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1.1. Let 0 6= k 6= 1, and l be a line. A strain (skew reflection)
with the axis l and coefficient k denoted by Tl,k, keep l pointwise invariant and
maps every other point P to a point P ′ so that the line PP ′ is perpendicular
to l.

Equation of strain with X-axis and coefficient k is Ty=0,k((p1, p2)) = (p1, kp2).
Equation of strain with Y-axis and coefficient k is Tx=0,k((p1, p2)) = (kp1, p2).

1.2. Rotation about a fixed point C through a directed anggle
θ is a transformation ρc,θ, which fixes C and sends P to a point P ′ such that
CP = CP ′, and θ is the measure of directed andgle from CP to CP ′.

Let us consider in XY -plane, rotation from positive X-axis towards anticlock-
wise direction, after rotation of angle β it reaches at any point P = (x, y)
which has distance r from origin O. Further, the point P reached to another
poinr P ′ = (x′, y′)in the similar direction by rotation of angle θ. Then we have

Definition: 

II. Rotation about Origin O = (0, 0) and its Coordinate Equations

Definition: 

following elementary results;

cosβ =
x

r
=⇒ x = rcosβ (2.1)

sinβ =
y

r
=⇒ y = rsinβ (2.2)

similarly, we have

cos(θ + β) =
x′

r
=⇒ x′ = rcos(θ + β)

Notes

Abstract- The authors establish a set of presumably new results, which provide general coordinate formula of 
strain(skew reflection) of ℝ2 onto ℝ2. Several closely related results are also considered.



 
 

 
 

 
 
 
 
 
 
 
 
 
 

=⇒ x′ = rcosθ cos β − rsinθsinβ = xcosθ − ysinθ (2.3)

sin(θ + β) =
y′

r
=⇒ y′ = rsin(θ + β)

=⇒ y′ = rsinθ cos β + rcosθsinβ = xsinθ + ycosθ (2.4)

Therefore, we have

ρO,θ((x, y)) = (xcosθ − ysinθ, xsinθ + ycosθ) (2.5)

Let us consider an arbitrary centre C = (c1, c2) in XY -plane, rotation from
positive X-axis towards anticlockwise direction, after rotation of angle θ it
reaches at any point P = (x, y), which has distance r from origin O = (0, 0).
Then we have following elementary results;

ρC,θ = τO,C × ρO,θ × τC,O (3.1)

=⇒ ρ(c1,c2),θ((x, y)) = τ(O,O),(c1,c2)

(

ρ(O,O),θ

(

τ(c1,c2),(O,O)((x, y))
))

(3.2)

= τ(O,O),(c1,c2)

(

ρ(O,O),θ((x − c1, y − c2))
)

(3.3)

= τ(O,O),(c1,c2)

(

((x− c1)cosθ− (y− c2)sinθ, (x− c1)sinθ +(y− c2)cosθ)
)

(3.4)

=
(

(x − c1)cosθ − (y − c2)sinθ + c1, (x− c1)sinθ + (y − c2)cosθ + c2

)

(3.5)

Let us assume

l : y = mx + b, m 6= 0 and β = arctan(m) (4.1)
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. Conider

Tl,k((p1, p2)) = ρ(−b

m
,0),β(Ty=0,k(ρ(−b

m
,0),−β((p1, p2)))) (4.2)

= ρ(−b

m
,0),β

(

Ty=0,k

(((

p1 +
b

m

)

cos(−β)− p2sin(−β)

−
b

m
+ c1,

(

p1 +
b

m

)

sin(−β) + p2cos(−β)

)))

(4.3)

= ρ(−b

m
,0),β

(((

p1 +
b

m

)

cos(−β)− p2sin(−β)

−
b

m
+ c1, k

{(

p1 +
b

m

)

sin(−β) + p2cos(−β)

}))

(4.4)

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

=

(((

p1 +
b

m

)

cos(−β) − p2sin(−β)

)

cosβ

−

(

k

{(

p1 +
b

m

)

sin(−β) + p2cos(−β)

})

sinβ −
b

m
,

((

p1 +
b

m

)

cos(−β) − p2sin(−β)

)

sinβ

+

(

k

{(

p1 +
b

m

)

sin(−β) + p2cos(−β)

})

cosβ

)

(4.5)

=

((

p1 +
b

m

)

cos2β + p2sinβcosβ + k

(

p1 +
b

m

)

sin2β − kp2sinβcosβ −
b

m
,

(

p1 +
b

m

)

sinβcosβ + p2sin
2β − k

(

p1 +
b

m

)

sinβcosβ + kp2cos
2β

)

(4.6)

=

((

p1 +
b

m

)

cos2β + mp2cos
2β + k

(

p1 +
b

m

)

sin2β − mkp2cos
2β −

b

m
,

m

(

p1 +
b

m

)

cos2β + p2sin
2β − mk

(

p1 +
b

m

)

cos2β + kp2cos
2β

)

(4.7)

Let us consider (p1, p2) ∈ l, then we have

Tl.k((p1, p2)) =

((

p1 +
b

m

)

cos2β +mp2cos
2β +k

(

p1 +
b

m

)

sin2β−mkp2cos
2β

−
b

m
, m

(

p1 +
b

m

)

cos2β + p2sin
2β − mk

(

p1 +
b

m

)

cos2β + kp2cos
2β

)

General Coordinate Formula of Strain (Skew Reflection) of ℝ2 onto ℝ2
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V. Justification of General Formula

=

((

p2

m

)

cos2β + mp2cos
2β + k

(

p2

m

)

sin2β − mkp2cos
2β

−
b

m
, m

(

p2

m

)

cos2β + p2sin
2β − mk

(

p2

m

)

cos2β + kp2cos
2β

)

=

((

p2

m

)

cos2β + mp2cos
2β + k

(

p2

m

)

sin2β − mkp2cos
2β

−
b

m
, p2cos

2β + p2sin
2β − kp2cos

2β + kp2cos
2β

)

=

((

p2

m

)

cos2β+mp2cos
2β+k

(

p2

m

)

sin2β−mkp2cos
2β−

b

m
, p2(cos

2β+sin2β)

)

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

=

((

p2

m

)

cos2β + mp2cos
2β + k

(

p2

m

)

sin2β − mkp2cos
2β −

b

m
, p2

)

=

((

p2

m

)

(1 − sin2β) + mp2cos
2β + k

(

p2

m

)

sin2β − mkp2cos
2β −

b

m
, p2

)

=

((

p2

m

)

−

(

p2

m

)

sin2β + mp2cos
2β + k

(

p2

m

)

sin2β − mkp2cos
2β −

b

m
, p2

)

=

((

p2

m

)

−

(

p2

m

)

sin2β + m2p2

m
cos2β + k

(

p2

m

)

sin2β − mkp2cos
2β −

b

m
, p2

)

=

((

p2

m

)

−

(

p2

m

)

sin2β+
p2

m
tan2βcos2β+k

(

p2

m

)

sin2β−mkp2cos
2β−

b

m
, p2

)

=

((

p2

m

)

−

(

p2

m

)

sin2β +
p2

m
sin2β + k

(

p2

m

)

sin2β − mkp2cos
2β −

b

m
, p2

)

=

(

p1 +
b

m
+ k

(

p2

m

)

sin2β −mkp2cos
2β −

b

m
, p2

)

=

(

p1 +
b

m
+ k

(

p2

m

)

sin2β − m2k

(

p2

m

)

cos2β −
b

m
, p2

)

=

(

p1 +
b

m
+ k

(

p2

m

)

sin2β − k

(

p2

m

)

tan2βcos2β −
b

m
, p2

)

=

(

p1 +
b

m
+ k

(

p2

m

)

sin2β − k

(

p2

m

)

sin2β −
b

m
, p2

)

= (p1, p2)

=⇒ Tl.k((p1, p2)) = (p1, p2)

Hence, it keeps l pointwise invariant.
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Further, let Tl.k((p1, p2)) = (p′1, p
′

2), then the slop of the line between two points
P = (p1, p2) and P ′ = (p′1, p

′

2) is given as;

(p′2 − p2)

(p′1 − p1)
=

m

(

p1 + b
m

)

cos2β + p2sin
2β − mk

(

p1 + b
m

)

cos2β + kp2cos
2β − p2

(

p1 + b
m

)

cos2β + mp2cos2β + k

(

p2 + b
m

)

sin2β − mkp2cos2β − b
m
− p1

=

m(1 − k)

(

p1 + b
m

)

cos2 β + (k − 1)p2cos
2β

(k − 1)

(

p1 + b
m

)

sin2 β + m(1 − k)p2cos2β

=

{

m(1−k)

(

p1+
b

m

)

cos2 β+(k−1)p2cos2β

cos2β

}

{

(k−1)

(

p1+
b

m

)

sin2 β+m(1−k)p2cos2β

cos2β

}

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

=

m(1 − k)

(

p1 + b
m

)

+ (k − 1)p2

m2(k − 1)

(

p1 + b
m

)

+ m(1 − k)p2

=

m(1 − k)

(

p1 + b
m

)

+ (k − 1)p2

m

{

m(k − 1)

(

p1 + b
m

)

+ (1 − k)p2

}

=

m{−(k − 1)}

(

p1 + b
m

)

+ (p2{−(1 − k)}

m

{

m(k − 1)

(

p1 + b
m

)

+ (1 − k)p2

} =

−

{

m(k − 1)

(

p1 + b
m

)

+ (1 − k)p2

}

m

{

m(k − 1)

(

p1 + b
m

)

+ (1 − k)p2

}

=
−1

m

=⇒
(p′2 − p2)

(p′1 − p1)
=

−1

m

Hence, line passing through two point P = (p1, p2) and P ′ = (p′1, p
′

2) i.e line
PP ′ is perpendicular to l.

The results on general coordinate formula of strain (skew reflection) of R
2 onto

R
2 are summarized as follows;

1. Equation of strain with X-axis and coefficient k is

Ty=0,k((p1, p2)) = (p1, kp2)

.

General Coordinate Formula of Strain (Skew Reflection) of ℝ2 onto ℝ2
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VI. Conclusion

2. Equation of strain with Y-axis and coefficient k is

Tx=0,k((p1, p2)) = (kp1, p2)

3. If, l : y = mx + b, m 6= 0 and β = arctan(m); then

Tl.k((p1, p2)) =

(

p1 +
b

m

)

cos2β + mp2cos
2β + k

(

p1 +
b

m

)

sin2β

−mkp2cos
2β−

b

m
, m

(

p1+
b

m

)

cos2β+p2sin
2β−mk

(

p1+
b

m

)

cos2β+kp2cos
2β

)

.
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