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I. [NTRODUCTION

A continuous complex-valued function f = u + iv is said to be harmonic in
a simply connected domain D if both v and v are real harmonic in D. In
any simply connected domain. We can write f = h + g, where h and ¢ are
analyic in D. We call h the analytic part and g the co-analytic part of f.

A necessary and sufficient condition for f to be locally univalent and sence
preserving in D is that |h/'(z)| > |¢'(2)], z € D see Clunie and Shiel-small
[7].

Let Sy denote the class of functions f = h+7g that are harmonic univalent
and sense-preserving in the open unit disc U = {z : |2| < 1} for which
f(0) = f.(0) =1 =0. Then for f =h+7g € Sy we may express the analytic
functions h and g as,

h(z) =z + Zakzk, g(z) = Zbkzk, |bx| < 1. (1.1)
k=2 k=1

Note that Sy reduces to class S of normalized analytic univalent functions
if the co-analytic part of its member is zero.

After the appearance of the paper of Clune and Sheil-Small [10] several
researchers for example ( Silverman [6], Jahangiri [11], Dixit and Porwal
[13], Dixit et al. [14], Frasin [4], Kumar et al. [21]) presented a systematic
and unified study of various sub classes of harmonic univalent function.

42(1) (2006), 145-155.

Now, we recall the concept of g-calculus which may be found in [2], for
n € N, the g-number is defined as follows:

2. B.A. Frasin, Comprehensive family of harmonic univalent functions, SUT J. Math.,
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1-— qk
K], = , O0<g<L (1.2)
l—q
k—1
Hence, [K], can be expressed as a geometric series Z q¢', when k — oo

i=0
the series converges to ﬁ. As g — 1, [k]; — k and this is the bookmark of

a g-analogus the limit as ¢ — 1 recovers the classical object.

The g-derivative of a function f is defined by

Dy(f(2)) = —f(((}qz)__lﬁz) q#1, 2#0

and D,(f(0)) = f/(0) provided f'(0) exists.

For a function h(z) = z* observe that

Then

lim D, (h(2)) = limit, . [k],2" ' = k2" — W (2)

q—1

where b’ is the ordinary derivative.

The g-Jackson definite integral of the function f is defined by
| o= -0z s, zec
0 n=0

Nowf0r1<6<§,0§)\§1, 0<qg< 1.

Suppose that My[A, g, 5] denote the family of harmonic function of the form
f=h+3(11).

Satisfying the condition

2(2Dgh(2)) — z(2D,g(2))’

Re — S
Alz(2Dgh(2)) — 2(2D4g(2))'] + (1 = M) [A(z) + (9(2))]

<p. (1.3)
Further let My the subclasses of Sy consisting of functions of the form,

FE) =24 lalz" =) |befz* (1.4)
k=2 k=1

Further, we define My (A, q,3) = Nuy(\, q,5) N My.

© 2017 Global Journals Inc. (US)
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In this paper, we obtain coefficient bound, extreme point, distortion bound,
convolution, convex combination for the class My(\, ¢, 3). We also discuss
a class preserving integral operator.

[I.  MAIN RESULTS
Theorem 2.1 Let the function f = h + g be given by (1.1). If

N oo o0
otes Z kK] (1 — BA) — (1 — )\)ﬁ|ak’ +Z E[k]q(1 —BA) — (1 — )\)ﬁ\bk\ <1

3-1 31

k=2 k=1

(2.1)
where 1 <3< 2, 0 <A< 1, then f € Ny(\,q,p).

Proof. Let

Zk’ 1—6>\) - (1 AWWHZ k[k]q(l—ﬁA)Jr(l—)\)ﬂ’bk’ <1

6—1

k=2 k=1

It suffices to show that,

2(2Dyh(z)) — 2(2Dyg(2)) .
Alz(2Dgh(2))" — 2(2Dqg(2))'1 + (1 = M[h(2) + g(h)]
2(2Dgh(2)) — 2(2D,g(2))’ 1)
Alz(2Dgh(2))" — 2(2Dqg(2))'] + (1 = M)[h(2) + g(h)]

<1

z+ Z k[k],ar2" — Z k[k] brz"

z—l—Z/\k o+ 1= Nagz +Z>\k Jg — 14 \)bz*

z4—j£2kﬂkbakzk——jizkﬂkhbkzk

z+ZAk 1= Nagz +ZAI<: Jlg — 1+ A\)bpz*
k=1

—1

IN

- (28-1)

2: [K]o(1 = A) = (1= Nla] =+ > [klk + (L= N)]lbe] [

k=1

) = > [k[k A28 =1)) = (26 = (1 = Nfax] |2

k=2

kK], (1 = A(26 — 1)) + (28 — 1)(1 = N)]|bx] |2/

Mg

i

1
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This last expression is bounded above by,

D IRIRl (L = 2) = (1= Nfar] + Y [k[E (1= ) + (1= N)]|b]

k=2

A28 1)) = (28 = 1)(1 = M)|ax
)= > [k[k (26 —1)) = (28 = 1)(1 — A)]|ax| Notos

k=2

— 3 IRy (1 = A26 1)) + (28 — 1) — (1= A)]bi]

k=1

Zk[k (1=X)—(1=X)] \ak|+z J(1=X28-1))=(26—1)(1=\)]|ax]

=2

+ ) [K[K](1=A)+(1-N)] Ibkl+z ((1=AR26=1))+(26-1)(1=M)][bx| < 2(5-1)

2 “[k[kl,(1-A8)—(1-))3 \ak|+2Z J(1=28)+(1=N)F]|be| < 2(6-1)
k=2

which is equivalent to

i (1 )\ﬁ) (1— )3 |ak|+i [k[k]y(1 — gﬁ_) FA=NB <

-1
k=2

Hence,

2(2Dyh(z)) — 2(2Dyg(2)) .
Alz(2Dgh(2))" — 2(2Dyg(2))'] + (1 = M)[h(2) + g(h)]
2(2Dgh(2)) — 2(2D,g(2))’ -1
Alz(2Dgh(2)) — 2(2Dq4g(2))'] + (1 = A)[h(2) + g(h)]

<1,

z € U, and the theorem is proved. O]

Theorem 2.2 A function of the form (1.4) is in My (X, g, 5) if and only if,

— K[k l—ﬁA (1-NB — k[k],(1 =8N+ (1 - N)p
; ~ |ak|—|—k22 1 b <1.  (22)

© 2017 Global Journals Inc. (US)
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Proof. Since My (X, q,3) C Nig(A, q, 3), we only need to prove the “only iff”
Part of the theorem. For this we show that f € Mgy(A,q, ) if the above
condition does not hold. Note that a necessary and sufficient condition for

f=h+7given by (1.4) is in My (X, q, )

. { 2(zDyh(2)) — 2(zDyg(2)) _} -5
NzDyh(2)) = 2(zDgg @) + (1= Nlh(=) + 9(2)

is equivalent to

Z o(1= AB) = (1 = N)B][ax| 25 =D [k[F]o(1 = BA) + (1= X) 8] by[z*
Re =2 fozl >0

z+ Z[Ak[k']q + (1= Mllaele" + Y Mkl — (1= A)] b2

The above condition must hold for all values of z, |z] = r < 1, upon
choosing the values of z on the positive real axis where 0 < z =r < 1, we
must have

B-1)z Z’f (1=AB)— (1 — \)Blag|r*~ 1—Zk (1= A3) + (1= \)B|b|r**
=2 >0

1+Z)\k:[ Jg + (1= X)|ag|r* Z)\k: — \)|by |
k=2

(2.3)
If the condition (2.2) does not hold then the numerator of (2.3) is negative
for r sufficiently close to 1. Thus there exist a zo = 7o in (0,1) for which
the quotient in (2.3) is negative. This contradicts the required condition for
f € My(X, g, ) and so the proof is complete.

Next we determine the extreme points of the closed convex hulls of
My (X, q,3) denoted by clco My(A, q, 5) ]

Theorem 2.3 1f f € clco Mg(A,q,f3), if and only if

2) = {xehi(2) + yrgr(2)}, (2.4)

where
p—1 K
k[k]g(1—BA) = (1= A)B

and
g—1
) = T T =05

Z.Tk—i-yk —1 $k>0 yk>0
k=1

In particular extreme points of My (A, q, 5) are {hi} and {gx}.
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Proof. For functions f of the form (1.4), we have,

2) =) lewhi(2) + yegr(2)]

! N 61 .
) ”Z Klk],(1 - Aﬁ) =05 "L AT A+ =W
Then by theorem (2.1) NOteS
. k[k]qu—m—(l—x)ﬁ{ 51 ) }
p-1 K[kl (1= B — (1= N)B""

k=2

L k[k](1 = BN + (1= N3 g1
+Z; B—1 {kWAl—ﬁM+%l—Mﬁ%}

k[k],(1 = BA) — (1= M)3
31

bu], k=1,2,3,....

andso f € clco My(\, q,3) Set x), =

k[k]o(1 = BA) + (1= N3
51

Then note that by Theorem 2.2, 0 < x, < 1,(k=1,2,3,...).

|ak|, k:2,374,...

and y, =

We define z; =1 — Zxk - Zyk and by Theorem 2.2, z; > 0.

k=2 k=1

Consequently, we obtain f(z Z{[Bkhk + yrgr(z)} as required. O

Theorem 2.4 Let f € My(X, q,3). Then for |z| =r < 1, we have,

51 511 2
16 < b+ =5 ~ T Ay —a =)
and

51 511 2
7=l = (1"b1’”“‘<2[21q<1 Y TRV R R Ry w”“) "

Proof. We only prove the right hand inequality. The proof for left hand
inequality is similar and will be omitted. Let f(z) € My()\, g, ), taking the
absolute value of f, we have,

© 2017 Global Journals Inc. (US)



)< @+ bl + ) (ar] + [oe])r*

k=2

< @+ b))+ (lag| + [bi])r?
k=2

[e.o]

= (L4 b ))r + 2> (lax] + [be])

Notes =

= (I ﬁz T
= (1 Il + g BZ e )
-1

< (14 |by)r +r?

22,1 = 6N —(1=N)B

Z( J(1=BN - (1 Wmu’“[’f]q“‘”)+(1_w|bk|>

—~ 6—1 6—1
9 B—1 1+ 5 —208A
= D e T Ay — W (1 51 'bl')
) B-1 146 — 26
=+ laDrr (2[2Jq<1—m>—<1—x>ﬁ‘2[2]q<1—m>—<1—x> ’bl'>‘

Thus the proof of Theorem 2.4 is established. n
Theorem 2.5 For 1 < a < 8 < %,O <A< 1, let f € My(A g ), and
Fe MH()V(Lﬁ) then f*F € MH(/\J(LOé) g MH(A7q76>

Proof. Let f(z) =z + Z |ag|2" — Z |br|Z" be in My(\, g, ) and

k=2 k=1

F(z) =2+ |Aile" =Y |Bilz" be in My(),q.0).

k=2 k=1
Then the convolution f *x F' is given by

(f % F)(2) = f(z) x F(2)
=z + Z |CL]€14]€‘Z]€ — Z \kak]Ek

We wish to show that the coefficient of fx* F' satisfy the required condition
in Theorem 2.2 for F'(z) € My(A, g, 3) we note that |A;| <1 and |Bg| < 1.

Now for the convolution function f % F', we obtain,
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5 Kl > (- WWZ ﬁ) (=28,

-1 -1
k=2
k[k]o(1—BA) — (1= N)B — kK] (1=A3) = (1 =)
<
< i o + 3 5 b
<1 Since f(z) € Mu(X, ¢, ).
Notes
Therefore, fx F' € My(\ q,a) C Mg (A, q, ).
Thus the proof of the Theorem 2.5 is established. n

A family of class Preserving Integral Operator
Let f(z) = h(xz) + g(x) be defined by (1.1). Let us defined F(z) by the

relation,

F(z) = C+1/ztc‘1h(t)dt+Ctl/ztc—lg(t)dt, (c>—1). (25)

z

Theorem 2.6 Let f(2) = h(z) + g(z) € Sy be given by (1.4) and f €
Mpy (X, q,) where 1 < 3 <3, 0< X< 1. Then F(z) defined by (2.5) is also
in the class My(\, q, 3).
Proof. Let f(z) = z + Z|ak]z — Z|bk]§k be in My(A, q,3) then by
k=1
Theorem 2.2, we have
= Hil1 =)= 1 > J), (1= A8) + (1-\)3
<1
; — mug . b <

From the representation (2.5) of F(z), it follows that:

+Z ot Z”HW

Now,
kK] (L=2A3)— (1=XN)B [c+1
kz 51 (c+k> o]
=2
- 1—)\5) (1-=XB (c+1
kz: —1 <c+k) 1
B SLCELE U EIE NI LR L Y
k=2 k=1
<1
Thus F(z) € Mg (A, q, ).
The proof of following Theorem 2.6 is complete. O

© 2017 Global Journals Inc. (US)
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Definition 2.1 Let f = h + g be defined, by (1.1); then the g-integral
operator Fy : H — H is defined by the relation,

g 7 e g [7 e
Fy(2) = Z—jl : t°h(t)d, Zcfl : t°g(t)d,t, (2.6)
where [a], is the g-number defiend by (1.2) and H is the class of functions of
the form (1.1) which are harmonic in U.

Theorem 2.7 Let f(z) = h(z) + g(z) be given by (1.3) and f € My()\, ¢, 3)
where 1 < # <3, 0<¢<1,0< X< 1. Then Fy(z) defined by (2.6) is also
in the class Myg(A, g, 3).

Proof. Let f(z) = 2z + Z|ak|z Z|bk|2k be in My(X, g, ) then by
Theorem 2.2. We have, -
K[kl (1 = A3) — (1= N)B K[kl (1 = AB) + (1 = N)3

From the representation (2.6) of Fj,(2), it follows that

_ [d]q k
Fo(z) =2+ 4 m| ax|z Zm| by Z*

k_

Since

[k+c+1], —[cq

k+c k+c

—Zq —Zq —Zq >0

(k4 c+ 1], > [c]q,

[y

K[k 1—Aﬁ) 1-NB_ [d [Kly(1 = AB) + (1 =N

kz:; —1 Frerd," ’“|+; -1 Tter, ™
Z ﬁ) ) (1- Iak!+Zk[k]q<1_gﬁ_);r<l_A>5lbkl

<1
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Thus the proof of the Theorem 2.7 is established. O
Theorem 2.8. The class My (A, q, ) is closed under convex function.

Proof. For i ={1,2,3,...}, let fi(z) € Myu(\,q,3) where f;(z) is given by

o0
> e
k=1

Then by Theorem 2.2,

PR e e (IED DR LRt N

a
k=2 —1 p-1
(2.7)
For Zti =1, 0 <t; <1 the convex combination of f; may be written
i=1
as,

Ztifi(z)—z—l—Z(‘ ) Z(Zﬂbk

Then by (2.2), we have,

ik 1—A6) (Z”‘M)JFZ 1—)\5) <Zt|bk

)

)

> =X k[k],(1 — A3
Y (Z >1<

k=2

s a1 =30 + 003,

This is the condition required by Theorem 2.8 and so Zti filz) €
i=1
Mg (A, q,3). The proof of the following Theorem 2.8 is complete. [
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