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Gebreel Mohammed Khur Baba Gebreel

Abstract- In this paper we obtained a canonical local basis {J;} ,i = 1, 2, 3 of vector bundle V on the Standard Cliffordian
Kahler Manifold (R®,V). The paths of semispray on the Standard Cliffordian Kéhler Manifold are in fact the solutions
of Euler-Lagrange equations.

I. [NTRODUCTION

Modern differential geometry explains explicitly the dynamics of Lagrangians. So,
we say that if M is an m — dimensional configuration manifold and L:TM - R is a
regular Lagrangian function, then there is a unique vector field ¢ on TM such that
dynamics equations is given by:

Where @; indicates the symplectic form and E; is the energy associated to L.
The triple (TM, ®;,§) is called Lagrangian system on the tangent bundle TM.

In literature, there are a lot of studies about Lagrangian mechanics, formalisms,
systems and equations [1,2,3] and there in. There are real, complex, paracomplex and
other analogues. It is possible to produce different analogues in different spaces. Finding
new dynamics equations is both a new expansion and contribution to science to explain
physical events.

Quaternions were invented by Sir William Rowan Hamilton as an extension to
the complex number. Hamilton's defining relation is most succinctly written as:

i2=jt=k*=lijk=-1 - (2)

If it is compared to the calculus of vectors, quaternions have slipped into the
realm of obscurity.

They do however still find use in the computation of rotations. A lot of physical
laws in classical, relativistic, and quantum mechanics can be written pleasantly by
means of quaternions. Some physicists hope they will find deeper understanding of the
universe by restating basic principles in terms of quaternion algebra. It is well-known
that quaternions are useful for representing rotations in both quantum and classical
mechanics [4]. Cliffordian manifold is a quaternion manifold. The above properties yield
also for Cliffordian manifold.
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[I.  PRELIMINARIES
Throughout this paper, all mathematical objects and mappings are assumed to
be smooth, i.e. infinitely differentiable and Einstein convention of summarizing is

adopted. F(M), X (M) and A'(M) denote the set of functions on M, the set of vector
fields on M and the set of 1-forms on M, respectively.

a) Theorem
Let f be differentiable ¢ ,1 are 1-form,then [5]:

o d(f¢) =df\p + fdd
o d(PAY) = dpNY — pAdY
b) Definition (Kronecker's delta)
Kronecker’'s delta denote by § and defined as follows [6,7]:

(1 i=j
]_ )
6i_{0; e

¢) Cliffordian Kdhler Manifolds

Here, we recalled the main concepts and structures given in [8,9]. Let M be a real
smooth manifold of dimension m. Suppose that there is a 6-dimensional vector bundle V
consisting of F;(i =1,2,...,6) tensors of type(l,1) over M. Such a local basis
{F,,F,,...,Fs} is called a canonical local basis of the bundle V in neighborhood U of M.
Then V is called an almost Cliffordian structure in M. The pair (M,V) is named an
almost Cliffordian manifold with V. Hence, an almost Cliffordian manifold M is of
dimension m = 8n. If there exists on (M,V) a global basis {F;, F;, ..., Fg},then (M,V) is
said to be an almost Cliffordian manifold; the basis {F;, F;, ..., Fg} is called a global basis
for V.

An almost Cliffordian connection on the almost Cliffordian manifold(M,V) is a
linear connection Von M which preserves by parallel transport the vector bundle V.
This means that if @ is a cross-section (local-global) of the bundle V ,then Vy® is also a
cross-section (local-global, respectively) of V , X being an arbitrary vector field of M.
If for any canonical basis {J1,/,, ...,J¢} of V in a coordinate neighborhood, the identities

gU:X,J;Y)=gX,V), VX,Y EX(M), i=12,...6 - (3)

Hold, the triple (M, g,V) is named an almost Cliffordian Hermitian manifold or
metric Cliffordian denoting by V an almost Cliffordian structure V and by g a
Riemannian metric and by (g,V) an almost Cliffordian metric structure.

Since each J;(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting
Q,(X,Y)=9(X, V), i=12,..,6 - (4)

For any vector fields and Y, we see that ®; are 6 local 2-forms.
If the Levi-Civita connection V= VY on (M, g,V) preserves the vector bundle V by
parallel transport, then (M, g,V) is called a Cliffordian Kdhler manifold, and an almost
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Cliffordian structure ®; of M is called a Cliffordian Kdhler structure. A Clifford Kdhler
manifold is Riemannian manifold (M®", g). For example, we say that R®" is the simplest
example of Clifford Kdhler manifold. Suppose that let {X;, X,+iX2n+i» X3n+i» Xan+ir Xsn+ir
define by

Xen+i»X7n+i} »i =1,mn be a real coordinate system on R®®. Then we

{ a a a a a a a a
0x;" 0xnyi’ 0%on+i” 0x3n4i OXan4i 0xspti’ OXenti OX7n+i

} and {dx;, dx, 1, dXop i) QX3 415 AXan 40,

dXsyii AXensir AX7n4;} be mnatural bases over R of the tangent space T(R®") and
the cotangent space T*(R®") of R®" , respectively.
By structures J; , /3 , /3, the following expressions are obtained

o R il v b el o R
) 0x; _axn+i /2 0x; _ax2n+i /5 0x; _ax3n+i

)= )
]2 axn—H’ B ax4n+i ]3 axn+i B axSn—H’

N———
I
g
T Q
S
w
/-~
Q
R
+ Q)
S
S
N————
I
Q
=
+ Q—)
N
S

0 d 0
d ) T J2 (a
Xi+an Xi+2n Xi+4n

——
Il

0 0 0 0 0
)= ) ) -
0%;15n 0%;13n 0%; 150 0%Xi17n 0%; 150 0%X;4n

_ d ( d ) d ( d )_ d
_ax7n+i J2 0Xen+i 0X3n 4 S5 0Xen +i _ax2n+i

d )_ d ( d )_ d ( 0 )_ d
h 0X7n 4 B 0Xen i )2 0X7p 4i _ax5n+i Js 0X7n 4 B 0X 4 4i

[11. LAGRANGIAN MECHANICS

In this section, we obtain Euler-Lagrange equations for quantum and classical
mechanics by means of a canonical local basis {J1,J2,/3} of V on the standard Cliffordian

Kdhler manifold (R®",V).

First:
d /0L dL d JL dL d dL JL
at axi axn_H' at axn_H' axi at ax2n+l~ aX4_n+l'
a(aL >+ oL _0 (aL ) oL _ a(aL ) JL _0
0t \Ox3n4i/  0Xspy "0t \0Xynyi/  OXpny Ot \OXsny)  Oxzny
d ( oL ) oL _0 ] ( JdL ) oL _0
at ax6n+i ax7n+i ‘ot ax7n+i ax6n+i '
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Second:

6<6L)+ oL —0 6<6L) oL — 0 6( oL ) 6L_O

0t \ox;) ~ 0xpnyi Ot \OXpy)  OXgnyy  0t\OXpny)  Ox;

6( oL )+ oL _0 6( daL )+ daL _0 6( dL ) dL _0

0t \Oxan+i/  0Xpyy Tt \0x3n1i/  OXeny T 0t \Oxsuyi/  Oxypay '

0 ( oL ) oL d [ OL oL

(L) ooy, o,

0t \0xen+i/  0X3p+ 0t \0x7,4i/  O0Xsyy Notes

Thirdly, let J3 take a local basis component on the standard Cliffordian Kdhler

manifold (R®",V) and {X; Xn4iX2n+i» X3n+i» Xan+i Xsn+ir Xentis Xmaid 1= 1,1 be its
coordinate functions.
Let semispray be the vector field ¢ determined by:

f — Xli + Xn+i d + X2n+i d + X3n+i d + X4—n+i

0x; 0Xpti 0X2n+i 0X3n+i 0X4n+i
0Xs5n +i 0%Xen +i 0%X7n +i

Where
I — 5 n+i — o 2n+i — o 3n+i _ o in+i _ o
Xt =5, X" =40, X = Xonti X = X3nti, X = Xgn+i
Sn+i — bn+i — . n+i —
X = Xspti, X = Xenti X = X7n+i-

This equation (6) can be written concise manner

f — 2720 Xan+i L N (7)

0Xan +i

And the dot indicates the derivative with respect to time t. The vector field defined by

V]3 :]3(5) — Xi d _Xn+iL _X2n+iL _X3n+ii +X4n+i

0%X3n +i 0Xs5n+i 0Xen +i 0x; 0%X7n +i
4 oxon+i 0 4 yen+i 0 _ y7n4i_0 N (8)
0xn4i 0%xn 4 0% 4n 4

Is called Liouville vector field on the standard Cliffordian Kdhler manifold (R%",V).
The maps given by T, P: R®" — R such that:

T_l (.2+.2 +.2 +.2 +.2 +.2 +.2 +.2 )
- zml Xi Xn+i Xon+i X3n+i Xan+i X5n+i Xen+i XTn+i

s T =

N =

7
-2 _
mizxanﬂ' , P=mgh

a=0

Are called the kinetic energy and the potential energy of the system, respectively.

Here m;, g and h stand for mass of a mechanical system having m particles, the gravity
acceleration and distance to the origin of a mechanical system on the standard

Cliffordian Kdhler manifold (R®", V), respectively.
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Then L: R®" — R is a map that satisfies the conditions:

i) L =T — P is a Lagrangian function.

ii) the function given by E£3 =V,(L) — L, is energy function.
The operator i;, induced by J3 and given by:

r

i]30)(X1,X2, ""XT) =Zw(X1,...,]3Xi,...,XT) 4 (9)
i=1

Is said to be vertical derivation, where w € A"R%",X; € X (R®"). The vertical
differentiation d;, is defined by:
dj, = [i]3'd] = ij,d — dij, - (10)

Where d is the usual exterior derivation. For J3, the closed Cliffordian Kdhler

form is the closed 2-form given by CD{3 = —dd;,L such that

d d d
dj, = dx; - 1 = ——— Ay — X + da s
/3 ax3n+i i ax5n+i n+i ax6n+i 2n+i o, 3n+i ax7n+i 4n+i
+ d + g d g d
X i X — X ,
axn+i Sn+i ax2n+z 6n+i ax4n+i Tn+i
Defined by operator
d]3 : T(M) b A1R8n RN (11)
Then
@3 oL dx; Adx; + oL dx; Adx, 4 + oL dx; \d +
=- X; X Xi Xy ai X; X .
" 0% 0x3nti Y0 0xsny 0 00X 0Xen4i 2nti
L dx;\d 0°L dx; \d 0°L dx;\d 22 dx: \d
axjaxi x-'] X3n+i axjax7n+i .X", X4n+i axjaxn+i ‘x_'] X5n+i axjax2n+i .X:] Xen+i
+ oL dx; \d oL d Ndx; + oL d Nd +
A A5 N\AX7py — T AXp 4 \AX; X NdXo L
0% 024y 0 0xyy 0%z L 0%y Oxspyy
oL d Nd + oL d Ad oL d Nd
—  dx,  AdXyy i+ ————dx, NdXay s — —————dx, NdXs 1
0%y j0Xgny; M T ax, dxg I g By A
oL d Ad oL d Nd + oL d Nd
oA AXpjN\AXsp g — o AXp o \AXgp 4 Yo s NAXr
0% 1) 0% 4 i s 0%Xn4j0Xon 4 i ot 0%y 4 0%Xan 4 I Tt
oL d Adx; + oL d Ad + oL d Nd
— Xy ANAX; + —————dXpp i NdXy g + ———————d Xy A Xy
0%onsj0%zngi 0 g O%kspar T Xy 0engr
Y L e A 0L o ad
————dxon i Ndx3py — = dXpny i NdX gy — 5 dXp, i NdX5, 4 —
0%2n+j0%; e e 0X2n 47 0X7n 4 ] et 0X2n 47 0%Xn 4 ) st
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0%L d%L d%L

0Xap+j0%on+i Deznj AdXen i + 0Xom+j0Xan i any X7 = de3n+j Adxi +
deg Ndx, 4 + o°L dx3p4iNdXop 4 + —62L dx3n4iNdX3n4 —
0%X3n4;0%xsnri T G Oy T AT Qg dx oA
Lda@ Ndxg 1 _(’)Z—de iNdxs, i — —E)ZL dxz,iNdxena; +
0X3p+j0X7p+i " e 0x3p4 0% 4 e ok 0304 0X2n + st ontt
Lda@ NAdX7, 40 —de Ndx; + oL AXgpniNdxy i +
0X33+j 0Xan+i " i 0X 447 0X3n 4 e l 0X4n1j0X5p 1 nty i
‘92—de4 NdXpy4i +62—de NdxX3,4i o dXgnsi NdXan i —
ax4n+j 0Xgn4i n+tj 2n+i ax4n+j dx; An+j 3n+i ax4n+j 0%X7mri 4An+j An+i
0L 92%L 92L
AX4n1jNdX5p 4+ — AX g4 NdX g1 AX4n1jNdX7p 4 —

- B —
ax4n+j axZn+i ax‘l-n+j ax‘l-n+i

9% 9% 9%

ax‘l-n+j axn+i

—————dxs5,; \dx; + dxs,iNdx, 4 + dxs, i Ndxy, 1 +
0Xsn4j0x3ny 0 OXsnyjO0xspyp 0 0Xsnyj0Xengr T
—OZL d Ad —OZL d Ad —azL d Ad
XoniiNAdX3p1; — XeniiNAdXyp i — XopyiNdXgy 1 —
ax5n+j axi Sn+j 3n+i ax5n+j ax7n+i 5n+j dn+i axSn—i—j axnﬂ_ S5n+j 5n+i
oL d Nd + o°L d Nd —OZL d Ndx; +
Ao A.. @Xsn+jN\AXen4i T o - AXs5p4; NAX7544 — Xon+j NAX;
axSn—i—jaxZn—i-i e e a-XSn+jax4n+i " e ax6n—i—jaxBn—i-i e L
—62L d Nd + oL d Nd + o°L d Nd
Xen+iNAXy 1 + =———————dXg+; NdXyp 1 + —————dXg i NAX3 1 —
0X6n+j 0X5n 4 ot e 0X6n+j 0Xen +i ot antt 0X6n+j0X; on+ S
o°L d Nd o°L d Nd o°L d Nd +
ax6n+j 0%t Xon+j N\AX4n 4 ax6n+j 92, 1; Xon+j NAX5p 4 ax6n+j OXomer Xen+j NAXegn 4+
o°L d Nd o°L d Ndx; + o°L d Nd +
—————dXen i NdX7p s — = dx7, 4 \dx; X7naiNAXy 4
ax6n+jax4n+i n e ax7n+jax3n+i " l ax7n+jax5n+i " e
oL d Nd + o°L d Nd o°L d Ad
ax7n+j ax6n+i x7n+j Xan+i ax7n+j axi x7n+j X3n+i a.X'7n+j ax'7n+l~ x7n+j Xan-+i
9L 9%L 9%L

Ax7n4jNdXsp i — Ax7n4j NdXgp +i AX7n 4 NAX7y 4

_— + _—
0X7n 4 0% 4 0X7n4j 0Xon 4 0%X7n4j 0Xan +i

Let & be the second order differential equation by given Eq(1) and defined by Eq(6) and

o = x0T i it g i O gy L R
i =—X'—F—0;dx; X; AdX, i — —dx;
e 0% 0x3np; ' 0Oxgpy ) 0% 0xspy 0% Oxsnsi
i 9°L J 2n+i 9°L i 9°L J 3n+i 9°L

X' ——— 8/ dxgp; — X" ———dx; + X 8 dxzni — X dx; —

0% 0Xgp 4 0% 0Xgn 1 dx; 0x; 0x; 0x;

J
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X o°L &) dxyy i + X4 L dx; ¢ o°L 8 dxs, . + X0t L dx;
i n+i [ n—+i
ax] a-x7n+l ' ax] a-x7n+l 7 ax]a n+i ' ax] a-xn+i 7
L 8 dxg,; + X6t 2 dx; + Xt 2 8 dxyyy; — X7 L dx; —
[ n—+i n—i
axj axZn+i ' axjaxZnﬂ ax] axél-n+L ' axjaxél-nﬂ' ]
9°L , 9°L 2L
i +j i n+i n+j
Xmi—— — §"Vdx; + X dx,4; +X 6, . dx
n+i i n+j n+i n+i
axn+j ax?»n+i axn+j ax3n+l axn+j axSn+l
0°L 0°L , ’L
n+i d n+i n+j 2n+i
.xn+j' + X 6Tl+i dx2n+i - X dxn+j +
0%y 1j 0Xs5p 4 0%y 1) 0X6n +i 0%y 1j0X6n +i
2 2 92L
i +j 3n+i n+i n+j
xnti 5 dxs s — X dx,, — X 85 dxg, i +
n+i 3n+i n+j n+i Yt4n+i
0%y 4 0X; 0%y, 1 0%; 0% 1) 0X7p 4
d°L d°L . 9°L
An+i d n+i n+j S5n+i
xn—i—j - X —5n+i dx5n+i +X dxn+j
axn+j ax7n+i axn+j axn+i axn+j ax4n+l
9% , - 9% - 9%L ,
xn+ S dxgn i + XOMH dx,,; + X" S dxgy i —
+ 6n+i n+ + n+i
0% 4jO0xony; " 0% 4j0Xon 4 / 0% 4j0%Xgny; "
9°L 9°L : 9°L
i i 2n+j i
X7+ dx, — Xt 5" dx, + X dxyp4i +
Ji 2n+i i 2n+j
axn+j ax4n+i axZn+j ax3n+i axZn+j ax3n+i
. 9%L anti . 9%L . 9%L )
Xt 5 dxy g — X dxgnij + X ————— 5, oy, —
2n+ n+i 2n+ 2n+ 2n+i
0Xon+4j0Xspy; “ 0%+ 05 4 ’ 0Xon4j0xenyi
d°L 9°L , 9°L
j i 2n+j 3n+i
X dXon 4 + X 5" dxg, — X dxoyp4i —
j 2n+i 3n+i 2n+j
0%X2n +j 0X6n +i 0%X2n 4 0%; 0%X2n 4 0%;
; a°L 2n+j dn+i a%L It a2L 2n+j
x2nti ____— — 5 g 4 xAnt dxo. . — X2nti S dxe. .
0% 40 X770 4 Znti i 0%2n4j0%X7n 4 ant) 0%2n 40 %Xy 4 Znti St
; a%L Inti %L 2n+j 6n+i %L
+ Xonti dxypy; — XM ————— 5"V dxg, 4 + XOMH dx,, . +
0x2p4j0%p 4 2nt) O%Xgp1j0x2n 4 2NH on+i 020 4j0%2n 1 ntj
, 9%L . : 9%L , 9%L .
2n+i 52n+] dx — x7n+i d — x3n+i 53n+] dx: +
2n+i n+i Xon+j 3n+i Xi
0Xon4j0%gny; " 0%X2n+j 0Xan +; ’ 0X3n4j0%X3n4; "
9°L d°L : d°L
i 3n+i 3n+j n+i
X ity + X3 ——— 53, — X dxzns; +

0%X314j 0X3p 4 0X3n 4 0X5n 4

0%X3n 4 0Xs5p 4

9L . 9°L 0L .
i 3n+tj 2n+i 3n+i 3n+j
Xx3nH 8 dxynsi — X dxs, i +X 8 dxg, 4
3n+ 2n+i 3n+j 3n+ 3n+i
0x3n4j0Xenyi = 0X3n4j 0Xen +; Ox3p4;0x; "™
9%L 9L , 9%L
] ] 3n+j An+i
—x3n+ dxgp, i — X3t 8 dxyn s + X dxg,.; —
3n+ 4n+i 3n+
0x3n+; 0x; / 0x3n4j0x7p4; " 0304 0X7n 4 /
. 9%L . . 9%L . 9%L .
3n+i 3n+j Sn+i 3n+i 3ntj
X —a P 53Tl+l' den_H' + X P 3 dx3Tl+j - X P 3 53Tl+i dx6n+l' +
X3n+j 0Xn +i X3n+j0Xn4i X3n+j0Xon+i
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. 9%L . 9%L : . 9%L
3n+ n+i
Xt dxg, X — 5"y X dxg, L —
3n+ n+i 3n+
0X3n4;0Xon 4 g 0x374j 0Xgn 4y "0 0X3n4j 0Xan +i g
, 9%L . . 9%L . 9%L
in+ 4An+j dn+ 4n+j
X n lW(S‘l'n'i‘l’ dxl +X1de4n+] +X n lﬁé\‘ln"‘l dxn+l
Xan+jO0X3n+i X4n+j0X3n+i X4n+jO0Xs5p+i
: 9%L . 9%L . 9%L
dntj 2n+i
Xt —  — dxy,y XM ——— 5"V dxy . — X —dxy . +
-j 4n+ 2n+i 4n+
0%X4n 40X 4 0Xgn+jO0Xenei 0%X4n+j OXen +i /
d%L : 9°L d°L
dnti__ T 7 gdntj _y3n+i___ _yAn+i M cAndy
Xan+j 0Xi Xan+j 0Xi Xan+j OX7n+i
: 9%L . 0% . 9%L
4n+j Sn+i
X — g, — XM ——— 5" dxe, + X ———dXyyy; —
4n+ Sn+i 4n+
0X4p4j 0X7n 4 g 0X4n4+j0Xpqy 0X454j 0%Xp 4 g
: 9°L Ani - 9%L 9%L .
i in+
xdnti____ T g¢ntg. g xonti__ T gy oy xAnti__ 7 gt
An+ 6n+i 4in+ An+ n+i
0Xan+j0Xonqy 0 0X47 4 0%; g 0X4n4+j0Xany; 0
9°L 9%L . 9°L
i i 5n+j i
X7 dx4, =Xt 5"y, + X ————dxc, . +
+j Sn4i H7i Sn+tj
ax4n+j ax4n+i axSn+j a-XBn+i ax5n+j ax3n+i
, 9°L Bt . 9°L 9%L .
i 5n+j
xonti____ T §mHgn _xnti__ T gy XM~ 8 dx
ax5n+j ax5n+i smt s ax5n+j ax5n+i o axSn+j ax6n+i SmH ankt
9°L 9°L . 9°L
i j Sn+j 3n+i
Xxen+ ——dX5py; + xont 52" dxznei — X dxs
0X5n4j 0Xgn +i " 0xXs5,4j0x; st e 0xXs5n4j0x; Y
, 9%L , . 9%L 9%L :
5n+j An+i Sn+i 5Sn+j
Xt 5"V dx, s+ X ———dX5p i — X —— 4 dx
Sn+ An+i 5n+ Sn+ 5n+i
0x5p4j0X7n4; T 0X5p+70X75 4 / 0x5p4j 0%y "
. 0%L . 9%L . 9%L
5n+j 6n+i
X e, — XM ———— 82" dxg s + X ———dxs,y; +
J 5n+ én+i 5n+
axSn+j axn+i a-x5n+j ax2n+i n axSn+j axZn+i /
, 9%L , . 9%L 9%L :
5n+ Sn+j Tn+ 6n+i bn+j
R P o LA P T A P o U L
X5n+j 0X4n+i Xsn+j 0X4n+i Xon+j 0X3n+i
d%L 9%L : 9°L
] j 6n+j n+i
+Xl—dx6n+-+X6n+‘—6 cdx, . —X dXgn.i +
j 6n+i *tn+i 6n+j
0%Xen+70X35 4 0Xgn+j 0X5p 4 0Xgn+j 0X5p 4
. 9%L onti . a%L . 9%L :
6n+j
xénti__ = 7 gntg. o xn+i_ T " gy oy xbnti__ 7 g6t
0Xen+j 0Xen +i onti T2 0%Xen+j 0Xen +i ot 0Xen+; 0x; onoti TEInH
- 0%L . 9%L : . 9%L
6n+ An+i
— X3 dxg, s — X ————— 8" dxgy s + X —————dxg s —
6n+ An+i 6n+
0Xen+;0x; ! 0Xen+j0X7ny; 0Xen+j 0X7n 4 !
o 9%L . - 9%L . 9%L :
6n+ 5n+i 6n+i 6n+j
Xont 5" dxe, X —————dxg, i — X — 6., AXenai
0%Xen-+j 0%Xn 4 Gnott TRk 0%Xen+j 0%Xn 4 ot 0%Xen+j0%on +i onti TonH
, 9%L . 9%L : . 9%L

0%Xen+j 0Xon +; 0Xen+j 0%an +i 0Xen+j 0Xan +i
J J
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921 021 9L

X7n+i m5;§:{ dxl- + Xi mdx7n+j + X7n+i maggiz] dxn+i -
xn+i ﬁd-’cﬁlﬂ' + x7n+i ﬁa?ﬁi{ dXonti — x2n+i ﬁd}hnﬂ +
X7n+i%5;ﬂ{ dXzp 4 — X3 3 62La dX7ny; — X7 v 62;, 8] Ay i
Notes X7n+j O X7n+j O, X7n4j OXnti
2 2 2
X ﬁdﬁ{ Agnsi + X ax7nszaLx2n+i Axmy + X7 ax7nszaLx4n+i St s
. 2
- X7n+L ax7nfj aLx4n+i dx7n+j

Since the closed standard Cliffordian Kdhler form (I)i3 on (R®,V) is the
symplectic structure, it is found

oL _ i oL _ X2n+i oL _ X3n+i a_L +

X3n+i X5y 4 0Xen +i 0x;

EPF=v,(L)-L=X

X4n+i oL + X5n+i oL + X6n+ia—L_ X7n+i—_ L N (12)
0X7n +i 0% i 0%Xon +i 0%Xan +i

And hence

9°L 0L - 0%L - 9%L
2 3
dx; —X”+’—d)cj — Xt dx, — X3t

dEJ® = X! = dx
: 0 s 0% 0%gnri ) 0% 0%,

0% 0x3p 4

. 9%L . 9°L - 9%L - 9%L
+X47’l+l dx] + X5n+l dx} + X6n+L dx} _ X7n+L dx}
0x; 07 4 0X4n+j 0% 4 0x; 0x2n +; 0% 0%X 4 +;

Xn+i azL d X2n+i azL d X3n+i azL d +
0%X2n+j OX5n 4 A 0%X2n+j 0X6n+i " 0x2n +; 0%; "

. 0%L . 9L . 0%L
X4n+1 dx2n+j +X5n+t dx2n+j +X6n+1

dx2n+'
]
6x2n+]- a.X'7n+l'

0%X2n +j 0Xy 4 0X2n+j0X2n 4
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0°%L 0%L 0%L

b Char———; LT dxs, . — X"t dxs, . —
-j 3n+j 3n+j
axZn—H ax4n+i a-xSn—H axSn—H’ axf‘m—kj(’)xSn—H'
, 92L - 9%L . 9%L
in'H dx3n+. —X3n+l—dx , +X4'n+1—dx .+
j 3n+j 3n+j
030 +j 0Xen +i 0x37,4 0X; 0%X314j 0X7n 4
9°L 9°L 9°L
5n+i 6n+i n+i
X o AXapy + X o dixgyy — X S 5 dx3n+j +
X3n+j 0Xn4i X3n+j 0X2n+i X3n+j 0Xan+i |\ otes
Xi azL d Xn+i azL d X2n+i azL d
————dXyp 4 — ———dX4py; — Xanti —
0X4n+70X35 4 e 0X4n+0X5 4 e 0X4n+j0Xen+i e
- 0%L . 9%L . 0%L
X3y A Xy, XSy, 4
J 4n+j 4n+j
0%X 4+ 0%; 0%X4n +j 0X7n 4 0%Xan +j 0%y 4
x6n+i oL AX s —X7n+ide4 ' oL dXs, i —
nwj n+j nTj
ax4n+j ax2n+i ax4n+j ax4n+i a-xSn+j a-x3n+i
. 9°L . 9°L - 0%L
XnH—— gy — X — gy o x3nH dxs, . +
j Sn+j Sn+j
0X5p4+j 0X57 4 0X5n 4 0Xep+i 0X5p470X;
. 9°L . 9°L , 9°L
p G p——— PR’ c L S RN L dx
j 5n+j 5n+j
0X504+j 0X75 4 0X5p 40X 4 05+ 0X2p 4
X7"+"de5 i +Xide6 =X 0*L AXgnyi —
a-XSn+j a-X4n+i ax6n+j ax?m+i a-X6n+j a-XSn+i
. 9°L . 9%L . d%L
Xt dxe,; — X3 ——————dxg, s + X dxe. .. +
-j 6n+j 6n+j
0%X6n+j 0X6n +i 0%X6n -+ 0%; 0Xen+j 0X7n +i
X5n+i 2L dX6 o+ X6n+i 2L dX6 . X7n+i 2L dX6 4+
0X6n+j0%Xn 4 nt OXen+j0%2n+i nt 0Xgn+j0%an+i nt
; a%L ; a°L ; a°L
L dx . _X‘I‘L+l dx . _X2n+l dx —
0X7n+j0X3p 4 ntj X704 0X50 4 ntj X7 4+j0X6n +i ntj
X3n+ide 4 X4n+i 2L dx 4 X5n+i 2L dx o+
0x7n4j0X; ntj 0x7n4+j0% 70 4i i X7 4+j0%p 4 i
X6n+i azL d X7n+i aZL d oL d oL d
A Ao @X7p4j — Ao a. WX7ngj T QX T o AXpyj
0704 0Xon +i 0X7n4j 0X4n 4 0x; 0%n
JdL p oL p oL J JdL p
— 5 OXopyj — X3n4j — Xan+4j — Xsn+j
axZn+j ax3n+j ax4n+j axSn+j
oL p oL p
- Xon+j — X7n+j
0%X6n + 0X7n 4

With the use of Eq.(1), the following expressions can be obtained:
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2
. 0%L

5]dx +X‘—6’dx Xl—5 dx Xl 5jdx
0xj0x3n 4 0x;0x5n +i ni T 0xj0Xgn 4 2ni T jaxi L Sni
X —2t sk, . — X 5/ dx X 8 dxgnss + X' —25— 5] dx
ax]6x7n+l_ i 4n+l axjaxn_H 5n+l 6x]ax2n+,_ 6n+i axjax4n+i i n+i
. 9%L , . 9%L , . 9%L ,
X My x5 e X 5"y,
+ i + n+i + 2n+i
0Xp4j0X3p4; " 0Xp4j0xspyy " 0Xp4j0Xenti
- 9%L . . 0%L , - 9%L .
xnti_— " sy xnti__ T " sty o_xnti_ " st g,
axn+] ax nH I axn+j ax7n+i i et axn+j axn+i mH sk
. 0%L . . 9L ; 0L .
i 2n+j
xnti — 7 sy o xnti_ " g™, o xnti_ " 7 gnd) g,
+ 6n+i + n+i 2 t
axn+j axZn+i e a-xn+j ax4n+i e axZn+j ax3n+i mH
0%L , 9%L .
2n+i 2n+j 2n+i 2n+j
nTj n=ri n+j n+i
9%L , 9%L ,
i 2n+j 2n4+i 2n+j
) G —— ‘dxz, . — X — 0, i AdXgn 1 —
X4y Ox; 2nFE TN 0%gp4j0x7yyy 20T
9%L , 9%L ,
2n+i 2n+j _ y2n+i 2n+j
X axz +'ax Ny 62n+i dx5n+i X axz +.ax2 Ny 62n+i dx6n+i +
n+j n+i n+j n+i
9%L . 0%L ,
i 2n+ i 3n+
X ey Sontt Gt = XM G b+
2n+j dn+i 3n+j 3n+i
9%L . 0%L .
3n+i 3n+j 3n+i 3n+tj
X ax3 +'ax5 N 83n+i dxn+i + X 6x3 +.a.X'6 Ny 63n+i dx2n+i +
n+j n+i n+j n+i
2 2
3n+i a—L53"+f dxzns; — X3+ Lg“ﬂ dX4n s
3n+i n+it 3n+i n+i
0x3,4j0X; 0X3n4j 0X7n 4
0%L . 0%L .
3n4+i__ ~ 7 ¢3ndj _y3n4i___ —  o3ndtj
X ax3 +ax + 63n+[ dx5n+1 X ax3 +ax2 + 63n+i dx67’l+i
n+j n+i n+j n+i
9%L , 9%L
3n+i 3n+j _ yé4n+i 4n+j
+X EI Oy AX7nqi — X 3 3 ' Oppy; dx; +
3n+j 4n+i x4n+] X3n+i
0%L . 9%L .
An+i An+j an+i 4n+j
X ax4 +.ax5 N 64-n+i dxn+i + X 6x4 +'ax6 N 64n+i din_H' +
n+j n+i n+j n+i
9%L , 9%L ,
i 4An+j 4An+i 4An+j
) Gl p——— Ll [P ¢ — 9, i dXs, .
An+i 3n+i An+ 4n+i
0%X 4+ 0%; 0X4n4j0X7n4 "
0%L . 9%L .
An+i 4n+j _ yé4n+i 4n+j
X ax4 +.ax Ny 64n+i den-H' X ax4 +'ax2 Ny 64n+i dx6n+i +
nwj n—ri n+j n+i
9%L . 0%L .
An+i dn+j _y5n+i Sn+j
X 64n+i AxX7n4i =X 65n+i dx; +

0%X4n+j OXan +i 0X5n+j 0X3n 4
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0°L Sn+j 9°L Sn+j

Xt — 5"y, + X ———§ dxyni +
S5n+i n+i Sn+i 2n+i
axSn—kj axSn—H’ ax5n+j ax6n+i
2 2
5n+ia—L55n+1'dx3 - X5"+"L65n+jdx4 -
Sn+i n+i Sn+i n+i
0x5p 4 0%; 0%X5n 4 0X7n 4
92L : 92L :
i 5n+j Sn+i 5n+j
Xt 5" Vdxe, . — X ——— 6., dXgp4i +
S5n+i S5n+i 5n+i 6n+i
axSn+j axn+i ax5n+j ax2n+i
. 9%L Enti . 9%L . . 9%L .
X+ 50 = X o dxy + X ——————— 5
axSn+j ax4n+i ax6n+j ax3n+i ax6n+j axSn+i
92L : 9%L :
i 6n+j 6n+i 6n+j
+ Xont — 5" Ydx,, . + X —,, dx3,4; -
6n+ 2n+i 6n+ 3n+i
0Xen+jOXen+i 0xen+4j0x; "
9%L : 92L .
i 6n+j 6n+i 6n+j
Xt — 5" Vdxg, s — X — 0, i dXs,4 -
6n+i An+i 6n+ S5n+i
0%Xen+j 0X7n+i 0Xen+j0Xnti 7"
0%L : 0%L :
6n+i 6n+j 6n+i 6n+j
ax Ox . 56n+i dx6n+i + X ax Ox . 66n+i dX7n+i
6n+j 2n+i 6n+j 4n+i
0%L . 0%L :
i 7n+ i n+
P L P PR ¢ 8% S Y (L P PRI
a-x7n+jax3n+i a-x7n+j a-’CSn-H'
92L , 9%L :
i n+j 7n+i n+j
Xt — 5" dxy s + X Og  AX3p4i
Tn+i 2n+i Tn+ 3n+i
0X7n4j 0Xgn i 0X7,4j0x; '
9°L . 92L .
i n+j 7n+i n+j
Xt — 5" Vdxg,y — X 0o 1 AX5pyi —
Tn+i Aran+i 7n+i 5n+i
0%X7n4j OX7n 4 0%X7n 4 0% 4
. 9%L . . 9%L . oL oL
6n+ Tn+i ntj
Xt — 5"V dxe s + X ————— 8" dx s +——dx; +——dx,
6n+ 6n+i Tn+ n+i n+
0x7n4j0X2p 4y 0 0X7n4j0%gny; 0x; ! 0%p 4 !
+—6L d + oL d + oL d + oL d + oL d +
Xon+j X3n+j Xan+j X5n+j Xon+j
a-xZn+j ax3n+j ax4n+j a-755n+j axén+j
oL 4 0
X7n4j =
0X7n+;

If a curve denoted by @ : R = R® is considered to be an integral curve of &, then
we calculate the following equation:

. 0%L . 0% . 0°L . 0%L
_Xz—dxj _Xn+z—dxj _X2n+l—dxj _X3n+l—dxj
axj ax3n+i axn+j ax3n+i axZn+j ax3n+i ax3n+j ax3n+i

. 0%L . 9%L , 0%L
_X4n+lﬁdxj _XSn—Hdej _X6n+zﬁdxj _
x4n+] X3n4i x5n+] X3n+i x6n+] X3n4i
e O0%L . 0%L . 0°L
X7 dx + X —————dx,, + X" A,y +

ax7n+j axBn+i axj axSn—H’ axn+j axSn—H’
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Notes

. d°L : d°L . d°L
Xxent dx, ; + X3+ dx, ;i + X" —dx, . +
0X2n+j 0Xs57 4 " 0X374+7 0Xs57 4. A 0%X4n+0X5p 4 A
, 9%L , 0%L . 0%L
Sn+i dx.. . : +X6Tl+L dx. .. + X7n+l dx. .. +
+ + +
0X5p4+j 0X57 4 A 0Xgn+j 0X5 4 " 0%X7n4+7 0X5p 4 A
2 2 2
i a—de2n+j + Xn+i a—de2n+j + X2n+i oL den+j +
axj aX6n—i—i axn+j a9‘6n+i axZn—i—j ax6n—i—i
. 9%L . 9%L . 9%L
3n+i dx . +X4n+z dx 4 X5n+l dx 4
2n+ 2n+ 2n+
ax3n+jax6n+i " ax4n+j ax6n+i A ax5n+jax6n+i "
L N C S R NS L R N
n n n
0X6n+j OX6n+i ! 0%X7n+j 0X6n +i ’ 0x; 0x; g
. 0°L . 0%L . 0%L
X" ————dxs, . + X2 dxs, ;i + X3 dxs,4; +
axn+j axi 3n+j ax2n+]' axl’ 3n+j aX3n+]' axi 3n+j
2 92 2
X4n+i dx o+ X5n+i—dx .+ X6n+i dx .+
0%X4n +; 0%; e 0554 0X; e 0%X6n -+ 0%; s
n+i ZL d Xi azL d Xn+i azL d
X3n+j — A oo AXgnyj — Xan+j —
0%X7n 4 0%; A 0% 0X77 4 " 0% 1) 0X77 4 e
. 9%L . 9%L , 9%L
2n+i dx4n+j — X3n+t dx4n+j _ X4n+z dx4n+j —
axZn+j ax7n+i a-x':»’n+j a-x7n+i ax4n+j ax7n+i
. d°L . 9°L . d°L
5n+i dx . _X6Tl+l dx . _X7n+1 dx L
dn+ dn+ dn+
0X5n4+0X75 4 A 0%+ 0X77 4 A 0%X7n+0X75 4 A
Xi azL d Xn+i azL d X2n+i azL d
02 0y 4; " 0% 4j 0% 4 " 0%X2n+ 0% i Y
. 9%L . 0L - 0L
X3n+z dx5 ) _X4n+z dx5 ) _X5n+l dx5 o
ax3n+j axn+i i ax4n+jaxn+i i axSn+jaxn+i "
X6n+i azL d X7n+i azL d Xi azL d
oo Ao @Xsnij — S A, MXspyj —A T AXepyj
0Xgn+j0%Xn i " 0X7n 40Xy 4 " 0% 0%z 4 A
. 0%L . 9°L . d°L
Xn+l—dx6 i _X2n+l—dx6 i _X3n+1—dx6 =
0% 4j0Xop +i A 0%+ 0X2p 4 A 030+ 0X2p 4 A
. 9°L . d°L . 9%L
xAn+i dx6 i — xonti dX6 i — x6n+i dx6 4=
0X4n+j0X2n 4 A 0%X5n4j 0X2n 4 e 0%Xen+j 0Xon +i A
Tt aZL dx6 +i +Xl aZL dX7 4 +Xn+i : dX7 +i +
n n n
0%X7n 4 0%Xon 4 g 0%; 0X 47 1 ! 0%y 1) 0X 4 i !
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. 9°L . 0°L . 9°L
X 2 g A X Ty, A X —— g, +
Ji n+j n+j
axZn+j ax4n+i ax3n+j ax4n+i ax4n+j ax4n+i
9L

9%L d%L

. . . L
Xxonti dx7p, 4 + XO6H dx7, 4 + X7 dxy,.; +—dx; +
0x5n+j0Xan +i i 0X6n+j0Xan +i Tt %7040 Xan +i i ox;
aL aL aL aL aL
Xy + ———dXpp s + e dX3ng; F ———dXgp s+ dXsn 4 F
Xy n+j IxXn+j 2n+j Ix3n) 3n+j x4y dn+j Ix5n 5Sn+j N
otes
; 0%6n+j J 0x7n 4 J
Q
5 OI'
; 0%L ; 9%L ; a%L ; a%L i a%L
—[xt + n+i + X2n+1 + X3n+l + X4—n+L—
[ 0xj0%X30 4 0%xp4j0%X30 4 0%x2n+j0X30 4 0%3n40X30 4 0X4m+j0%X3n4i
. 0°L . 0°%L . 0°%L oL
Z + X5n+l # + X6n+L # + X7n+L #] dxj + a_dxj +
L X5n+j0X3n+i Xon+j 0X3n+i X7n+j 0X3n+i X;
— 2 2 2 2 2
‘:5 [XL 0°L +Xn+i 0°L +X2n+i 0°L +X3n+i 0°L +X4-n+i 0°L
4 0% 0X5p 4 0% 40X 4 0%Xon+j 0X5y 4 0x3p+j 0Xs5p 4 0%X4n+j0X5p 4
i 2 2 2
> +X5n+i 0°L + X6n+i 0°L +X7n+i 0°L ]dx i + dx i +
n n
2 0X5n4j 0Xs5n 4 0%Xen+j 0Xs5n 4 0%X7n4j 0X5n 4 T 0xny /
= 2 2 2 2 2
> [Xi 0°L +Xn+i 0°L +X2n+i 0°L +X3n+i 0°L +X4n+i 0°L
~ 0x;0Xgp +; 0% +j 0X6n +i 0X254j 0Xep +i 0%354j 0%Xp +i 0%4n+j 0Xep+i
S5
= . 9%L . 9%L . 9%L oL
£ + X Xt +X7"+‘—]dx2 +i t dxynei +
; ax5n+jax6n+i ax6n+jax6n+i ax7n+jax6n+i i ax2n+j "
B 2 2 2 2 2
g [Xi 0°L n+i 0°L 2n+i 0°L 3n+i 0°L +X4n+i 0°L
S 0x; 0x; 0%y 4j0x; 0Xn 4/ 0X; 0X3p 4/ 0X; 0X4n 4 0X;
1
. 0%L . 0%L - 0%L oL
g +X5n+l— 4 xonti +X7n+l—] dX3n+- + —dX3n+
2 0X55.470X; 0Xgn+j 0X; 0X734+j0X; ! 0x3n+; !
B 2 2 2 2 2
= [Xi 0°L +Xn+i 0°L +X2n+i 0°L +X3n+i 0°L +X4n+i 0°L
g axj 0X7n4i axn+jax7n+i ax2n+j 0X7n4i ax3n+jax7n+i ax4n+j 0X7n4i
= . 9%L . 9%L . 9%L oL
Xt ot X7t Jdxg, + dXgn+i —
5 0X5n4j 0X7n 4 0%Xen+j 0X7n+i 0%X7n +; ax7n+i] ) 0%Xan +j )
2 2 2 2 2
[Xi 0°L + Xn+i 0°L + X2n+i 0°L + X3n+i 0°L + X4n+i 0°L
0 0%y 1 0% 4j0%Xn 4 0%+ 0% 4 0X304j 0% 4 0%Xan+j 0%Xn 4
H - 9%L . 9% . 9%L
+X5n+l— + X6n+1— +X7TL+1—] dx5 i + dx5 P
0% 4 0%Xn 4 0Xen+j 0% 4 0774 0%Xn 4 " 0X5n 4 "
2 2 2 2 2
i 0°L n+i 0°L 2n+i 0°L 3n+i 0°L 4n+i 0°L
[ +X +X +X +X
0x;0X2p 4 0% 40Xz 4i 0X254j 0%y 4 0%354j 0Xop 4 0% 45+ 0%y 4
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Notes In this e

d%L ) 0%L . 0%L oL

Xt~ 4 oxonti___ 4 x7nd ldxensi + AXgns; +
0x5n4j 0Xon 4 0Xen+j 0Xon +i 074 0Xon 4 " 0Xen + "
2 2 2 2 2

[ i 0°L Xn+i 0°L +X2n+i 0°L +X3n+i 0°L + X4n+i 0°L

0% 0%X4n +i 0% 4j 0Xgn 4 0%+ 0X4n 1 030+ 0X 454 0X4n+j 0X4n 1

. 9%L . 9%L , 9%L

X oxont X Jdxg, + Ax7p4; =0
0x5n4j 0Xna+i 0%Xen+j 0Xan +i 074 0Xan +; " 0%X7n 4 "

quation can be concise manner

DI R LML +2Xa"+i L ey + =2y, +
- —dx; + —dx; —dx, X
=0 axan+jax3n+i ! 6x] ! =0 axan+jax5n+1 n ox Xn+j "

7
an +i azL oL an+i azL

7—=0 axan+jax6n+i a X2n+j axan+j axi
7
oL, z yan+ 0°L p Lo
—dX3,4j — —  dxsg.; +——dxs . —
ax3n—i—j ) =0 axan+j ax7n+i ) ax4n+j et
ZX“”“ dxsp i + —— dx ZX“”J” AX6n 4 +_6L dXen+j
axan+j axn+l i a s axan+j axZn+l ot axﬁn+j ot
oL
an +i . - = (]_4)
" Z X axan+} ax4n+1 dx7n+] " ax7n+j dx7n+] 0 -
Then we obtain the equations
d (0L oL d/ 0L dL d dL L
200+ o0 ) s -0~
0t \0x;/  0x3n4y 0t \O0xpyi/  OXspyi 0t \Oxon4i/  OXen4i
a(aL) 6L_06(6L> oL 6(6L> oL _ 0
0t \Ox3nqi/  O0x; "0t \OXgnyi/  Ox7pyy Ot \Oxsuyi)  Oxpyy
0 oL oL 0 oL oL
at ax6n+i axZn+i at ax7n+i ax4nn +i

Thus equations obtained in Eq(15) are called Euler-Lagrange equations
structured by means of means of @{3 on the standard Cliffordian Kdhler manifold
(R8,V) and So, the triple(R®, ®}3,¢) is said to be a mechanical system on the standard
Cliffordian K dhler manifold (R®,V).
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