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[.  INTRODUCTION AND PREREQUISITES

The well-known Eulerian Beta integral [6]
b
/ (z—a)* Y b—t)?"1dt = (b— a)*"P" 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a)

is a basic result of evaluation of numerous other potentially useful integrals involving
various special functions and polynomials. The mathematicians Raina and Srivastava
[7], Saigo and Saxena [8], Srivastava and Hussain [14], Srivastava and Garg [13] et
cetera have established some Eulerian integrals involving a various general class of
polynomials, Meijer’s G-function and Fox’s H-function of one and more variables with
general arguments. Recently, several Author study some multiple a Eulerian integrals,
see Bhargava [4], Goyal and Mathur [5], Ayant [3] and others. In this paper we obtain
general multiple Eulerians integral of the product of two multivariable Aleph-functions,
a general class of multivariable polynomials [12] and the general sequence of functions.
For this study, we need the following series formula for the general sequence of
functions introduced by Agrawal and Chaubey [1] and was established by Salim [9].

Ryl B Fog hipogyide ™ = Y d(wvut ek ket
w,v,u,t’ ek, ks
where
/ _ (_)t’+w+k2 (_v)u(_t/)e(a)tln 5w+k1 Fﬂm_t/
w(w;U;U;t 767k17k2) - w!u!u!t’!dlhkﬂkd (1 —a_t/)e (_a_’yn)e<_5_(;n)v
ngrkz h(;nf’u*kz (1} _ 6n)k2Et’ <pe + Twl"' A + qu) (13)
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o n v n t’ [}
a’nd w,v,u,t’ e ki,ko w=0v=0u=01t"=0 e=0 k1 ,ko=0
The infinite series on the right-hand side of (1.3) is convergent and R =in+ qu + pt’' + 7w +
Tk1 + kag
We shall note R*[a; B, F,g,h;p,q;7; ;e | = R2P(x)
The class of multivariable polynomials defined by Srivastava [29], is given in the

following manner:

[N1/9,] [Ny /9]

.o, —Ni)om, K Ny)om, K.,
SN ] = Y ( f<)1' B K), ANy Ky s Ny, Kyt -yl (1.4)
K1=0 K,=0 ’

where 2t,,--- 9, are arbitrary positive integers and the coefficients A[N,, Ky;--- ; N, K]
are arbitrary real or complex constants.

We shall note a, — Nll()iwl e NK)D?“K“A[M Ky i Ny, K|

The Aleph-function of several variables is an extension the multivariable I-
function defined by Sharma and Ahmad [11], itself is a generalization of G and H-
functions of several variables studied by Srivastava et Panda [16,17]. The multiple
Mellin-Barnes integrals occurring in this paper will refer to as the multivariable Aleph-
function of r-variables throughout our present study and will be defined and represented
as follows (see Ayant [2]).

We have
Al
L) (r)
N(z1,--- Z)_No,n:ml,nl,“',mr,nr [(a]’aj ’ " )l,n]7
L YT T pq, T Rip (1) 54, (1) Ty R 550, () 18 (o 5T () R ’
| — ,
1 1 1
rilagis ol o ol )asnpd 159 s [ (5 Y0 )yl
1 1 ~ 1
(730333 85+ B ] 1 1@, 081, ), [m(d;é)? O g0l

(5  m s I (€570 10 1 0]

(), 65, ], T (d§:2,> 60) o]

My +1ql

with w=+v—1
V(s1, ,80) = H; 1 (1 —a; + Z; 1 a(k)sk)
Zl [ T Plags = 2k O‘gf)sk) D1 —bji + 35y 55‘?:%)]
m ne b k
and O () = I1;2 F( 5 si) [[2, T(1 —c§. )+v](- )si)

R(k) k (k P;(k) k k
Zi(k) 1[ Ty (k) HJ mk+1 (1 - dgl()k 5ﬂ()k) )Hj:l;k-u F(CE-Z-()A«,) - ’Y](-l—()m Sk)}
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For more details, see Ayant [2]. The condition for absolute convergence of
multiple Mellin-Barnes type contour can be obtained by extension of the corresponding
conditions for multivariable H-function given by as:

1
largzi| < §A§k)7r, where

qi P;(k) q;(k)
A(k Za(k)_ . Z a _TZ_ Z (k) Z (k)—ri(k) Z M)JFZ(;( ) T Z 5( B> 1 6)
Ref Jj=n+1 J=1 j=ngr+1 j=mp+1

Withk=1,---,ri=1,--- ,R,i® =1,... ,R®

The complex numbers z; are not zero. Throughout this document, we assume the
existence and absolute convergence conditions concerning the multivariable Aleph-
function.

If all the poles of (1.8) are simples, then the integral (1.6) can be evaluated with
the help of the residue theorem to give

mg oo NG 9k 1 9k
R(zt,oz) = 3 Z¢Hk 1¢k2 (7) 'q

Gr=1gr=0 Hk:l (;(k) Hk:1 9k
where
6= e %’ + ZZ ! O‘('i)Sk)
=—5 : .
Zi:l[Ti H§:“+1 a’ﬂ Ek 1 aj’b S’C) (1 - bjl + Zk 1 ﬂ( )Sk)]
¢k B Hmk F(d(k) (k)S ) H;Li1 F(l (k) + ’Y(k)Sk)
= R® ; % A m - p
Yiw=1lmio H] S D= d§z<)k> + (S_E‘i()k)sk) Hj:(;?kﬂ F(C;z‘()k) - rX;i()k>Sk)]
and
) +a
Sk: = NGr,gr — %fcrk: 17 T
5.%

which is valid under the following conditions: eg\’}i [p§k> + p) # e;k) M, + k)
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2. F.Y.Ayant, An integral associated with the Aleph-functions of several variables.

E’ We shall note X(zy,---,2.)=R(z,---,2,) and
—
o\ /
= B o) (s)
X s
—~ / / 0,n"tmy,nf, - ,mi,nl ! [(ujvﬂj ; 7/141' ) n’]a
S N(zl’.‘.’ZS):Npqup 2@ sty rWsesp” . g’ i (s)
= PRESRAL (1291t i(s)’ (s) Lils)s
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SN— ZS
1)y, (@) (1) (1) .
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(s) (s) (s) (s) 27‘(’(4} // L/C tl’ ts) H(bk(tk)z;ctk dtl e dts (18)
[(bj )th )1,m’s]> [Lio) (bﬂ( )7[3 )m 41, q/<s) k=1

with w=+v—1
n’ s k
(o t) = L R VT
) yls) = o k (k
Dimlti H? n'+1 D(uj; — Zk 1“5 )tk) j= L Ira- vjl+2k 1 Y5i )tk)]
mj, k k n; k k
and delt) — T T — 8P4 T34, T — af? + ol sy)

) q; k) P,:. k
S ltio0 T 41 D= 0030, + B30 1) TI 41 Tl — it si)

For more details, see Ayant [2]. The condition for absolute convergence of
multiple Mellin-Barnes type contour (1.14) is obtained by extension of the
corresponding conditions for multivariable H-function given by as:

1
largzy) < §B§k>w Where

Plk) )

Bfk):Z/‘;m Z #(k> LLZ’U( )+Za — L0 Z aﬂ<k>+2ﬁ — Ly Z B (k)>0 1 9)
J=1

j=n'+1 j= nk—i—l Jj= mk+1

withk=1,---,si=1,---,75i® =1,...

The complex numbers z; are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable Aleph-function.

We may establish the asymptotic expansion in the following convenient form:

N(Zla"' 7ZS):O( |21|a/17"' ,|zs|o‘;),ma:1:( |21|,--' 7|z8| ) —0

N(zla"' 7'28) :0(|Z1’61a"'7 é)’7717’71( |Zl|a"' 7|ZS|)_>OO

Where k =1,--+ ,z:a) = min[Re(bg-k)/ﬁj(-k))],j =1,---,m}, and
Bt = maz[Re((aj” — 1)/af)],j = 1,--- .}

We shall note R(z},---,2.) =R (2}, -+, )

I1. INTEGRAL REPRESENTATION OF GENERALIZED HYPERGEOMETRIC FUNCTION

The following generalized hypergeometric function regarding multiple integrals
contour is also required [15, page 39 eq .30]

P T4,
%PFQ (Ap)s (B~ + -+ + 2,)
Hg TAj+s1+--+5p) o) Tl ) e g
L, —1 F(Bj +s1 4+ + ST)F( 1) F( 7") ‘1 ‘T dsl dsr (21)
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where the contours are of Barnes type with indentations, if necessary, to ensure that
the poles of I'(A;+s1+---+s,) are separated from those of I'(—s;),j=1,---,7. The above result
(2.1) is easily established by an appeal to the calculus of residues by calculating the
residues at the poles of I'(-s;),j=1,---,r

The equivalent form of Eulerian beta integral is given by (1.1):

III.  MAIN INTEGRAL
We shall note:

Notes

Vi=mi,ng;e ymi,ngg 1,050 51,051,050 51,0

55 Ly

/ / (1), ol / cl(S).
W:pi(l)vqi(thi(l)ar( )7 7pi(5)aqi(5)aLi(s)ar( )7 0,1;---:;0,1;0,1;--- ;0,1

1 +U ZKW (LK) ZT/Gk gkp(l k) '97(1)Ra p;(Ll)a"' ap;(LS)aTz‘,(Ll)a"'aTi(Ll)a1303"'30]18,"' )
k'=1

1 + O-(T) Z K p /(TK) Z nGk7gkp(T k) HET)R7 p;(T71)7 e 7p;(T7S)7 Ti(T71)7 e aTi(T)l)7 17 07 e aO]
k=1

[1_14]507 a0717"' alaoa"' 70}1,13)
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s 1 (1
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We have the following multiple Eulerian integrals, we obtain the Aleph-function

—  of (r+1+T)—variables.
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Notes

or P <@ and max
1<k<I

T ik
(gk H(Ui(j)mi + ‘/;(j))’Tl(JJ‘)) u <1 (u <a; <vgi=1,---,1)
Jj=1

Proof
To establish the formula (3.1), we first express the class of multivariable
polynomials §37+» " P[] in series with the help of (1.4), the multivariable Aleph-function

Ny (21, 2) in serie with the help of (1.7), the sequence of functions in series with the
help of (1.4), use integral contour representation with the help of (1.8) for the
multivariable Alephfunction R»(zi,---,z.) occurring in its left-hand side and use the

integral contour representation with the help of (2.1) for the Generalized
hypergeometric function pFi(.).

Changing the order of integration and summation (which is easily seen to be
justified due to the absolute convergence of the integral and the summations involved in
the process). Now we write:

T w T 4 o
H U(]),’El V;(]) K9 _ H(Ufj)‘rl + V'i(j))K,E]) H (Uz(j)xz + V;(J))Kf”
=1 j=1 J=W+1

where K =09 — g9 R — Zp(] nGig — Zpl(” Zp;’(j’”)l{, where i=1,.-- t;j=1,---,T
=1

and express the factors occurring in R.H.S. of (3.1) regarding the following Mellin-
Barnes integrals contour, we obtain:

w w &) €Nk 1 w
U@ (K (Ui ui + Vi)™ ] / / () o
z; +V, D(=GIT (=K + ()
1w U5 ), ), 1T f
v (U.m(x- — u;) < 3.3
) Z <;> ] dgy -Gy (3:3)
jo1 LUy + Vi)
and
T (4) G\ K 1 T
G U v +V, i )
I @9a+vo<= T | i) ](2 = / / [T [regrex? +¢)
j=W+1 j=W+1 I(—K;") W w1 Y Lpj=w1
T

U(J) (v; — x;)
,UZU(J) V'Z(J))

Al

+1

g
] Ay 4y -+ d¢p (3.4)

We apply the Fubini’s theorem for multiple integrals. Finally evaluating the
innermost x-integral with the help of (1.1) and reinterpreting the multiple Mellin-
Barnes integrals contour in terms of multivariable Aleph-function of (r+1+T)—variables,
we obtain the formula (3.1).
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IV.  PARTICULAR CASES

a) Multivariable H functions

Here, the multivariable Aleph-functions X; and X reduce to multivariable H-
functions defined by Srivastava and Panda [16,17], we have the following Eulerian

integral:
Corollary 1
h o 1 1 e () QN
P i J J p
/ .. / («ri — ui)a (Ui _ xz)ﬁ H(Uz x; + V'Z >aZ
D~ Ul Ut i=1 ]=1
S
5
D eh o) o o
7 Ht (z;—u)%  (vi—=; i J— (wiiui)ag (vifzi)"’;
Eaal N 2 llica | = T
j=1 (Ui z;i+V; ) e, (U'i TV, ) i
H1 H2
<(r) (r) ) ‘ 1(s) . . 7,.(g)
Z Ht (zi—ui)%  (vi—z)"i z Ht,_l (wi—u;)i (w*mz)lj(]_ -
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i V.  CONCLUSION
o2~
N Our main integral formula is unified in nature and possesses manifold generality. O

It acts a fundamental expression and using various particular cases of the multivariable
Aleph-function, the class of multivariable polynomials and a general sequence of
functions, we can obtain a large number of other integrals involving simpler special
functions and polynomials of one and several variables.
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