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Properties of Simple Semirings

Print Journal

P. Sreenivasulu Reddy * & Abduselam Mahamed Derdar °

Abstract- Authors determine different properties of simple semiring which was introduced by Golan [3]. We also proved
some results based on the papers of Fitore Abdullahu [1]. P. Sreenivasulu Reddy and Guesh Yfter tela [4].

[.  INTRODUCTION

This paper reveals the properties of simple semirings by considering that the
multiplicative semigroup is singular.
1.1.  Definition: A semigroup (S, .) is said to be left(right) singular if it satisfies the
identity ab = a (ab = b) for all a, b in S
1.2. Definition: A semigroup (S, .) is rectangular if it satisfies the identity aba = a for
all a, b in S.
1.3. Definition: A semigroup S is called medial if xyzu = xzyu, for every x,y,z,u in S.
1.4. Definition: A semigroup S is called left (right) semimedial if it satisfies the identity
x’yz = xyxz (zyx’ = zxyx), where x,y,z € S and x, y are idempotent elements.
1.5. Definition: A semigroup S is called a semimedial if it is both left and right
semimedial.

FExample: The semigroup S is given in the table is I-semimedial

o T o®

b C
b b
b b
c c

0o | %

1.6. Definition: A semigroup S is called I- left(right) commutative if it satisfies the
identity xyz = yxz (zxy = zyx), where x, y are idempotent elements.

1.7. Definition: A semigroup S is called I-commutative if it satisfies the identity xy =
yx, where x,y €S and x, y are idempotent elements.

FExample: The semigroup S is given in the table is I-commutative.

oo ol
o' o oo

O T o %
O oo
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1.8. Definition: A semigroup S is called I-left(right) distributive if it satisfies the

identity xyz = xyxz (zyx = zxyx), where x,y,z € S and x, y are idempotent elements.

1.9. Definition: A semigroup S is called I-distributive if it is both left and right

distributive

1.10. Definition: A semigroup S is said to be cancellative for any a, b, €S, then ac = bc

—a=Dbandca=cb=a=b

1.11. Definition: A semigroup S is called diagonal if it satisfies the identities x> = x and
XyzZ = XZ.

1.12. Definition: [3] A semiring S is called simple if a + 1 =1 + a = 1 for any a€S.

1.13. Definition: A semiring (S, +, .) with additive identity zero is said to be zero sum
free semiring if x + x = 0 for all x in S.

1.14. Definition: . A semiring (S, +, . ) is said to be zero square semiring if x> = 0 for all
x in S, where 0 is multiplicative zero.

1.15. Theorem: A simple semiring is additive idempotent semiring.

Proof: Let (S, +, .) be a simple semiring. Since (S, +, .) is simple, for any aeS, a + 1
= 1. (Where 1 is the multiplicative identity element of S. S' = SU {1}.)
Nowa=al=a(l+1)=a+a=a=a+ a= S is additive idempotent semiring.
1.16. Theorem: Let (S, +, .) be a simple semiring. Then the following statements are
holds:

(i) a+b+1=1(ii) ab+1 =1 (i) a"+1=1 (iv) (ab)" +1 =1 (v) (ab)" + (ba)"
=a + b For all a,b €S.

Proof: Proof for (i) and (ii) are trivial. Proof for (iii), (iv) and (v) are by mathematical
induction.

1.17. Theorem: Let (S, +, .) be a simple semiring in which (S, .) is singular then (S, .) is
rectangular band.

Proof: Let (S,+,.) be a simple semiring and (S, .) be a singular i.e, for any a,beS ab =
a. = aba = aa = aba = a ( since (S, .) is singular) = (S, .) is rectangular band.

1.18. Theorem: Let (S, +, .) be a simple semiring in which (S, .) is singular then (S, +)
is one of the following;:

(i) I-medial (ii) I-semimedial (iii) I-distributive (iv) L-commutative

(v) R-commutative (vi) I-commutative (vii) external commutative

(viii) conditional commutative. (ix) digonal

Proof: Let (S, + ,.) be a semiring in which (S, .) is a singular. Assume that S satisfies

the identity 1+a = 1 for any a €S. Now for any a, b, ¢, d €S.

(i) Considera+b+c+d=a+(b+c)+b =a+c+b+d= (S, +)is I- medial.

(ii) Consider a + a+b+c=a+(a+b)+c=a+ (b+a)+c=a+b+a+c=

at+a+b+c=a+b+a+c=(S,+)is [ left semi medial.
Againb+c+a+a=b+(c+a)+a=b+(a+c)+a=b+a+ct+a=

b+c+a+a=b+a+c+a=(S,+)is I-right semi medial.

Therefore, (S, +) is I-semi-medial.

(iii) considera+ b +c=(a)+b+c=a+a+b+c=a+ (a+b)+c=a+(b+

a)+c=a+b+a+c= (S, +)is Lleft distributive.

© 2017 Global Journals Inc. (US)
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Notes

Considerb+c+a=b+c+(a)=b+c+a+a=b+(c+a)+a=b+ (a
+c¢+a=b+a+c+a=>b+c+a=b+a+c+a= (S, +)isI right-
distributive. Hence (S, +) is I-distributive.

Similarly we can prove the remaining.
1.19. Theorem: Let (S, +, .) be a simple semiring and (S, .) is singular then (S, +) is (i)
quasi-seprative (ii) weakly-seperative (iii) seperative.
Proof: Let (S,+, .) be a simple semiring and (S, .) is a singular i.e, for any a,beS, ab =
a. Since S is simple, 1+a =a+1 =1, forallacS.Lleta+a=a+b=a+a+1=a
+b4+1=a+1=b+1=a=b. Againa+b=b+b=>a+b+1=b+b+1
—a+1l=b+1= a=b.Henccea+a=a+b=b+b=a=b= (S, +) is quasi-
seperative.
(ii) Leta+b=(a)+b=ba+b=b+ab=b+a=a+b=>b+a> (1)
From (i) and (i) a+a=a+b=b+a=Db+b=a=>b= (S, +) is weakly
seperative
(iii) Let a+a=a+b

b+b=b+a
From (1) a4+ b = b + a and from theorem 1.15 (S, +) is a band

Therefore,a=a+a=a+b=b+b=b=a=hb.

Hence (S, +) is seperative.

1.20. Theorem: Let (S, +, .) be a simple semiring in which (S, .) is singular then (S, +)
is cancellative in which case —S— = 1.

Proof: Let (S, +, .) be a simple semiring in which (S, .) is singular. Since S is simple
then for any aeS, 1 +a=a+ 1= 1.

Let a,b,c, €S. To prove that (S, +) is cancellative, for any a, b, ¢ €S, consider a
+c=b+c. Thena+cl=b+cl=a+cla+1l)
=b+cb+1)=>a+ca+c=b+cb+c=>a+ca+cac=b+cb+cbc ( since
(S, .) is rectangular ) = a + ca(l +c¢) =b + cb(1 + ¢)
=a+cal=b+cbhl=>a+ca=b+cbhl= a+ca=b-+cb
=>(1l+ca=(1l+chb=la=1lb=a=b=at+c=b+c
= a=Db.= (S.+) is right cancellative

Again c+a=c+b=>cl+a=cl+b=c(l+a)+a=cl+b)+b=c
+cat+a=c+cb+b=cac+c+a=cbhc+cb+ b= cac+ ca+ a=abc+cb+
b=calc+1)+a=cb(c+1)+b=cal+a=cbl+b
>at+a=cb+b=>(c+l)a=(c+1)b=>la=1lb=>a=b=> c+a=c+b=
a=Db = (S, +) is left cancellative.

Therefore, (S,+) is cancellative semigroup. Since S is simple semiring we have 1
+a=1=1+a=1+ 1. But (S, +) is cancellative = a = 1 for all a€S. Therefore
—S—=1.

1.21. Theorem: Let (S, +, .) be a simple semiring in which (S, .) is singular then (S, +)
is one of the following: i) singular ii) rectangular band iii) left(right) semi-normal iv)
regular v) normal vi) left(right) quasi-normal vii) left(right) semi-regular.
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Proof: Let (S, +, .) be a simple semiring in which (S, .) is singular. Since S is simple
then for any a, b, ceS, i) 1 +a =1=>b +ba=b=Db+ a=Db= (S, +) is left
singular. Again 1 + b=1=a+ ba=a=a+ b =a= (S, +) is right singular.
Therefore, (S, +) is singular.

Since (S, +) is singular, it is easy to prove (S, +) is ii) rectangular band, iii)
left(right) semi-normal, iv) regular, v) normal and vi) left(right) quasi-normal.
vii) Leta+b+c+a=a+(b)+(c)+ (a) =a+b+a+c+at+ct+a=>a+b
+c+a=a+b+a+ct+a+(c)+a=>a+b+at+ct+a+b+c+a= (S +)
left semi-regular.
Similarly, we can prove (S, +) is right semi-regular.

1.22. Theorem: Let (S, +, .) be a simple semiring in which (S, .) is singular then (S, .)
is one of the following: i) left semi-normal ii) left semi-regular iii) right semi-normal iv)
right semi-regular v) regular vi) normal vii) left quasi-normal viii) right quasi-normal
ix) I-medial (x) I-semimedial (xi) I-distributive (xii) L-commutative (xiii) R-
commutative (xiv) I-commutative (xv) external commutative (xvi)  conditional
commutative (xvii) digonal (xviii) quasi-seprative (xix) weakly-seperative (xx)
seperative.
Proof: Proof of the theorem is similar to 1.21.Theorem, 1.18.theorem and 1.19.theorem.
1.23. Theorem: Let (S, +, .) be a simple semiring with additive identity zero in which
(S, .) is singular then (S, +, .) zero sum free semiring if and only if (S, +, .) is zero
square semiring.
Proof: Let (S, 4, .) be a simple semiring with additive identity zero in which (S, .) is
singular. Since S is simple then for any acS, 1 =a+1=>a=aa+a=a’> =a+a=
a’ = 0 (Since (S, +, .) is zero sum free semiring) = (S, +, .) is zero square semiring.
Conversely, let (S, +, .) is zero square semiring then 8> =01 =a + 1 = a = aa
+a=a =a+a=0=a+ a (Since (S, +, .) is zero square semiring) = (S, +, .) is
zero sum free semiring.

REFERENCES REFERENCES REFERENCIAS

1. Abdullah, F. “Idempotent in Semimedial Semigroups”, International journal of
Algebra, Vol.5, 2011, no.3, 129-134.

2. Abdullah, F. and Zejnullahu, A. “Notes on semimedial semigroups”,
Comment.Math.Univ.Carlin.50, 3(2009) 321-324.

3. Golan, J.S. “The theory of semirings with applications in mathematics and

theoretical computer science”, Pitman monographs and surveys in pure and applied
mathematics, II. Series. (1992).

4. P. Sreenivasulu Reddy and Guesh Yfter tela “Simple semirings”, International
journal of Engineering Inventions, Vol.2, Issue 7, 2013, PP: 16-19.

© 2017 Global Journals Inc. (US)

Notes



GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
V3 MATHEMATICS AND DECISION SCIENCES
SRR \/olume 17 Issue 2 Version 1.0 Year 2017
Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Lagrangian Dynamical Systems on Clifford Kahler Manifolds
By Gebreel Mohammed Khur Baba Gebreel & Mohammed Ali Bashir
Abstract- In his paper we obtained a canonical local basis {J;},i = 1,5 of vector bundle V on

Clifford Kdhler manifold (M, V). The paths of semispray on Clifford Kdhler manifold are infact
the solutions of Euler-Lagrange equations.

GJSFR-F Classification: MSC 2010: 70HO03, 15A66

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

Strictly as per the compliance and regulations of :

© 2017. Gebreel Mohammed Khur Baba Gebreel & Mohammed Ali Bashir. This is a research/review paper, distributed under the
terms of the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-
nc/3.0/), permitting all non commercial use, distribution, and reproduction in any medium, provided the original work is properly
cited.



epaper ek
. ,‘ % I

Print Journal

oCloutncl

Lagrangian Dynamical Systems on Clifford
Kdhler Manifolds

Gebreel Mohammed Khur Baba Gebreel * & Mohammed Ali Bashir °

Ref

Absiract- In his paper we obtained a canonical local basis {J;},i = 1,5 of vector bundle V on Clifiord Kéhler manifold
(M, V).the paths of semispray on Clifford Kahler manifold are infact the solutions of Euler-Lagrange equations.

[.  INTRODUCTION

It is well-known that modern differential geometry express explicitly the
dynamics of Lagrangians.

Therefore we explain that if M is an m-dimensional configuration manifold and
L:TM - R is a regular lagrangian function, then there is a unique vector field ¢ on
TM such that dynamics equations is determined by:

Where @, indicates the symplectic form and E; is the energy associated to L [1,2].

The Triple (TM ,®,,§) in named lagrangian system on the tangent bundle TM.

It is known, there are many studies about Lagrangian mechanics, formalisms,
systems and equations such as real, complex, paracomplex and other analogues[1,3] and
there in. so, it may be possible to produced different analogues in different spaces.

The goal of finding new dynamics equations is both a new expansion and
contribution to science to explain physical events.

Sir William Rowan Hamilton invented quaternions as an extension to the
complex numbers.

Hamilton’s defining relation is most succinctly written as:

i’ =j2=k*=ijk=-1 - (2)

Lagrangian Mechanics on the standard Clifford Kdhler Manifolds,

arXiv:0902.3724v1.

If it is compared to the calculus of vectors , quaternion’s have slipped into the
realm of obscurity. They do however still find use in the in the computation of
rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be
written pleasantly by means of quaternions. Some physicists hope they will find deeper
understanding of the universe by restating basic principles in terms of quaternion
algebra. It is well-known that quaternions are useful for representing rotations in both
quantum and classical mechanics[4]. Clifford manifolds are also quaternion manifolds(5].

5. M. Tekkoyun,

[1. PRELIMINARIES

In this paper, all mathematical objects and mappings are assumed to be smooth,
i.e. infinitely differentiable and Einstein convention of summarizing is adopted.

Author o o: West Kordufan University. e-mail: gebreel6600@gmail.com
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F(M), X (M)and A*(M) define the set of functions on M, the set of vector fields on M
and the set of 1-forms on M respectively.

a) Theorem
Let f be differentiable ¢, ¥ are 1-form, then [6]:

(i) d(f¢) = df A + fd¢
(i) d(pAp)=dp Y — PpAdip

b) Definition (Kronecker’s delta)
Kronecker’s delta denote by § and defined as follows [7,8] :
5 = {1 ;o if i=]
L 0; if i#j
¢) Clifford Kihler Manifolds

Now, here we extend and rewrite the main concepts and structures given in
[5,9,10]. Let M be a real smooth manifold of dimension m. Suppose that there is a 6-
dimensional vector bundle V consisting of F;(i = 1,2, ...,6) tensors of type (1,1) over M.
Such a local basis {F;, F,, ..., Fs} is named a canonical local basis of the bundle V in a
neighborhood U of M. Then V is called an almost Clifford structure in M. The pair
(M,V)is named an almost Clifford manifold with V. Thus, an almost Clifford manifold
M is of dimension m = 8n. If there exists on (M,V) a global basis {F;, F;, ..., Fg}, then
(M, V) is called an almost Clifford manifold; the basis {F;, F,, ..., Fg} is said to be a global
basis for V.

An almost Clifford connection on the almost Clifford manifold (M, V) is a linear
connection Von M which preserves by parallel transport the vector bundle V. This
means that if @ is a cross-section (local-global) of the bundle V. Then V,® is also a
cross-section (local-global, respectively) of V,X being an arbitrary vector field of M.

If for any canonical basis {J;},i = 1,6 of V in a coordinate neighborhood U, the
identities

gU.X,J.Y) = g(X,Y), VX,Y € y(M),i =1,2,...6 — 3)

Hold, the triple (M, g,V) is called an almost Clifford Hermitian manifold or
metric Clifford manifold denoting by V an almost Clifford structure V and by g a
Riemannian metric and by (g,V) an almost Clifford metric structure.

Since each J;(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting

O,(X,Y)=g90XY) i=12,..6 - (4)

For any vector fields X and Y, we see that ®; are 6-local 2-forms.

If the Levi-Civita connection V= V9 on (M, g,V) preserves the vector bundle V by
parallel transport, then (M, g,V) is named a Clifford Kdhler manifold, and an almost
Clifford structure ®@; of M is said to be a Clifford Kdhler structure. Suppose that let

(X Xt s Xonti » X3nti » Xan4i » Xsn+i » Xon+i» Xn4i), L = L
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be a real coordinate system on (M,V). Then we denote by

{ d d d d d d d d }
0x; ' 0Xnyi 0Xonyi 0X3nyi OXanyi OXsnyi 0xenti 0X7ny)’

{dx;, dxy i, dXon iy AX30 4, AXag i, AXsy i, AXgn1iy AX7p 45}

N The natural bases over R of the tangent space T(M) and the cotangent space
otes  T+(M) of M, respectively.
By structure {J;,/2,/3,J4.,J5,]s} the following expressions are given

( l> n+i ( l) n+i ( l> n+i

=i fa(5) =~
_ax4n+i )2 0X2n 4 J3

) B d
axnﬂ axSn+t

(5
(5=

) d
axZn+t ax6n+i

d )_ d ( d )_ d ( d )_ d
0X5p 4 B 0X3y 4 )2 X5 4 B 0X7p 4 J3 0X5p 4 _axn+i

)= k) =5 ) =5
h 0Xen+i _ax7n+i J2 0Xen+i 0X3p 4 3 0Xen +i _ax2n+i

)= ko) =5 k() =
J 0X7p 4 B 0Xen +i )2 0X7p 4 0X5p 4 Js 0X7p 4 B 0X 4 4i

]4(i= 6' ]s(ii)= i ]6(%)= i

X5 4 0Xen +i
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B 0 ( 0 )_ 0 ( 0 ) d
B 0X5n 4 Js 0Xen+i B 0X4n i Je 0Xen+i 0x;

)
a.>:a.]5(a)_a ]6<a> 9

ax7n+i axZn+i ax7n+i axn+i

I11. LAGRANGIAN MECHANICS

In this section, we introduce Euler-Lagrange equations for quantum and classical
mechanics by means of canonical local basis {J;},i =1,60f Von Clifford Kdhler
manifold (M,V). We say that the Euler-Lagrange equations using basis {J;,/3,/3} of V
on (R®",V) are introduce in[5]. In this study, we obtain that they are the same as the

obtained by operators J; ,/,,/3 of V on Clifford Kdhler manifold (M, V).
If we express them, they are respectively:

First:
a(aL) oL B a(aL) 6L_06<6L )+ oL — 0
0t \ox;) = 0x,4; | 0t\dx,.;/) 0x;  0t\Oxp,ii)  OXany;
6(6L> oL _06(6L) oL _06(6L) oL _ 0
0t \0x3,4i/  O0Xs5p4i "0t \0xgnyi/  OXppy Ot \OXspy)  Oxzpqp
O(E)L )+ oL _ O(E)L) oL _0
at ax6n+i ax7n+i ‘ot ax7n+i ax6n+i .
Second:
a(aL)+ oL _Oa(aL) JL B 6( oL ) aL_O
at axl’ ax2n+i - ‘at axn_H- 0x4n+i ,at ax2n+i axl’ o
a(aL )+ oL B a(aL )+ 6L_ 6<6L> oL _ 0
at a-x':»’n+i a-x6n+i ‘ot a-x4n+i a-xn+i ‘ot axSn+i ax7n+i ,
6<6L> oL _ 6<6L >+ oL _0
0t \Oxenyi/ Oxznyi Ot \Ox7nyi/  OXsny '
Third:
a(aL)+ oL B a(aL) oL B 6( oL ) oL —0
0t\dx;/  Oxzny 0t \0xpyi) Oxspyy 0t \0Xpny/  OXeny
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a(E)L) (’)L_OE)(OL >+ oL _ 6(6L> oL _0
0t \Ox3p4;/ 0, "0t \0Xypti/  OXyny "0t \Oxs5yii/  OXny ,
d ( JdL )+ JdL _ d ( JaL ) JaL _0
at ax6n+i axZn+i ‘ot ax7n+i ax4n+i .

Here, only we derive Euler-Lagrange equations using operators J;,Js5,J¢ of V on
Notes Clifford Kdhler manifold(M,V).

Fourth:
6(6L> oL 6(6L> oL _0 6( oL ) oL _0
0t \0x;/  0X4n+i ’ 0t \O0xp 4/ OXppyy , 0t \Oxon i/  O0Xpyy
6(6L> oL 6(6L> 6L_06<6L> dL _ 0
0t \0x3,4i/  0X7p4, [0t \0x4nyi/  Ox; "0t \0xsn i/ OXeny ’
6(6L> oL _06(6L) oL__,
0t \OXen+i/  OXs5py T0t \0x7n 4/ OXzny '

Such that the equations are named Euler-Lagrange equations structured on
Clifford Kéhler manifold (M,V) by means of ®/* and in the case, the triple (M, ®}*, &)
is said to be a mechanical system on Clifford Kdhler manifold (M, V).

Fifth, we obtain Euler-Lagrange equations for quantum and classical mechanics
by means of ®}° on Clifford Kéhler manifold(M, V).

Let J5 be another local basis component on the Clifford Kdhler manifold(M,V),
and  {X;, Xn4i ) Xonti» X3nti» Xanti » Xsnti» Xen+i» ¥7n4id, 0 =1,n  be its  coordinate
functions.

Let semisparay be the vector field ¢ defined by:

g — Xli_l_ Xn+i a + X2n+i a + X3n+i a + X4—n+i

0x; 0%y 4 0%Xon +i 0%x3n +i X4 +i
Sn+i 9 6n+i 9 n+i 9
pxonti 24 ybnti 0 4 y7nti_ - (5)
0Xs5n+i 0X6n+i 0X7n+i

Where

i — n+i — 5 2n+i — o 3n+i — o dn+i — o
Xt =5, X" =40, X = Xonti X = X3nti, X = Xan+i

Global ]()Lll'l’ldl of Science Frontier Research (F) Volume XVII Issue II Version I n Year 2017

Sn+i — o on+i — o n+i — o
X = Xsp4i X = Xen+i X = X7n+i-
This equation (5) can be written concise manner
. 4 an+i __0
§ =Y pxomt 2 - ©)
an +i

And the dot indicates the derivative with respect to time t. The vector field defined by

© 2017 Global Journals Inc. (US)
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9 ,_0 . 0 9
V. =] (f) = X! —_xnti__—_ _ y2n+i +X3n+z_+X4n+l
Js 5 ax5n+i ax3n+i ax7n+i axn_l_i ax6n+i

9]

_ X6n+i g + X7n+i g N (7)

_ X5n+i
Ox; X 4m+i 0xon +i

Is named Liouville vector field on Clifford Kdhler manifold (M, V).
The maps explained by T ,P: M — R such that:

_ 2 | 22 .2 .2 .2 .2 .2 .2
T = > i (7 + Xy gy + X4 + X34 + Xy + X5p + Xen + X7040)
7
1 .2
T=Emi Xgn +i , P=m;gh
a=0

Are said to be the kinetic energy and the potential energy of the system,

respectively. Here m;,gand h stand for mass of a mechanical system having m
particles, the gravity acceleration and distance to the origin of a mechanical system on

Clifford Kdhler manifold (M, V), respectively.

Then L: M — R is a map that satisfies the conditions:

i) L =T — P is a Lagrangian function.

ii) the function given by E{S =V, (L) — L, is energy function.
The operator ij, induced by J5 and defined by:

i]s(l)(Xl,Xz,...,Xr) = Z?zlw(Xl,...,]5Xi,...,Xr) - (8)

Is called vertical derivation, where w € A"M,X; € X(M). The vertical
differentiation d;, is determined by:

dy, = iy, d] = i,d — dij, - 9)

Where d is the usual exterior derivation. We saw that the closed Clifford Kdhler
form is the closed 2-form given by Q)ILS = —dd;.L such that

0 0
dx;

d dx,.; — AxXyp.; + —
Js n+i ax7n+i 2n+i

0X5p4i 0X3p4i

— ——dXspy; — Axenyi +

0x; 0Xan +i

And given by operator

d: F(M) > A'M - (10)
Then

2] 921 9°

DS = ————dx Ndx; dx; Adx,, ,; dx; Adxz, 4 ;
T P K T P A A P P
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oL dx; \d o°L dx; \d + 0°L dx; \d
Xi NAX3p 4 ———dx;i \dX4p 4; —dx: Ndxc., .;
0x;0xpy; O Ax0xgny T axax, O MM
oL dx;\d o°L dx; \d —62L d Ad
+ XiNAXegpn i — XiNAX7p 4 — Xp4+iN\AX;
j 6n+i j n+i n+j i
0% 0X 4 4. 0%; 0x2p 4 0%y 1j 0Xs5p 4
3%L 321 821
\| + dx, ;i Ndx,; + dx, ;i Ndxyp, 4 - dx, 4 Ndx3p 4
otes axn+jax3n+i n+j n+i axn+jax7n+i n+j 2n+i axn+jaxn+i n+j 3n+i
a%L 921, 92
— dx, iNdxg4y i + ———dx, i Ndxs,.; + dx, i NdXep 4
0xn4j0xgns; "V AT Gxyyjoxg Sn+i 0xn4j0xans; Y 6n+i
a%L a2L a2L
- Ax, i NdX7p i — —————dxy, i \dx; + dxyniiNdx, 4 +
0% 4j0X2p 4i n+tj n+i X 10%5n i 2n+j E Oy 0% 11 2n+j n+i
—62L d Nd o°L d Nd —(?ZL d Nd +
Xon+iNdXyp 4 — Xon+iNdX354; — Xon+iNdXgn 1
0Xon+j0X7n i e anxt 0X2p+j 0%y 4 ant) I 0X2p4j 0Xen+i 2nt] dnH
L e Ad L ey Ad L A
T Aa. AXon+j Xsp+i + Xon+j Xonti — == AXpp i X7p4i
axZ""‘I 0x; " e axZn+j 0%Xan +i n it a952n+j 0%X2n +i i i
o°L d Nd L d Nd o d Nd
- oo AX3pyiNax; + X3p+j NAXp 4 + X3n+j NAX oy i
ax3n+j axSn+i ax3n+j ax3n+i aX3n+j aX7n+i
o°L d Nd o°L d Nd + 0°L d Ad
T A Ao X3 i \AX3pyp T o AX3p g jNAXgp g T o o AX3p 4 NA X5 4
0304 0% 4 0%x3n+j OXen +i 0x3n+; 0x;
62L azL aZL
—————dx3, 4 NdXgpy ———————dX3, 4 NdX7py; — —————d x4, 4 \dX;
0x3n4j0%ansi ") SMHL T dxzyyjoxgny ot T Gy dxsnys Y :
62L aZL aZL
+——————dxy, i Ndx,y; + AX4n+iNAdXop i — dX4n i NdX3, 4
Oxap4j0xznyy  HI M T xgyj0xgngy H 2nti Oxanaj0xpy; Y 3n+i
9L 92L 821
—————dxy, i Ndxyyy; + AXgn+iNAX5y 1; + —————d X4+ NdXgp i
OXan+j0%en+i dn+j dn+i 9xX4n4;0%; 4n+j Sn+i X4 10%4n +i 4n+j 6n—+i
d2%L 92 92
———dxy, i NdX7y oy — —————dx5, i Ndx; + dxs, i Ndx, 4
0x4ntj0xonsi A Oxgn g 0xsngy ET Oxsnqdxgng; o0 nt
62L 62L aZL
—————dx5,  NdXpp g — dXxs,+iNdX3, 10 — —————dX5, 1 NdX4p 4
0554/ 0X75 4 ) 2n+i 0x554j 0%y 4 ) 3nti 0x504j0%6n +i St anti
a%L 92L 821
———dX5p 4 NdXsy 4 + AdxspiNdxg, ——————dXs, 1 NdX7p4i —
0X554j0%; St S 0%5n40%X4n +i St bnti 0%x5n4j0%20 +i ) Tnti
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d%L

0%6n+j0X5n +i

d%L d%L

dxen+j Ndx; + dXen+jNdXn 1 + AXen+j NdXon 4

0%6n+j0X30 +i 0X6n+j0%X7n+i

a°L a°L a°L
——————dXen4j NdX3p4; — s—————dXen1j NdXgpn4; +

Axen+j NdXsy 4
X6+ 0%nti 6n+j Sn+i

0%6n+j0X6n +i 0%x6n+j0X;

a%L a%L a%L
AXen+jNdXen i — >—————dXgp+; ANd X774 — dx7,4;\dx; +

0%6n+j0%Xan+i 0%6n+j0%X2n +i 0%7n4j0X504i

9%L d%L

a%L
dx7n+j Adx2n+i -

dx7n+j /\dxn+i + dx7n+j/\dx3n+i

0x7n470X30 4 0X7n4+j0X 70 +i 0x7n4j0Xn 4

a%L a%L a%L
— —————AX7yjNdX gy + s dX7y 1 ANdXs 4 +

Adx7, 4+ NdXgp 4
0% 7n4+j0X6n +i n+j 6n+i

0x7n4j0%; 0X7n4j0X4n+i

oL dx7p, 4+ N\dx
%70 4j 020 4i n+j n+i-

Let & be the second order differential equation by determined Eq(1) and given by
Eq(5) and

. ;0L a%L
lf(D{S = —X' 5]d +X‘—d +X‘—51d nﬂ—X"“—dx]
0xj0x5n 4 0xj0x5n 4 0x;j0x3n +i 0x;j0x3n 4
i 0L g an+i__0°L i 0°L  oj 3n+4i_ 0°L
X2 dxy = x0Ty x5 ey, 4 X T gy
anaX7n+l‘ anaX7n+i ijaxn_,.i ijaxn_,.l—
;i 0%L j i j ;. 0%L
X' & dx -+X4"+l—d + X2 dxe, — X 2Ly +
anax6n+i t dn+i (’)x 6X6n+l anaxL' L Snti anaxL' J
i_ 0°L J 6n+i__ 0°L i 0%L J Tnti_ 0°L
X 8] dxgnys — X" 2L gy —xi 2L _§lax, . +X dx;
0% 0% 4m +i 0x;0%4m +i 0x;0%om +i 0x;0%2m +i
; a%L + a2L ; a2L +
—Xnt 8 dx; + X dxyi; + X" S doxy
0%y 1j0X5n 4 0xpn1j0X5n 4 0xpn1j0X30 4
; a°L ; a%L n+j ; a°L
B A L PPN LA LY, LN PO € dx, ) —
0%y 4j0x3pey T 0Xp4j0x7pyy TH nt 0xpij0x7ng; T

02L . 02L n+j
dx, i - X" ——— 8" dXy i
9%y 4j0%n 4 n+j dn+i

i 62L n+j 3 i
Xn+l —5 J dx i X n+i
i T 0%y 170X6n +i nt

0%Xp4j0Xn 4 ntt

BZL . aZL n+j 5 X
dx,.; + X" ———68" "V dxg,; — X
n+j + 9xn4;0%; n+i Sn+i

+ X41’l +i

0Xn4+j0Xgn +i

92L

) aZL +j i . aZL +i
pxm —Th gy — X6 dxyyy — X —L ™ gy

0Xppj0x4ny "HE 0xpn4+j0X4m 4+ 0xp4j0xgpyy MH
Tn+i__ 0°L 2n+i 9%L 2n+j i %L
X oty — X2 0L gInHgy yoxi 0L gy,
0%xp1j0X2n 4 0% 4j0X50 4 0%2n 40 X504
4 x2n+i %L 2n+j dx. . — xXnti %L dx 4 x2nti %L 2n+j dx L
O0Xon+4j0X3n+i Zn+i nt 0X2n+j0X3n +i ntj 0X2n+j0X7n +i Zn+i In+i
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i a%L i a%L 2n+j ; a%L
X2n+1 dx L X2n+1 ) 1dx . X3n+l dx .
0Xon+j0X75 +i nt 0xon4j0xny; 2NH 3n+i OX2n4j0%n 1 2n+tj
: d2L 2n+j An+i 9L 2n+i 9L 2n+j
—_xnti___ 2> § Jdxyn; + X n+i dx o xonti 22§40 )
0xop4j0xen4; 2N et 0x2n+j0X6p +i ntj dxop4j0x; 2NH Snti
i 62L , aZL In+i ) azL
_X5‘I‘L+l dx . +X2n+l S de - X6n+l dx .
0x2p4j0%; ntj 0Xon4j0%ap4; 2nH on -+ X204 0X 4 +i 2ntj
2 ' 2 2 .
_ y2n+i o°L 2n+j Tn+i 0°L _ y3n+i 0°L 3n+j
X 0% 0 X L 52n+i dX7n4i + X %X DX s dx2n+j X 02 o DX o 53n+i dx;
2n+j 2n+i 2n+j 2n+i 3n+j Sn+i
b T g XL eIy TE g+
Ox3n4j0%snes oY 0x3p4j0x3ny; SMFLT A OxX3n4; 0%z 4 N
, 92l 3n+j 2n+i FEIA 3In+i 9L 3n+j
X3t 2 53 gy — X2 dxzny; — X3 —"—— 53" s,
Ox3n4j0x7ne; SH anti 0x3n4j0%X7m 4 3nt) 0x3n4j0%p 4 STH Sn -+
4 x3n+H %L . y3n+i 0L s3n+4j 4o 4 xAn+ %L 4.
Ox3p4j0%ng; oY Ox3p4j0xgnyg ST AN X3 4j0xenys oM
2 . 2 2 .
3n+i__ 0°L 3n+j Sn+i__ 0°L 3n+i o°L 3n+j
+X ——0, i dXs, . — X ————dx3,4; + X 0o i AXgn i
x3n4j0x; SNF Snt Oxznajox; oMY 0x3p 4 0xgny; SN ONH
1 62L . aZL 3n+j ) azL
_x6n+i dx o x3nti___ 9% 8 J dx 4 x7nH dx o
0X3n4j 0 Xan+i 3ntj OX3n4j0%op 4 ST Tnti 0X3n+j0X2n +i 3ntj
i %L 4n+j i 92L dnti 921 dn+i
Xt~ 5" dx + X ————dxyyy + X ————— 5,V dx,
0Xan4j0xspypy At T Oxansj0xsngy Y D gn4j0xznyy AMFE T TNAL
_ Xn+i %L dx + X4n+i %L 54n+f dx X2n+i 2L dx
0X4n1j0X3p 4 nt] OxX4n4j0x7pny A 2n -+ 0X4n+j0X7n 4i antj
. 0%L . . 0%L 9%L .
4n+tj 3n+i An+i 4n+j
Xt — 5" dxs, .+ X AXgnii — X 6, i AXgpai
An+ 3n+i 4n+j 4n+ 4n+i
0Xan4j0%ny; " 0X4n+j0%n 4 0Xan+j0%enyi ~
921 0%L . 921,
4An+i , 4n+i 4n+j _ y5n+i
X 0X 440X - dXansj + X 0X 44 0X; Ogni W¥sn+i = X 0 %n 0% AX4n+j +
4n+j 6n+i 4n+j i 4n+j i
. 62L ; azL aZL )
4n+j 6n+i 4n+i dntj
Xt T gy X T dx, X 5 e
4n+ 6n+i in+ 4n+ n+i
0Xan+j0%gny; 0%X4n 4 0%Xan +i / 0Xgn+j0xony;
9%L 921 : 92L
n+i___ " " o _ y5n+i Sntj 4., i '
+X EI AXsnqj — X EIR I Oc,iidx; +X EIPR I dxsnq; +
4n+j 2n+i Sn+j Sn+i 5Sn+j Sn+i
. 9%L . 0%L 92L .
5n+j +i 5n+i Sn+j
Xt My, — X ————dxe, o+ X —— 6 dx
S5n+ n+i S5n+j Sn+ 2n+i
0x5n4j0x3n4; " 0X5n 4 0X3n 4 05 4j X7y "7
0°L 9°L . 92L
_y2n+i . y5n+i Sn+j ) 3n+i
S R P xsnij = X 0Xsy 40X “Osnt rani + X 0Xs, 40X, 1 Xsn+)
5n+j n+i Sn+j n+i 5n+j n+i
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aZL 5n+j aZL aZL Sn+4j

N Gl p——, LY, YNNI N dxc, i + X" ——— 52"V dxe,
0X5n4j 0Xen +i Snott Tn 0X5n+j 0Xen +i S 0x5n4; 0x; St TSk
d%L 9°L . 9°L
i i Sn+j 6n+i
—xonH dXs, i + Xt 5" Vdxg, . — X dXs, 4
j 5n+ 6n+i Sn+j
0X5p4j0X; 0x5n4j0X4n i " 0X5n 470X 454
. 9%L St . 9%L . 9%L bnti
_xSn+i____ "~ 5 n+j dx Xt T gy _xbn+i___ "7 ntj dx:
Sn+ n+i 5n+ 6n+ i
0X5p4j0%Xpp 4y " 0X5p4j0X2n 4 / 0Xon4j0X5nyy 0 Iiotes
9°L 9°L : 9°L
] ] 6n+j n+i
X —————dxgyy + XM ———— 5"V dx, . — X dXepn 4
J 6n+ n+i 6n+j
0Xgn+j 0X5p 4 0xen+j0x3p 4 0%Xen+j0X35 4
. 9%L ensi . 9%L . 9% nti
4xénti___~ 5 n+j dx o xnbi__ T dy o xon+i____ " & n"‘[dx )
0%Xen+j 0X7n 4 onti TanH 0Xen+j 0X7n 4 ont 0X6n+j 0%Xn 4 onoti TInH
. 9%L . 9%L nti , 9%L
Xy, — X 5" gy, 4 XA dxs, .
6n+ 4n+i 6n+
ax6n+j a-xn+i / a-x6n+j a-x6n+i n ax6n+j ax6n+i /
0%L gnas - 9%L . 9%L Entf
+ XM ————— 5 dxs g — X ———— gy + X —————— 8¢ dXen
6n+ 5n+i 6n+ 6n+ 6n+i
0xgn4j0x; " 0Xen+j 0x; ! 0Xen+jO0Xany; 0
. 9°L . 9°L nti . 9%L
_x6nti dx6n+' — xo6n+i s n+j dx 4 X dx )
6n+ n+i 6n+
a-x6n+j a-x4n+i / ax6n+j a-xZn+i n a-x6n+j a-xZn+i /
. 9%L S : 9%L : 9%L Tnti
_xTnHi T s g 4 X x4 XMH s gy
n+ i n+ n+ n+i
ax7n+jax5n+i e ax7n+jax5n+i / ax7n+jax3n+i o
. 9%L , 9%L Tnti : 9%L
X dxy, X ———§ [Pl NP ' Sy [V
n+ 2n+i n+
ax7n+j ax3n+i ! ax7n+j ax7n+i ik ax7n+j ax7n+i !
. 9% Tnti . 0% . 0%L Tnti
_xTnHi s, oy x3nti_ T 7 gy o xTnti_ 7 gt
Tn+ 3n+i n+ Tn+ In+i
0x7p4j0%p 4y " 0714 0% 4 ! 0X734j0Xen4i "
d°L d°L . d°L
j i n+tj Sn+i
X dx, .+ X 6, i dXey i — X AX7p4i
0%X7n+0Xgn +i e 0x73+j0X; Tt TR 07347 0X; e
. 0%L . . 0%L . 9%L .
X7 57 gy — X ——— iy — X ———— 87 dxg
0%774j 0Xan +i et e 0754 0X4p 4 " 0%x774j 0Xop 4 Tnt e
. 9°L
' S — FE
ax7n+j 0Xon 4 e
Since the closed Clifford Kdhler form ®’5 on M is the symplectic structure.
. 0L . 0L . 0L .
Eis — V]5(L) — L =X _Xn+l _X2n+l +X3n+l +

X5y 4 0X3p 4 0X7n 4 0Xp 4
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X4n+L _ybhn+i T 6n+i n+i L = (11)
a956n+1 axl ax4n+L axZn+t
And thus
2 2 2 2
L 0°L
dEi5= la > dx, —X"J”a > -dx —XZ”J”a > dx, +X3"+‘a 5 dx
Xj OXs5p 4 Xj 0X3n +i Xj OX7n +i Xj 0Xn +i
. 0%L . 0%L . 0%L . 0%L
NOteS +X4n+1—dxj _X5n+l_dxj _X6n+1—dxj +X7n+1—dx
ax] ax6n+1 ax] axl ax] ax4n+l ax] axZn+L
+ Xt azL d xnti 62 d X2n+l azL d +
X - X - X
axn+j axSn+l n a~xn+j ax3n+l m axn+j aX7n+i i
02 2 : 2
3n+i dx +X4n+l dx — xonti .
axn+j axn+l " axn+j ax6n+L " axn+j d i Y
X6n+i azL d +X7n+i azL d _l_Xi azL d
T QX4 = AXp 4 Xy
axn—i—j ax4n-{-i i axn—i—j axZn+i i axZn+j axSn-H n
. 0% . 0% . 0%L
_xnti de . _X2n+l de . +X3n+z de .
0%X2n+j 0X3 4 i 0%X2n+j 0X7n 4 i 0%X2n +j 0%y 4 "
. 0% . 0% . 0%
+X4n+z dx2 ) _X5n+z dx2 . _X6n+l de .
0% +j 0Xen +i i 0%+ 0%; " 0%X2n +j 0Xan +i i
+X7n+i azL d _|_XL' azL d Xn+i azL d
0%X2n+j 0Xon +i i 0X3n 4 0%X5n 4 Y 0304 0X3n 4 Y
. 0°L . 0% . 0°L
_xénti___ ~ dx3n+j + xsn+i dx3n+j + xAn+i dx3n+j

03+ 0X77 4 0X374+j 0%y 4 0X374+7 0Xep+i

. 0°L . 0L . 0%
_X5n+z—dx3 . _X6n+t—dx3 . +X7n+z dX3 .
axBn+] 0 i i axBn%—j ax4n+i i ax3n+j ax2n+i i
+Xi azL d Xn+i azL d X2n+i azL d
ax4n+j axSn+i " ax4n+j ax?m-{-i i ax4n+j a-x7n+i "
. 0%L . 0% . 0%L
+ x3n+i —dX4 4 xAn+i —dX4 L X5n+L dX4 .
0%X 4 +j 0% 4 " 0%X4n+j 0X6n +i i 0%X4n 4 0%; "
6n+i azL n+i azL i azL
—XOH —— dxy X —————dxy X X5t

ax5n+j ax5n+i

0%X 4 +j0X4n 1 0Xan +j 0%Xon 4
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0%L 9%L 0°%L

n+i 2n+i 3n+i
X g,y — X o dxg,y; + X X5+,

axSn+j ax3n-{-i axSn+j ax7n+i axSn+j axn+i
. 9%L - 0%L . 0%L
+X4n+l—dx5 i _X5n+l—dx5 i _X6n+1—dx5 i
0X5n4j 0Xen +i e 0Xs5,4j0X; " 0Xs5n4j 0Xan 4 i
+X7n+i azL d +Xi azL d Xn+i azL d
S Ao AXspyj o a.. Xen+j T Xon+j
a-XSn+jaXZn+i e ax6n+jaxSn+i A aX6n+jaxBn+i A
. 92L 9% : 92L
_X2n+l—dx6 i +X3n+1—dx6 i +X4n+l—dx6 i
0Xen+j 0X7n+i A 0X6n+j 0Xn 4 " 0X6n+j 0X6n+i "
- 0%L . 9%L , d%L
_X5n+1 dx6 i _X6n+L dx6 i +X7n+l dx6 i
0X6n+j0X; e 0X6n+j0Xan+i " 0X6n+j0Xon +i e
_l_Xi azL d Xn+i aZL d X2n+i azL d
0%X7n 4 OX5n 4 e 0%X7n4j 0X3p 4 " 0X7n4j0X7n 4 e
- 0%L . 9°L . 0%
+X3n+l—dx7 i +X4n+l—dx7 b= X5n+z —dx7 i
0X7n4j 0%y 4 " 0%X7n4j 0Xen +i " 0%X7n 4 0%; e
X6n+i azL d +X7n+i azL d JL d oL d
- S Ao X7y o a.. Xpyy T S AX; — o AXpyj
ax7n+jax4n+i e ax7n-{-jax2n-i-i " ax} ! axn—i—j "
JdL g JdL d oL g JdL JdL J
————dXppy; — = dAX3py; — = dAXgpy; — Xspii — = AXgp1i
ax2n+j i ax3n—i—j i ax4n+j " ax5n+j i ax6n—i—j n
oL P
ax7n+j 7n+]
By means of Eq(1), we calculate the following expressions
0t s ki x5 PRI
0% 0xsyes T B0k T gy T g
xi 2t §ld + X! oL §ld + X oL §ld xi 2k §ld
- 0%L : . 9% . 92 .
X 5"y, + X ———— 5" dx,, + X 8" dxyp i
0%+ 0X5p 4 (AL 0% 4j0%X3p 4 ke 0% 4j X7 4 i i
2 2 2
. L ; , 0°L ; . 0°L ;
—X 5 g,y — X ———— 8 D dog gy + X ——— 60 g,y +
0%y 4j 00Xy 4 ni Gan 0%y 1) 0X6n +i nti Hidn 0%y 4 0x; nti CXSn
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9°L , . 9°L : . 9°L .
+j n+i n+j 2n+i 2ntj
S dxg, i — X 0, idxs ;i —X — &5 dx;
+ 6n+i + n+i 2n+ i
0% 4j0Xgny; " 0% 4j0xony; " 0Xon+4j0Xxspy; T
9°L : 9°L .
2n+i 2n+j 2n+i 2n+j
+ X2 0 iy 4 X 5 Xy g —
ax2n+j ax3n+i axZn+j ax7n+i
9°L : 0°L :
2n+i 2n+j 2n+i 2n+j
S gy — X 82 ity +
0%Xon +j 0% 4 0%X2n+j 0Xen +i
9°L : 9°L :
2n+i 2n+j 2n+i 2n+j
ﬁSZnH dXsn4; + X #SZnﬂ dXen-+i
Xon+j0X; X2n+jO0Xan 4
a%L S . a%L . , 9%L .
8 Aty — X3 —— 53 gy, X3 8" gy
axZn+jaxZn+i antt e ax’é’n+jaxSn+i nt ' ax3n+jax3n+i ntt i
0°L . 9°L :
3n+i 3n+j 3n+i 3n+j
+X —6, dXopyi — X — 6, dX3,4; —
ax?m+j ax7n+i 3 e ax?m+j axn—i—i nH I
9L . 9L :
3n+i 3n+tj 3n+i 3n+tj
X3t o 3 dxyy + X Somtd dxsnai +
0X35+7 0X6p+i 0x3p4+; 0X;
2 2
3n+ia—l’53"+!dx6 i — X3n+ia—l'53"+jdx7
ax?m—i—jaxéln—i—i 3 e ax&’m—i—jaxZn—i-i 3 e
9°L . 9°L :
i 4n+ i 4n+
— x5 dx, + X ————— 5, dx,
0 0 4n+i l 0 0 dn+i n+i
X4n+jO0X5pn4i X4n+j0X3n4i
9°L : 9°L :
An+i 4n+j An+i 4n+j
Xt o 5 dxg = X 5 g -
0X 4 +j OX7n 4 0X 4+ 0%y 4
9°L : 9°L ,
an+i 54n+1 d 4n+i 4n+j
— dxsny; + X — 65, dxe,; +
0%X4n +j OX6n +i Amohi A 0%X 4+ 0%; At TS
0L : 0L :
an+i 4n+j an+i 4n+j
XA 5 gy — X 5 ity
0%Xan+j 0Xan +i 0%Xan+j 0Xon 4
9°L : 9L :
, Sn+ P S5n+
' Gl — LU PN G0 e LN [
0 F) S5n+i U 0 F) 5n+i n+i
x5n+j X5n+ti x5n+j X3n+4i
9°L : 9°L :
5n+i Sn+j 5n+i Sn+j
X5t o 5 Ay — X 60" s
0%X5n4j 0X7n 4 054 0%y 4
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aZL Sn+j aZL S5n+j

Xt — 5" Ydxg, s + X ———— 8"V dxe, . +
0%X5p+j0X6n +i S+t T 0%X5p 1 0%; St T
d%L . d%L .
i Sn+j Sn4+i Sn+j
Xt — 52" Vdxe, — X ——— 6, dXyp 4
a-XSn+j a-X4n+i Sn onHt a-XSn+j a-752n+i SnH e
0%L . 9%L .
i 6n+j 6n+i 6n+j
—xonti —— — 5" Udx, + X — 6. i dx,; +
6n+i l 6n+i n+i otes
6x6n+j 6xSn+i ax6n+j 6xBn—H’
9%L : 9%L .
i 6n+j 6n+i 6n+j
Xontt — 5" dxy, — X —— 6., dAX3,4; —
ax6n+j ax7n+i on ZnHt ax6n+j axn+i on e
9%L . 9%L .
6n+i 6n+j 6n+i 6n+j
3 P ' 66n+i dx4-n+i + X 3 Ox. 66n+i den-H' +
x6n+} Xon +i x6n+] Xi
2 2
6nti 9°L 66n+.jdx6 o xn+i 0°L 66n+.jdx7 .
0Xen+j 0Xan +i ontt s 0Xen+j 0Xon +i ontt e
9%L . 9%L .
. Tn+ P n+
Sox T T g oy T s gt
6x7n+j 6xSn+i ax7n+j 6xBn—H’
9%L : 9%L .
i n+j Tn+i n+j
Xmtt — 5" dxy — X ——6, i dX3,4; —
ax7n+j ax7n+i Tn ZnHt ax7n+j axn+i n e
9%L . d%L .
i 7n+t j Tn+
XL ST g+ XD 5T gy
0X7,4i0X6n 4 0X7p,4:0X;
n+j 6n+i n+j i
9%L . 9%L .
n+i n+j _ y7n+i n+j
P 9 ] 67n+i dXen-+i X P P ] 67n+i dX7n4i +
x7n+1 Xan+i x7n+1 X2n+i
oL dx; + oL d + oL d + oL d + oL d +
—ax; —aX, 4 —ax i X i X i
j n+j 2n+j 3n+j 4n+j
0x; 0%p 4 0%X2n + 0%X3n +; 0X4n +;
oL d + d + d 0
X5n+j Xen+j X7n4j =
0X5n+; 0X6n +j 0%X7n +;

If a curve determined by a: R — M is taken to be an integral curve of &, then we
found equation as follows:

- 9% . 0%L . 9%L . 9%L
—Xl—de—Xn-H—de—X n+l—dxj_X n+l—dxj
0x; 0x5p 4 0%y 1) 0Xs5p 1 0%X2n+j 0X5n 4 0X3n4j 0X5n 4

2 2 2
P PR S R

ax4n+j axSn+i a-xSn+j a-xSn+i ax6n+j axSn+i
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Tn+i azL dx: + Xi azL d + Xn+i azL d +X2n+i azL d
X; ———dx,4; ———dx, 4 ——dx,;
ax7n+j axSn+i ! ax] ax3n+i Y axn+j ax3n+i Y axZn+j ax3n+i "
d%L d%L . d%L
+X3H dx, ; + X4H dx, 4 + Xo"H dxy; +
0X33+70X35 4 ! 0%Xan+70X35 4 ! 0X5n 47 0X35 4 !
bn+i oL dx,,; + X7 oL dx,,. +X° o°L dxyn,; +
n n n
0Xen +j 0X3n 4 ! 0%X7n4j 0X3p 4 ! 0% 0X7y 4. !
Xn+i 62L dX2 4 +X2n+i aZL de 4+ +X3n+i 62L dX2 4+ +
n n n
0%y 4j0X7p 4 ! 0%Xon +j 0X7n 4 ! 0304 0X7n 4 !
. d%L . 0%L . 9%L
xAn+i dx2n+- +X5n+z dx2n+- _I_X6n+l dx2n+- +
ax4n+j ax7n+i ! a-755n+j a-x7n-i-i ’ axGn+j ax7n+i ’
X7 oL dx,,+; +— X! o°L dx3,4i — X"‘”Ldﬁ 4=
n n n
0%X7n4j 0X7n 4 / 0%; 0%y 4. ! 0% 10Xy 4 !
. 0% . 0% . 0%L
X2n+l dX3 H _X3n+l dX3 H _X4n+z dX3 i
axZn+jaxn-i-i s axBn+jaxn+i s a-x4n+jaxn+i A
. 0% . 0% . 0%L
X5n+l dX3 i _ xonti dX3 i — Xn+i dX3 =
a-XSn+jaxn—i-i A a-X6n+jaxn+i e ax7n-i—jaxn+i "
Xt o°L AX4n i —X”“Ldm 4 — X oL AX4nii —
n n n
0x; 0xn +i ! 0% 4j 0Xen +i ! 0%Xon+ 0Xgn +i !
. d%L . 9°L . d%L
x3n+i dX4n+- — X4n+i dX4n+- — xonti dX4n+- _
0X35+7 0X6p +i ! 0X4n+j 0Xep+i ! 0X5n 4+ 0Xgp+i !
Xonti o°L dxy, - X" o°L dxyn4; + X! i dxs, . +X"+";dx ;
0Xn+j0Xen+i e 0X754j 0Xegp 4 e 0x; 0x; s 0%y 4+ 0%; o
. 0%L . 0%L . 0L
+X2H ——dxe, , + X3 Axep; + X —————dxe, . +
0X2p 47 0X; o 0x3p4j 0X; s 0%X4n+;0x; o
X57'L+i ’ dxs +i +X6Tl+i 2L dxs i +X7Tl+i ’ dxs i +
n n n
0xX5n 4 0%; ! 0%Xen -+ 0%; ’ 07+ 0%; !
X"id% +i +X"+"de6 P Gt oL dXxegn.; +
n n n
ax] a-x4n+i ! axn+j a-x4n+i g axZn+j ax4n+i g
. d%L . 9%L . 9°L
x3n+i dx6n+j 4 xAnti dx6n+j + xon+i dx6n+j+

0X354+70X 44

0%X4n+ 0X4p 4

0X5p+70X 454
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_[Xl - + Xn+i

2
6n+i 0°L

0%X6n+j 0X4n +i

0%L

0°L

dx6n+j + x7n+i
0%X7n4j 0Xan 4

i
dx6n+j - X

d%L

axn-{-j axZn-{-i

2
X4n+i 0°L
ax4n+j axZn+i
9%L
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ax7n+j ax2n+i
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2
_ X5n+i 0°L

(l"‘771+'
]
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oL oL dL
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J
ax] axn+j ax2n+j

oL oL oL oL

ax4n+j

%L
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dx6n+j +ax7 +i
nTj

+
5n+j ax6n+j
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%L %L %L

X2n+i + X3n+i

0% 0x2p 4

_ X6n+i

dx2n+j

9%L
AX7n4j —
9%L

AX7p4i —
n+j
a-x3n+j a-xZn-i-i

0%L
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n+j
a-x6n+j axZn-{-i

oL

+——dx3,4; +
ax3n+j 3Tl+]

dx7,4; =0 - (12)
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2 2
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9°L
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0x;0x3p, 1 0%+ 0X3 4 0%X254j 0%X3p 4 0%354j 0X3p 4 0% 454 0%X3p 4
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2 2
6n+i 0°L Tn+i 0°L
+X +X ]
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9%L 9%L d%L

2n+i 3n+i

L
dxn+]- +

dxn+j + —axn+1

9%L

4An+i

0x;0x7, 1 0% 4 0X7n 4 0%X254j 0%X77 4 0%374j 0X7p 4 0X454j %774
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axSn+j ax7n+i

R "
—[X'=———+ X"
axjaxnﬂ'

d%L

+X5n+i + X6n+i +X7n+i ] d.X3n+]-
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. 9%L )
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2 2

ax6n+j ax7n+i ax7n+j ax7n+i
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0°L 2n+i 0°L +X3n+i

axn+j axn+i ax2n+j axn+i ax3n+j axn+i ax4n+j axn+i

9%L 9%L
0%Xen+j 0% 1 0704 0% 4

2 2 2
0°L 2n+i 0°L +X3n+i 0°L

] dx2n+j dx2n+j

+
0X2n+j
9%L 9%L

4n+i

+ dx3n+'
j
0x3n+4)

2
+ X4Tl+i a L
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0%L
0x; 0x;
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d%L

+ XSTI. +i

2
n+i

axn+]' axi

X6n+i

2
2n+i 0°L + X3n+i

0X2n4; 0; 0x334;0X;

9%L 9%L

X7+ dxg, .+
0X6n 1, 0X; 6x7n+]6x] Sty

2],

d%L . 0%L

An+i

2l

X2n+i a X3n+i a X4n+i

n+i a-xZn+j axll-n+i

0X5n4j0%Xon 4

aX6n+j aX4n+i ax7n+j ax4n+i

2],

a-x3n +j axﬁl—n +i

9%L

2y,

X2n+i U + X3n+i 0 + X4n+i

n+i ax2n+j 0% 4

2],

+ X6TL+i a + X7Tl+i
ax6n+j 0Xon i ax7n+j 0Xon 4

In this equation can be concise manner

Z Xan +i

+ Xan+l d.xz +ij +a—de2 +j
g n n
axan+] ax7n+t / axZn+j !

9°L
axan +j axSn+t

— T dx dx + Z yanti %~

0x354j 0% 4

%L

9°L

Xn+j
axan +j axBn+L

a=0

ldxensj +o——
e 0X6n+j

JL
ldx7,y + I

0%X4n +; 0x;

dx5n+'
J
axSn+j

9%L

ax4n+j ax4n+i

dXen+j

9°L

0%X454j 0Xop 4

dx7n4j =0
n+j

+ oL d
axn+] le+}

7
B T T
n
axan+jaxn+i !

oL d z Xan+i azL d —d + Z Xan+1 azL d
ax3n+j x3n+j = axan+j 6x6n+l~ X4.n+] dx 4-n+] X4.n+] 6xan+] Bxl x5n+]
d 7 Xan+L 2L d d
+ax5 Xspyj t 2a=0 Dam 10 4n 11 Xen+j + 3 X6n+j
an +i %L oL
= X 0xqn +jax2n+i dX7n+j + dx7 dx7n+] 0 - (13)
Then we find the equations
6(6L>+ dL _ a(aL) dL _0 6<6L ) oL _0
0t \0x;/  0xsp4i "0t \0xpyi/  0X3ny , 0t \0x2p4i/  0X7p4i ,
d oL oL d JdL JdL d oL oL
0t \Ox3nyi/  O0Xpy 0t \Ox4n4i/  OXonti 0t \Oxsp 4/ 0,
d ( daL ) daL 0 d ( daL ) dL 0 (14)
e — = , = -
at ax6n—i—i ax4n—i—i at ax7n—i—i axZn—H’
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Such that the equations expressed in Eq(14) are named Euler-Lagrange equations

structured on Clifford Kdhler manifold (M,V) by means of CDJL5 in the case, the triple
(M, P, ¢) is called a mechanical system on Clifford Kdhler manifold (M, V).

10.
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Study on Prey-Predator Model with Predator
In Disease and Harvesting

Ahmed Buseri Ashine

Abstract-In this article, predator prey interactions where the predator is exposed to the risk of disease and harvesting is
proposed. Equilibrium points, boundedness, and non-periodic solutions of the model are obtained. Local stability and
global stability were discussed. The equilibrium was stable locally, but not globally.

Keywords: prey-predator, stability, harvesting, dulac’s criterion.

AMS (MOS) subject classification: 34, 37, and 65.

l. INTRODUCTION

Prey-predator models are of great interest to researchers in mathematics and

ecology because they deal with environmental problems such as community’s morbidity
and how to control it, optimal harvest policy to sustain a community, and others. In
the physical sciences, generic models can be constructed to explain a variety of
phenomena. However, in the life sciences a model only describes a particular situation.
Simple models such as the Lotka-Volterra are not able to tell us what is going on in the
majority of cases. One of the reasons is due to the complexity of the biological
ecosystem. Hence, we still seek for a variety of models to describe nature.

Theoretical and numerical studies of these models are able to give us an
understanding of the interactions that is taking place. A particular class of models
considers the existence of a disease in the predator or prey. Several models were
constructed to study particular cases. To ensure the existence of the species involved,
one of the steps taken is to harvest the infected species. In this paper, we consider the
case where the infected predator is harvested. Several related theoretical studies have
been conducted.

Amongst them are studies on the disease spread among the prey and the
epidemic among predators with action incidence [6], the role of transmissible disease in
the Holling Tanner predator prey model [4], the analysis of prey predator model with
disease in the prey [7], another’'s study the disease in Lotka Volterra, [3|study the
dynamics of a fisher resource system in an aquatic environment in two zones harvest in
reserve area,[5] study the harvesting of infected prey,[1]show the stability analysis of
harvesting,[2] Study the stability of harvested when the disease affects the predator by
using the reproduction number.

The model is introduced after this section, followed by analysis on boundedness
and properties of the solutions.
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[I. THE MATHEMATICAL MODEL

Consider the following dynamical system:

% =a(l-x)x-b(y+ 2)x

dy _ _

q - oY T ayz-hy

dz

a:cxz—oeyz—hzz (1)

where x, y, z are the prey, infected predator and susceptible predator respectively; a is
the growth rate of prey; b, Cthe capture rate (b>c), ais the contact rate between the
susceptible and infected predator; h,, and h, are the harvest rates of the infected and
susceptible predator respectively, and assume that the less effective predator shall be

72/ easier to harvest h, > h,, so; it is better also to assume infected predator not become

Volume XVII Issue II Version I

Frontier Research (F)

Global Journal of Science

susceptible again and finally the disease does not affect the ability of the infected
predator attacking prey.

a) Bounded of solutions
Theorem 1. The solution of system (1) is bounded.

Proof
Let the function w(X,y,z) = X(t) + y(t) + z(t) and let xbe a positive number such

thatO< 7 <h,.
Then, W(t)+uw=ax(l-x)+nx—(b—-c)(y+2)x—(h,—n)y—(h,—7n)z

W (t) + uw < —a[x2 —(a+”jx+(a+")2]+l(ﬂjz
a 2a a\ 2

1(a+ 2
Let—( nj =V
al 2

W (t) +uw(t) <v

0<wW(X Y,2) < %(1— e )+ e (X, Y, 2)| 0

Theorem 2. The system (1) has no periodic solution.
Let F(xy)=ax—ax’—bxy, G(x,y) =cxy-hy,
M(x, 2) = ax—ax* —bxz, N(x,2)=cxz—h z.

Define afunction H (X, y) = 1 .
XZ

O(HF) , 8(HG) __a

Then Q(X,y) = pw o y

It’s clear that is no change in change sign; therefore, this system cannot have
any periodic solution in the xy-plane.
o(HM) N o(HN) _ a

Again, Q(Xx,2) = ™ p .
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There is no change in sign; therefore, there is no periodic solution in xz- plane.
Hence, the system has no periodic solution.
b) Equilibrium

The dynamical system (1) has the following five fixed points: the origin(E,), a
predator fee fixed point (E,), a disease free fixed point (E,), a fixed point when all
predator infected (E,), and a fixed for which both population survive(E;):

Notes E :(xY,2)=(0,0,0)
E, : (X, ¥,2) = (10,0)

E;: (xX,Y,2) = (XZ,O, Zz); where X, = h_CZ 2, = a(lt; X)
a(l-x
E, (X, Y,2) =(X;,¥3,0) ; where X, :% YA =%
% % b CX* —h _bX*
Esr<x,y,z)=[1——<h1—h2), 2 j
ax (04 a
1. STABILITY
The Jacobian matrix of system (1) is given by:
a—2ax—-b(y+2) —bx —bx
J(%y,2) = cy cx+az-h, ay
Cz -oaz cx—ay—h,

Case 1. The system without Disease
When infected predators eradicate, the system (1) becomes:

L =a(l- x)x—bxz

dt (1)
z

—=cxz—-h,z

dt

h,

The equilibrium (nontrivial) are E.'(1,0) E.'(X,,Zz,) where, X, =—=,2z, = %(l— X,)
’ C

Proposition 1. E_'(1,0)is stable when h, >c and unstable otherwise.

Proof: The eigenvalues near the first equilibrium are —a and c¢—h,. This completes the
proof.

Theorem 3. If the equilibrium E_'(X,,z,) is locally stable, then the basin of attraction of
this equilibrium is denoted by B(E.'(X,,z,)),

where B(E,") ={(x,2) € R % x> 275> 21— wwith 2 2 < 2 (1= x)x}
c b c b
Proof: Let V(X,z)be a function where
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V(x,2) = [x— X, — X, IogXZJ+[z— z,— zzlogZZJ , the

dav
= —a(x= ) - (b~ O)(x-x)(2-2) <0
- o, At —dah,(1- %)
Remark: The eigenvalues near E,'(X,, z,) are 5 + > and h,+az,—h,
and stable when 1- aal=x) >0
b(h,—h,)

Case 2. When all predators become infected
When all predators become infected the subsystem of system (1) becomes:

dx
gty: a(l— x)x—bxy (1b)
e cxy —hy

hy

The equilibrium (nontrivial) are E,'(1,0) E.'(Xs,Y,) where, X, =— ,y, = %(1— X3)
’ c

Proposition 2.E_'(1,0)is stable when h > c and unstable otherwise.

Proof: The eigenvalues near E_'(1,0) are —aand c—h,. This completes the proof.
Theorem 4. Assume the equilibrium E_'(X,,Y,)is locally stable, the basin of attraction
of this equilibrium is denoted by B(E.'(x,,y,)) Where B(E.') ={(X,2) € R.% 1 X> X5, ¥ > V,}

Proof: The proof is the same as in theorem (3).
aa(l-x,)

b(hl o hz)
Proposition 4. The stability near the equilibrium EC* (xX',y,Z) is given by equation
A* + A2? + BA+C = Owhere

Proposition 3. The equilibrium E_'(X;, y;,0) is stable with condition 0>1-

A=ax >0, B=bxc(y +z)+a’yz,C=aa’xyz >0
AB-C=ax (bxc(y +z))>0
From Routh-Hurwitz stability criterion it is stable.

IV. CONCLUSION

In this paper, the discussion and analysis model prey predator interaction with
harvesting of predator is presented. Boundedness of solution, and equilibriums points
with their conditions were discussed. The basin attraction of some of equilibrium points
was also calculated. Finally, the result shows us the infected predator increases while
the susceptible predator decreasing.
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Smoothness for Some Selected Test
Functions Relative to Shape Parameter
via IMQ

Issa, K. * & Sanni B. O.°

Absiract- Radial basis function (RBF) approximation has the potential to provide accurate func-tion approximations for
large data site given at scattered node locations which yields smooth solutions for a given number of node points
especially when the basis functions are scaled to be nearly at and when the shape parameter is choose wisely. In this
paper, we concentrate on the choice of shape parameter, which must be choose wisely and the simplest strategy we
adopt is to perform a series of interpolation experiments by varying the interval of shape parameter, and then pick the
\best" one. The \best" was pick by checking the errors for different data sites and the smoothness of the error graphs.
The results shows that the choice of interval for the shape parameter give better accuracy and smoothness of the
graphs.

Keywords: radial basis functions, inverse multiquadric (IMQ), test function, shape parameter (€).

l. INTRODUCTION

Radial basis function (RBF) approximation [8,10] is emerging as an important method for
approximation, and interpolation of test functions for data given at scattered node locations,
with computational domains in higher dimensions. And the application of radial functions
to the solution of the scattered data interpolation problem benefits from the fact that the
interpolation problem becomes insensitive to the dimension (d) of the space in which the data
sites lie. In recent years, various RBF-based methods have gained fast growing attention
from a broad range of scientific computing and engineering applications, such as multivariate
scattered data processing [8,11], interpolation of functions [1,4,6,7,18] numerical solutions of
partial differential equations (PDEs) [3,12-15], just to mention a few. The main advantages
are spectral convergence rates that can be achieved using infinitely smooth basis functions,
geometrical flexibility, and ease of implementation with shape parameter play important
role in determine the accuracy of the interpolant [1,19].

a) Basic idea of RBF
Define the RBF interpolant of a function f(x) as
N

Tp(x) =Y Mwgp(r.e), r =[x -z ||, » € R? (1.1)

k=1

where the value of the interpolant at any location x is obtained as weighted sum of r and
the coeflicients Ay, k = 1,--- , N depend on the right hand side f(z;) and e is called the
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shape parameter which must be choosing wisely, for better accuracy. The coefficients A\, are
determined by enforcing the interpolation condition

Py(ey) = flay), j=1....K (1.2)
and when N = K, (1.2) becomes N x N linear system of the form
Onno = F (13)

where F' = {f(z;)}}L;, 0 = {\;}}L; and fyy is an N x N matrix whose entries are
HNN(J-JC) = 90<|| Tj — Tk ||’€)'

Therefore, RBF interpolant at M evaluation points on set IT := {z;}, read
and some of the commonly used RBF are shown in the Table 1

Table 1: Some commonly used RBF

Type of RBF o(r. )
Gaussian exp (—e?r?)
Inverse Multiquadric (IMQ) (1+ 627“2)_%
Multiquadric (1+€r 2)%
Thin Plate Spline (TPS) r?log(r)
Wendland (1-— GT)i (4r +1)

I1. ROLE OF SHAPE PARAMETER (€)

The shape parameter has important consequences on the stability and accuracy of RBF
interpolants, as the different choices of € lead to different results in terms of computational
error and the smaller the shape parameter, the flatter or wider the basis function (see figure

1).

In this work, we are generally interested in the range of the shape parameter that will incurs
numerical stability, the higher accuracy of RBF interpolant and the smoothness of the error
graphs. Hence, basically, we would like to choose the best shape parameter €, to achieve
best shape of the basis functions with respect to RBF interpolation error.
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Figure 1: Examples of the shape of the 1D Gaussian and IMQ RBF's for di'erent values
of the shape parameter (sp)

[1I.  SELECTION OF RANGE OF SHAPE PARAMETER (€) FOR IMQ_

To determine the best shape parameter ¢, different strategies have been used by different
authors, Xiang and Wang [22] applied trigonometric variable shape parameter (¢) to gen-
eralized Multiquadric RBF, Sarra and Sturgill [23] showed that the random variable shape
parameter produces the most accurate results, if the centers are uniformly spaced, Biazar
and Hosami [1] developed an algorithm for determining an interval for M(Q shape parameter,
In this work, we are focusing our attention on Trial and Error approach. The Trial and

Error algorithm used in this work helps us to clarify quite well how the shape parameter
acts on the basis functions (as shown in Figure 1) we choose for the interpolation, and so
give us insight about the choice of a small range in which we will set e. The algorithm is
given below:

Trial and Error Algorithm
Data: f: function to be interpolated, ©: set of data, B base of S interpolation subspace,
II: set of evaluation points

Result: ¢* optimal shape parameter

Define the data sites X from ©

Define a large range for the choice of ¢, in an interval [a, b];

Define how many shape parameters are going to be tested, namely k;
fori=1,... .k

for do

6 =a+(i—1)9

Solve 0 (X, B(X,¢€))o = F ;

Evaluate I'; (X, €; z);

22.S. Xiang, K. M.Wang, Y.-T. Ai, Y.-D. Sha, and H. Shi, Trigonometric variable
shape parameter and exponent strategy for generalized multiquadric radial basis
function approximation, Applied Mathematical Modelling, 36(5)(2012), 19311938.

Evaluate the error ¢, = RMS = \/2”6“ |f(ifl)7rf(x)l2

end
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Plot the (RMS) ¢; versus ¢;.
Find the index 7*=minimum &},
Set €* = ¢+

Compute the interpolant with €*

[V. NUMERICAL EXPERIMENTS

In this section, we implement the algorithm discussed in section 3 on three test functions in
IR? (since RBF methods are dimension blind) using inverse multiquadrics (IMQ) RBF with
different knots N and M evaluation points by setting © = |0, 1]2, x = (z,y), x € © C
IR?, f(x) € IR. Firstly, the algorithm is applied to find the range of the shape parameter

for each test function, then the interpolant is recomputed by using the range of the shape
parameter strategy in the proposed interval (see Figure 2). The accuracy are computed by

finding the Root Mean Square (RMS) error approach and then pick the best (see Figure 3).
The Root Mean Square (RMS) errors were calculated by the formula

- = Rt = S 0 TP

Example 4.1: We consider 2D Franke function

f(x) = %e_ (<9x_2)2+w)

9z+1)2 | (9y+1)?
(49>+<y10>) 1
+-e

a2
—((9w—7>2+7(9y43) )_le—((gzc—4)2+(9y_7)2)
2

+ Z—le_ (

(4.1)

The RMS errors are tabulated in Table 2 with different ¢, the corresponding graph is

presented in Figure 2 while Figure 4 shows the interpolant at N = 4225 and its correspond-

ing maximum error and the e (with respect to the smoothness of the error graph) used for
the computation of the interpolant is presented in Figure 3

Example 4.2: We consider 2D Ackley function

f(X) — _206(—é %(z2+y2) . 6%((;05(271-33)—I—cos(27ry)) + 61 + 20 (42)

The RMS errors are tabulated in Table 3 with different ¢ and the corresponding graph is
presented in Figure 2 while Figure 5 shows the interpolant at N = 4225 and its correspond-
ing maximum error and the e (with respect to the smoothness of the error graph) used for
the computation of the interpolant is presented in Figure 3

Example 4.3: We implement Trial and Error on 2D Beale function

f(x):(g—a:+9cy>2+(g—xy2)2+<%—x+a:y3>2 (4.3)

Figure 6 display the interpolant that correspond to Figure 3 reference to the smoothness of
the error graph while Table 4 is the RMS errors and its shape parameters.

V. CONCLUSION

In this paper, Trial and Error algorithm is proposed to determine the range of shape param-
eter for IMQ interpolation that produces the small error for different data sites (N) respect
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to the smooth error graph. The implementation of the scheme are illustrated on 3 selected
test functions. Numerical results demonstrate that our scheme is an effective and reliable

numerical technique for interpolating functions.

Table 2: Shape parameters (€) and its corresponding RMS errors for Franke function

(Example 4.1)

data sites (N) € =6.0 € =16.2 e=6.4 € =6.6 € =6.8 e=17.0
9 1.921311e-001 1.940839e-001 1.960197e-001 1.979357e-001 1.998295e-001 2.016994e-001
25 3.080634e-002 3.158354e-002 3.240742e-002 3.327625e-002 3.418810e-002 3.514088e-002
36 1.928667e-002 1.972654e-002 2.019069e-002 2.067860e-002 2.118985e-002 2.172405e-002
289 2.500556e-004 2.751982e-004 3.009742e-004 3.272891e-004 3.540543e-004 3.811861e-004
1089 3.543262e-006 4.311747e-006 5.184915e-006 6.167679e-006 7.264324e-006 8.478486e-006
4225 6.912828e-009 7.890668e-009 9.963406e-009 1.362776e-008 1.814020e-008 2.402932e-008

Table 3: Shape parameters (€) and its corresponding RMS errors for Ackley function

(Example 4.2)

data sites (N) e=17.0 €e=17.2 e="7.4 e=17.6 €e=17.8 e =28.0
9 4.372483e-001 4.638774e-001 4.903400e-001 5.166114e-001 5.426708e-001 5.685013e-001
25 1.191346e-001 1.188800e-001 1.187683e-001 1.188320e-001 1.191021e-001 1.196076e-001
36 8.979158e-002 8.958214e-002 8.934477e-002 8.909150e-002 8.883506e-002 8.858881e-002
289 4.959255e-003 5.231761e-003 5.504290e-003 5.776340e-003 6.047447e-003 6.317180e-003
1089 1.357913e-004 1.505501e-004 1.665895e-004 1.838989e-004 2.024630e-004 2.222622e-004
4225 6.598121e-006 6.093603e-006 6.372372e-006 6.208202e-006 6.156283e-006 6.123180e-006

Table 4: Shape parameters (€) and its corresponding RMS

(Example 4.3)

errors for Beale function

data sites (N) € =6.0 €=6.2 €e=06.4 € =6.6 €e=06.8 e=17.0
9 4.687441e-001 5.164511e-001 5.695731e-001 6.267950e-001 6.870994e-001 7.497095e-001
25 2.558036e-001 2.492158e-001 2.418695e-001 2.338618e-001 2.252999e-001 2.163039e-001
36 2.088475e-001 2.086083e-001 2.077394e-001 2.062678e-001 2.042220e-001 2.016324e-001
289 1.056356e-002 1.152670e-002 1.251113e-002 1.351372e-002 1.453141e-002 1.556133e-002
1089 1.656199e-004 1.978607e-004 2.340463e-004 2.743377e-004 3.188737e-004 3.677704e-004
4225 3.468167e-007 3.752169e-007 4.869402e-007 6.527897e-007 8.634783e-007 1.130024e-006

Different datasites and its correspanding RMS error for FRANKE function interpola
10

Djfferent datasites and its coesponding RMS eror for Ackley function interpolant
10
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Figure 2: Test functions with different shape parameters
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[ INTRODUCTION

The economics of renewable resource use is essentially a multi-disciplinary
undertaking, integrating both biological and economic aspects. When modeling the
dynamics of the resource, one has to choose a level of analysis. An intuitive entity is the
organism itself (a fish, a tree, or a cow) that experiences growth and mortality. While
growth and mortality determine the dynamics of the existing number of individuals, it
is the potential to reproduce which characterizes renewable resources. Resources whose
reproduction is completely outside of the control of the resource users can perhaps best

be analyzed in the framework of “eating a cake of unknown size”. We will meet
resources whose reproduction can be completely controlled when discussing forestry
issues, but aquaculture could be another example. For most resource management
problems however, it will be useful to model a reproduction function which depends in
some (possibly highly nonlinear, possibly very stochastic) way on the existing number of

individuals, which in turn are influenced by the current exploitation regime. In the
absence of regulation control over harvesting behavior, the resource stocks are subject
to open access [1]. In addition to the viewpoint of an organism, one could also focus on
the dynamics of the underlying processes. Most models will take an aggregated view

means analyzing a fishery, a forest, an ecosystem as a whole.

In different renewable resource management, it is important to balance ecological
and economic needs. For example if we consider one of the renewable resource (fish),
the fishery management is the consideration of the ecological effects of harvesting.
Fisherman work to provide fish for a growing human population but because of this
some fish populations have been dangerously declining. A major focus in fishery
management is how best to ensure harvesting sustainability [2, 4, 5, 6]. The object of
the management is to devise harvesting strategies that will not drive species to
extinction. Therefore, the notion of persistence, extinction times of the populations and
precautionary harvesting policy, is always critical. A control variable of every fishery
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management is the fishing effort [3, 8], which is defined as a measure of the intensity of
fishing operations. As fishery management is the balance between harvesting and its
ecological implications, it is important to fish in such a way that a species is sustainable
and not in danger of becoming extinct. Mathematical bio economics is the study of the
management of renewable resources. It takes into consideration not only economic
questions like revenue, cost, price, effort etc., but also the impact of this demand on the
resource. The aim of fish harvesting management is to gain a sustainable development
of activity so that, future generation can also benefit from the resources. In this paper
we consider depensation (weak Alee effect) deterministic model with a constant harvest
rate as well as time dependent. Optimization and numerical calculations were used to
determine the harvest rate that produces maximum yield under different population
density scenarios. The dynamic mathematical models set on the background of biology
and economics knowledge. The integration of these seemingly different subjects namely
mathematics, biology and economics creates the source of interesting results and give
valuable applications for the peoples living with fishing activities and those policy
makers who involved control of overfishing.

[I.  MATHEMATICAL B1OoLOGY OF DEPENSATION MODEL

Deterministic models of fishery populations can be classified into three types
namely compensation, depensation and critical depensation. Compensation model is a
growth type where population declination is compensated by increased growth rate.
Depensation model is the opposite case to composition growth model. The critical
depensation modelis the generalized logistic model which is extremely in opposite of the
depensation model. A population’s dynamics are depensatory or depensation is said to
occur if the per- capita rate of growth decreases as the density decreases to low levels.
Component of the life-history such as fecundity or survival during a particular stage or
the mechanisms that affect these components (such as group defense or mate-finding
difficulty) are called depensatory if they decrease the per-capita growth rate as
abundance declines to low levels. Depensation model is the label most often used in
fisheries. The strong depensation model is called critical depensation model. By the
work done [9] some populations experience reduced rates of survival and reproduction
when reduced to very low densities. Mathematical biology expression of depensation is
given by growth model as:

(dx/dt) = rx®[1— (x/k)] (1)

Here in the growth model (1), x(t) represents fish biomass, r represents intrinsic
growth rate of fish, k is ecological carrying capacity, a =0 and a # 1, and (dx/dt)

growth rate of fish without harvest. Model (1) has the property that for a > 1 there is,
at low stock levels, depensation, which is a situation where the proportionate growth
rate is an increasing function of the stock size, as opposed to being a decreasing

function (compensation) in the simple logistic case where a = 1. The biological growth

model (1) exhibiting depensation at the stock level below, y,, and compensation
thereafter as shown the figure below.
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Figure 1: Growth curve of depensation model for r = 1.4, a =2k =3.2,y, =1

In the figure 1 we have shown the rate change curve of the depensation model
for some positive particular values of the parameters as shown. The curve is plotted for

the population size function x(t) versus the population rate change function x =
(dx/dt). The maximum rate change of population, Max(x'), occurs when the
population size be x(t) = (ak/(a + 1)) for a > 0 and the corresponding maximum rate
change of population is given by Max(x ) = {r(ak/(a+ 1)*(1 - (a/(a+ 1))}

[1I.  SOLUTION OF THE DEPENSATION MODEL

The solution of depensation model (1) with initial condition x(0) = xy is
obtained as follows. Using techniques of separable variables the model (1) can be
rewritten as [ dx/x%(k —x)] = (r/k)dt and integrating both sides we get [[1/x%(k —
x)]dx = [(r/k)dt. To integrate the left hand side, we have to consider the following

two cases by assuming that the initial value x(0) = xp; a is an integer and a > 1 and
then applying integration by partial fraction.

Casel: Let a is an even integer so that a = 2n, n € Z*.
[[1/x%(k — x)] dx = [[1/x*"(k —x)] dx = [[1/(x*)" (k —x)]dx = (r/k) t+ ¢, where
{ER

If n =1 then a = 2 and thus we do have [[1/x%(k — x)]dx = [[1/x*(k — x)]dx.

k

The solution is obtained using integration by partial fraction and is In (kxTx) —-=

rkt+ln(kx—0)—£. If n=2 then a= 4 and thus we do have [[1/x*(k—x)]dx =

—X0 X0
(r/k)t. The solution is obtained using integration by partial fraction and is:

In () k_K k3—k3t+1(
nk—x x 2x2 3x3_r n

) k k? k3

k—x0) x  2(x0)% 3(x)3

In general by mathematical induction for a = 2n using partial fraction we get
the solution:

f dx _fA1x+B1 A2x+Bz+ +Anx+Bn+ c dx = (/IO + £
GO (k—x) X2 (x2)? e ==/
This is the general solution. Here A; = P A, = szl;_z, Ay = ki‘“ A, = kiz;

1 1 1 1
= Be= s B =3, B =

By 'C=An=ki2and€EIR.

;7
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Case 2: Let a is an odd integer so that a = 2n+1, n € Z*.
J[1/x%(k — x)]dx = [[1/x@ D (k — x)]dx = (r/k)t + £, where £ € R

If n =1 then a = 3 and thus we have, [[1/x3(k — x)]dx = (r/k)t. The solution
is obtained using integration by partial fraction and is:

| ( x ) k k? . X k k?

n ——— =7 n —_———

)i (=) % 7
e Yo7 %o (xo) Notes
If n=2 then a= 5 and thus we do have [[1/x°(k —x)]dx = (r/k)t. The

solution is obtained using integration by partial fraction and is:

11’1( X )_E_ kz_k3_k4
k—x/ x 2x?2 3x3 A4x*

xo) k k2 k3 k*

— 4 1 - — — —
”‘”“(k—xo X0 2(00)?  3(xp)?  4(xp)*

In general by mathematical induction for a = 2n+ 1 and using partial fraction
we get the solution:

Al 3 Azn Azns1 B
fx2n+1(k J( N xZn + x2n+1 + k — x)dx = (T/k)t + £
This is the general solution. Where A; = an;H’ A, = k%,A?, = ﬁ , Ay = ,{211;—2'

1 1 1
"y Azn :k_z, A2n+1 :;, B = and £ € R.

k2n+1

When we combine the above two cases we found that Va € ZIt and a > 2 the
general implicit solution of the depensation model is:

[ =i () -2t (5) = rke e+ e 2)

Result (3) is the required particular implicit solution of the depensation model (1).

) - 6 ®

The following graph represents the stock level of the depensation model.

/-

- -

ln( ) Yoz 11() =r(k“_1)t+ln(k

x(t)
k

Figure 2: Typical solution curve for depensation model for r = 1.6, k = 2.0, a = 3.0
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Notes

In figure 2 we have time series plot for depensation model which verifying local
stability of the three equilibrium point in model (1). The depensation model has two

equilibrium points namely the trivial and non-trivial equilibrium points x =0 or x = k
respectively which are obtained by making ?1_1(2 rx? (1— E) = 0. The equilibrium point

x = 0 is semi stable since f’'(0) = 0. The non-trivial equilibrium point x = k is stable
for r > 0 and unstable for r < 0[7, 11].

IV.  MATHEMATICAL Bio-EcoNOMICS OF DEPENSATION MODEL

A fishery is an area with an associated fish or aquatic population which is
harvested for its commercial or recreational value. Population dynamics describes the
ways in which a given population grows and shrinks over time, as controlled by birth,
death, and emigration or immigration. It is the basis for understanding changing fishery
patterns and issues such as habitat destruction, predation and optimal harvesting rates.
With the natural positive population growth the population size can be brought down
whenever harvesting is introduced. Schaefer catch equation is a bilinear short-term
harvest function and it assumes that effort always removes a constant proportion of the

stock. Depensation Mathematical Bio-Economics model is given by Z—: = f(x) — h(E,x)

where f(x) = rx?[1 — (x/k)] is the growth function of fish and h(E,x) = qEx is the
harvest function of fish. And thus we do have

(dx/dt) = rx*[1 — (x/k)] — qEx (4)

Here in the model (4), x(t) represents fish biomass, r represents intrinsic growth
rate of fish, k is ecological carrying capacity, a =0 and a # 1, t is time, (dx/dt) is
growth rate of the fish with harvest function h(E,x).

a) Fquilibrium Points of Bio-Economics of Depensation Model
The equilibrium points of model (4) are obtained by making (dx/dt)=0 <

rx*[1 — (x/k)] — qEx = 0. This implies that the trivial equilibrium point x = 0 or the
non-trivial equilibrium point: rxa_l(l — (x/k)) —qE =0 for a > 1 are the equilibrium
points. If we take a =2,we get, rx>—r1kx+qkE =0. So that the non-trivial
equilibrium points are

rk ++/ (rk)2 —4rqkE rk—/(rk)2—4rqkE
x| = ( z)r q or x, = ( Z)T q (5)

Provided that 7k >4qE and since rk >./(rk)2 —4rkqE both equilibrium

points are positive for positive parameters r,q, E and k.
The stability analysis of the equilibrium points is obtained by identifying the
algebraic sign of the first derivative of the function at each equilibrium points. That is,

(dx/dt) = g(x) = rx*[1 — (x/k)] — qEx. So, its first derivative for a =2 is, g'(x) =
2rx — ?’k—rx2 — gE. Since g'(0) = —qE < 0 implies equilibrium point x = 0 is stable. Next

we have, g'(x;) = —(rk/2) + 2qE — 3/(rk)? — 4rkqE < 0 this implies that x; in (5) is

stable. Further we have, g (x,) = —% + 2qE + %\/ (rk)? — 4rkqE this implies that,

__Tk— (rk)2—4rqkE
- 2r

is stable if \/(rk)? — 4rkqE < rk — 4qE and unstable otherwise.
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b) Maximum Sustainable Yield (MSY) Of The Depensation Model
Schaefer catch equation is a bilinear short-term harvest function and it assumes
that effort always removes a constant proportion of the stock.

H(E,x) = qEx (6)

Where H =catch measured in terms of biomass; E fishing effort and q is a
constant catchability of coefficient. And substituting the non-trivial bio-economic
equilibrium points of (5) in (6) gives the harvesting function as a function of effort E.

Let H(xy,E) = Hi(E) and H(x,, E) = H,(E) then we got

Hy(E) = (qE/2r)[kr + /(kr)? — 4krqE] (7)
2 _
Hy () = (4E/21) [kr - JOn? = dhras | ®)
The effort at the maximum sustainable yield denoted by Eygsy is obtained by
making the first derivative of H with respect to the effort E equal to zero. That is
%z 0, gives E=0o0rE =% . Thus, Eysy =%. We have the same result for,
d(Hz) _
dE 0.

And thus the corresponding Maximum Sustainable Yield in (7) to be

MSY, = H,(E )—4k2r
1= HilEusy) = ==
Again the corresponding Maximum Sustainable Yield in (8) to be
2k?r
MSY, = Hy(Eysy) = -7

From this we conclude that, MSY; = 2MSY,.

¢) The Open Access Yield (OAY) For The Depensation Model

A work done in [10] shows that economic models of fishery are underlined by
biological models and it is impossible to formulate any useful economic model of fishery
without specifying the underlining biological dynamics of the fishery. Based on constant
price and unit cost of effort the total revenue denoted by TR will be calculated using

the formula TR(E) = p.H(E), where p is the average price per kilogram of fish. The
relationship between cost and effort is assumed to be linear and then the total cost of

fishing effort denoted by TC is defined as TC(E) = c.E, where ¢ is the unit cost of
effort that includes cost of labor and capital and E is the unit of effort and thus the
total economic rent of fishery denoted by TER defined as

TER(E) = TR(E) — TC(E) (9)

At the open access point, total fishing costs are equal to total revenues from the
fishery. Then the open access effort is obtained by equating TR(E) = TC(E). Where

TR(E) =pqxE and TC(E) = cE which yields pgxE = cE. To calculate the effort for
the Open Access Yield we used two non-trivial equilibria in (5). And thus we have two
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equations namely pqx{E = cE and pqx;E = cE. And substituting their corresponding
values respectively gives

%E(kr +/(kr)2 — 4krqE) = cE (10)
LE(kr — /(kr)? — 4krqE) = cE (11)
Notes From (10), we have E =0E = 5 (1 — T) that is Egay = 0 (1 — W) provided,

¢ < pqk.
And thus the corresponding Open Access Yield to be

0AY; = Hy(Epay) = EOAY (kT + (kr)? — 4k7"qEOAY)

04, = =1 — S kr+ |aryz ¥ - <
e qu pak pq pak

. . _ _ ¢ _ __°
Equation (11) gives E =0 or E—pq (1 - )that is Egay = o (1 )

provided, ¢ < pqk.
And thus the corresponding Open Access Yield to be

0AY, = Hy(Egay) = 5-Eoay (kr = er)2 = 4krqEouy )

(1 c ) . (kr)? 4kr2c(1 c )
2pq pqk pq pqk

0AY, =

d) The Maximum Economic Yield (MEY) of Depensation Model
The maximum economic yield is attained at the profit maximizing level of effort

which is obtained using equation (9). So, [d(TER(E))/dE] =0 implies [d(TR(E))/
dE] d(TC (E))/dE To calculate the effort for the Maximum Economic Yield we
used two non-trivial equilibria x; and x, in (5). And thus we have two equations
namely [d(pqx1E)/dE] = [d(cE)/dE] and [ d(pqx,E)/dE] =[d(cE)/dE]. And
substituting the corresponding values of x; and x, in these equations give respectively

L (’;—" E(kr + J/(kr)? — 4quE)) s (12)
< <pq E(kr — () — 4quE)> B (13)

From equation (12), we do have the following

52 2r lk(k +2c> ZCZlE+rzck <1 c )_0
9kq? 1) p2q 9q3 pqk

Setting A = k(kq+2p) —p—andB =1 —? , we obtain
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kB
3q 3kq / 3kq —C—l provided that (A/?;kq)2 > (ckB/pq) and, A > 0.

Thus efforts at maximum economic yield are:

2c\ 2c?
£ T [k(kq+p) pzq]_l_ ( 1 )2 k(k +2c> 2c2 ]
M T 3q 3kq 3kq ) v ~ pqk N otos
2¢c 2c
: r _k(qurp) Pq <1>2k(k +2c> 2¢21 ]
MEY2=3q 3kq 3kq 1) p2q ~ pqk

And thus the corresponding Maximum Economic Yields in (7) to be

MEYl = Hl(EMEY1)
2c\ 2c?
MEY—1 [k(k“?)_ﬁh < 1 )2 k(k +20) 2¢21? ]
"6 3kq 3kq 7% ) " p2q ~ pqk
K k 2c 2c? -
x| kr+|(kr)? e q+p) ﬁ+ (1)2Ik(k +Zc) 2¢7 ]
r+|(kr)“— — )= ——
3kq 3kq 175 ) " v qu
MEYZ = Hl(EMEYZ)
2c\  2c?
WEY, — 1 [k (kq i p) pzq] ( 1 )2 [k (k +2c> 2¢2] ¢k [1 c ] y
76 3kq 3kq 175 ) " p7q| “pql " pak
2c 2c? \
| kert | Chery2— rz [k kq + ) pZq ( 1 )2 lk (k +2c> ZCZl ]
T T - — )=
k 3kq 3kq 17 ) " pq " pqk )

Similarly from equation (13), we have the same effort as the above. And thus the

corresponding Maximum Economic Yields in (8) to be

2c2

2¢21*

p2q

r’q

2c
v L ["(k‘l+p) 2¢
| T + )

ck [1
6

Pq
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c 202

x/k (er)? 4kr2 [k kQ+ ~ plq N ( 1 )2[’((" +2c> 2c21”  ck 1_C ]\
r—|(kr q+— )| ——|1——
k 3kq 3kq p/ p*q| pq pqk )

2c\ 2c?
MEY—l [k(kq+7)—% ( 1 )2 k(k +ZC) 2¢21 ck[1 c] y
Ref 76 3kq 3kq 1 p/ p*ql pq pak

c _ 2c?

2
kr—| (kr)? — 4’"2 [k Kt ) p? q] ( 1 )2 lk (k +2C) 20077 _ckpy e ]
rr— T - —_—
3kq 3kq 1 p) p2q| pq pgk /

V. PARAMETER ESTIMATION

a) Basic Parameters Estimation
Using the time series data [1], we have the following parameters estimation.

Table 1
Parameters Symbol Value
Carrying capacity k 2.57 x 103kg of fish
Catch ability constant q 2.197 x 10~ perday
Cost of effort c 182.50 birr/kg
Price of effort p 11birr/kg
Intrinsic growth rate T 0.5

Table 2: Parameter estimation for depensation model

Critical Depensation in Lake Tana, TJPRC: JMCAR 3(2016) 1-14.

1. Getachew Abiye Salilew, Mathematical Bio-Fconomics of Fish Harvesting with

Description Formula Va,lue [ kg per day]
Eysy 2rk/9q 1.3 x 1023
Eoay cr(1 = (¢/pqk))/pq® 1.7 x 10%
Emey r(A ++A%2 = B)/3q 1.29 x 1023
MSY 4k?r /27 4.9 x 10%°
0AY c(1 = (c/pqk)) (kr +/(kr)2 = 4B) /2pq 91.4 x 1023
MEY MEY, = o (kr +/(kr)2 = (4k29/3)) /6 48.9 x 10%*

2c 2c
k kq — ) 7
Where; A = w B=% 1—L], and 9 = A ++VAZ—B
3kq pq pqk
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Table 3: Parameter estimation to depensation model for different values of r.

r=0.5

R=1

R=2

Eysy = 1.3 x 1023
MSY, = 4.89 x 10%°
MSY, = 2.45 x 10%°
Eoay = 1.67 x 10?2
0AY; = 91.47 x 10?3
0AY, = 2.77 x 10%3
Eypy, = 1.29 x 10?3
EMEYZ = 84‘ X 1021
MEY, = 48.97 x 10%*
MEY, = 46.79 x 1023
MEY; = 23.94 x 10%*
MEY, = 6.92 x 10%?

Eysy = 2.6 X 1023
MSY; = 9.795 x 10%°
MSY, = 4.898 x 10%°
Epsy = 3.336 x 10?2
0AY, = 182.94 x 1023
0AY, = 5.53 x 1023
EMEY1 = 258 X 1023
Eygy, = 16.81 x 10#
MEY; = 97.94 x 10%*
MEY, = 93.58 x 1023
MEY; = 47.88 x 10%*
MEY, = 13.84 x 10%?

Eysy = 5.20 x 10%3
MSY; = 19.59 x 102%°
MSY, = 9.795 x 10%°
Epay = 6.67 x 10?2
0AY; = 365.885 x 1023
0AY, = 11.07 x 1023
EMEyl = 5162 X 1023
EMEYZ = 3362 X 1021
MEY; = 195.885 x 1024
MEY, = 187.156 x 10%3
MEY; = 95.75 x 10%*
MEY, = 27.68 x 10%?

b) The Economic Model Estimation

In this section we calculated the profit for depensation models by using real data
[1]. In a commercial fishery, the appropriate measure of gross benefits is the total
revenue that accrues to firms. Assuming that fish are sold in a competitive market, each

firm takes the market price p as given and so the revenue obtained from a harvest H is
given by TR(E) = pH(E). And finally the economic rent or profit denoted by P is
defined in terms of total cost TC and total revenue TR by P =TR —TC.

¢) The depensation economic model parameter estimations
In this case we do have the following parameter estimation with the harvest at

the given type of Effort is obtained by: H(E) = % (kr + \/ (kr)? — 4krqE )

Table 4: The depensation economic model parameter estimations

r c p q k Eysy Eoay Evgy | H(Emsy) | H(Epay) | H(Emgy)
0.5 182.5 11 | 2.1 2.5 1.3 1.6 1.2 4.8 91.4 48.9
x 10711 x 1013 x 1023 x 1022 x 1023 x 1025 x 10%3 x 1024

And thus the profit with different type of harvest function is given by:
The depensation economic model for Maximum Sustainable Yield (MSY)

P(Eysy) = TR(Eysy) — TC(Eysy) = p-H(Eysy) — ¢. Eysy
P(Eysy) = 53.877549 x 10%° — 237.330848 x 1023 = 51.50424 x 10%° birr
The depensation economic model for Open Access Yield (OAY)
P(Epay) = TR(Epay) — TC(Epay) = p-H(Epay) — ¢. Egay
P(Epuy) = 1006.1903 x 1023 — 30.44 x 10?3 = 975.7503 x 1023 birr
The depensation economic model for Maximum Economic Yield (MEY)
P(Eygy) = TR(Eygy) — TC(Eygy) = p-H(Eygy) — ¢ Eygy
P(Eygy) = 538.684 x 10%* — 235.5227436 x 10?3 = 515.13173 x 10%* birr
VI.  REsSULTS AND CONCLUSIONS

Biologically overfishing occurs when fish species are caught at a rate faster than
they can reproduce. A continuous increase of effort might result in an increase catch
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1. Getachew Abiye Salilew, Mathematical Bio-Fconomics of Fish Harvesting with

Critical Depensation in Lake Tana, TJPRC: JMCAR 3(2016) 1-14.

but at a decreasing rate or more effort may result in proportionality a smaller harvest,
which means the additional effort will have less return.

Using data [1] there is over fishing for different cases of the natural growth rates
r=0.5 r=1 and r = 2 of fish as in table 3. Without loss of any generality we prefer
to analyze the tabular approximate value for r = 0.5 as our choice of the parameter is
similar to that ofr =1 and r = 2. When the natural growth rate r = 0.5, carrying
capacity k = 2.57 X 103kg of fish, effort for maximum sustainable yield, Eysy =
1.300443 x 1023 kg of fish, effort for open access yield Eysy = 0.1668069 X
1023 kg of fish, effort for maximum economic yield Eypy = 1.2905355813 X

1023 kg of fish. And thus we observed from these values that all efforts are greater
than the carrying capacity therefore there is overfishing if we consider the depensation
model.

In the economic point of view we have the approximate price of total population
of fish in [1] is, 28.2 X 1013 birr. In the depensation economic model parameter
estimations we have: P(Eygy) = 51.50424 x 10%birr, P(Epay) = 975.7503 x 1023 birr
and P(Eygy) = 515.13173 x 10%* birr. And thus in the depensation model the
economic rent or the profit obtained by all kinds of effort are greater than the price of
the total population of fish and therefore there is overfishing. To keep the sustainability
of fish we must reduce the effort levels.
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Abstract- The main aim of this paper is to explore harmonic properties of functions defined in the product of
hypercomplex systems. By means of the generalized translation operators, the precise definition of the product of
commutative hypercomplex systems is given and full description for its properties are shown. The integral
representations of positive definite function defined in the product of commutative normal hypercomplex systems are
given. Furthermore, we present the necessary and sufficient conditions guarantees the property of positive definite
function in the product of hypercomplex systems.
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[. INTRODUCTION

Harmonic analysis in hypercomplex systems (HCSs) dates back to Delsartes and Levitans work
during the 1930s and 1940s, but the substantial development had to wait till the 1990s when
Berezansky and Kondratiev [1] put HCSs in the right setting for harmonic analysis. Recently,
some authors as Zabel and Bin Dehaish [2,3], Bin Dehaish [4], Okb El Bab, Zabel and Ghany [5]
and Okb El Bab, Ghany and Boshnaa [6], studied some important subjects related to harmonic
analysis in HCSs. Furthermore, Okb El Bab, Ghany, Hyder and Zakarya [7, 8], studied some
important subjects related to a construction of non-Gaussian white noise analysis using the theory
of HCSs.

Generalized translation operators (GTOs) were first introduced by Delsarte [9] as an object
that generalizes the idea of translation on a group. Later, they were systematically studied by
Levitan [10-14], for some classes of GTOs, he obtained generalizations of harmonic analysis, the
Lie theory, the theory of almost periodic functions, the theory of group representations, etc. The
fact that GTOs arise in various problems of analysis is explained by Vainerman and Litvinov in [15].
Transformations of Fourier type for which the Plancherel theorem and the inversion formula hold,
as a rule, are closely related to families of GTOs. According to Section 1 in [1], each hypercomplex
system (HCS) can be associated with a family of GTOs. So, we begin with recalling some necessary
facts deal with theory of GTOs and reviewing the conditions that distinguish the class of HCSs
from the class of GTOs [2,14].

Let L1(Q,m) be a HCS with basis @ and let ® be a space of complex valued functions on Q.
Assume that an operator valued function Q > p — L, : & — ® is given such that the function
9(p) = (Lpf)(q) belongs to ® for any f € ® and any fixed ¢ € Q.
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Definition 1.1. The operators Ly, p € @ are called GTOs, provided that the following axioms
are satisfied.

I. Associativity axiom. The equality

(LH(LaN))(r) = (Ly(Lpf)) (r) (1.1)

holds for any elements p,q € Q.
II. There exists an element e € @) such that L, = I, where I is the identity operator in ®.

Definition 1.2. The GTOs are called commutative if for any p,q € Q, we have (L;(Lq f))(r)
= (Lg(Lp f))(r). For commutative GTOs L, the following equality is satisfied.

(Lpf)(@) = (Lef)(p), prg€Q. (1.2)

In this paper we are interest in the case where @ is locally compact space with regular Borel

measure m positive on open sets and bounded GTOs L, act in the space of functions ® = Ly(Q, m).

Definition 1.3. Given an involutive homeomorphism @ > p — p* € Q. The GTOs L, are
involutive if the equalities

(Lpf)(@) = (Lg- f*) @), (f € L2(Q,m), f*(p) = f(p") ), (1.3)
and e* = e hold for almost all p,q € Q.
Definition 1.4. The GTOs L, preserve positivity if (L,f)(g) > 0 almost everywhere in m when-

ever f(q) > 0.

Definition 1.5. The family of operators L, is called weakly continuous if the operator-valued
function @ > p — L, is weakly continuous.

Definition 1.6. Let Ly be the operator adjoint to L,. The measure m is called strongly invariant
if Ly = Ly for all p € Q. We say that the measure m unimodular if m(A) = m(A*) for all
A e B(Q).

Assume that the GTOs L, satisfy the finiteness condition:

(F) For any A, B € By(Q), there is a compact set F so large that (Lyf)(g) = 0 for almost all
p € A and ¢q € B provided that supp fNF = (.

Lemma 1.1. [1] If weakly continuous GTOs L, are commutative, then relation (1.2) holds for
almost all p and q.

Lemma 1.2. [1] Let m be a measure strongly invariant with respect to the GTOs Ly, (p € Q) which
preserve the unit element and satisfy the finiteness condition (F), Then

[ @n@in= [ S, e Qand J € Lag(Qm)). (1.4)
Q Q

where Lo o(Q, m) is the subspace of finite functions from Lo(Q,m).

Theorem 1.3. [1] There exists a one-to-one correspondence between normal HCSs with basis unity
e and weakly continuous families of bounded involutive GTOs L, satisfying the finiteness condi-

tion, preserving positivity in the space Lo(Q, m) with unimodular strongly invariant measure m,
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and preserving the unit element. Convolution in the HCS L1(Q, m) and the corresponding family
of GTOs Ly, satisfy the relation

(f*9)(p) = /Q (Lpf) (@) g(g*)dq = (Lpf,g*), (f>g € L2(Q,m)). (1.5)

Moreover, the HCS L1(Q,m) is commutative if and only if the GTOs Ly, p € Q are commutative.

In this paper we can generalized the concept of HCS to the direct product of HCSs. This
work can be immediately generalized to a direct product of any finite number of HCSs. While,
the case of infinite number of HCSs is still open. Moreover, it is fairly easy to observe that all our
results for direct product of HCSs can be easily investigated for direct products of semigroups and
hypergroups (See [16,17]).

This paper is organized as follows: In section 2, we give the basic definition of the direct
product of HCSs and discuss its objects like convolution, characters, normality and commutativity
preserving. In section 3, we give an example to improve the concept of direct product of HCSs.
In section 4, we introduce and analyze the concept of positive definite functions on the direct
product of commutative normal HCSs, and we present the integral representation of positive
definite functions. Section 5 is employed for conclusion.

I1. DirReCcT PRODUCT OF HYPERCOMPLEX SYSTEMS

Suppose that Ly, (i = 1,2) be GTOs associated with normal HCSs L1(Q1,m1) and L1 (Q2, m2)
with basis unity e; and eg; respectively. We denote, Hy = L1(Q1,m1) and Hy = L1(Q2,m2). The
direct product of the GTOs L,, and L,, (p1 € Q1, p2 € Q2) is defined as the operator-valued

function

Q1 X Q2> (pl,pg) — L(pl,pz) = Lpl X Lp2 :H; ® Hy —» H; ® Hs. (21)

It is clear that the operators L, ,,) ((p1,p2) € Q1 X Q2) form in H; ® Hy a family of GTOs
satisfying the conditions of Theorem 1.3. The HCS H; ® Hy constructed from the GTOs L, ;)
is called the direct product of the HCSs L1 (Q1,m1) and Li(Q2,m2). To denote the operation of
taking the direct product, we write

H; ® Hy = L1(Q1 X Q2,m1 @ ma) = L1(Q1,m1) ® L1(Q2,m2).

The following Lemma shows that the operation of taking the direct product preserves commu-
tativity
Lemma 2.1. The direct product of two commutative HCSs is commutative.

Proof. Let Hi,Hy be two commutative HCSs and L,, L, be the corresponding GTOs, respec-

tively. According to the above Theorem, it is sufficient to prove that the GTOs L, ,,) =

Ly, ® Lpy, Ligy,g0) = Loy ® Ly, ((pl,pg), (q1,92) € Q1 X Qg) are commutative. So from defini-
tion 1.2 and Eq.1.2 we have,

(L(pl,pz) (L(QI:‘D)f)) (r1,m2) = (L(quqz) (L(pl,pz)f)) (r1,72), (2.2)

and hence, the Lemma is proved. [ |

There are important concepts related to any HCS like structure measure, multiplicative mea-
sure, characters and normality. Now, we transfer these concepts to the direct product of two

HCS:s.
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Let @1 and Q3 be complete separable locally compact metric spaces. B(Q1xQ2) is the o-algebra
of Borel subsets from Q1 x Q2, and By(Q1 X Q2) be the subring of B(Q; x Q2) which consists of
sets with compact closure. We will consider the Borel measures, that is, positive regular measures
on B(Q1 X Q2), finite on compact sets. The spaces of continuous functions, of finite continuous
functions, of continuous functions vanishing at infinity and of bounded functions are denoted by

C(Q1 X Q2), Co(Q1 X Q2), Co(Q1 x Q2) and Cp(Q1 X Q2), respectively.

Let Ay x Az, By x By € Bo(Q1 x Q2) and let K4, 4,) and K(p,«xp,) be the characteristic
functions of A; x Ay, By X Ba, respectively. By using Eq.(1.5), we can set up the structure measure
of the HCS H; ® Hs as follows

¢(A1 x Az, By X By, (r1,72)) = K(a,xas) * K(ByxBy)(r1,72)

= / (Liry ) Kar x 42)) (015, @2) K (B, x B (41, 65 )d(q1, g2), (2.3)
Q1XQ2

where (r1,72) € Q1 X Q2. This structure measure is said to be commutative whenever
C<A1 % Ag, By % Ba, (rl,r2)> - c(Bl % B, Ay % As, (rl,r2)). (2.4)

A regular Borel measure m := mj ® mgy on By(Q1 X Q2) is called multiplicative if
/ c<A1 x As, B1 X Bs, (rl,r2)>dm(r1,r2) =m(A; X Asy)m(B; X By). (2.5)

Q1XQ2

By using Eq.(1.5), we can define the convolution in H; ® Hj as follows

(f*g)(p1,p2) = / (Lpy po) f) (a1, 32)9(at, 43)d(q1, q2)
Q1xQ2

(L(PI,P2)f’ g*)(H1®H2)2’ (26)

where f,g € Lg(Ql X Qg,ml X mg) = (Hl X Hg)g.
A non zero measurable and bounded almost everywhere function Q1 x Q2 > (ri,r2) +—
x(r1,m2) € C is said to be a character of HCS H; ® Ha, if the equality

/ ¢(A1 x Az, By X By, (r1,72))x(r1,72)dm(r1,72) = x(A1 X A2)x(B1 x Ba) (2.7)
Q1xQ2
holds for any A; x Az, B1 X By € By(Q1 x Q2). Every direct product of HCSs has at least one

character, namely, the function y = 1. A non zero measurable complex-valued function x(ri,rs2),
(ri,m2) € Q1 X Q2 is called a generalized character of Hy ® Ha, if the equality (2.7) holds.

The HCS H; ® H» is said to be normal, if there exists an involution homomorphism Q1 x 2
(ri,m2) = (r],7r3) € Q1 X Q2, such that m(E; x Ey) = m(E] x E3) (E1 x By € B(Q1 X Qg)) and
for all A1 X AQ,Bl X BQ,Cl X Cg S BO(Ql X Qg), we have

C(Al X Ag,Bl X BQ,Cl X CQ) = C(Cl X C’Q,Bi< X B;,Al X Ag),
= C(AA)i< X A;,Cl X CQ,Bl X Bg), (28)

© 2017 Global Journals Inc. (US)

Notes



Notes

where

C(A1 X Ag, By X By,C1 X 02) = / C(A1 x As, By X Bo, (rl,rg))dm(rl,rg). (2.9)
C1xC>
A normal HCS H; ® Hy possesses a basis unity if there exists a point (e, e2) € @1 X Q2 such
that (e1, e2) = (e}, e}) and

C(Al X Ag,Bl X Bg, (61 X 62)) = m((AT X A;) N (Bl X Bz)), (2.10)

where A; X AQ,Bl X By € B(Ql X Qg)

A normal HCS H; ® Hy is called Hermitian if (r],r3) = (r1,r2) fore all (r1,72) € Q1 X Qa.
Every Hermitian direct product of HCSs is commutative. We should remark that, for a normal

HCS H; ® Hs, the mapping =
53
H,®H,; > f(?"l,T‘Q) — _}”(7"1,7"2) € H ® Hy (2.11) .
is an involution in the Banach algebra H; ® Hy. A character x of a normal HCS H; ® Hs is said 5
to be Hermitian if ko)
X(TLT;) = X(Tbr?)a (T17T2) € Q1 X Q2. (212) Z
Denote the families of characters, of generalized characters and of bounded Hermitian characters :
by X, X, and X}, respectively. E
The following result gives us the criterium of the generalized characters of a normal commuta- ¢
tive direct product of HCSs. _E
Lemma 2.2. In order that a function x(r1,72) € C(Q1 X Q2) be a generalized character of the :
normal commutative direct product of HCS Hy ® Hy with basis unity (e1,e1) it is necessary and =
sufficient that the equality <
(Lipy po)x) (a1, 82) = x(p1, p2)x(q1, 2), (2.13) K
hold for almost all (p1,p2), (q1,q2) € (Q1 X Q2). e
=

Proof. Assume that a function x € X,. Then, we have

X(A1 x A2)x(B1 x Bz) = / ¢(Ar x Ag, By x By, (r1,72))x(r1,72)d(r1,72)
Q1xQ2

= / / (Lr1,r) K41 x45) ) (51, 52)d(s1, 52) x(r1, 72)d(r1,72)

Ql XQ2 B{XB;

= / / (Lt 55)K (a1 x 40)) (1, m2) X (71, 72)d(71, 72)d (51, 52)

Bl XBQ Q1 XQQ
- / / (L(51752)X) (Tl,Tg)d(T'l,Tg)d(Sl,Sz) (214)
Bix B2 A1 ><A2

for any Ay x Ay, By X By € By(Q1 % Q2), which yields 2.13. The converse statement can be proved
by analogy. |
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Practically, to illustrate the concept of direct product of HCSs, we give an example as follows:

Example 2.1. Let Q1 = G1,Q2 = G2 be commutative locally compact groups. It is easy to see
that @1 x Q2 = G1 x G4 is commutative locally compact group with unity (e, e2), where e; and
e2 are the unities of G and Gg, respectively. Consider its group algebra, i.e., a set L1(G1 x G2, m)
of functions defined on the group G; x Gy and summable with respect to the Haar measure
m := m1 ® my. So, we can define the involution

G1 x G2 3 (p1,p2) — (p1,p3) € G1 X Ga. (2.15)
In this case, where
(Lprpo) ) (@1, @2) = f((q1,02)(p1,02)),  (P1,P2), (41, 42) € G1 X G, (2.16)
we have the convolution
(Fea)pp) = [ F(aa)orp)olaia3)dlana) (2.17)
Q1%xQ2

Also, the structure measure has the form,
C(Al X AQ,Bl X Bg, (Tl,T'Q)) = m((Al_l X Az_l)(rl,rz) N (B1 X Bg)), (2.18)

where A1 X Ag, By X By € B(G1 X Ga),(r1,72) € G1 X G3. Thus, we obtain the direct product of
the commutative HCSs H; ® Hy. This direct product is also commutative and with basis unity
(e1,€2). In particular, if G; x G = R x R is an additive groups of all real numbers. For such HCSs
it is possible to introduce generalized translation L

p17P2)

R X R 3 (p1,p2) — (Lipy po) f)(@1,32) €C,  f € CRxR),

where (L(m,pz)f) (¢1,92) = f((gq1,92) + (p1,p2)). By using the operators Lp, p,), One can rewrite
the involution and convolution as follows respectively:

R xR > (p1,p2) — (0}, 05) := (p; "oy ) € R x R, (2.19)

(f x9)(p1,p2) = /f((h,Q2)(L(q;,qg)g)(pl,m)d(m,ql)

RxR

= / flar,42)9((p1,p2) — (1, 42))d(q1, q1), (2.20)

RxR

where (¢, ¢3) = (—q1, —¢2) in additive groups R x R, f,g € H; ® Hy and the functions x(t1,t2) =
elltit2)(s1:2) (51, 55) € R x R) are characters.

Actually, there are many examples can be modified to the case of direct product of HCSs. For
more details see [1,19].

I11. PosiTive DEFINITE FUNCTIONS ON DIrRECT PrODUCT OF HCSS

In this section, we present a concept of positive definite functions on a commutative normal
direct product of HCSs with basis unity. So, we give the following definitions and the important

concepts of positive definite functions.
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Definition 3.1. An essentially bounded function ©(py, p2) ((pl, p2) € Q1 X Qg) is called positive
definite if

/ O(p1,p2) <1’* * -%‘) (p1,p2)d(p1,p2) >0 (3.1)
Q1xQ2
for all x € Hy ® Hy. We also, present another definition of positive definiteness as the following.

Definition 3.2. A continuous bounded function ©(p1, p2) ((pl, p2) € Q1 X Qg) is called positive
definite if the inequality

Azl Aij (L((pl)*7(p2)*)i@)(p1,p2)j >0 (3.2)
INES

holds fOI‘ all (pl7p])77(pn7pn) S Ql X Q?? (p17p2);‘k = ((pl);k7(p2):<)7 (plapQ)j = ((pl)]7(p2).7)7
(i,j =1,.,n(n¢€ N)) and Ay, ..., \, € C.

Lemma 3.1. If the GTOs Ly, 4, extended to Lo, : Cy(Q1 X Q) — Cb((Q1 % Q2) % (Q1 x Qg)).
Then the definitions 3.1 and 3.2 are equivalent for the functions ¢ € Cp(Q1 X Q2).

Proof. From definition 3.1, we have

/ (Z)(rl,rg)(:c* x a:) (t1,2)d(t1, t2)
Q1XQ2

= [ bt [ (L) tta)aGr s s2)d(tn )

Q1xQ2 Q1xQ2

= / / (L(ST’S;)(]ﬁ) (tl,tg)x(sl,sz)d(sl,32)x(t1,t2)d(t1,t2)
Q1xQ2 Q1xQ2

= [ Rttt ) s, (s, )
Q1%XQ2 Q1xQ2
> 0, (3.3)
where z € H; ® Hy. By the condition, we have (L(tl,t2)¢) (s7,83) € Cp((Q1 x Q2) x (Q1 X Q2)),
then the last inequality clearly implies (3.2). Let us prove the converse assertion. Let @, x @,

be an increasing sequence of compact sets covering the entire (1 X QQ2. We consider a function
Q(ry, ) € Co(Q1 x Q2) and set A; = Q(r1,7r2); in (3.2) This yields

Z (L(,«Lr;) ¢> (r1,72); Q(r1,72); Qr1,72); > 0. (3.4)
i,j=1 i

By integrating this inequality with respect to each (7,7;), ..., (rn, ), over the set Qr x Qi (k € N)
and collecting similar terms, we conclude that

nm(Qr X Q) / (Lrs r)®) (r1,72) |71, m2) [Pd(r1, 72)
QrxQk

+ n(n — 1) / / (L(r{,wé‘)(b) (81,82) Q(Tl,T‘Q) Q(Sl,SQ)d(Tl,T‘Q)d(Sl,SQ)

QrxQr QrxQy
(3.5)

v
o
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Further, we divide this inequality by n? and pass to the limit as n — co. We get

(L(TT’TS)QS) (s1,82) Q(r1,7r2) Q(s1, s2)d(r1,r2)d(s1,52) > 0 (3.6)
QreXQr QrXQk

for each k € N. By passing to the limit as k — oco. and applying Lebesgue theorem, we see that

(3.1) holds for all functions from Cp(Q1 X Q2). Approximating an arbitrary function from H; ® Hy

by finite continuous functions, we arrive at (3.1) |
By P(Q1 x Q2) we denote the set of all positive definite functions.

Lemma 3.2. If x belongs to (Hy ® Hy)a, then (:E* * :L‘) € P(Q1 X Q).
Proof. The proof is an immediately consequence of Lemma 3.3 in [1].

Definition 3.3. For any function z € H; ® Hy and any character x € X, we set

z(x) = / x(r1,2)x(r1,72)d(r1,72). (3.7)
Q1xQ2
This integral exists and T is a continuous function on X. It is called a Fourier transform of the
function z € H; ® Hs.

It well known that, every positive definite function in a HCS has a unique integral representation
with respect to a nonnegative finite regular measure defined on the family of Hermitian characters
(see Theorem 3.1 in [1]). Theorem 3.3 below gives a similar representation, but for positive definite
functions in H; ® Hs.

Theorem 3.3. FEvery function © € P(Q1 x Q2) admits a unique representation in the form of an

integral

O(r1,72) = /X(rl,rg)du(x), (r1,73) € Q1 X Qo (3.9)

Xn
where p s a nonnegative finite regular measure on the space Xjp. Conversely, each function of the

form (3.8) belongs to P(Q1 x Q2).

Proof. Let © € P(Q1 x Q). Consider a continuous functional ® in H; ® Hy defined as follows

o(x) = / O(r1,ro)z(r1,re)d(r1,r2), (x € H; @ Hy). (3.9)
Q1XQ2
It is clear that this functional is positive. The functional ® can be extended to a positive

functional ® in a commutative normal direct product of HCSs with basis unity H; ® Hs. To do
this, it suffices to show that

e The functional ® is real (i.e., ®(z*) = ®(z) for all z € H; ® Hy),
e The inequality |<I>(3;')‘2 < C®(z*) holds, where C' is a constant.

Let e, € H; ® Hy be an approximative unit, that is, e,(ri,m2) > 0, en(ri,m2) = en(r],r3)
(ri,rm2) € Q1 X Q2, |len|lH,9H, = 1 and for all z € H; ® Ha, 1i_)m en * = x weakly in H; ® Ha.
n o0

Since @ is positive, we have

O(z*) = lim ®(e)(r1,r2) x2*) = lim ®(x xe,(r1,72)) = (x) (3.10)

n—oo n—o0
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for all z € H; ® Hy. Further, by using Lemma 1.3 in [1], we obtain
2 . 2
|q>(3;)‘ = nIEIOlO |CI>(en('r1,r2) *m)‘
< lim @(62(1"1,7”2) * en(rl,m))q’(ﬂﬂ* * :E)

- n—oo

IN

@ (z* * ). (3.11)

Consequently, it is possible to extend ® to a positive functional ® on H; ® Hy. By virtue of the
theorem on representations of positive functionals on commutative Banach x-algebras with identity
element, the functional ® (and, hence, ®) can be uniquely represented in the form

‘1)(33)_/ / z(ri,r2)x(r1, r2)d(ry, ro)du(x), (3.12)
Xp Q1xQ2

where p is a finite regular Borel measure on By(Xy). From Eqgs.(3.9) and (3.12), we obtain the
following relation
O(r1,m2) = /X(Tl,Tz)d/L(X),
Xh
almost everywhere on )1 X Q2. Since the characters of Hy ® Hy are continuous, both functions
in this equality are also continuous. This yields Eq.(3.8). The second part of the theorem follows
from the relation

/ /X(rl,m)du(x)(fc**93)(7“177’2)61("“177“2)

Q1XQ2 Xy

— / / ({E**Z‘)(’I"l,TQ)X(T17T2)d(T1aT2)dlu(X)

Xp Q1XQ2

= [ 180 duto = o, (3.13)
Xh

where Z(x) is the Fourier transform of the functions z € H; ® Hy. For all x € Xj, we have
(z*)(x) = (@)(x), In particular, (m)(x) = ‘%(X)‘Q See [1] and the Lebesgue theorem on the
limit transition. |
Corollary 3.4. If the product of any two Hermitian characters is positive definite in Hi @ Hs, then

the product of any two continuous positive definite functions in Hy ® Hs is also positive definite.

Proof. Let x and are two Hermitian characters and positive definite in H; ® Hs, by virtue of
Theorem 3.3, we have

/ f(rl,rg)g(rl,rg)(m* *a:)(rl,rg)d(rl,rg)

Q1XQ2
= / /X(rl,rg)d,u(x) / (r1,7r2)dv( )(:n* * m) (r1,7m9)d(r1,72)
Q1xQ2 Xp, Xp
= / / / x(r1,72) (rl,rg)(:v* * x) (ri,7m2)d(r1,r2)du(x)dv( ) >0 (3.14)
Xnp Xp Q1XQ2
for all f,g € P(Q1 X Q2), z € H; ® Hs. [ |
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Corollary 3.5. Assume that Hy ® Hy is a commutative direct product of HCSs with basis unity,
then a continuous bounded function ¢(r1,r1) is positive definite in the sense of (3.1) if and only if
it is positive definite in the sense of (3.2). Moreover, it has the following properties.

(i) o(e1,e2) >0,

(ii) ¢(ri,r3) = @(r1,72),

(iii) | p(r1,72) | < p(er, €2),

(V) | (L(sy,s0)®) (15 t2) [P < (List,s)9) (51, 52) (Ler ) 9) (B1, 12),

(V) | (s1,52) — p(t1,t2) |* < 2¢(er, e2) [pler, e2) — Re(Ls, o)) (7, 15)]-

Proof. The first part of this Corollary we can found it from Lemma 3.1, from Theorem 3.3, we
can proof the second part from (i) to (v) as following

pler e) = /X xenea)du(x) = u(Xn) >0, (3.15)
o(rf,r) = /X x5 dulx) = /X X r2)du(x) = plrra), (3.16)
ot < [ [xtrra)|dn) < nX) = gfer,en) (3.17)
9 2
|(Lsy,50)90) (t1, t2)|” = ‘/X(51,32)X(t1at2)du(x)
Xh

< /‘x(sl,sz)rdu(x)/‘x(tl,tz)rdu(x)
X5 Xh

_ / x5, 52)x (5% 53)dp(x) / (1, t2)X (6 85 du)

X, Xh
= (L(er,s)®) (51552) (Liz ey ) (1, t2), (3.18)
Finally,
(51, 52) — p(t1,t2)[* = ‘/X(31;32)dﬂ(X)_/X(tlth)dﬂ(X) 2
Xy, Xh

‘ 2

IN

‘/(X(31732)—X(t17t2)dﬂ(X)
Xh

IA

p(a) [ |(clsr.s2) = xter,ta)| dt)
Xh

= @(61,62)/ (}X(81»82)|2 +|x(t1,t2)| = 2Re x(s1, 52)x(t1, t2) )du(x)

Xh
< wlenen) [ 2(1 Re (L) (£5,85) ) dn()
Xh
= 2p(er,e2)[ler, €2) — Re (L, ) (5,15)]. (319)
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Hence, the Corollary is proved. u
In the remaining part of this section, we present the necessary and sufficient conditions guarantees

that the property of positive definiteness on the direct product of HCSs is preserved under the

usual function product.
Let H; ® Hy be a commutative direct product of HCSs. The following two lemmas are in fact,

an adaption of whatever done for semigroups in Berg et al. [18]. We will not repeat the proof,
wherever the proof for semigroups can be applied to the HCSs [5]. In our work, we can applay it
to the direct product of HCSs H; ® Hs with necessary modification.

Lemma 3.6. (i) The sum and the point-wise limit of positive definite functions in Hy ® Ha are

also positive definite.

(7i) Let ¢ be a continuous positive definite function on Q x Q and define ® : Hy @ Hy — C

by ®(z) := [ ¢(s1,82)dm(s1,s2), © € Hy @ Hy. Then @ is positive definite in Hy @ Hs.
Q1xQ2

Proof. The proof is as the case of semigroups and HCSs [5,18]. [ |

Lemma 3.7. A bounded measurable function ¢ € C.(Q1 X Q2) is positive definite if and only if
there exists a  in (Hy ® Ha)a such that ¢ = e , where

feg(ri,r) = / f((rl,rg) * (517SQ))Q(Sl,Sz)dm(Sl,SQ), (3.20)
Q1XQ2

for all f, g € (Hy ® Ha)s.

Proof. The proof is as Lemma 7.2.4 in Pederson [20]. u
Theorem 3.8. Let ¢1 and ¢ belongs to Ce(Q1 X Q2), then the product ¢1.¢ is positive definite
on Q1 X Q2 if and only if ¢1 and ¢o are positive definite on Q1 X Qo.

Proof. From Lemma 3.7, there exist f, g € (H; ® Hy)o such that ¢y = feof, ¢y = geg. So, we have

1. pa(r1,re) = (fof(rl,r2)>.<go§(r1,r2)>

= / f((ﬁ,?“z) * (81,82)>f(51,82)dm(81,52)
Q1xQ2

X / g((rl,rg) * (tl,t2)>g(t17t2)dm(t1,t2)

Q1XQ2
- / / f((Tl,T‘Q) * (81, 52))g<(7“1,7"2) * (tl,t2)>
Q1XQ2 Q1xXQ2

X f(Sl, Sg)g(tl, tg) dm(sl, 52) dm(tl, tg)

— / / f.g((rl,rg)*(81,82),(7‘1,7"2)*(t17t2))

Q1XQ2 Q1XQ2

X f.g((sl, 82), (tl, tg)) dm(sl, 82) dm(tl, tg)

— / / f.g((?"l,’r’g)* ((31,32),(151,152)))
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Q1xQ2 Q1XQ2
X f.g((s1,52), (t1,t2)) dm(s1, s2) dm(ty, t2). (3.21)

Applying Fubini’s theorem to the right hand side, we get
P1-¢2(r1,72) Z/f.g((ﬁ,?”z) * ((81,82),(t1,t2))>

(R1XQ2)X(Q1XQ2)
X f . g((sl, 82), (tl, tg)) dn((sl, 82), (tl, tg)) . (3.22)

This implies that ¢1.¢2(r1,72) = f.ge f.g(r1,72). [ |

IV. CONCLUSION

A direct product of two HCSs is precisely defined via the theory of GTOs. We
showed that, under some conditions, the properties of commutativity, normality are
preserved under the operation of taking the direct product. Some examples were given
to improve the concept of direct product of HCSs. Also, we transferred the objects of
harmonic analysis, namely, the criteria of positive definite, the integral representation of
positive definite functions, the positive definiteness of the product of two HCSs.

This work can be immediately generalized to a direct product of any finite
number of HCSs. While, the case of infinite number of HCSs is still open. Moreover, it
is fairly easy to observe that all our results for direct product of HCSs can be easily

investigated for direct products of semigroups and hypergroups (See [16—18]).
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sources of information must be given and numerical methods must be specified by reference, unless non-standard.

(f) Results should be presented concisely, by well-designed tables and/or figures; the same data may not be used in both; suitable
statistical data should be given. All data must be obtained with attention to numerical detail in the planning stage. As reproduced design
has been recognized to be important to experiments for a considerable time, the Editor has decided that any paper that appears not to
have adequate numerical treatments of the data will be returned un-refereed;

(g) Discussion should cover the implications and consequences, not just recapitulating the results; conclusions should be summarizing.
(h) Brief Acknowledgements.
(i) References in the proper form.

Authors should very cautiously consider the preparation of papers to ensure that they communicate efficiently. Papers are much more
likely to be accepted, if they are cautiously designed and laid out, contain few or no errors, are summarizing, and be conventional to the
approach and instructions. They will in addition, be published with much less delays than those that require much technical and editorial
correction.
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The Editorial Board reserves the right to make literary corrections and to make suggestions to improve briefness.
It is vital, that authors take care in submitting a manuscript that is written in simple language and adheres to published guidelines.
Format

Language: The language of publication is UK English. Authors, for whom English is a second language, must have their manuscript
efficiently edited by an English-speaking person before submission to make sure that, the English is of high excellence. It is preferable,
that manuscripts should be professionally edited.

Standard Usage, Abbreviations, and Units: Spelling and hyphenation should be conventional to The Concise Oxford English Dictionary.
Statistics and measurements should at all times be given in figures, e.g. 16 min, except for when the number begins a sentence. When
the number does not refer to a unit of measurement it should be spelt in full unless, it is 160 or greater.

Abbreviations supposed to be used carefully. The abbreviated name or expression is supposed to be cited in full at first usage, followed
by the conventional abbreviation in parentheses.

Metric SI units are supposed to generally be used excluding where they conflict with current practice or are confusing. For illustration,
1.4 | rather than 1.4 x 10-3 m3, or 4 mm somewhat than 4 x 10-3 m. Chemical formula and solutions must identify the form used, e.g.
anhydrous or hydrated, and the concentration must be in clearly defined units. Common species names should be followed by
underlines at the first mention. For following use the generic name should be constricted to a single letter, if it is clear.

Structure
All manuscripts submitted to Global Journals Inc. (US), ought to include:

Title: The title page must carry an instructive title that reflects the content, a running title (less than 45 characters together with spaces),
names of the authors and co-authors, and the place(s) wherever the work was carried out. The full postal address in addition with the e-
mail address of related author must be given. Up to eleven keywords or very brief phrases have to be given to help data retrieval, mining
and indexing.

Abstract, used in Original Papers and Reviews:
Optimizing Abstract for Search Engines

Many researchers searching for information online will use search engines such as Google, Yahoo or similar. By optimizing your paper for
search engines, you will amplify the chance of someone finding it. This in turn will make it more likely to be viewed and/or cited in a
further work. Global Journals Inc. (US) have compiled these guidelines to facilitate you to maximize the web-friendliness of the most
public part of your paper.

Key Words

A major linchpin in research work for the writing research paper is the keyword search, which one will employ to find both library and
Internet resources.

One must be persistent and creative in using keywords. An effective keyword search requires a strategy and planning a list of possible
keywords and phrases to try.

Search engines for most searches, use Boolean searching, which is somewhat different from Internet searches. The Boolean search uses
"operators," words (and, or, not, and near) that enable you to expand or narrow your affords. Tips for research paper while preparing

research paper are very helpful guideline of research paper.

Choice of key words is first tool of tips to write research paper. Research paper writing is an art.A few tips for deciding as strategically as
possible about keyword search:
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e One should start brainstorming lists of possible keywords before even begin searching. Think about the most
important concepts related to research work. Ask, "What words would a source have to include to be truly
valuable in research paper?" Then consider synonyms for the important words.

e It may take the discovery of only one relevant paper to let steer in the right keyword direction because in most
databases, the keywords under which a research paper is abstracted are listed with the paper.

e One should avoid outdated words.

Keywords are the key that opens a door to research work sources. Keyword searching is an art in which researcher's skills are
bound to improve with experience and time.

Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references.
Acknowledgements: Please make these as concise as possible.

References

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions
will cause delays.

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the
Editorial Board.

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not
being noticeable.

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management
and formatting.

Tables, Figures and Figure Legends

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used.

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers,
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them.

Preparation of Electronic Figures for Publication

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible).

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi;
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi.
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork.
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to
complete and return a color work agreement form before your paper can be published.

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore,
the first 100 characters of any legend should notify the reader, about the key aspects of the figure.

6. AFTER ACCEPTANCE

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the
Global Journals Inc. (US).

6.1 Proof Corrections

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must
therefore be provided for the related author.

Acrobat Reader will be required in order to read this file. This software can be downloaded
(Free of charge) from the following website:

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for
any corrections to be added. Further instructions will be sent with the proof.

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt.

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please
note that the authors are responsible for all statements made in their work, including changes made by the copy editor.

6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print)

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles
cannot be cited in the conventional way.

6.3 Author Services

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article -
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is
provided when submitting the manuscript.

6.4 Author Material Archive Policy

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as
possible.

6.5 Offprint and Extra Copies

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org .
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Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper?
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about this field
from your supervisor or guide.

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:

1. Choosing the topic: In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can
have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can be done by
asking several questions to yourself, like Will | be able to carry our search in this area? Will | find all necessary recourses to accomplish
the search? Will | be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper.
They are here to evaluate your paper. So, present your Best.

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and
automatically you will have your answer.

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper
logical. But remember that all points of your outline must be related to the topic you have chosen.

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the
supervisor to help you with the alternative. He might also provide you the list of essential readings.

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious.
7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose

quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet.

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model
research paper. From the internet library you can download books. If you have all required books make important reading selecting and
analyzing the specified information. Then put together research paper sketch out.

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth.

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier.

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it.
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and
always give an evaluator, what he wants.

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it
either in your computer or in paper. This will help you to not to lose any of your important.

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those
diagrams, which are made by your own to improve readability and understandability of your paper.

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but
if study is relevant to science then use of quotes is not preferable.

16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will
confuse the evaluator. Avoid the sentences that are incomplete.

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be
possible that evaluator has already seen it or maybe it is outdated version.

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that
suits you choose it and proceed further.

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your
target.

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use
language that is simple and straight forward. put together a neat summary.

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with

records.

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute
will degrade your paper and spoil your work.

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot.

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in
trouble.

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also
improve your memory.

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have
several ideas, which will be helpful for your research.

29.Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits.

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their
descriptions, and page sequence is maintained.

31. Adding unnecessary information: Do not add unnecessary information, like, | have used MS Excel to draw graph. Do not add
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be
sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers.
Amplification is a billion times of inferior quality than sarcasm.

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way
to put onward earth-shaking thoughts. Give a detailed literary review.

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical
remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples.

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING

Key points to remember:

®  Submit all work in its final form.
®  Write your paper in the form, which is presented in the guidelines using the template.
®  Please note the criterion for grading the final paper by peer-reviewers.

Final Points:

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections,
submitted in the order listed, each section to start on a new page.

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness
of prior workings.
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Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation,
and controlled record keeping are the only means to make straightforward the progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines.

To make a paper clear

- Adhere to recommended page limits
Mistakes to evade

e |[nsertion a title at the foot of a page with the subsequent text on the next page
e  Separating a table/chart or figure - impound each figure/table to a single page
e  Submitting a manuscript with pages out of sequence

In every sections of your document
- Use standard writing style including articles ("a", "the," etc.)

- Keep on paying attention on the research topic of the paper

- Use paragraphs to split each significant point (excluding for the abstract)

- Align the primary line of each section

- Present your points in sound order

- Use present tense to report well accepted

- Use past tense to describe specific results

- Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives
- Shun use of extra pictures - include only those figures essential to presenting results

Title Page:

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed
lines. It should include the name(s) and address (es) of all authors.

. © Copyright by Global Journals Inc.(US)| Guidelines Handbook

XVIII



Abstract:

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references
at this point.

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written?
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to
shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no
more than one ruling each.

®  Reason of the study - theory, overall issue, purpose

®  Fundamental goal

®  To the point depiction of the research

®  Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results
of any numerical analysis should be reported

e  Significant conclusions or questions that track from the research(es)

Approach:
®  Single section, and succinct
®  Asaoutline of job done, it is always written in past tense
® A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table
®  Center on shortening results - bound background information to a verdict or two, if completely necessary
¢  What you account in an conceptual must be regular with what you reported in the manuscript

Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics)
are just as significant in an abstract as they are anywhere else

Introduction:

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction,
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the
protocols here. Following approach can create a valuable beginning:

e  Explain the value (significance) of the study

®  Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its
appropriateness from a abstract point of vision as well as point out sensible reasons for using it.

®  Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them.

e Very for a short time explain the tentative propose and how it skilled the declared objectives.

Approach:

e  Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is
done.

®  Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a
least of four paragraphs.
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®  Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the
whole thing you know about a topic.

e  Shape the theory/purpose specifically - do not take a broad view.

®  Asalways, give awareness to spelling, simplicity and correctness of sentences and phrases.

Procedures (Methods and Materials):

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section.
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic
principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the
whole thing you did, nor is a methods section a set of orders.

Materials:

®  Explain materials individually only if the study is so complex that it saves liberty this way.
®  Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.
® Do not take in frequently found.

e |[f use of a definite type of tools.
®  Materials may be reported in a part section or else they may be recognized along with your measures.
Methods:

®  Report the method (not particulars of each process that engaged the same methodology)

®  Describe the method entirely

®  To be succinct, present methods under headings dedicated to specific dealings or groups of measures

e  Simplify - details how procedures were completed not how they were exclusively performed on a particular day.

e If well known procedures were used, account the procedure by name, possibly with reference, and that's all.
Approach:

e |t is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use
third person passive voice.

e  Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences.

What to keep away from

®  Resources and methods are not a set of information.
®  Skip all descriptive information and surroundings - save it for the argument.
® leave out information that is immaterial to a third party.

Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the
outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated

in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not
be submitted at all except requested by the instructor.
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Content

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate.
Present a background, such as by describing the question that was addressed by creation an exacting study.
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if
appropriate.

e  Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form.
What to stay away from

® Do not discuss or infer your outcome, report surroundings information, or try to explain anything.
L] Not at all, take in raw data or intermediate calculations in a research manuscript.

® Do not present the similar data more than once.
®  Manuscript should complement any figures or tables, not duplicate the identical information.

®  Never confuse figures with tables - there is a difference.
Approach

e Asforever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
e  Put figures and tables, appropriately numbered, in order at the end of the report

e |f you desire, you may place your figures and tables properly within the text of your results part.
Figures and tables

e |f you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix
materials, such as raw facts

®  Despite of position, each figure must be numbered one after the other and complete with subtitle
®  |n spite of position, each table must be titled, numbered one after the other and complete with heading

e Allfigure and table must be adequately complete that it could situate on its own, divide from text
Discussion:

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally  accepted information, if  suitable.  The implication of  result  should be  visibly  described.
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
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®  Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
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®  Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work
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®  Give details all of your remarks as much as possible, focus on mechanisms.
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studies unlock new avenues of study. What questions remain?
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®  Submit to work done by specific persons (including you) in past tense.
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