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[. INTRODUCTION

Prey-predator models are of great interest to researchers in mathematics and

ecology because they deal with environmental problems such as community’s morbidity
and how to control it, optimal harvest policy to sustain a community, and others. In
the physical sciences, generic models can be constructed to explain a variety of
phenomena. However, in the life sciences a model only describes a particular situation.
Simple models such as the Lotka-Volterra are not able to tell us what is going on in the
majority of cases. One of the reasons is due to the complexity of the biological
ecosystem. Hence, we still seek for a variety of models to describe nature.

Theoretical and numerical studies of these models are able to give us an
understanding of the interactions that is taking place. A particular class of models
considers the existence of a disease in the predator or prey. Several models were
constructed to study particular cases. To ensure the existence of the species involved,
one of the steps taken is to harvest the infected species. In this paper, we consider the
case where the infected predator is harvested. Several related theoretical studies have
been conducted.

Amongst them are studies on the disease spread among the prey and the
epidemic among predators with action incidence [6], the role of transmissible disease in
the Holling Tanner predator prey model [4], the analysis of prey predator model with
disease in the prey [7], another’'s study the disease in Lotka Volterra, [3|study the
dynamics of a fisher resource system in an aquatic environment in two zones harvest in
reserve area,[5] study the harvesting of infected prey,[1]show the stability analysis of
harvesting,[2] Study the stability of harvested when the disease affects the predator by
using the reproduction number.

The model is introduced after this section, followed by analysis on boundedness
and properties of the solutions.
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[I. THE MATHEMATICAL MODEL

Consider the following dynamical system:

% =a(l-x)x-b(y+ 2)x

dy

— = —

q - oY ayz-hy

dz

a=cxz—oeyz—hzz (1)

where x, y, z are the prey, infected predator and susceptible predator respectively; a is
the growth rate of prey; b, cthe capture rate (b >c), ais the contact rate between the
susceptible and infected predator; h,, and h, are the harvest rates of the infected and
susceptible predator respectively, and assume that the less effective predator shall be

7)) easier to harvest h, > h,, so; it is better also to assume infected predator not become
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susceptible again and finally the disease does not affect the ability of the infected
predator attacking prey.

a) Bounded of solutions
Theorem 1. The solution of system (1) is bounded.

Proof
Let the function w(X,y,z) = X(t) + y(t) + z(t) and let xbe a positive number such

thatO< 7 <h,.
Then, W(t)+uw=ax(l-x)+nx—(b—-c)(y+2)x—(h,—n)y—(h,—n)z

W (t) + uw < —a[x2 —(a+”jx+(a+")2]+l(ﬂjz
a 2a a\ 2

1(a+ 2
Let—( nj =V
al 2

W (t) +uw(t) <v
0<w(x,Y,2) < X(1— e )+ e (X, Y, 2)| 10
u

Theorem 2. The system (1) has no periodic solution.
Let F(xy)=ax—ax’—bxy, G(x,y)=cxy-hy,
M(x 2) = ax—ax* —bxz, N(x,2)=cxz—h z.

Define afunction H (X, y) = 1 .
Xz

O(HF) L 8(HG) __a

Then Q(X,y) = p™ o y

It’s clear that is no change in change sign; therefore, this system cannot have
any periodic solution in the xy-plane.
o(HM) N o(HN) _ a

Again, Q(X,2) = ™ p .
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There is no change in sign; therefore, there is no periodic solution in xz- plane.
Hence, the system has no periodic solution.
b) Equilibrium

The dynamical system (1) has the following five fixed points: the origin(E,), a
predator fee fixed point (E,), a disease free fixed point (E,), a fixed point when all
predator infected (E,), and a fixed for which both population survive(E;):

Notes E 1 (xY,2)=(0,00)
E,: (X, ¥,2) = (10,0)

E;: (X,Y,2) = (XZ,O, Zz); where X, = h_CZ 2, = a(lt; X)
a(l-x
E, (X, Y,2) =(X;,¥3,0) ; where X, :% YA =%
% % b CX* —h _bX*
Esr<x,y,z)=[1——<h1—h2), 2 j
ax (04 a
[1I.  STABILITY
The Jacobian matrix of system (1) is given by:
a—2ax—-b(y+2) —bx —bx
J(%y,2) = cy cx+az—h, ay
Cz -oaz cx—ay—h,

Case 1. The system without Disease
When infected predators eradicate, the system (1) becomes:

L =a(l- x)x—bxz

dt (1)
z

—=cxz-h,z

dt

h,

The equilibrium (nontrivial) are E.'(1,0) E.'(X,,Zz,) where, X, =—=,z, = %(l— X,)
’ C

Proposition 1. E_'(1,0)is stable when h, >c and unstable otherwise.

Proof: The eigenvalues near the first equilibrium are —a and c¢—h,. This completes the
proof.

Theorem 3. If the equilibrium E_'(X,, z,) is locally stable, then the basin of attraction of
this equilibrium is denoted by B(E.'(X,,z,)),

where B(E,") ={(x.2) € R % x> 275> 21— 0with 2 2 < 2 (1= x)x}
c b c b
Proof: Let V(X,z)be a function where
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V(x,z)= [x— X, — X, Iog“}+[z -2,-1, Iog“} , the

=8 x) ~ (-0 x-x)(z-2,) <O

- a’x,” —4ah,(1-x
Remark: The eigenvalues near E,'(X,, z,) are ZXZ i\/ 2 5 21— %)

and h, +az, —h,
aa(l-x,)
b(hl_hz)

Case 2. When all predators become infected
When all predators become infected the subsystem of system (1) becomes:

and stable when 1— >0

dx
gty: a(l— x)x—bxy (1b)
e cxy —hy

hy

The equilibrium (nontrivial) are E,'(1,0) E.'(Xs,Y,) where, X, =— ,y, = %(1— X3)
’ c

Proposition 2.E_'(1,0)is stable when h > c and unstable otherwise.

Proof: The eigenvalues near E_'(1,0) are —aand c—h,. This completes the proof.
Theorem 4. Assume the equilibrium E_'(X,,Y;)is locally stable, the basin of attraction
of this equilibrium is denoted by B(E.'(x,,y,)) Where B(E.") ={(X,2) € R.% 1 X> X5, ¥ > V,}

Proof: The proof is the same as in theorem (3).
aa(l-x,)

b(hl o hz)
Proposition 4. The stability near the equilibrium EC* (xX',y,Z) is given by equation
A* + A2? + BA+C = Owhere

Proposition 3. The equilibrium E_'(X;, ¥;,0) is stable with condition 0>1-

A=ax >0, B=bxc(y +z)+a’yz,C=aa’xyz >0
AB-C=ax (bxc(y +z))>0
From Routh-Hurwitz stability criterion it is stable.

IV. CONCLUSION

In this paper, the discussion and analysis model prey predator interaction with
harvesting of predator is presented. Boundedness of solution, and equilibriums points
with their conditions were discussed. The basin attraction of some of equilibrium points
was also calculated. Finally, the result shows us the infected predator increases while
the susceptible predator decreasing.
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