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I. [NTRODUCTION

1.1. Definition: Let 0 # k # 1, and [ be a line. A strain (skew reflection)
with the axis [ and coefficient k denoted by 7} i, keep [ pointwise invariant and
maps every other point P to a point P’ so that the line PP’ is perpendicular
to [.

Equation of strain with X-axis and coeflicient k is Ty—ox((p1,p2)) = (p1, kp2).
Equation of strain with Y-axis and coefficient k is Ty—o x((p1,p2)) = (kp1, p2).

1.2. Definition: Rotation about a fixed point C' through a directed anggle
6 is a transformation p.g, which fixes C' and sends P to a ﬁ)int P’ such that
CP = CP', and @ is the measure of directed andgle from C'P to C'P’.

[I. RoTATION ABOUT ORIGIN O = (0, 0) AND ITS COORDINATE EQUATIONS

Let us consider in XY -plane, rotation from positive X-axis towards anticlock-
wise direction, after rotation of angle 3 it reaches at any point P = (z,y)
which has distance r from origin O. Further, the point P reached to another
poinr P’ = (2,%/)in the similar direction by rotation of angle §. Then we have

following elementary results;

cosf3 = T == rcosf (2.1)
r

sinf = VY — y =rsinf (2.2)
r

similarly, we have

/

cos(8+§) = = —> o' =reos(9+ )
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= 2/ = rcosf cos 3 — rsinfsinf = xcosh — ysind (2.3)

sin(0+ 5) = y% = ¢ =rsin(6 + 3)

= 1 = rsinf cos 8 + rcosfsinB = wsind + ycoso (2.4)
Therefore, we have

po.o((x,y)) = (zcost — ysinb, xsind + ycosh) (2.5)

[1I. ROTATION ABOUT ARBITRARY CENTRE C'= (C;, C,) AND ITS
COORDINATE EQUATIONS

Let us consider an arbitrary centre C' = (¢q,c2) in XY -plane, rotation from
positive X-axis towards anticlockwise direction, after rotation of angle 6 it
reaches at any point P = (x,y), which has distance r from origin O = (0, 0).
Then we have following elementary results;

pco = To,c X Pop X TC,0 (3.1)
= Plere) 0 (T, Y) = T(0,0).(c1.e0) (£(0.0).0(T(er,e2).0.0) (2, 1)) ) (3.2)
= T(0,0),(cv,e2) (P(0,0),0((x — €1,y — 2))) (3.3)

= T(0,0),(c1,¢3) (((m —c1)cosh — (y — co)sinb, (x — c1)sinf + (y — 02)0059)) (3.4)
= ((z — c1)cosb — (y — c2)sinf + c1, (x — ¢1)sinf + (y — c2)cosf + c2)  (3.5)

IV. DERIVATION OF THE GENERAL COORDINATE FORMULA OF STRAIN
(SKEW REFLECTION) OF R? ONTO R?

Let us assume

l:y=mz+bm#0 and [ = arctan(m) (4.1)

. Conider

Tik((p1,p2)) = P(%,0),,3(Ty=0,k(P(*ﬁ,o),—ﬁ((PlaPZ))>) (4.2)
= P(=L .0, (Ty:07k<<<p1 + %) cos(—) — pasin(—[3)

L (ot Jsint=) + eos(=5)) ) ) (43)
= p(—ﬁb,o),ﬁ(((pl + %) cos(—f3) — pasin(—P)

Lekf (ot L Jsint-m+meos-n)})) - (aa)
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b b
<p1 + E) sinBcos + pasin®f — k <p1 + E) sinfcosf + kp20052ﬁ> (4.6)
b 2 2 b\ - o 2 b
= | (p1+ — |cos” B+ mpecos™ B+ k| p1 + — |sin“3 — mkpacos™f — —,
m m m

b
m <p1 + E) cos* B + pasin®f — mk <p1 + %) cos*3 + kp2cos2ﬁ) (4.7)

V. JUSTIFIC/\TION OF GENERAL FORMULA

Let us consider (p1,p2) € [, then we have

b b
Tik((p1,p2)) = ((p1 + E) 00525—1—me00325+ k (p1 + E) sm% —mkp20082ﬁ

b b b
-, m(p1 + —)coszﬁ + posin®f — mk (p1 + —) cos* 3 + kpgcoszﬁ)
m m m

= ((]2) cos® 3 + mpzcoszﬁ +k (]2) sin’3 — mk?p200525
m m

b
—,m (]2) cos> B + pasin®B — mk (]2) cos* 3 + k:pgcoszﬁ)
m m m
o D2 2 2 P2\ . o 2
= ((—) cos” 3 + mpacos” 3 + k(—) sin B — mkpecos® 3
m m

b
—E,pQCOSQﬂ + posin?B — kpacos? 3 + k‘pgcos25)
— p2 2 2 D2y . 2 2 E 2 . 9
= {5, )cos B+mpocos” B+k — Jsin B—mkpacos ﬁ—m,pg(cos B+sin®[3)
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b
= ((]2) coszﬁ + mpzcoszﬁ +k (]2) S’m2ﬁ - mk:p20082ﬁ - _’p2)
m m m
b
_ ((12) (1 — sin?B) + mpacos® B+ k (@)stﬂ — mkpacos®f — _7p2)
m m "
b
— <<]2> - <]2> sin’ B + mpacos®f + k <]2> sin’ 3 — mkpacos™ — _’p2>
m m m m N
otes
= ((p_z) — (p_Q) sin?3 + m2p—200825 + k(p—2) sin®(3 — mkpycos®3 — EW?)
m m m m "
b
— ((@) - (12) sin®B+ @tan%cos%—l— k (12) sin® 3 —mkpycos®f——, p2)
m m m m "
b
- ((ﬁ) _ (]2> sin’f + ngm% + k(@>8m25 — mkpycos” 3 — _’p2>
m m m m "

pz)sinzﬁ — mkpocos®3 — %,pg)

b
sin?®B — m?k <]2> cos* 3 — —,p2>
m m

b
= (pl +—+k @)siﬁﬂ — /{:(12) tan?Beos® B — —,pQ)
m m m
= (p1 + —+ k(%) sin®3 — k(m)sm% E,pg)
= (p1,p2)

= Tik((p1,p2)) = (p1,p2)

Hence, it keeps [ pointwise invariant.

Further, let T) x((p1, p2)) = (9}, Ph), then the slop of the line between two points
P = (p1,p2) and P’ = (p, ph) is given as;

m(p1 + %) cos®3 + pasin®B — mk (p1 + %) c0s® 3 + kpycos® 3 — po

/ j—
(= 1) (pl + %)00326 + mpocos?B + k (pg + %) sin*f — mkpycos? 3 — L — py

m(1—Fk) (PH-%) cos® ﬂ+(k—1)mcoszﬂ}

m(l —k) (p1 - %) cos® B+ (k — 1)pacos®3 { cos2B

cos?3

(k—1) (p1 + %) sin? 5 + m(1 — k)pacos?3 { (k—1) (m—i—%) sin2 ﬂ+m(1—k)pzcoszg}
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m(1— k) (p1 + %) + (k= 1)py m(1—k) (p1 + %) + (k= 1)p,

m2(k —1) (p1 + %) +m(1—k)ps m{m(k: —1) (p1 + %) + (1 - k:)pg}

Notes  ~ m{m(k ~1) (p1 + %) +(1- k)p2} i m{m(k —1) (m + %) +(1- k)pz}

Hence, line passing through two point P = (p1,p2) and P’ = (p}, py) i.e line
PP’ is perpendicular to [.

VI.  CONCLUSION

The results on general coordinate formula of strain (skew reflection) of R? onto
R? are summarized as follows;

1. Equation of strain with X-axis and coefficient £ is
Ty=o,k((p1,p2)) = (p1, kp2)

2. Equation of strain with Y-axis and coefficient £ is

szo,k((pl,m)) = (kp17p2)

3. If,l:y=mx+bm+#0 and (= arctan(m); then

b b
Tix((p1,p2)) = (p1 + E) cos®3 + mpacos® 3 + k (p1 + E) sin®3

b b b
—mk:pgcoszﬁ—a, m (pl—i-a) cos®B+pasin? B—mk (pl—l—a) COSQB—i-kpgcoszB) :
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