntj0xonsi A Oxgn g 0xsngy ET Oxsnqdxgng; o0 nt
62L 62L aZL
—————dx5,  NdXpp g — dXxs,+iNdX3, 10 — —————dX5, 1 NdX4p 4
0554/ 0X75 4 ) 2n+i 0x554j 0%y 4 ) 3nti 0x504j0%6n +i St anti
a%L 92L 821
———dX5p 4 NdXsy 4 + AdxspiNdxg, ——————dXs, 1 NdX7p4i —
0X554j0%; St S 0%5n40%X4n +i St bnti 0%x5n4j0%20 +i ) Tnti
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d%L

0%6n+j0X5n +i

d%L d%L

dxen+j Ndx; + dXen+jNdXn 1 + AXen+j NdXon 4

0%6n+j0X30 +i 0X6n+j0%X7n+i

a°L a°L a°L
——————dXen4j NdX3p4; — s—————dXen1j NdXgpn4; +

Axen+j NdXsy 4
X6+ 0%nti 6n+j Sn+i

0%6n+j0X6n +i 0%x6n+j0X;

a%L a%L a%L
AXen+jNdXen i — >—————dXgp+; ANd X774 — dx7,4;\dx; +

0%6n+j0%Xan+i 0%6n+j0%X2n +i 0%7n4j0X504i

9%L d%L

a%L
dx7n+j Adx2n+i -

dx7n+j /\dxn+i + dx7n+j/\dx3n+i

0x7n470X30 4 0X7n4+j0X 70 +i 0x7n4j0Xn 4

a%L a%L a%L
— —————AX7yjNdX gy + s dX7y 1 ANdXs 4 +

Adx7, 4+ NdXgp 4
0% 7n4+j0X6n +i n+j 6n+i

0x7n4j0%; 0X7n4j0X4n+i

oL dx7p, 4+ N\dx
%70 4j 020 4i n+j n+i-

Let & be the second order differential equation by determined Eq(1) and given by
Eq(5) and

. ;0L a%L
lf(D{S = —X' 5]d +X‘—d +X‘—51d nﬂ—X"“—dx]
0xj0x5n 4 0xj0x5n 4 0x;j0x3n +i 0x;j0x3n 4
i 0L g an+i__0°L i 0°L  oj 3n+4i_ 0°L
X2 dxy = x0Ty x5 ey, 4 X T gy
anaX7n+l‘ anaX7n+i ijaxn_,.i ijaxn_,.l—
;i 0%L j i j ;. 0%L
X' & dx -+X4"+l—d + X2 dxe, — X 2Ly +
anax6n+i t dn+i (’)x 6X6n+l anaxL' L Snti anaxL' J
i_ 0°L J 6n+i__ 0°L i 0%L J Tnti_ 0°L
X 8] dxgnys — X" 2L gy —xi 2L _§lax, . +X dx;
0% 0% 4m +i 0x;0%4m +i 0x;0%om +i 0x;0%2m +i
; a%L + a2L ; a2L +
—Xnt 8 dx; + X dxyi; + X" S doxy
0%y 1j0X5n 4 0xpn1j0X5n 4 0xpn1j0X30 4
; a°L ; a%L n+j ; a°L
B A L PPN LA LY, LN PO € dx, ) —
0%y 4j0x3pey T 0Xp4j0x7pyy TH nt 0xpij0x7ng; T

02L . 02L n+j
dx, i - X" ——— 8" dXy i
9%y 4j0%n 4 n+j dn+i

i 62L n+j 3 i
Xn+l —5 J dx i X n+i
i T 0%y 170X6n +i nt

0%Xp4j0Xn 4 ntt

BZL . aZL n+j 5 X
dx,.; + X" ———68" "V dxg,; — X
n+j + 9xn4;0%; n+i Sn+i

+ X41’l +i

0Xn4+j0Xgn +i

92L

) aZL +j i . aZL +i
pxm —Th gy — X6 dxyyy — X —L ™ gy

0Xppj0x4ny "HE 0xpn4+j0X4m 4+ 0xp4j0xgpyy MH
Tn+i__ 0°L 2n+i 9%L 2n+j i %L
X oty — X2 0L gInHgy yoxi 0L gy,
0%xp1j0X2n 4 0% 4j0X50 4 0%2n 40 X504
4 x2n+i %L 2n+j dx. . — xXnti %L dx 4 x2nti %L 2n+j dx L
O0Xon+4j0X3n+i Zn+i nt 0X2n+j0X3n +i ntj 0X2n+j0X7n +i Zn+i In+i
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Notes

i a%L i a%L 2n+j ; a%L
X2n+1 dx L X2n+1 ) 1dx . X3n+l dx .
0Xon+j0X75 +i nt 0xon4j0xny; 2NH 3n+i OX2n4j0%n 1 2n+tj
: d2L 2n+j An+i 9L 2n+i 9L 2n+j
—_xnti___ 2> § Jdxyn; + X n+i dx o xonti 22§40 )
0xop4j0xen4; 2N et 0x2n+j0X6p +i ntj dxop4j0x; 2NH Snti
i 62L , aZL In+i ) azL
_X5‘I‘L+l dx . +X2n+l S de - X6n+l dx .
0x2p4j0%; ntj 0Xon4j0%ap4; 2nH on -+ X204 0X 4 +i 2ntj
2 ' 2 2 .
_ y2n+i o°L 2n+j Tn+i 0°L _ y3n+i 0°L 3n+j
X 0% 0 X L 52n+i dX7n4i + X %X DX s dx2n+j X 02 o DX o 53n+i dx;
2n+j 2n+i 2n+j 2n+i 3n+j Sn+i
b T g XL eIy TE g+
Ox3n4j0%snes oY 0x3p4j0x3ny; SMFLT A OxX3n4; 0%z 4 N
, 92l 3n+j 2n+i FEIA 3In+i 9L 3n+j
X3t 2 53 gy — X2 dxzny; — X3 —"—— 53" s,
Ox3n4j0x7ne; SH anti 0x3n4j0%X7m 4 3nt) 0x3n4j0%p 4 STH Sn -+
4 x3n+H %L . y3n+i 0L s3n+4j 4o 4 xAn+ %L 4.
Ox3p4j0%ng; oY Ox3p4j0xgnyg ST AN X3 4j0xenys oM
2 . 2 2 .
3n+i__ 0°L 3n+j Sn+i__ 0°L 3n+i o°L 3n+j
+X ——0, i dXs, . — X ————dx3,4; + X 0o i AXgn i
x3n4j0x; SNF Snt Oxznajox; oMY 0x3p 4 0xgny; SN ONH
1 62L . aZL 3n+j ) azL
_x6n+i dx o x3nti___ 9% 8 J dx 4 x7nH dx o
0X3n4j 0 Xan+i 3ntj OX3n4j0%op 4 ST Tnti 0X3n+j0X2n +i 3ntj
i %L 4n+j i 92L dnti 921 dn+i
Xt~ 5" dx + X ————dxyyy + X ————— 5,V dx,
0Xan4j0xspypy At T Oxansj0xsngy Y D gn4j0xznyy AMFE T TNAL
_ Xn+i %L dx + X4n+i %L 54n+f dx X2n+i 2L dx
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0x5n4j0x3n4; " 0X5n 4 0X3n 4 05 4j X7y "7
0°L 9°L . 92L
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j 5n+ 6n+i Sn+j
0X5p4j0X; 0x5n4j0X4n i " 0X5n 470X 454
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. 9%L . 9%L nti , 9%L
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0xgn4j0x; " 0Xen+j 0x; ! 0Xen+jO0Xany; 0
. 9°L . 9°L nti . 9%L
_x6nti dx6n+' — xo6n+i s n+j dx 4 X dx )
6n+ n+i 6n+
a-x6n+j a-x4n+i / ax6n+j a-xZn+i n a-x6n+j a-xZn+i /
. 9%L S : 9%L : 9%L Tnti
_xTnHi T s g 4 X x4 XMH s gy
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ax7n+jax5n+i e ax7n+jax5n+i / ax7n+jax3n+i o
. 9%L , 9%L Tnti : 9%L
X dxy, X ———§ [Pl NP ' Sy [V
n+ 2n+i n+
ax7n+j ax3n+i ! ax7n+j ax7n+i ik ax7n+j ax7n+i !
. 9% Tnti . 0% . 0%L Tnti
_xTnHi s, oy x3nti_ T 7 gy o xTnti_ 7 gt
Tn+ 3n+i n+ Tn+ In+i
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d°L d°L . d°L
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0%X7n+0Xgn +i e 0x73+j0X; Tt TR 07347 0X; e
. 0%L . . 0%L . 9%L .
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0%774j 0Xan +i et e 0754 0X4p 4 " 0%x774j 0Xop 4 Tnt e
. 9°L
' S — FE
ax7n+j 0Xon 4 e
Since the closed Clifford Kdhler form ®’5 on M is the symplectic structure.
. 0L . 0L . 0L .
Eis — V]5(L) — L =X _Xn+l _X2n+l +X3n+l +

X5y 4 0X3p 4 0X7n 4 0Xp 4
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X4n+L _ybhn+i T 6n+i n+i L = (11)
a956n+1 axl ax4n+L axZn+t
And thus
2 2 2 2
L 0°L
dEi5= la > dx, —X"J”a > -dx —XZ”J”a > dx, +X3"+‘a 5 dx
Xj OXs5p 4 Xj 0X3n +i Xj OX7n +i Xj 0Xn +i
. 0%L . 0%L . 0%L . 0%L
NOteS +X4n+1—dxj _X5n+l_dxj _X6n+1—dxj +X7n+1—dx
ax] ax6n+1 ax] axl ax] ax4n+l ax] axZn+L
+ Xt azL d xnti 62 d X2n+l azL d +
X - X - X
axn+j axSn+l n a~xn+j ax3n+l m axn+j aX7n+z i
02 2 : 2
3n+i dx +X4n+l dx — xonti .
axn+j axn+l " axn+j ax6n+L " axn+j d i Y
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. 0% . 0% . 0%
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0%X2n+j 0X3 4 i 0%X2n+j 0X7n 4 i 0%X2n +j 0%y 4 "
. 0% . 0% . 0%
+X4n+z dx2 ) _X5n+z dx2 . _X6n+l de .
0% +j 0Xen +i i 0%+ 0%; " 0%X2n +j 0Xan +i i
+X7n+i azL d _|_XL' azL d Xn+i azL d
0%X2n+j 0Xon +i i 0X3n 4 0%X5n 4 Y 0304 0X3n 4 Y
. 0°L . 0% . 0°L
_xénti___ ~ dx3n+j + xsn+i dx3n+j + xAn+i dx3n+j

03+ 0X77 4 0X374+j 0%y 4 0X374+7 0Xep+i

. 0°L . 0L . 0%
_X5n+z—dx3 . _X6n+t—dx3 . +X7n+z dX3 .
axBn+] 0 i i axBn%—j ax4n+i i ax3n+j ax2n+i i
+Xi azL d Xn+i azL d X2n+i azL d
= AXpp4j — T AXgp4j — T AXyp 4
ax4n+j axSn+i " ax4n+j ax?m-{-i i ax4n+j a-x7n+i "
. 0%L . 0% . 0%L
+ X3n+l dX4 4 X4n+l dX4 . _X51’l+L dX4 .
0%X 4 +j 0% 4 " 0%X4n+j 0X6n +i i 0%X4n 4 0%; "
X6n+i azL d +X7n+i azL d _l_Xi azL d
0%X 4 +j0X4n 1 i 0Xan +j 0%Xon 4 " 0X5n 4 0Xs5n 4 Y

© 2017 Global Journals Inc. (US)

Global ]()LII'I’]&I of Science Frontier Research (F) Volume XVII Issue II Version I E Year



Global Journal of Science Frontier Research (F) Volume XVII Issue II Version I E Year 2017

0%L 9%L 0°%L

n+i 2n+i 3n+i
X g,y — X o dxg,y; + X X5+,

axSn+j ax3n-{-i axSn+j ax7n+i axSn+j axn+i
. 9%L - 0%L . 0%L
+X4n+l—dx5 i _X5n+l—dx5 i _X6n+1—dx5 i
0X5n4j 0Xen +i e 0Xs5,4j0X; " 0Xs5n4j 0Xan 4 i
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S Ao AXspyj o a.. Xen+j T Xon+j
a-XSn+jaXZn+i e ax6n+jaxSn+i A aX6n+jaxBn+i A
. 92L 9% : 92L
_X2n+l—dx6 i +X3n+1—dx6 i +X4n+l—dx6 i
0Xen+j 0X7n+i A 0X6n+j 0Xn 4 " 0X6n+j 0X6n+i "
- 0%L . 9%L , d%L
_X5n+1 dx6 i _X6n+L dx6 i +X7n+l dx6 i
0X6n+j0X; e 0X6n+j0Xan+i " 0X6n+j0Xon +i e
_l_Xi azL d Xn+i aZL d X2n+i azL d
0%X7n 4 OX5n 4 e 0%X7n4j 0X3p 4 " 0X7n4j0X7n 4 e
- 0%L . 9°L . 0%
+X3n+l—dx7 i +X4n+l—dx7 b= X5n+z —dx7 i
0X7n4j 0%y 4 " 0%X7n4j 0Xen +i " 0%X7n 4 0%; e
X6n+i azL d +X7n+i azL d JL d oL d
- S Ao X7y o a.. Xpyy T S AX; — o AXpyj
ax7n+jax4n+i e ax7n-{-jax2n-i-i " ax} ! axn—i—j "
JdL g JdL d oL g JdL JdL J
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oL P
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By means of Eq(1), we calculate the following expressions
0t s ki x5 PRI
0% 0xsyes T B0k T gy T g
xi 2t §ld + X! oL §ld + X oL §ld xi 2k §ld
- 0%L : . 9% . 92 .
X 5"y, + X ———— 5" dx,, + X 8" dxyp i
0%+ 0X5p 4 (AL 0% 4j0%X3p 4 ke 0% 4j X7 4 i i
2 2 2
. L ; , 0°L ; . 0°L ;
—X 5 g,y — X ———— 8 D dog gy + X ——— 60 g,y +
0%y 4j 00Xy 4 ni Gan 0%y 1) 0X6n +i nti Hidn 0%y 4 0x; nti CXSn
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oL d + d + d 0
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If a curve determined by a: R — M is taken to be an integral curve of &, then we
found equation as follows:

- 9% . 0%L . 9%L . 9%L
—Xl—de—Xn-H—de—X n+l—dxj_X n+l—dxj
0x; 0x5p 4 0%y 1) 0Xs5p 1 0%X2n+j 0X5n 4 0X3n4j 0X5n 4

2 2 2
P PR S R

ax4n+j axSn+i a-xSn+j a-xSn+i ax6n+j axSn+i
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X2n+l dX3 H _X3n+l dX3 H _X4n+z dX3 i
axZn+jaxn-i-i s axBn+jaxn+i s a-x4n+jaxn+i A
. 0% . 0% . 0%L
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n n n
0x; 0xn +i ! 0% 4j 0Xen +i ! 0%Xon+ 0Xgn +i !
. d%L . 9°L . d%L
x3n+i dX4n+- — X4n+i dX4n+- — xonti dX4n+- _
0X35+7 0X6p +i ! 0X4n+j 0Xep+i ! 0X5n 4+ 0Xgp+i !
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a-x5n+j a-xn+i

. 9%L )
_[Xl—+Xn+z

2 2

ax6n+j ax7n+i ax7n+j ax7n+i

2 2
0°L 2n+i 0°L +X3n+i

axn+j axn+i ax2n+j axn+i ax3n+j axn+i ax4n+j axn+i

9%L 9%L
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+
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9%L 9%L
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ax] ax6n+i axn-{-j ax6n+i ax2n+j ax6n+i ax3n+j ax6n+i ax4n+j ax6n+i

d%L
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d%L

+ XSTI. +i

2
n+i
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X6n+i

2
2n+i 0°L + X3n+i

0X2n4; 0; 0x334;0X;

9%L 9%L

X7+ dxg, .+
0X6n 1, 0X; 6x7n+]6x] Sty

2],

d%L . 0%L

An+i

2l

X2n+i a X3n+i a X4n+i

n+i a-xZn+j axll-n+i

0X5n4j0%Xon 4

aX6n+j aX4n+i ax7n+j ax4n+i

2],

a-x3n +j axﬁl—n +i

9%L

2y,

X2n+i U + X3n+i 0 + X4n+i

n+i ax2n+j 0% 4

2],

+ X6TL+i a + X7Tl+i
ax6n+j 0Xon i ax7n+j 0Xon 4

In this equation can be concise manner

Z Xan +i

+ Xan+l d.xz +ij +a—de2 +j
g n n
axan+] ax7n+t / axZn+j !

9°L
axan +j axSn+t

— T dx dx + Z yanti %~

0x354j 0% 4

%L

9°L

Xn+j
axan +j axBn+L

a=0

ldxensj +o——
e 0X6n+j

JL
ldx7,y + I

0%X4n +; 0x;

dx5n+'
J
axSn+j

9%L

ax4n+j ax4n+i

dXen+j

9°L

0%X454j 0Xop 4

dx7n4j =0
n+j

+ oL d
axn+] le+}

7
B T T
n
axan+jaxn+i !

oL d z Xan+i azL d —d + Z Xan+1 azL d
ax3n+j x3n+j = axan+j 6x6n+l~ X4.n+] dx 4-n+] X4.n+] 6xan+] Bxl x5n+]
d 7 Xan+L 2L d d
+ax5 Xspyj t 2a=0 Dam 10 4n 11 Xen+j + 3 X6n+j
an +i %L oL
= X 0xqn +jax2n+i dX7n+j + dx7 dx7n+] 0 - (13)
Then we find the equations
6(6L>+ dL _ a(aL) dL _0 6<6L ) oL _0
0t \0x;/  0xsp4i T0t \0xpyi/  0X3ny , 0t \0x2p4i/  0X7p4i ,
d oL oL d JdL JdL d oL oL
0t \Ox3nyi/  O0Xpy 0t \Ox4n4i/  OXonti 0t \Oxsp 4/ 0,
d ( daL ) daL 0 d ( daL ) dL 0 (14)
e — = , = -
at ax6n—i—i ax4n—i—i at ax7n—i—i axZn—H’
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Such that the equations expressed in Eq(14) are named Euler-Lagrange equations

structured on Clifford Kdhler manifold (M,V) by means of CDJL5 in the case, the triple
(M, P, ¢) is called a mechanical system on Clifford Kdhler manifold (M, V).

10.
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