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      Abstract-

 

In this present article, we apply the generalized

 

Kudryashov

 

method for constructing ample

 

new exact traveling

 
wave solutions of the (2+1)-dimensional

 

Breaking soliton (BS) equation, (2+1)-dimensional Burgers equation and

 
(2+1)-dimensional Boussinesq equation. We attain successfully numerous

 

new exact traveling wave solutions. This 
method is candid

 

and concise, and it can be also applied to other nonlinear evolution equations

 

in mathematical 
physics and engineering sciences. Moreover, some of the newly attained exact solutions are demonstrated graphically.

 Keywords:

 

generalized kudryashov method, BS

 

equation, burgers equation, boussinesq equation, NLEEs.

 I.

 

Introduction

 At the present time, investigating

 

exact

 

solutions of nonlinear evolution 
equations (NLEEs) are largely used as models to characterize physical phenomena in 
several fields of science and engineering, especially in biology, solid state physics, 
plasma, physics and fluid mechanics. Ultimately

 

all the fundamental equations of 
physics are nonlinear and in general it’s very complicate to solve explicitly these types 
of NLEEs. To solve the inherent nonlinear problems advance nonlinear techniques are 
very momentous; for the most part

 

of those are involving dynamical system and related 
areas. Nonetheless, in the last few decades important development has been made and 
many influential methods for attaining

 

exact solutions of NLEEs have been 
recommended

 

in the works. Most of the

 

methods found in the literature

 

include, the 
tanh-sech method [1], simplest equation method

 

[2],the homotopy perturbation method 

[3,4], Modified method of simplest equation [5,6], Bäcklund Transformations method 

[7],the )/( GG′ -expansion method [8-13],

 

the generalized Kudryashov Method [14,15],

 

the 

Exp-function method [16,17],  the exp ))(( ξΦ− -expansion method [18],

 

the modified 

simple equation method [19], Improved F-expansion method [20-23] and so on. 

 
In this article, we would like to discuss further (2+1)-dimensional Breaking 

Soliton equation, (2+1)-dimensional Burgers equation and (2+1)-dimensional 
Boussinesq equation by the generalized Kudryashov method. Consequently, more new 
exact traveling wave solutions have found through these three NLEEs. The (2+1)-
dimensional Boussinesq

 

describe the propagation of long waves in shallow water under 
gravity propagating in both directions. It also arises in other physical applications

 

Such 
as nonlinear lattice waves, iron sound waves in

 

plasma, and in vibrations in a nonlinear 
string. The Burgers equation

 

is one of the fundamental model equations in fluid 
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mechanics. It is also used to describe the structure of shock waves, traffic flow, and 
acoustic transmission. Burgers equation is completely integrable. The wave solutions  of 
Burgers equation are single and multiple-front solutions. 

The plan of this paper is as follows. In Sec. 2, we designate momentarily the 
generalized  Kudryashov method. In Sec. 3, we apply the method to (2+1) -dimensional 
breaking soliton equation, (2+1)-dimensional Burgers equation and (2+1)-dimensional 
Boussinesq equation. In sec. 4, graphical representation of particular attained solutions 
and in sec. 5  Conclusions will be presented finally.  

II.  Algorithm  of the  Generalized Kudryashov Method  

In this segment, we elect  the generalized Kudryashovmethod looking for  the 
exact traveling wave solutions of some NLEEs. 
We consider the  NLEEs of the form  

                
0),,,,,,,,( 2

2

2

2

2

2

=Ψ 
z
u

y
u

x
u

z
u

y
u

x
u

t
uu

δ
δ

δ
δ

δ
δ

δ
δ

δ
δ

δ
δ

δ
δ

, Ψ∈x , 0>t ,              (1)  

where ),,,( tzyxuu = is an  unfamiliar  function, Ψ  is a polynomial in u and its 

innumerable  partial derivatives, in which the highest  order derivatives and nonlinear 
terms are engaged. The generalized Kudryashov method carries the following steps [24].  

 The traveling wave transformation tcyxutyxu −+== ηη),(),,(  transform Eq. 

(1) into an ordinary differential equation  

                                              
0),,,( 2

2

=Τ 
ηη d

ud
d
duu ,                  (2)  

Assume  that the solution of Eq. (3) has the following form  

                                               
∑

∑

=

== M

j

j
j

N

i

i
i

Qb

Qa
u

0

0

)(

)(
)(

η

η
η ,                                 (3)  

where ),...,2,1,0( Niai =
 

and ),...,2,1,0( Mjbj = are constants to be determined later such 

0≠Na  and 0≠Mb , and )(ηQQ =  satisfies the ordinary differential equation  

                                                
)()()( 2 ηη

η
η QQ

d
dQ

−= .                        (4)  

The solutions of Eq. (4) are as follows:  

                                       )exp(1
1)(

η
η

A
Q

±
= .                         (5)  

Step 3:  Using the homogeneous  balance method between the highest order derivatives 
and the nonlinear terms in Eq. (2),determine the positive integer numbers N and M in 
Eq. (3).  

Step 4:  Substituting Eqs. (3) and (4) into Eq. (2), we find  a polynomial in jiQ − ,                         

( ,2,1,0, =ji ). In this polynomial equating all terms of same power and equating them 

Soliton-Like Solutions for Some Nonlinear Evolution Equations through the Generalized Kudryashov 
Method

Step 2:

Step 1:
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to zero, we get a system of algebraic equations which can be solved by the Maple or 

Mathematica to get the unknown parameters ),...,2,1,0( Niai =  and ),...,2,1,0( Mjbj = , 

ω . Consequently, we obtain the exact solutions of Eq. (1). 

III. Applications 

a) The (2+1)-dimensional Breaking Soliton (BS) equation 
In this subsection, we will implement the generalized Kudryashov method look 

for the exact solutions of the BS equation. 
Let us consider the (2+1)-dimensional BS equation 

                                     
042 =+−− xtxyxxxyxxxy uuuuuu .                     (6) 

We apply the traveling wave transformation of the form 

                              ( ) ( )tyxuu ,,=η ,      ,tcyx −+=η                        (7) 

The wave transformation (7) reduces Eq. (6) into the following ordinary 
differential equation 

                                            06 =′′−′′′− ucuuuiv ,                       (8) 

Integrating Eq. (8) with respect to η  and neglecting the constant of integration, 

we obtain 

                                          ( ) ,03 2 =′−′−′′′ ucuu                      (9) 

Balancing homogeneously between the highest order nonlinear term ( )2u′  and the 

derivative term u ′′′ in Eq. (9), we attain  

1+= MN   

If we choose 1=M then 2=N  

Hence for 1=M and 2=N Eq. (3) reduces to  

                                            
( ) ,

10

2
210

Qbb
QaQaau

+
++

=η       (10) 

Where 0210 ,,, baaa and 1b are constants to be determined. 

Now substituting Eq. (10) into Eq. (9), we get a polynomial in ( )ηQ , equating the 

coefficient of same power of ( )ηQ , we attain the following system of algebraic equations: 

,036 2
1

2
2

3
12 =+− baba  

,01212246 10
2
2

3
12

2
100

2
1

2
2 =++−− bbababbaba  

,024
1236764863

10
2
2

3
12

2
0

2
21

2
02

3
121021

2
102

2
120

2
1

2
2

=−+

+−−++−

bbabca
babbababbaabbabaaba

 

,02824472

241212121212
2

102
2
0

2
2

2
1021

2
02

3
021020

2
1201021

2
021

3
12

3
1210

2
2

=−−++

−−+−+−+

bbababbcabba

babbaabaabbaabaabcababba
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,06533
6244414

61262465466

3
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2
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2
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2
0

2
1

2
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2
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2
0

2
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2
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3
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2
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2
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2
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2
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++++−+−

babbcabbcababbaba
baabaabcababbcabbabba

bbababbaabbaabbaababbabba
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212212610

3
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3
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3
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1
2
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2
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2
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2
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2
01

2
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3
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2
021
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2
100

2
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2
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2
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2
0

2
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2
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=+++

−−−−+−+−

−+−−++−

bcababca
bbabbcabbababbababaaba

bbcabbabbaabbcabbcabbaababba
 

,0244
73862732

2
1001

2
001

2
01

2
100

1
2
00

2
0

2
1

3
0210101

2
01

3
01

2
1

2
0

3
01

3
02

=+−−+

+++−−−++−

bbcabbcabbabba
bbabababbaabbcabababcabca

 

.01
2
00

3
01

3
011

2
00 =++−− bbcababcabba  

Solving the above system of equations for 10210 ,,,, bbaaa and c , we attain the 

following values:  

  .0,0,2,1 1201 ==== babac  

  ( ) .0,22,1 2
1

1010
0 =

+−−
== a

b
abbbac  

  ( ) .2,2,1 12
1

010
0 ba

b
babac =

−
==  

  .2,4,50.0,4 010210 bbbaaac −=−=−==  

Set 1 Corresponds the following solutions for Breaking Soliton (BK) equation  

( ) ( )
( )( ) ,

exp1
2exp

0

000
1 bA

bAaau
η
η

µ
+

++
=  

where  .tyx −+=η  

Set 2 Corresponds the following solutions for Breaking Soliton (BK) equation  

( ) ( ) ( ) ( )
( )( ) 1100

110101
2
0

2
01010

2 exp
expexp22exp22

bbAbb
baAbabaAbbAbbbbu

++
+++−−−−

=
η

ηηη
η  

where
 .tyx −+=η  

Set 3 Corresponds the following solutions for Breaking Soliton (BK) equation
 

( ) ( ) ( )
( )( ) ,

exp1
22exp2exp

1

11001
3 bA

babAbAau
η
ηη

η
+

++−−
=

 

where .tyx −+=η
 

Set 4 Corresponds the following solutions for Breaking Soliton (BK) equation
 

( ) ( )
( )( ) ,

12exp
82exp

2
1

0
2

0
2

11
4 bA

bAaau
−

−−
=

η
η

η
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Set 1:

Set 2:

Set 3:

Set 4:

  

© 2017  Global Journals Inc.  (US)

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
V
II  

 I
s s
ue

  
  
  
er

sio
n 

I
V

V
II

Y
ea

r
20

17

30

  
 

( F
)

Notes



where .4tyx −+=η  

Remark: All of these solutions have been verified with Maple by substituting them into 
the original solutions.  

b) The (2+1)-dimensional Burgers equation 
In this subsection, we will construct the generalized Kudryashov method to find 

the exact traveling wave solutions of the Burgers equation. Let us consider the (2+1)-
dimensional Burgers equation [25] 

                                             
,0=−−− yyxxxt uuuuu                 (11) 

Burgers equation arises in various areas of applied mathematics, such as 
modeling of gas dynamics and various vehicle densities in high way traffic [26].The 
wave transformation (7) reduces Eq. (11) into the following ordinary differential 
equations 

                                               ,02 =′′+′+′ uuuuc                              (12) 

Integrating Eq. (12) with respect to ξ  and neglecting the constant of integration, 

we obtain 

                                               ,02
2

2

=′++ uucu                       (13) 

Considering the homogeneous balance between the highest order nonlinear term 
2u  and the derivative term u′ in Eq. (13), we attain  

.1+= MN
 

If we choose 1=M then 2=N
 

Hence for 1=M and 2=N Eq. (3) reduces to 

 

                                           

( ) ,
10

2
210

Qbb
QaQaau

+
++

=η
  

           

 

   (14) 

Where 0210 ,,, baaa and 1b are constants to be determined.

 

Now substituting Eq. (14) into Eq. (13), we get a polynomial in ( )ηQ , equating 

the coefficient of same power of ( )ηQ , we attain the following

 

system of algebraic 
equations: 

,04 2
212 =+ aba

 

,04822 12022112 =−++ babaaabca

 

,0822244 02200211
2
10110 =−+++++− baaabcabcaababa

 

,022442 1001011010 =++−+ aabcabababca

 

.02 00
2
0 =+ bcaa
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Solving the above system of equations for 10210 ,,,, bbaaa and c , we attain the 

following values:  

  .50.0,4,0,0,4 101210 bbbaaac −=−====  

  .0,44,0,2 21010 =−−=== abbaac  

  .4,4,0,2 12010 babaac −=−===  

  .0,4,4,2 20100 =−==−= ababac  

  .25.0,4,4,2 11011110 abbbabaac −=−=+−=−=  

  .50.0,4,8,4,4 10121110 bbbababac −=−==−=−=  

Set 1 Corresponds the following solutions for Burgers equations  

( ) ( ) ,
12exp

8
21 −

=
η

η
A

u  

Where .4tyx −+=η  

Set 2 Corresponds the following solutions for Burgers equations 

( ) ( )
( ) ,

exp
4

100

10
2 bAbb

bbu
++

+
−=

η
η  

Where .2tyx −+=ξ  

Set 3 Corresponds the following solutions for Burgers equations  

( ) ( ) ,exp1
4

3 η
η

A
u

+
−=  

Where .2tyx −+=η  

Set 4 Corresponds the following solutions for Burgers equations  

( ) ( )
( ) ,

exp
exp4

100

0
4 bAbb

Abu
++

=
η
η

η  

Where .2tyx ++=µ
 

Set 5 Corresponds the following solutions for Burgers equations
 

( ) ( )
( ) ,exp1

exp4
5 η

ηη
A

Au
+

=
 

Where .2tyx ++=η
 

Set 6 Corresponds the following solutions for Burgers equations
 

( ) ( )
( ) ,

12exp
2exp8

2

2

6 −
=

η
ηη

A
Au

 

Where .4tyx ++=η
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Set 1:

Set 2:

Set 3:

Set 4:

Set 5:

Set 6:  
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Remark: All of these solutions have been verified with Maple by substituting them into 
the original solutions.  

c) The (2+1)-dimensional Boussinesq equation 
In this subsection, we will use the generalized Kudryashov method to find the 

exact traveling wave solutions of the Boussinesq equation. Let us consider the (2+1)-
dimensional Boussinesq equation [27] is in the form 

                                  
( ) 02 =−−−− xxxxxxyyxxtt uuuuu ,                          (15) 

which describes the propagation of gravity waves on the surface of water. The wave 
transformation (7) reduces Eq. (15) into the following ordinary differential equations 

                                       ( ) ( ) 02 22 =−
″

−′′− ivuuuc ,                           (16) 

Integrating Eq. (16) with respect to η  and neglecting the constant of integration, 

we obtain 

                                     ( ) 02 22 =′′−−− uuuc ,                      (17) 

Considering the homogeneous balance between the highest order nonlinear term 
2u  and the derivative term u ′′ in Eq. (13), we attain 2+= MN . 

If we choose 1=M then 3=N  
Hence for 1=M and 3=N Eq. (3) reduces to  

                                    

( ) ,
10

3
3

2
210

Qbb
QaQaQaau

+
+++

=η     (18) 

where 03210 ,,,, baaaa and 1b are constants to be determined.
 

Now substituting Eq. (18) into Eq. (17), we get a polynomial in ( )ηQ , equating 
the coefficient of same power of

 
( )ηQ , we attain the following

 
system of algebraic 

equations:

 ,06 2
131

2
3 =+ baba

 ,0102162 2
13

2
121031320

2
3 =−+++ bababbabaaba

 ,0262726312 2
13

2
1311021031

2
2032

2
13

2
12

2
03 =−++−+++− bacbaabbabbababaabababa

 

,029
212622153

121102

2
12

22
03031

2
02130103

2
103

2
120

2
2

=+−
−−+++−++

baabba
bacbabaababaabbacbbababa

 

,022102
2222117

101120100
2
02030

2
11102

22
010211

2
1

2
11

22
03

22
10

2
03102

=++−−+

+−+++−−−+

bbabaabbababaa
babbacbabaababacbacbababba

 

,063
332322

2
02101

2
01

2
100

2
1

2
10

2
101

22
02

2
100020110

=++

−++−−−++

babba
babababacbbacbacbbabaabaa

 

,02233 010
2
01

2
100

22
011

2
0100 =+−−++ baabacbbacbababba
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Solving the above system of equations for 103210 ,,,, bbaaaa and c , we attain the 

following values: 

   .66,6,0,3 102010 bbabaac +−===±=

 

  

.66,6,,1 10201100 bbabbabac +−=+−=−=±=

 Set 1 Corresponds the following solutions for Boussinesq equation

 
( ) ( )

( )( )
,

exp1
exp6

21 η
ηη

A
Au

+
=

 

where .3 tyx ++=η
 Set 2 Corresponds the following solutions for Boussinesq equation

 

( ) ( ) ( )
( )( )

.
exp1

2expexp41
2

2

2 η
ηηη

A
AAu

+
+−

−=
 

where .tyx ++=η
 

Remark: All of these solutions have been verified with Maple by substituting them into 
the original solutions.
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Set 1:

Set 2:

IV. Graphical Representation of Some Obtained Solutions

The graphical presentations of some obtained solutions are depicted in Figures 

1–7 with the aid ofcommercial software Maple 13. 
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Fig. 1: Kink shaped soliton of BS equation for 0,2,2,1 00 ==== ybaA within the 

interval 5,5 ≤≤− tx . (Only shows the shape of )(1 ηu ), the left figure shows the 3D plot 

and the right figure shows the 2D plot for 0=t
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Notes

Fig. 2: Singular kink soliton of BK equation for 0,5,3,2,50.0 101 ====−= ybbaA within 

the interval 5,5 ≤≤− tx . (Only shows the shape of )(3 ηu ), the left figure shows the 3D 

plot and the right figure shows the 2D plot for 0=t

Fig. 3: Singular kink soliton of Burgers equation for 0,10.0 =−= yA within the interval

5,5 ≤≤− tx . (Only shows the shape of )(1 ηu ), the left figure shows the 3D plot and the 

right figure shows the 2D plot for 0=t
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Fig. 4: Singular soliton of Burgers equation for 0,1 =−= yA within the interval

5,5 ≤≤− tx . (Only shows the shape of )(3 ηu ), the left figure shows the 3D plot and the 

right figure shows the 2D plot for 0=t

Fig. 5: Kink shaped soliton of Burgers equation for 0,2,1,50.0 10 ==== ybbA within 

the interval 5,5 ≤≤− tx . (Only shows the shape of )(4 ηu ), the left figure shows the 3D 

plot and the right figure shows the 2D plot for 0=t



 

 

 

 

  
 

 

V. Conclusions 

In this article, using the MAPLE 13 software the generalized Kudryashov 
method is executed to investigate the nonlinear evolution equations, namely (2+1)-
dimensional Breaking soliton (BS) equation, (2+1)-dimensional Burgers equation, 
(2+1)-dimensional Boussinesq equation. All the attained solutions in this study verified 

Soliton-Like Solutions for Some Nonlinear Evolution Equations through the Generalized Kudryashov 
Method
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Fig. 6: Single soliton of Boussines q equation for 0,1 =−= yA within the interval

5,5 ≤≤− tx . (Only shows the shape of )(1 ηu ), the left figure shows the 3D plot and the 

right figure shows the 2D plot for 0=t

Fig. 7: Bell shaped solitonof Boussinesq equation for 0,1 == yA within the interval

5,5 ≤≤− tx . (Only shows the shape of )(2 ηu ), the left figure shows the 3D plot and the 

right figure shows the 2D plot for 0=t



these three NLEEs; we checked this using the MAPLE 13 software. Moreover, the 
obtained results in this work clearly demonstrate the reliability of the generalized  

Kudryashov  method. This method can be more successfully applied to study nonlinear 
evolution equations, which frequently arise in nonlinear sciences.  
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