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Dynamics of Two Coupled Van der Pol Oscillators with Delay
Coupling Revisited
By Mark Gluzman & Richard Rand

Abstract- The problem of two van der Pol oscillators coupled by velocity delay terms was studied
by Wirkus and Rand in 2002 [5]. The small-e analysis resulted in a slow flow which contained
delay terms. To simplify the analysis, Wirkus and Rand followed a common procedure of
replacing the delay terms by non-delayed terms, a step said to be valid for small g, resulting in a
slow flow which was an ODE rather than a DDE (delay-differential equation). In the present paper
we consider the same problem but leave the delay terms in the slow flow, there by offering an
evaluation of the approximate simplification made in [5].
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Dynamics of Two Coupled Van der Pol
Oscillators with Delay Coupling Reuvisited

Print Journal

Mark Gluzman ¢ & Richard Rand °

Abstract- The problem of two van der Pol oscillators coupled by velocity delay terms was studied by Wirkus and Rand in .

2002 [5]. The small- analysis resulted in a slow flow which contained delay terms. To simplify the analysis, Wirkus and
Rand followed a common procedure of replacing the delay terms by non-delayed terms, a step said to be valid for
small , resulting in a slow flow which was an ODE rather than a DDE (delay-differential equation). In the present paper
we consider the same problem but leave the delay terms in the slow flow, thereby offering an evaluation of the
approximate simplification made in [5].

[.  INTRODUCTION

In a recent paper by Sah and Rand [4], it was shown that a class of nonlinear
oscillators with delayed self-feedback gave rise via a perturbation solution to a DDE
slow flow. An exact solution was obtained to the DDE slow flow and was compared to
the approximate solution resulting from the common approach of replacing the delayed
variables in the slow flow with non-delayed variables, thereby replacing the DDE slow
flow with an easier to solve ODE slow flow.

The paper by Sah and Rand [4] was motivated by numerous papers in the
literature of nonlinear dynamics in which the DDE slow flow is replaced by an
approximate ODE slow flow, for example [1], [2], [5].

In particular, in 2002 Wirkus and Rand wrote a paper entitled “The Dynamics of
Two Coupled van der Pol Oscillators with Delay Coupling” [5] in which averaging was
used to derive a slow flow which governed the stability of the in-phase mode. In
studying the resulting slow flow, Wirkus and Rand replaced certain delayed quantities
with non-delayed versions in order to simplify the analysis. In this paper we reexamine
the previously studied system with the idea of leaving the delayed quantities in the slow
flow.

1. DEeLAY-CouPLED VAN DER PoL OSCILLATORS

The governing equations are:
B+ x —e(l —2?) i = eady(t — T) (1)

By + w9y — (1 — 23)iy = ey (t — T) (2)

Author a: Center for Applied Mathematics Cornell University.
Author o: Dept. Mathematics and Dept. Mechanical and Aerospace Engineering, Cornell University. e-mail: rrand@cornell.edu
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This system admits an in-phase mode in which x; = x, = y(t) where
j+y—e(l—y’)y=cay(t—1) (3)

In order to investigate the stability of the in-phase mode y (¢), we will first obtain an
approximate expression for it using Lindstedt’s method. We replace independent variable

¢ by stretched time 7:
T=wt, wherew=1+c¢ek+ 0(52) (4)
so that eq.(3) becomes:

Wy +y—e(l —y*)wy = cawy/ (1 — wT) (5)

where primes represent differentiation with respect to 7. We expand ¥ in a power series in
€,

Y=Y +eyr+--- (6)
and substitute (6) into (5). After collecting terms, we get

Yo +% = 0 (7)
vty = —2kyg + (1—y5)yo + ayp(r = T) (8)

We take the solution of (7) to be
Yo = RcosT (9)

and substitute (9) into (8), giving

3 3

R R
v, +y1 = (2kR+ aRsinT)cosT + (—R + T aRcosT)sinT + v sin(3r)  (10)

Removing secular terms in (10), we obtain

k= —%sinT and R=2v1+«acosT (11)

Thus the in-phase mode z; = x5 = y(t), the stability of which is desired, is given
by the approximation

y(t) = Reoswt = 21 + accos T cos (1 — %6 sinT) t (12)

[II.  STABILITY OF THE IN-PHASE MODE
In order to study the stability of the motion (12), we set
x1 =y(t) + wy and o =y(t) + wy (13)

where w; and ws are deviations off of the in-phase mode x; =z2= y(t). Substituting (13)
into (1) and (2) and using (3), we obtain the following equations on w; and ws, linearized
about w; = wy = 0:

iy + (1 + 2eyy)w; — (1 — y*)iy = eaning(t — T) (14)
Wy + (1 + 2ey))wy — (1 — y* )iy = caniry (t — T)) (15)
Equations (14) and (15) can be uncoupled by setting

Z1 = Wy + we and Zg = W1 — Wy (16)

© 2017 Global Journals Inc. (US)

Notes



Ref

1. Atay, F.M. (1998) Van der Pol’s oscillator under delayed feedback, Journal of Sound

and Vibration 218(2): 333-339.

Giving
B4+ (14 2eyy)z —e(1 —yH) i = eaz (t —T) (17)
Zy+ (14 2eyy)z0 — (1 — y?) 2o = —caiy(t — T) (18)

The only difference between these two equations is the sign of the right-hand side, which
may be absorbed into a new coefficient, call it 3, which equals either 1 or -1:

i+ (1 + 2ey))u — e(1 — y?)u = efau(t — T) (19)

where u = 2 for =1 and u = 2 for 8 = —1. In eq.(19), y(t)is given by eq.(12). In order
to study the boundedness of solutions to eq.(19), we return to using 7 =wt as independent
variable, where w =1 — ge sinT"

w?u" + (1 + 2ewyy )u — e(1 — y*)wu' = efawd (T — wT) (20)

We study (20) by using the two variable perturbation method [3]. We let {=7 andn = €7,
giving:
w?(uge + 2ugy) + (1 + 2ewyye)u — e(1 — y*)wue = efawue(é — wT,n — ewT) (21)

wherey(§) = Rcos§, R = 2V1+acosT, w = 1— Se sin 7"and where we have neglected
terms of O(¢?). Now we expand u = ug + cu; + O(e?) and collect terms, giving:

Ugge +ug =0 (22)
Uty + Uy = —2ugyy — asinT ug,, +8(1 + acosT)cos & sin& ug
—4(1 + acosT) cos® € ule + aBug (§ —T,n—eT) (23)
We take the solution of (22) in the form
up = A(n) cos€ + B(n) siné (24)
Note that ug(§ —T,n —eT) = Agcos(§ —T) + Bysin(§ —T') where
Ag=An—¢eT) and B;= B(n—eT) (25)

Substituting (24),(25) into (23) and eliminating secular terms gives the slow flow

dA A 3aAcosT aBsinT+aAdﬁcosT af By sinT

dn > T 2 2

(26)

dB aAsinT chosT+aAdﬁsinT+aﬁBdcosT
dn 2 2 2 2

The slow flow (26),(27) is a system of linear delay-differential equations (DDEs). A
common approach to treating such a system is to replace the delayed variables by non-

delayed variables, as in Ay = A and B; = B. To support such a step, it is often argued
that since a Taylor expansion gives A(n—eT) = A(n) + O(e), the replacement of A; by

Ais an approximation valid for small € [1],[2],[4]. Let us follow this procedure and see
what we get, and then compare results with what we would get by treating the system as
a DDE.

Replacing A; and B; by A and B, we obtain the ODE system:

d (A —1+2(B-3)cosT 2(1—F)sinT ) [ A
dn (B ) - ( —5(1 = p)sinT —3(1—6)005T> < B ) (28)

(27)

© 2017 Global Journals Inc. (US)
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Recall from eqgs.(17)-(19) that there are two cases, 3= +1 and 3= —1. In the case
that 3 = —1, the system (28) becomes:

d (AN _ [ —-1-2acosT asinT A (29)
dn \ B ) —asinT —acosT B
This system of ODEs exhibits both Hopf and saddle-node bifurcations. The Hopf
bifurcations occur when the trace = —1 — 3a.cos T'= 0 with positive determinant, i.e.
when Notes
1

Hopf bifurcations: « = — (30)

3cosT

The saddle-node bifurcations occur when the determinant = a2 + acosT + a2 cos?
T= 0, ie. when

cosT

- 31
14+ cos?2T (31)

saddle-node bifurcations: a=0 and a=

Now let us consider the other case, 5 = +1. In this case the ODE system (28) becomes:

d (A —1—acosT 0 A
i (5)= (70 () =
From eq.(11) we see that the amplitude of the in-phase mode, whose stability we

are investigating, is given by R = 21/1 + acosT . Inspection of (32) shows that that
system exhibits the birth of the in-phase mode when

1
cosT

We note that all of the bifurcations (30),(31),(33) were observed by Wirkus and
Rand [5] in their original work on this system.

In what follows, we return to the DDE system (26)-(27), but we do not make the
simplifying assumption of replacing A; by A and B; by B. In order to treat the DDE
system, we set:

birth of the in-phase mode: o = — (33)

"1CT-G0Z:0€ SotureuA (] IRSUIUON ‘Surydnoy) Aejo(y yiim

SI0JB[[IIS() [0 19p ueA pafdnoy) omyf jo sorreuA(g (g00g) Y ‘Puey pue 'S ‘SHYIA\ G

A=PeM, B=QeV, Ay= P B, = QeNn—eT) (34)
where P and () are constants. We are particularly interested in the effect of the DDE slow
flow on Hopf bifurcations, eq.(30). Thus we restrict ourselves to the case g = —1,
whereby we obtain the following pair of algebraic equations on Pand @:

ae T T 3a T ae T sinT asinT
(PEEELEET e V(P(0)
ae "1 ginT asinT ae NE T « T
. 25 i 32 . 2cos_c;s Y Q 0

For a nontrivial solution, the determinant must vanish:

a?sin?TecT* o cosTe T
acosThesTH — + +ale T
2 2
2 2T\ 2 2 2
sin“T cosT 3
G+ N4 2acosTAN- O +2% —0 (36)

4 2 2 4

© 2017 Global Journals Inc. (US)
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For e=0 and = —1 the DDE system (26), (27) reduces to the ODE system (29),

which exhibits a Hopf bifurcation (30) when o = — :—— . By determining the location

of the associated Hopf bifurcation in (36) for € > 0 we may assess the accuracy of the
often made approximation based on replacing the delayed variables in the slow flow with
non-delayed variables.

In the case of the ODE system (29), we obtained the conditions for a Hopf
bifurcation, namely that there be a pair of pure imaginary eigenvalues, by requiring the
trace of the matrix (29) to be zero. In the case of the DDE system (26), (27), we seek a
Hopf bifurcation by setting A = i€2 in (36).

We seek a solution to (36) in the form of a perturbation series in € by expanding

T=Ty+el +*Ty + - (37)

Q:QO+591+8292+"' (38)

Separating (36) into real and imaginary parts and collecting like powers of € allows
us to obtain the following expressions:

1
cosTy = 3 (39)
[0}
9a2 —2
QU - f (40)
V9a2—1T
9
(1802 —5) T,
Q0 = — 42
! 54902 — 2 (42)
S V9a2 —1 (27a% —6) T,* + (162a* — 360> +2) T, (13)
2 1458 a2 — 162
0 \/9d1—2(C—8Ol9cﬁﬂ—5346@4—1206a?+—91)7b2+\/9@2—1,(648@4—324<12%4O)75)
2 p—

4_ 2
157464 o* — 69984 a* + 7776 (44)

V. RESULTS AND CONCLUSIONS

To summarize our treatment of the original coupled van der Pol egs.(1),(2), we
first used Lindstedt’s method to obtain an approximate expression for the in-phase mode,
eq.(12). Then we studied the stability of the in-phase mode by applying the two variable
perturbation method to eq.(20). This resulted in the DDE slow flow (26), (27). We
investigated this system of equations in two ways:

1) First we followed a number of other works [1],[2],[4] by replacing the delayed variables

Ay and B, by non-delayed variables A and B. This resulted in a system of ODEs (28)
which possessed Hopf and saddle-node bifurcations, in agreement with the earlier work

of Wirkus and Rand [5].

2) Then we treated the slow flow system (26),(27) as DDEs which resulted in a
transcendental characteristic equation (36) which is harder to solve than the more
familiar polynomial characteristic equations of ODEs. We sought a series solution
(37), (38) and obtained the results listed in eqs.(39)-(44).

The results are plotted in Fig.l1 where we show the critical delay for Hopf
bifurcation Th,ys versus coupling strength « for € = 0.5. The dashed curve is the analytical

© 2017 Global Journals Inc. (US)
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approximation based on replacing the delay terms in the slow flow (26),(27) by non-
delayed variables, as in A; = A and B;= B. Thus the dashed curve corresponds to € = 0.
The dash-dot curve and the solid curve correspond to the analytical approximations
respectively given by 2- and 3-term truncations of eq.(37). The + signs represent stability
transitions obtained by numerical integration of the DDEs (26)-(27).

The comparison between the various approximations for the critical delay for Hopf
bifurcation shown in Fig.1 is further explored in Table 1, where we list the errors
obtained using 1-, 2- and 3-term truncations of eq.(37) compared to values obtained by
numerical integration of the DDEs (26)-(27). The maximum error is computed over the

set o € [?, 1]. (Herea= ? is chosen because (o, T) = (‘/5 3m) is a point of intersection

304
of the bifurcation curves a = — 2%~ and a=—5_1 ., compare egs.(30),(31).) We consider
. T(a)—Tyn(c
absolute error max |T(a)—T,(«)|, relative error max |%|,
a€[¥2, 1] ae[¥L2, 1]

|%| x100% , where T'(«v)is the value we get by numerical integration of the

and percent error

max
ae[?, 1]
DDEs (26)-(27) and T,,(«) is the value given by the n-term truncation of eq.(37). We also
note that the maximum in all three cases was attained at o = 1.

As previously noted, replacing the delay terms in the slow flow (26),(27) by non

delayed variables means that we take only the first term in eq.(37) and n = 1. In this
case, the error incurred by omitting the delay terms in the slow flow is generally about 3
to 15% for small values of €. On the other hand, the 3-term truncation of eq.(37) typically
has the percent error less than 1%.

2.4 T

N —— =1 term (€=0)
23r i 8 — 0.5 ————— 2 terms ]
A — 3 terms
= -+ numerical solution

2.2:F

24T

THopf

1.9

1.8 -

1.7 1

16 ; | .
0.4 0.5 0.6 0.7 0.8 0.9 1

08

Figure 1: Critical delay for Hopf bifurcation versus a for ¢ = 0.5. Dashed curve is the
analytical approximation based on replacing the delay terms in the slow flow (26), (27)
by non-delayed variables, as in A, = A and B, = B. Thus the dashed curve corresponds
to € = 0. The dash-dot curve and the solid curve correspond to the analytical
approximations respectively given by 2- and 3-term truncations of eq.(37). The + signs
represent stability transitions obtained by numerical integration of the DDEs (26)-(27).

© 2017 Global Journals Inc. (US)

Notes



Notes

Table 1: Errors in critical delay for Hopf bifurcation produced by 1-, 2- and 3-term

truncations of eq.(37) as compared to values obtained by numerical integration of the

slow flow (26)-(27). The errors are defined as absolute error max [T'(a)—T,()|,
ae[?, 1]

relative error max \%L and percent error  max ]%M 100%, where

o€l ¥, 1] ael¥%2, 1]
T'(a) is the value we get by numerical integration of the DDEs (26)-(27) and T},(«) is the
value given by the n-term truncation of eq.(37).

e=0.1 e=0.3 e=0.5
n terms in (37)|n=1 |n=2 n=3 |[n=1 |n=2 |n=3 |n=1 |[n=2 |n=3

absolute error [0.056 |0.0025 | 0.001 |0.1499|0.0285 |0.003 |0.2218 |0.0756 |[0.012

relative error |0.0307/0.0013 | 0.0005{0.085 |0.0162 |0.0017|0.1311 | 0.0447 |0.0071

percent error | 3.07% | 0.13% | 0.05% |8.5% |1.62% [0.17% |13.11%{4.47% |0.71%
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Abstract- The present paper deals with the existence and stability of libration points in restricted three-body problem with
Albedo effect when less massive primary is an oblate spheroid. Since, the spacecraft is affected by both radiations i.e
radiation pressure as well as Albedo. In this paper this is investigated how Albedo perturbed the libration points and its
stability? It is found that there exist five libration points, three collinear and two non-collinear, the non-collinear libration
points are stable for a critical value of mass parameter O< p < p. where p. = 0.0385208965 ... - (0.00891747 +
0.222579K) a -0.0627796 o but collinear libration points are still unstable. Also, an example of Sun-Earth system is taken
in the last as a real application.

Keywords: restricted three-body problem, radiation pressure, albedo effect, libration points, stability.

I. [NTRODUCTION

The restricted three-body problem is one of well known problem in the field
of celestial mechanics in which two finite bodies called primaries move around
their center of mass in circular or elliptic orbits under the influence of their
mutual gravitational attraction and a third body of infinitesimal mass is mov-
ing in the plane of the primaries which is attracted by the primaries and
influenced by their motion but not influencing them. In classical case there
exist five libration points out of which three are collinear and two are non-
collinear. The collinear libration points Lq, Ls and L3 are unstable for
0<pu< % and the non collinear libration points L4 s are stable for a crit-
ical value of mass parameter p < p. = 0.03852..., Szehebely (1967). Some
studies related to the equilibrium points in R3BP or ER3BP, taken into ac-
count the oblateness and triaxiality of the primaries, Coriolis and Centrifugal
forces, Yarkovsky effect, variation of the masses of the primaries and the in-
finitesimal mass etc. are discussed by Danby (1964); Vidyakin (1974); Sharma
(1975); Choudhary R. K. (1977); Subbarao and Sharma (1975); Cid R. et. al.
(1985); El-Shaboury (1991); Bhatnagar et al. (1994); Selaru D. et.al. (1995);
Markellos et al. (1996); Subbarao and Sharma (1997); Khanna and Bhatnagar
(1998, 1999); Roberts G.E. (2002); Oberti and Vienne (2003); Perdiou et. al.
(2005); Sosnytskyi (2005); Ershkov (2012); Arredondo et.al. (2012); Idrisi and
Taqvi (2013); Idrisi (2014); Idrisi and Amjad (2015). The photo-gravitational
restricted three-body problem arises from the classical problem if one or both
primaries is an intense emitter of radiation, formulated by Radzievskii (1950).
He has considered only the central forces of gravitation and radiation pres-
sure on the particle of infinitesimal mass without considering the other two
components of light pressure field and studied this problem for three specific
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bodies; the Sun, a planet and a dust particle. The radiation repulsive force Fj,
exerted on a particle can be represented in terms of gravitational attraction
F, (Radzievskii, 1950) as F, = F;(1 —¢q) , where ¢=1— %, a constant for
a given particle, is a reduction factor expressed in terms of the particle radius
a, density ¢ and radiation-pressure efficiency factor z (in c.g.s. system) as:

5.6x103
ad z

q=1-
The assumption that ¢ is a constant implies that the fluctuations in the beam
of solar radiation and the effect of planets shadow are neglected. Typical val-
ues for diameter of IDP (Interplanetary Dust Particles) are in the range of 50
- 500 ym and their densities range is 1 — 3g/cm?® with an average density of
2g/cm3. As the size of the particles increases, their density decreases (Griin
et.al. 2001). Some of the notable research in PRTBP are carried by Chernikov
(1970); Bhatnagar and Chawla (1979); Schuerman D.W (1980); Simmons et.
al. (1985); Kunitsyn and Tureshbaev (1985); Lukyanov (1988), Sharma (1987);
Xuetang et.al. (1993); Ammar (2008); Singh and Leke (2010); Douskos (2010);
Katour et.al. (2014) etc. In 2012, S. V. Ershkov studied the Yarkovsky effect
in generalized photogravitational 3-body problem and proved the existence of
maximally 256 different non-planar equilibrium points when second primary
is non-oblate spheroid. The main contribution of the natural radiation pres-
sure on the satellite is due to the direct solar radiation and the second main
contribution of radiation forces is due to the Earth reflected radiation known
as the Albedo studied by Anselmo et.al. (1983); Nuss (1998); McInnes (2000);
Bhanderi (2005); Pontus (2005); MacDonald (2011) etc. Albedo effect is one
of the most interesting non-gravitational force having significant effects on the
motion of infinitesimal mass. Albedo is the fraction of solar energy reflected
diffusely from the planet back into space (Harris and Lyle, 1969). It is the
measure of the reflectivity of the planets surface. Therefore, the Albedo can
be defined as the fraction of incident solar radiation returned to the space from
the surface of the planet (Rocco, 2009) as

__ _radiation reflected back to space
Albedo = incident radiation

In this paper the Albedo effect on the existence and stability of the libration
points when smaller primary is a homogeneous ellipsoid has been studied. This
paper is divided into five sections. In section-2, the equations of motion are
derived. The existence of non-collinear and collinear libration points is shown
in section-3. In section-4, the stability of non-collinear and collinear libration
points is discussed. In section-5, a real application to Sun-Earth system has
shown. In the last section, all the results are discussed.

[I. EQUATIONS OF MOTION

Let ms2 be an oblate spheroid with axes a, band ¢ (a =b > ¢)and my
a point mass and a source of radiation such that m; > msy, are moving in
the circular orbits around their center of mass O. An infinitesimal mass mg
<< 1, is moving in the plane of motion of m; and msy. The distances of mg
from my, mo and O are ry, ro and 7 respectively. F; and F, are the
gravitational forces acting on ms due to m; and mg respectively, Fj, is the
solar radiation pressure on mg due to mj and Fja is the Albedo force (solar
radiation reflected by mq in space) on mgz due to mg (Fig. 1). Also, let us
consider that the principal axes of spheroid remains parallel to the synodic
axes Ozyz throughout the motion and the equatorial plane of ms is coincide
with the plane of motion of m; and ms. Let the line joining m, and msy be
taken as X — axis and O their center of mass as origin. Let the line passing
through O and perpendicular to OX and lying in the plane of motion m;
and mo be the Y — axis. Let us consider a synodic system of co-ordinates
Ozxyz initially coincide with the inertial system OXY Z, rotating with angular
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I\Iotes



Notes

velocity w about Z — axis (the z — awxis is coincide with Z — azis). We
wish to find the equations of motion of mg using the terminology of Szebehely
(1967) in the synodic co-ordinate system and dimensionless variables i.e. the
distance between the primaries is unity, the unit of time ¢ is such that the
gravitational constant G = 1 and the sum of the masses of the primaries is
unity i.e. myp + me = 1.

The force acting on mg due to mq and mo is Fy (1- F,/Fi)=Fi(1 —«)
and Fy (1- Fa/F3) = F» (1— ) respectively, where a = F,/F; <<1
and B = Fu/Fy << 1. Also, @ and f can be expressed as:

o = Ll B: L2

2rG mlca; 271G moco

where L is the luminosity of the large primary m;y, Lo is the luminosity of
small primary mo, G is the gravitational constant, c is the speed of velocity

)

4

° :
5 $my(x,y)
i
//
r, / /
“Sr r
F f{ ! o i
/ F, " i
/ e
F uh/
" ”
/¢
. & N R
/ o

fu-1,0
m, (1 J

Fig. 1: Configuration of the R3BP under Albedo effect when my is an oblate spheroid

and o is mass per unit area. Now,

L 1-— L
fézﬁ%:ﬂza(f) k;k:L—?:constant. (1)

The equations of motion of the infinitesimal mass m3 in the synodic coordinate
system and dimensionless variables are given by

i — 209 = Qu; i + 2ni = 0, (2)

where

R e (S

0, = p2p_ L= ;%u)(l —a) prtl —rgu)(l —B) (1+ %)

Qy:y{nz_(l—ﬂ)gl—a) _M(lgﬁ) <1+ 30’)}

2
2r3
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3
n?=1+ 70 is the mean motion of the primaries, (3)

a2 — 2
o= 5 is the oblateness factor,
= (z—p)? + 9% (4)
3= (z+1—p)°+y% (5) N
- 1 otes
O<p= <-—= mp=1—p; mo=p.

mi+ omy 2

[11.  LIBRATION POINTS

At the libration points all the derivatives are zero i.e.
t=0,y=0,£=0,9=0,, =0,0, =0.

Therefore, the libration points are the solutions of the equations

0 = no— (l—u)(w;%u)(l—a) _u(w+1;Su)(1—ﬁ) <1+23;f§> _0
Qyzy{nQ— (luiéla) _u(lrgﬂ) <1+§%>}:0

a) Non-collinear Libration Points

The non-collinear libration points are the solution of the Equations 2, =0
and 2, =0, y#0 i.e.

o (A=pl-—pl-a)

W2 - u(w+1;§u)(1—6) (1+§’%>=0 (6)
9 1-— l1—« 1-— 30
a2 ul% )_u(rgﬂ)<l+2r§>:0 %

On substituting ¢ =0, « =0 and S = 0, the solution of Equns. (6) and
(7)is r1 =1, r =1 and from Eqn. (3), n = 1. Now we assume that the
solution of Eqns. (6) and (7) for 0 #0, o« #0and S #0as r =1+ &,
ro = 14&, &1,& << 1. Substituting these values of r; and r9 in the Eqns.
(4) and (5), we get

1 2
xzu—+§2—§1;y=i\/§{1+(§2+€1)} (8)
2 2 3
Table 1: Non-collinear Libration Points L4 5(x £ y) for u=0.1and o =103
k=0 k=0 k =0.01 k=0.01 k=0.1 k=0.1
«@ T +y T +y T +y
0.0 —0.399512 0.865737 —0.399512 0.865737 —0.399512 0.865737
0.1 —0.366167 0.846492 —0.369167 0.844761 —0.396167 0.829171
0.2 —0.332833 0.827247 —0.338833 0.823783 —0.392833 0.792606
0.3 —0.299512 0.808002 —0.308513 0.800806 —0.389512 0.756041
0.4 —0.266167 0.788757 —0.278167 0.781828 —0.386167 0.719475
0.5 —0.232833 0.769512 —0.247833 0.760851 —0.382833 0.682909
0.6 —0.199511 0.750267 —0.217502 0.739874 —0.379510 0.646344
0.7 —00.166167 0.731022 —0.187167 0.718897 —0.376167 0.609778
0.8 —0.132833 0.711777 —0.156833 0.697921 —0.372833 0.573213
0.9 —0.099512 0.692532 —0.126502 0.676943 —0.369514 0.536647
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Now, substituting the values of x, y from Eqns. (8), r1 = 14+& and o = 1+&;
in the Equs. (6) and (7) and neglecting higher order terms, we obtain

_ e vom N B
51—_34'2(1 1—/1,)0-,52_ 3

Thus, the coordinates of the non-collinear libration points L4 5 are

Using the relation (1) i.e. 8= a(l — u)k/p, we have

N A=k a
T=p 2+3{1 . }a+2, (9)

y:i?{l—?{?(lﬂ-(l_uu)k)a'f';}] (10)

Thus, we conclude that there exist two non-collinear libration points Ly
and these points are affected by oblateness as well as Albedo effect (Fig. 2),
also these points form scalene triangle with the primaries as r; # 9. The
numerical location of L, 5 is also calculated in Table 1 for = 0.1, o = 0.001
and different values of « and k and it is found that the abscissa and ordinate
of non-collinear libration points are the decreasing functions of « and k i.e.
as « and k increases, x and y decreases. For « = 0, the results are in
conformity with those of Bhatnagar and Hallan (1979). If o =0 and o =0,
the classical case of the restricted three body problem is verified (Szebehely,
1967).

Fig. 2: Lg verses a; p=0.1, o= 103
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b) Collinear Libration Points

The collinear libration points are the solution of the Equations (2, = 0 and
y=01.e.

f@) = ns— (1—p)(= ;%u)(l —a) pz+l —Tgu)(l ) <1+ 23:%> —0

(11)

where r; = | — x;],4 = 1,2 is a seventh degree equation in z.

Since f(x) > 0 in each of the open interval (—oo,u — 1), (u— 1,p)
and (p,00), the function f(z) is strictly increasing in each of them. Also,
f(x) > —0as z — —o0, (u—1)+0o0r (u+0)and f(x) = oco0as z — oo,
(u—1)—=0or (u—0). Therefore, there exists only one value of z in each of
the open intervals (—oo,p — 1), (u—1,u) and ( g, 00) such that f(z) = 0.
Further, f(ux —2) <0, f(0) > 0 and f(p + 1) > 0. Therefore, there are only
three real roots lying in each of the intervals (u — 2, — 1), (u—1,0) and
(it + 1). Thus there are only three collinear libration points.

From the Fig. 3, this is observed that the first collinear libration point L;
always lie at the right of the primary mes, the second libration point Lo lies

1ol~— T ]
L | | | | ]
L | | | | |
05— -~~~ -~ moommmoo mommmmee- e -

[ | | | |

| | | |

r | | | |

00 | | | |
| | | L o
L I I I /
05 - DR S ——— ]

| | | |

| | | |
[ | | | | |
“10 R R R ~La ]
’ l ‘ f l ]

I | | | |

0.0 0.2 0.4 0.6 0.8

Fig. 3: o verses L, i=1,2,3; p=0.1, o =10"3

between the center of mass of the primaries O and m; and the third libration
point L3 lies at the right of the primary my. This is also observed that the
libration points L; move away from the center of mass as « increases while
the second and third libration points Ly and L3 move toward the center of
mass as « increases.

The Equation (11) determines the location of the collinear libration points
Li(x1,0) Lo(x2,0) and Ls(xs,0) lie in the intervals (—oo,pu— 1), (n— 1, 1)
and (u,00) respectively, where

r1=p—1-E,
x2::u_1+£2,
x3 = p+&3. (12)

Since the libration point L; lies in the interval (—oo,pu — 1) i.e. left to the
smaller primary, we have r = u — x; and 79 = g — 1 — x; which when
substituted in Equation (11), gives

© 2017 Global Journals Inc. (US)
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g Lm0yt 1009 (1, 30) g
1 2 2

Similarly, for Lg(22,0) and Ls(z3,0) the Equation (11) becomes

o U=pl-—pl-—a) prt+tl-pd-7H) <1+30) —0 (14)

et 273

2
2r;

o (U—pl-—pl-a prt+l-pd-7H) <1+ 30) —0 (15)

Table 2: Collinear Libration Points L;(z;,0)(i = 1,2,3) for k=0

u=.1,0=103k=0] p=.1,0=103k=0] pu=.1,0=103k=0
a L1 Lo L3
0.0 —1.26086 —0.607519 1.04112
0.1 —1.25296 —0.594138 1.00813
0.2 —1.24529 —0.578763 0.972618
0.3 —1.23783 —0.560863 0.934029
0.4 —1.23061 —0.539686 0.891595
0.5 —1.22361 —0.514114 0.844181
0.6 —1.21684 —0.482382 0.789997
0.7 —1.21029 —0.441432 0.725923
0.8 —1.20396 —0.385085 0.645599
0.9 —1.19786 —0.296465 0.531473

Table 3: Collinear Libration Points L;(z;0)(i =1,2,3) for k=0.01

n=.10=103k=.01] pu=.1,0=103k=.01] p=.1,0=10"3k=.01
a L Lo L3
0.0 —1.26086 —0.607519 1.04112
0.1 —1.25182 —0.594889 1.00806
0.2 —1.24295 —0.580271 0.972458
0.3 —1.23431 —0.563125 0.933778
0.4 —1.22588 —0.542681 0.891246
0.5 —1.21768 —0.517794 0.843722
0.6 —1.20971 —0.486666 0.789412
0.7 —1.20197 —0.446175 0.725189
0.8 —1.19446 —0.390047 0.644678
0.9 —1.18717 —0.301225 0.530279

The solution of Equations (13), (14) and (15) is given in Table 2.

For k = 0, the solutions obtained for the Equations (13), (14) and (15)
are the libration points L;, (i = 1,2,3) in the photogravitational restricted
three-body problem when smaller primary is an oblate body but if k # 0
the libration points L;, (i = 1,2) are affected by the Albedo and this effect
displaced the libration points from its actual position as shown in Fig. 4 and
5 but L3 not much affected by albedo, see Fig. 6.

IV.  STABILITY OF LIBRATION POINTS

The variational equations are obtained by substituting = = 2o+ £ and y =
Yo + n in the equations of motion (2), where (z¢,zp) are the coordinates of
Lyor Lsand &n<<1 ie.

€ — 2mi) = €00, + 12

xy?
i+ 2né = €020, + 16l (16)

Here we have taken only linear terms in £ and 7. The subscript in {2 indi-
cates the second partial derivative of 2 and superscript o indicates that the
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derivative is to be evaluated at the libration point (zo,yo). The characteristic
equation corresponding to Eqn. (16) is

M (4n® — 020, — Q) ) N+ 20,00 — (29)> =0 (17)

Notes

33 1351  33u 452
1-3 > -
=3+ (54 T8 s+ )

1 1354 33u 452
—S(2- - .
5 3“)5+( 6 T’1-p 81-m)7

a) Stability of Non-collinear Libration points
Let A\? = II, therefore Equation (17) becomess

I+l +¢=0 (18)

which is a quadratic equation in II and its roots are given by

1
I 5 = 5(*(]1 + \/5) (19)
where g =4n? — 0, — 029 :qp = 29,00 — (29,)% D = ¢} — 4.
The motion near the Libration point (zg, o) is said to be bounded if D >0

i.e.

1—27p 42702 — 6(1 — p) {p+ (1 — )k} a+ 3 (8 — 237p + 267u2) 0y
+3(—4+37p — 111p%)o5 > 0 (20)

The Equation (20) is quadratic in , on solving it we have

e LY, p3 — 4p1ps (21)

2p1

H1,2
where
p1 = 108 + 24(1 — k)a + 4680,
po = —108 — 24(1 — 2k)a — 4920,
p3 =1 — 6ka + 3o.
From the Fig. 7, p1 > 1/2 and pg < 1/2 for all values of «a. Thus the critical

value of mass parameter . for which the non-collinear libration points Ly s
are stable is
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_ P2 b3 P1p3<1/2 (22)

2p1

Le

If a=0,0=0, p.= 0.038520896504551... which is the critical value of
mass parameter for classical case. Also, if a = 0,0 = 0 then u = pg is the
solution of the Equation (21) where po = 0.0385208965... (Szebehely, 1967).
When « # 0,0 # 0, we suppose that p. = po+ & a+E&o1 + €302 as the root
of the equation (20), where &;,&5,&3 are to be determined in a manner such
that D = 0. Therefore we have

2(k+po—2kpo—ug+kug)
&1=- 9(1—2p0) ’

€)= (8—237puo+267u2)
2= 36(1—2po)

€y = (—4+73u0—1112)
3= 36(1—2p0)

Therefore

e = 0.0385208965... — (0.00891747 4 0.222579k)cr — 0.06277960  (23)

H1

0.8+

0.6+

H2

0.02 0.04 0.06 0.08 0.10

Fig. 7 aversus p;(i=1,2); k=0.0l,0=10"3

0.01 0.02 0.03 0.04

—04}

-06+

Fig. 8 pversus IT; a=0.01, k=0.01, 01 =1073, o9 =10"*
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Thus, the non-collinear libration points L4 5 are stable for the critical mass
parameter 0 < u < p., where p. is defined in Equation (23).

As shown in the Fig. 8, II1» < 0 for p < p.. Thus the eigen-values of
characteristic Equation (17) are given by X2 = £iVII1, X34 = +iV1ls,
therefore, the non-collinear libration points L4 5 are periodic and bounded
and hence stable for the critical mass parameter p < ., where g, is defined
in Equation (23).

b) Stability of Collinear Libration points

First we consider the point lying in the interval (u — 2, 4 —1). For this point,
ro <1, r1 > 1 and

ngz — TLQ + 2(17H)3(17a) + 2/‘(1:;6) + 671175‘7 > O’ ‘Qg’t =0
2

T'l 7'2

(3 (o) £ (2o

Similarly, for the points lying in the interval (u—1,0) and (u, u+1), 29, >
0, 029, =0, £, <0 Since the discriminant of Equation (19) is positive and
the four roots of the characteristic equation (17) can be written as Aq o = £s
and Az4 = *t ( s and ¢ are real). Hence the motion around the collinear
libration points is unbounded and consequently the collinear libration points
are unstable.

¢) Application to Real System

Let us consider an example of the Sun-Earth system in the restricted three-
body problem in which the smaller primary mq (ellipsoid) is taken as the Earth
and the bigger one m4 as Sun. From the astrophysical data we have: Mass of
the Sun ( my) = 1.9891 x 103%kg; Mass of the Earth ( ms) = 5.9742 x 10**kg;
Axes of the Earth: a = 6378.140km, ¢ = 6356.755km; Mean distance of Earth
from the Sun = 14U = 1.5 x 10"'m; Luminosity of Sun = 3.9 x 102W; Flux
received on Earth by the Sun = 1379W/m?; Albedo of Earth = 0.3 i.e.
30 percentage of energy reflected back to space by the Earth, therefore the
luminosity of Earth = 5.2 x 1016W.

In dimensionless system

© = 0.00000300346, a = 0.0000426352, c¢ = 0.0000424923, k = 1.3 x
10719, Therefore B = 0.0000443931c, o = 2.43294 x 107'2, 0y = 1.2793 x
1012, n = 1.0000000000018248. From the Equations (9), (10), (13), (14) and
(15), the libration points obtained in Sun-Earth system are the given in Table
3.

Table 4: Libration Points in Sun-Earth System

o L1 Lo L3 Ly s5(x, £y)

0.0 —1.01003 —0.990027 1.000001 (—0.499997, +0.866025)
0.1 —1.00512 —0.964684 0.965491 (—0.466665, +0.846781)
0.2 —1.00378 —0.928121 0.928319 (—0.433333, +0.827534)
0.3 —1.00312 —0.887822 0.887905 (—0.400001, +-0.808288)
0.4 —1.00272 —0.843389 0.843434 (—0.366671, +0.789042)
0.5 —1.00244 —0.793674 0.793699 (—0.333338, +0.769796)
0.6 —1.00223 —0.736789 0.736808 (—0.300006, +0.750551)
0.7 —1.00206 —0.669421 0.669432 (—0.266674, +0.731304)
0.8 —1.00193 —0.584795 0.584805 (—0.233342,+0.712058)
0.9 —1.00182 —0.464153 0.464161 (—0.200011, +0.692813)
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Flig. 9: a versus Collinear Libration Points L;(i = 1,2,3.) in Sun-Earth system

Since all the libration points in Sun-Earth system are the functions of «,
so as « increases in the interval 0 < «a < 1, the first collinear libration point
L slightly displaced while second and third libration points Ly and L3 move
toward center of mass (Fig. 9). The abscissa and ordinate of non-collinear li-
bration points also decreases as « increases and hence the shape of the scalene
triangle formed by L4 5 reduces (Fig. 10).

Since II; < 0 in the interval 0 < o < 0.00785 and Il < 0in 0 < a <1,
the roots of the characteristic equation (17) are pure imaginary in the interval

Fig. 10: « versus Non-collinear Libration Points L;(i = 1,2.) in Sun-Earth system
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0 < o £ 0.00785. Thus the non-collinear libration points L4 5 in Sun-Earth
system are stable if 0 < a < 0.00785.

For the collinear libration points L;(i = 1,2, 3) in Sun-Earth system, 29, > 0,
29,=0, 29, <0,in 0<a< 1. Since the discriminant of Equation (19) is
positive and the four roots of the characteristic equation (17) an be written as
M2 =*sand A34 = £t ( s and ¢ are real). Hence the motion around the
collinear libration points is unbounded and consequently the collinear libration
points are unstable.

V. CONCLUSION

In the present paper, the existence and stability of libration points in circu-
lar restricted three-body problem has been studied under Albedo effect when
smaller primary is an oblate spheroid. The equations of motion in case of
Albedo effect are derived, Eqn. (2). For For § = 0, the problem reduces to
photogravitational restricted three-body problem when smaller primary is an
oblate spheroid. It is found that there exist five libration points, three collinear
and two non-collinear. The first collinear libration point L; lie at the right
of the primary ms, the second libration point Lo lies between the center of
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10.

mass of the primaries O and m; and the third libration point L3 lies at the
right of the primary m;. The libration points L; (i = 1, 2, 3) are affected by
the Albedo effect and this effect displaced the libration points from its actual
position as shown in Figs. 4, 5 and 6. Also, there exist two non-collinear
libration points L4 5 and these points are affected by triaxiality as well as
Albedo effect Figs. 3 and 4, these points form scalene triangle with the pri-
maries as 71 # rp. The numerical location of L4 5 is also calculated in
Table 1 for p = 0.1 and different values of « and k and it is found that
the abscissa and ordinate of non-collinear libration points are the decreasing
functions of a and k i.e. as « and k increases, = and y decreases. For «
= 0, the results are in conformity with those of Bhatnagar and Hallan (1979).
If aa=0and o = 0, the classical case of the restricted three body problem
is verified (Szebehely, 1967). The non-collinear libration points are stable for
a critical value of mass parameter u < py. where p. = 0.0385208965 ... -

(0.00891747 + 0.222579k) « - 0.0627796 o but collinear libration points are
still unstable. Also, an example of Sun-Earth system is taken in Section-5 as
a real application and this is found that all the libration points in Sun-Earth
system are the functions of «, so as « increases in the interval 0 < o < 1,
the first collinear libration point L slightly displaced while second and third
libration points Ls and Lz move toward center of mass (Fig. 9). The abscissa
and ordinate of non-collinear libration points also decreases as « increases
and hence the shape of the scalene triangle formed by L, 5 reduces (Fig. 10).
The non-collinear libration points L4s in Sun-Earth system are stable for
0 < a < 0.00785 but collinear libration points are unstable.
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Abstract- The question is: What proportion of the total probability of a random variable X lies within a certain interval of
the mea u? What is the probability of being hit by a meteor greater in size than five times the standard deviation above
the mean? Because it can be applied to completely arbitrary distributions(unknown except for mean and variables), the
inequality generally gives a poor bound compared to what might be deduced if more aspects are known about the
distribution involved.
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[. [NTRODUCTION

This note introduces a useful inequality called the Chebyshev (often called
Tchebysheff) inequality but its explanation requires a good familiarity in calculus. One
of the most difficult and important tasks before the statistician is to discover the
probability distribution that may be involved in any problem. If one is unsure what the
underlying distribution is, it is comforting to know that there are more universal
inequalities that may give us some useful information; At the very least, the Chebyshev
inequality allows one to bound how far away from the mean the random variable could
be.

[I. EXPLORING THE INEQUALITY

Theorem 1
Let 4(x ) be a nonnegative function of the random variable X. If £ [ (x)] exists,

then, for every positive constant '
Pr [u(X) > c]s@ (1)

The proof’ is given when the random variable’.X of the continuous type, but, the
proof can be adapted to the discrete case if we replace integrals by sums. Let 4 = [x;
#(x) >C] and let f(x) denote the pdf. of X Then

Author: Southern University at New Orleans and University of New Orleans. e-mail: adas2@cox.net

' See any standard text, for example, Mood and Grsybill [5]
2 Chebyshev's inequality is usually stated for random variables, but can be generalized to a statement about measure spaces.

Fixtandlet A bedefinedas A = [ x € X | f (x) 2 t] and |4 be the indicator function of the set A;. Then it is not

difficult to see for any t, 0 < g(t) la £ g (f(X)1a since g is not decreasing on the range of t and, therefore,

g(t) u (A)= J. goOfduc< J. g Ofd u . The desired monotonicity follows from dividing the above inequality by g ('t )
A X
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J'OO 400 (%) dx =f (x) dx=
Eu(x)]="° (2)

jA £ f()dx + jA* 1 (%) f (x0dx

Since each of the integrals in the extreme right-hand member of the preceding
equation is nonnegative, the left-hand side member is greater than or equal to either of
them. In particular,

B [u0] = [ u00f (x)ox (3)

However, if x e A thenu(x)> C; accordingly, the right-hand member of the
preceding inequality is not increased if we replace u( x) by C. Thus

Elu®] = CI f(x) dx, (4)
A
Since
J-f(x)dszr (Xe A)=Prfu(X)>C (5)
A
It follows that
Elu(X)] = C Pr[u(X) = C] (6)

which is the desired result.
The theorem is a generalization of an inequality which is often called
Chebyshev's inequality.” One can establish the inequality this way™:

Theorem 2
Let the random variable X have a distribution of probability about which we
assume only that there is a finite variance o2 This of course, implies that there is a

mean u. Then for every K> 0

Pr(|X u| 2ko )<= (7)

In theorem 1 take u( X )=(X- x)?> and C = k?c? Then we have

E[(X-u)?
PI‘[(X-y)ZZ kzaz]zkzaz S[(k?:fz)] (8)
® Ferentinos[1] has shown that for a vector X = (Xq, Xy ...) & = ( liy, H> ...) variance o? - (0'12,622 ... ) and
The Eucladian norm ” ” that Pr ( " X-u " > k ||0'|| < kiz

4 Symmetry of the distribution decreases the inequality's bounds by a factor of 2 while unimodality sharpens the bounds by a factor of
4/9.Because the mean and the mode in a unimodal distribution differ by at mostv3 standard deviations at most 5% of a symmetrical
unimodal distribution lies outside (3/10 + 3v3)/3 standard deviations of the mean (approximately 3.840 standard deviations). This is
sharper than the bounds provided by the Chebyshev inequality (approximately 4.472 standard deviations). These bounds on the mean
are less sharp than those that can be derived from symmetry of the distribution alone which shows that at most 5% of the distribution
lies outside approximately 3.162 standard deviations of the mean. The known Vysochanskii-Petunin inequality further sharpens this
bound by showing that for such a distribution that at most 5% of the distribution lies outside 4v5/3 (approximately 2.981) standard
deviations of the mean. See Kotz et al [ 3]
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Since the numerator of the right-hand side member of the preceding inequality is
o2, the inequality may be written as
1
Pr(|X—y|2k0') Sk—z (9)
which is the desired result. Obviously we should take the positive number k to be
greater than one to have the inequality of consequence. Because it can be applied to
No tes completely arbitrary distributions (unknown except for mean and variance), the

inequality generally gives a poor bound compared to what might be deduced if more
aspects are known about the distribution

Table 1: Chebyshev Inequality

Min. % within k Max. % beyond k
k stan stand
deviations of mean deviations from mean
1 0% 100%
50% 50%
1.5 55.56% 44.44%
2 75% 25%
3 88.8889% 11.1111%
4 93.75% 6.25%
5 96% 4%
6 97.2222% 2.7778%
7 97.9592% 2.0408%
8 98.4375% 1.5625%
9 98.7654% 1.2346%
10 99% 1%

Although Chebyshev inequality enables you to find an answer to the questions
we raised at the very outset, it comes to the rescue in offering at least an appropriate
answer.

Table 2: Chebyshev Inequality Bounds and Actual Bounds

Kvalue Chebyshev  Gaussian  Chi-square t

2 45 .05412 .05241 .06312
3 10 .00231 .00511 .03121
3 .07 .00001 .00313 .00613.

How tight is the broadly applicable inequality? We can calculate Chebyshev
inequality and contrast that value with the exact calculation obtained from knowing

5 There are many extensions to Chebyshev inequality, for example, Chebyshev inequality of exponential version. Inequalities for
bounded variables, inequalities in the multivariate case, or its use in infinite dimensional case; see [Stellato, et al. [7], Lal [4]] There may
be integral inequality, too. An extension to higher moments is also possible.

If f.g;[a b] > R are less monotonic functions of the same monotonicity, then

1 (P 1 (P 1 b
EL dx > {m L f(x)dx} [E} Lg(x)dx
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the probability function as indicated as follows: The resilts are tabulated in the above
Table 2.

Pr{|{ ko = I_kgf o) + J:O df () (11)

The Chebyshev theorem typically provides rather loose bounds®. However, these
bounds cannot in general (remaining true for arbitrary distributions) be improved upon.

The bounds are sharp for the following example: for any & = 1,

. - 1
1 with probability —
p ty 2

. . 1
X = 0 with probability 1 - —
22

(12)
] 1 with probability z—iz
EXxercise 1
Is it possible to find an upper bound for this integral?
IOA( A-x) P(x0dx (13)

Hint; Lower is easy to find by using Markow’s Inequality but how to find the Upper
bound?

[II. CONCLUDING REMARK

This note discusses the Chebyshev inequality as a very app approximate but
universally applicable upper bound on probability. The Chebyshev inequality allows us
to bound how far away from the mean the random variable could be. It is rather
remarkable that one can find inequalities on probability that will hold for any
distribution.
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Leszek W. Guta

Absiract-The truly marvellous proof of the Fermat’s Last Theorem for n=4.
Keywords: diophantine equations, diophantine inequalities, fermat equation, greatest common divisor,
newton binomial formula.

[. INTRODUCTION

The Fermat’'s Last Theorem is the famous theorem. Here we have the truly
marvellous proof for n=4.

II.  THE TRULY MARVELLOUS PROOF OF THE FERMAT'S LAST THEOREM FOR N=4
Theorem 1: (FLT for n=4). The equation
A* + B* = C*
has no primitive solutions [A,B,C) in {1,2,3,...}.

Proof. Suppose that the A*+B‘=C' equation has primitive solutions [4, B, C]in

{1,2,3,...}. [1]. [2]

Then A, B and C are co-prime. Without loss for this proof we can assume that A
is odd. Then Bis even and C'is odd, which is obviously.

For some C, 4 € {1,3,5, ...} and for some B € {4,6,8, ... }:

4

C—A

(C—A+A)*—A*=B*= (C-A)>3+4(C—-A?*A+6(C—A)A%>+44% =
Notice that

C*—A* (C?+A45)(C+A)(C -4

—4)3 — A)2 _ 2 3 —
(C—-A)+4(C—-A)*A+6(C—-A)A*+44A c_ 4 C_ 4

Hence — For some k€ {1,2,3,...} and for some e, ¢, d€ {1,3,5, ...} such that ¢, ¢
and d are co-prime:

sciepub.com/EDUCATION/4/7/1/index.html

2%ecd * 2kecd * B*
Fet) (et o 0

1. Gula, L. W.: Disproof the Birch and Swinnerton-Dyer Conjecture — http://pubs.

C—-A°

Therefore — For some relatively prime e, ¢, € {1,3,5, ...} such that e> c:

Author: Lublin-POLAND. e-mail: yethi@wp.p!
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4(ec)*=(C*+A)(C+A) = (C?+ A% =2e* NCH+HA=2cH) =
C=x+yANA=x—yANC+A=2x=2c*Nx=c* Ax*>+y?’=e* Ax=c*
=ul—-viAay=2uwwAel=ul+v’  ANe=p*+q¢* Au=p*—q¢* A v
= 2pq)
= {x? = [(p? — ¢*)?* — 2pg)?]? = c® =0 A y?
=4(p® - q*)*2pq)* A e*(* +g»)* A [(p? — ¢*)? — 2pg)?*)?
+4(p% - ¢>)?@2pg)* = @* +¢H)* =1}

where (p? —%)* - 2pq)* > 4(* - ¢*)pq.
The above last sentence is false inasmuch as on the strength of the Guta’s Theorem [1]
we have

(2p@)* + (2¢%)?
@) = @* =) = () =p* - " =—— 5 =p*+q* =0.

This is the proof.

REFERENCES REFERENCES REFERENCIAS

1. Guia, L. W.: Disproof the Birch and Swinnerton-Dyer Conjecture — http://pubs.

sciepub.com/EDUCATION/4/7/1/index.html

2. Guta, L. W.: Several Treasures of the Queen of Mathematics — http://www.ijetae.

com/files/Volume6Issuel /IJETAE 0116°09.pdf

© 2017 Global Journals Inc. (US)

o

Wy xoput/ 1/ /%/NOLLVDNAH/wod qudams

'sqnd / /:dyyq — eanjosluo)) I0A -U0YIOUUIMG pue YdIlg oY) jooxdsyq A\ T ‘Bno T



GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
g3 MATHEMATICS AND DECISION SCIENCES

SEEDLERRN  \Volume 17 Issue 5 Version 1.0 Year 2017
/’g Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)

Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Revised Estimation of New Drug Product Approval
Probabilities in Phased Clinical Trials

By Matthew Chukwuma Michael, Oyeka I. C. A. & Ajibade Bright

Abstract- This paper proposes and presents a method for the estimation of approval probabilities
of new drug or product. The proposed method assumes that three evaluation communities are
used to assess and evaluate the quality of a new drug or product and that the evaluation is done
by the committees in three period phased clinical trials of the drug or product using matched
samples of subjects at each phase. Estimates of absolute and conditional approval probabilities
by various combination evaluation committees at each phase of clinical trials are provided. Test
statistics are also developed testing desired hypothesis at each of the phased clinical trials. The
proposed method is illustrated with some sample data. It is shown in terms of estimated
probability that it is more difficult for all three evaluation committees to be in complex agreement
to approve or not approve a new drug or product than for fewer evaluation committees to grant
approval.

Keywords: evaluation committees, product, volunteer, probabilities, phased controlled clinical
trials, diagnostic screening tests.

GJSFR-F Classification: MSC 2010: 97K80

REVISEDESTIMAT IONOFNEWDRUGPRODUCTAPPROVALPROBABILITIESINPHASEDCLINICALTRIALS

Strictly as per the compliance and regulations of:

© 2017. Matthew Chukwuma Michael, Oyeka I. C. A. & Ajibade Bright. This is a research/review paper, distributed under the
terms of the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-
nc/3.0/), permitting all non commercial use, distribution, and reproduction in any medium, provided the original work is properly
cited.



Notes

oCloutncl

epaper Raal
open }
Print Journal standard

Revised Estimation of New Drug Product
Approval Probabilities in Phased Clinical
Trials

Matthew Chukwuma Michael %, Oyeka I. C. A. ° & Ajibade Bright ®

Abstract- This paper proposes and presents a method for the estimation of approval probabilities of new drug or
product. The proposed method assumes that three evaluation communities are used to assess and evaluate the quality
of a new drug or product and that the evaluation is done by the committees in three period phased clinical trials of the
drug or product using matched samples of subjects at each phase. Estimates of absolute and conditional approval
probabilities by various combination evaluation committees at each phase of clinical trials are provided. Test statistics
are also developed testing desired hypothesis at each of the phased clinical trials. The proposed method is illustrated
with some sample data. It is shown in terms of estimated probability that it is more difficult for all three evaluation
committees to be in complex agreement to approve or not approve a new drug or product than for fewer evaluation
committees to grant approval.

Keywords: evaluation committees, product, volunteer, probabilities, phased controlled clinical trials,

diagnostic screening tests.

I INTRODUCTION

As observed in Onyiora et al (2013) most health care professionals would want
their patients to have the best available clinical care but the problem these professional
often have is the inability to clearly identify the optimum drug or interventionist
procedure to adopt in patient treatment and management and often rely on own
experience or those of colleagues in actual practice. However, health professionals are
increasingly relying on evidence based medical and health practices hinged on a
systematic review, evaluation, assessment and application of clinical research findings
(Rising, Bacchetti and Baro, 2009; Chow and Liu, 2004). In medical practice and health
management, erroneous and misguided approval of a new drug or product is often
hazardous and costly in human and material resources (Gobburn and Leske, 2009).
Following a sequence of clinical trials often conducted in phases by evaluation bodies or
committees, approval of a new drug or product for use in a population may be granted
if the drug or product satisfies some set of predetermined criteria for use (Haff, 2003).
In controlled clinical trials of new drug or product using cross sectional, prospective
or retrospective study methods, the trials are usually conducted in phases using usually
test animals and subsequently volunteer human subjects (Onyiora et al, 2013; Lipkovic
et al, 2008). Approval for use of a new drug product in a population is granted only
after the phased clinical trials the proportion of subjects improving with the new drug
or product is higher than the proportion improving with the standard drug under all or
most of the evaluation committees involved in the phased clinical trials.

Following the phased clinical trial procedures, specifically using three period
phased clinical trials by three evaluation committees. Onyiora et al (2013) proposed and

Author a: Department of Mathematics and Statistics, Delta State Polytechnic, Ogwashi-Uku, Delta State Nigeria.
e-mail: megawaves4life@yahoo.com

Author o: Department of Statistics, Nnamdi Azikiwe University, Awka, Anambra State, Nigeria.
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developed a probability model that would enable the calculation of the proportion or
probabilities of approving or not approving new drug or product by none, some or all
the evaluation committees.

The probability estimation model developed by the authors is however most

useful if the probabilities‘a-g’ are given or already known and hence can readily be used
in the estimation of the probabilities of possible outcomes including the outcomes listed

in the authors’ Table 2.The method under reference does not however provide a method

to use in the a-priori estimation of the probabilities ‘a-g’ if not already given and are
not known, and must be estimated from sample data obtained in relevant phased
clinical trials of a new drug or product.

In this paper we propose to develop a more generalized method for the
estimation of probabilities of outcomes in phased controlled clinical trials of a drug or
product by three evaluation committees. The present method would readily enable one
estimate probabilities of approval or non-approval of a new drug or product using
sample data obtained in three phased clinical trials by three evaluation committees: in a
cross-sectional, prospective or retrospective clinical trials conducted in three phases.

[I.  PROPOSED METHOD

To develop a method for use in estimating probabilities that may help in the
assessment and evaluation of a new drug or product for possible approval for use in a
population when these probabilities are not a-priori given, we may assume following
Onyiorah et al (2013) (that three mutually co-operating evaluation bodies or
committees x, y and z co-operating in the sense that they employ the same evaluation
criteria used for the drug or product quality assessment or evaluation) in phased
controlled clinical trials. The evaluation would be done using controlled cross-sectional
comparative either prospective or retrospective study in clinical trials conducted in
three phases. Now to conduct the clinical trials, matched random samples of consenting
subjects or volunteers matched by age, sex, body weight and other demographic
characteristics are to be used. If the study is a retrospective one then the required data
would of course be obtained from case history files of the study participants. Suppose in
the first phase of the controlled clinical trials each of the evaluation committees tests,
screens or administers a new drug or product to a different but comparable sample of

such matched samples of subjects of equal sizes, n;. In the second phase of the clinical

trials samples of three equal size n, matched pairs of subjects matched on the same
demographic characteristics as in the first phase of the trials are used. Pairs of the three
co-operating evaluation committees are assigned to test, screen or treat members in one
of each of the three paired samples of matched subjects, with one evaluation committee
in each pair testing the first members say of each paired sample of subjects and the
other member of the paired evaluation committees testing the second members, say of
the paired sample of subjects assigned to that evaluating committee.

In the third and last phase of the clinical trials matched triples of size nj
subjects are used. That is matched triples of sizen; samples each of three matched
subjects are used. One subject in each matched triple, that is one subject in each of
three matched subjects is tested, screened or treated by one of the three evaluation
committees.

Now as in Onyiorah et al (2013), suppose A and Aare respectively the events that
evaluation committee X approves and does not approve a new drug or product for use;
B and B are respectively the events that evaluation committee Y approves and does not
approve a new drug or product for use; and C and C are respectively the events that
evaluation committee Z approves and does not approve a new drug or product for use

in a population. The resulting set of all possible outcomes, that is the sample space, S,
of the experiment; namely, three-phased Clinical trials by three evaluation committees
is then,
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S ={ABC,ABC,ABC,ABC,ABC,ABC,ABC,ABC,}

To develop a method for the estimation of new drug or product approval
probability assuming that three mutually cooperating evaluation committees X, Y and Z
are used in clinical trials conducted in three phases to assess the quality of the drug or
product for possible approval, we may proceed as follows: For the first phase of the

clinical trials, considering drug assessment by evaluation committees X, say, we may let

1,if the ith subject tested, screened or administered a new
Uy = drug by committee X responds positive. (1)
o,therwise

fori = 1, 2, -, Ny
Let

T[J—: = P(uix = 1) (2)
Also define
W, = X0, 3)
Now the expected value and variance of u;, are respectively
E(uy) = nf;Var(uy) = nf (1 —nf) (4)
Also, the expected value and variance of W, are respectively,
EW) = X1, E(uy) = mms; Var(Wy) = X2, Var (wy) = ny.mf (1 - ) (5)

Now m;} is the proportion or probability that on the average subjects tested,
screened or treated by evaluation committee X responds positive. Its sample estimate is

~ Wy fx+

B =pe= =0 (6)
where f7 is the number of subjects responding positive under evaluation committee X,
that is when tested by evaluation committee X. Thus f;' is the total number of 1s in
the frequency distribution of then; values of 0’s and 1's in u;, for i = 1,2, ...,n;.
The sample estimate of the variance of i is from Equation 5

A+ (1_~+
Var(ny) = @) - 0T (7)
1 1

A null hypothesis that may often be of interest could be that the proportion m;
of subjects responding positive under evaluation committee X is at most some value ,
m,o0r symbolically

Hy:mt} <moVersusHy:mf > m,0(0 <1 < 1) (8)
The null hypothesis Hy of Equation 8 may be tested using the test statistic

2 _ Wy —nymy)? n1(ﬁ;—ﬂxo)2 (9)

Var (Wy) ar(1-=)

X

Which under H, has approximately the chi-square distribution with 1 degree of

freedom for sufficiently large n;. The null hypothesis H, of equation 8 is rejected at «a
level of significance if
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Xz = Xlz—a;l (10)

Otherwise H, is accepted. To estimate the probability of approval of a new drug
or product by evaluation committee Y during the first phase of clinical trials we may let

1if the subject tested, screened or treated with a new drug product
u;,, =19 by evaluation committee or approval agency Y responds positive (11)
0, otherwise

foralli=1,2,..,n;.

Let
mf = P(u;, = 1) (12)
and
W, = 50w, (13)
now,
E(uy) =njiVar(uy) = ny (1 - n)) (14)
and
E(W,) =ny.m);Var(W,) = ny.m;f (1 — ;) (15)

For evaluation committee or approval agency, Y, mis the proportion of subjects

responding positive when tested, screened or administered by evaluation committee Y
during the first phase of clinical trials. Its sample estimate is

+
Wy _ &y
ni ni

=py = (16)
where nyr is the number of subjects responding positive to evaluation committee Y in

the first phase of clinical trials which is the total number of 1s in w;,, i = 1,2,...,n4.
The corresponding sample variance is
Var (Wy) _ #f(1-7))

Var(#;) = = (17)

n% nq

A null hypothesis similar to that of Equation 17 for evaluation committee X may
also be stated and tested for evaluation committee approval agency, Y. Following
similar approaches as above, we also develop sample estimate of approval probability

m)} for evaluation committee agency Z as

- w, _ fi
R =0 = = (18)
Where f,;' is the number of subjects responding positive when tested, screened or
administered a new drug or products by evaluation committee or approval agency Z
during the first phase of clinical trials. The corresponding sample variance is similarly
estimated.

Note that my, m; and m;] are respectively the equivalence of A4,B and c in

Onyiorah et al (2013).
To estimate conditional probabilities of approval of a new drug or product by

any pair of evaluation committees X and Y, say, during the second phase of clinical
trials, we may first suppose that of the n, matched paired samples of subjects used in
this phase of trials n, , and n,, subjects respond positive to the drug or product when
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tested by evaluation committee Y and Z respectively; and n,, subjects respond positive
under evaluation committees Y when paired with evaluation committee Z.
To estimate conditional probabilities of approval of a new drug or product by

any pair of evaluation committees Xand Y say during the second phase of clinical trials,
we may let

(1,if the i**pair of subjects tested by evaluation committees X and Y
during the second phase of trials, the subjects tested by evaluation
committee Y responds positive given that the correspo nding subject

Uiy x = , , , , (19)
in the pair tested by evaluation committee X has also responded
positive
\0, otherwise

fori=1,2,..,n,,
Let

T[;_.x = P(uiy.x = 1) (20)
and

Ny .x

VVy.x = Ziil Uiy x (21)

The expected value and variance of u;,, , are respectively
E(uy ) =ny. Var(uy.) =nf(1-n),) (22)

Also the expected value and variance of W, , are respectively
E(M/y.x) = 2:2/1;: E(uiy.x) =Ny T[;.x; Var(w/y.x) = ijlx Var(uiy.x) = ny.xn;-.x(l - T[;-.x) (23)

Now mj, is the proportion or probability that on the average in the pairs of
subjects tested by evaluation committees X and Y during the second phase of clinical
trials subjects tested by evaluation committee Y respond positive given that the
corresponding subjects tested by evaluation committee X have also responded positive
to the new drug product. Its sample estimate is
_Wyx _ fylx

= Py.x - = (24)

Ny.x Ny .x

A+
Ty x

Where ff, is the number of pairs of subjects for which subjects tested in the
pairs by evaluation committee Y respond positive given that the corresponding subjects
in the same pairs treated by evaluation committee X have also responded positive to
the drug or product in the second phase of clinical trials. Thus f;%is the total number
of 1s in the frequency distribution of the n,, values of Os and 1s in w, , for i =

iy .x
1,2, My 5

The sample variance of 7, is from Equation 23

_ Var(Wyx) _ Fya(1-7yx)

Var(ﬁ;,ﬁx =— (25)

Ny.x Ny.x

For the second phase of clinical trials, the null hypothesis that may be of interest
concerning evaluation committees or approval agencies Y and Y say may be that the
proportion of subjects responding positive when tested by evaluation committee Y given
positive response under evaluation committee agency X is at least some value m;,  that
is the null hypothesis
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— + ot + +
Hy:my, = m),, versus Hy:m), <my,., (0< Ty xy < 1) (26)

The null hypothesis Hy of Equation 26 may be tested using the test statistic

2 ~ 2
2 — (Wy.x_nx”y.xo) — ny.x(”;.x_”;.xo) (27)
Var (Wy.x) ﬁ;.x(l_ﬁ;.x)

X

which has approximately the chi-square distribution with 1 degree of freedom for
sufficiently large n, ,. The null hypothesis Hyis rejected at the alevel of significance if
Equation 10 is satisfied otherwise Hy is accepted.

To estimate conditional probability of positive response under evaluation
committees X and Z we may let

(1,if for the i*" pair of subjects tested by evaluation committees X and Z

in the second phase of trials,the subject tested by evaluation committee

Uiz x = 4 Z responds positve given that the corresponding subject tested by evalu
| ation committee X has also responded positive

kO, otherwise

for i=1,2,..,n,, (28)

Let
n-z+.x = P(uiz.x = 1) (29)

and
VVZ.X = Z?:Zf Uiz x (30)

Now,

E(uix) =l Var(uy,) = nf (1 — nfy) (31)

and
E(M/zx) = nz.x'n;x; Var(w/z.x) = nz.x'n;x(l - T[;x (32)

Note that m, is the proportion or conditional probability that in the paired
samples of subjects tested by evaluation committees X and Z the subjects testedby
evaluation committee Z respond positive given that the corresponding subjects tested

by evaluation committee X have also responded positive to the new drug or product
during the second phase of clinical trials. Its sample estimate is

N Wex _ fi
T[;x = Pz.x = E = E (33)
Where f;5, = W, ,is the number of pairs of subjects in which the subjects tested

by evaluation committee Z respond positive given that the corresponding subject tested
by evaluation committee X have also tested positive. Thus, f;% is the total number of
1's in the frequency distribution of the n,, values of 0's and 1's in u;,,, for i =
1,2,..,n,,.
The sample variance of ), is

At (1_ot
Var(ﬁ_;_x) — Varn(ZWz.x) — Tzx (nlz xn'z.x) (34)

If desired, a null hypothesis similar to that of Equation 26 for m;, may also be

tested for m;},. Similar procedure as above are also followed to obtain sample estimate
of the conditional probability m;, of positive approval by evaluation committee Z given
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positive approval by evaluation committee Y during the second phase of clinical trials.
This would yield a sample estimate of the conditional approval probability 7, y of
positive approval by evaluation committee Z given positive approval by evaluation

committee Y as

At _ Y2y _ Jzy
T[Z'y - PZ - Nzy - Nzy (35)
where fZ+y is the number of pairs of subjects tested by evaluation committees Y and Z in
which subjects tested by evaluation committee Z respond positive given that the
corresponding subjects tested by evaluation committee Y have also responded positive
to the drug or product. The sample variance of ;. y is given by

N Var (W, ) ~p (1-7Fy)
Var(ft},) = T E R (36)

+
y.x

are respectively the

If of research interest a null hypothesis similar to Equation 26 for
be stated and tested for m/,. Note that m,, m;, and m/,
equivalence of a,c and f in Onyiora et al (2013).

Note also that by the above specifications the sample estimates of marginal and
conditional probabilities of positive approval by the three evaluation committees X,Y

and Z are respectively

may also

P(A) =fiy = P;P(B) =fty =P,;P(C) =% =P, (37)
and
P(B/A) = ﬁ;ﬁx =P, pP(c/A) =#, =P, ,;P(C/B) = ﬁ;fy =P, (38)

In practice there may actually be no need to estimate such conditional
probabilities of positive approval as the conditional probability of positive approval by
evaluation committee X given positive approval by evaluation committee Y, that is
P(A/B); conditional probability of positive approval by evaluation committee Y given
positive approval by evaluation committee Z, namely P(B/C); etc. This is because by

the rule of conditional probability and algebraic manipulations, we have for example
that

P(B/A).P(A) _ Pyx-Px

P(B) P,

P(A/B) = (39)

Finally, to obtain sample estimates of approval probabilities by three evaluation
committees X,Y and Z during the third and last phase of controlled clinical trials, we
would proceed as follows:

Suppose each of the n; matched triples of subjects that is of each sample of three
matched subjects screened or administered a new drug or product by three evaluation
committees in the third phase of clinical trials, n,,, subjects respectively under
evaluation committees X and Y in comparison with evaluation committee Z, n, .,
subject respond positive under evaluation committees X and Z in comparison with
evaluation committee Y, and mn,,, subjects respond positive under evaluation
committees Y and Z in comparison with evaluation committee X.

Now to estimate conditional probability of positive approval by say approval
evaluation committee Z given positive approval by evaluation committees X and Y
during the third and last phase of clinical trials we may let
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(1,if for the i*" matched sample of three subjects, that is for the i**match
ed tripple of subjects,the subject tested by evaluation committee Z res
Uiz xy = { pond pisitive given that the corresponding subjects in the tripple tested
| by evaluation committees X and Y respectively have also tested positive.
0, otherwise

for 1=1,2,..,M,, (40)
Let
T[;.xy = P(uiz.xy = 1) (41)
and
M/Z.xy = Z:lilxy uiz.xy (42)
Now,
E(uiz.xy) = n’;—.xy; Var(uiz.xy) = n;—.xy (1 - n;—.xy) (43)
Also,

E(sz.xy) =MNyxy- ﬂ;xy; Var(vvz.xy) =Ny xy- 7-’:;Txy (1 - 7-’:;Txy) (44)

Here xy is the proportion or conditional probability that in the third phase of
clinical trials for the matched samples of three subjects tested by three evaluation
committees, subjects tested by evaluation committee Z respond positive given that the

other two subjects in the triple separately tested by evaluation committees X and Y
have also responded positive to a new drug or product. Its sample estimate is

W, i

A4 _ _ Wazxy _ Jzaxy

Myxy = Pz.xy = - (45)
Nzxy Nzxy

where f,, is the number of matched samples of three subject, that is the number of
matched triples of subjects in which subjects in the triple tested by evaluation
committee Z respond positive given that the other subjects in the same triple tested
respectively by evaluation committees X and Y have also responded positive.

In other words, f,%, is the total number of 1's in the frequency distribution of
the n,,, values 0's and 1's in U, 5 1= 1,2, ...,y 4.
The corresponding sample variance of xy from Equation 44

Var (Wy.xy ) _ ﬁ;_xy (1—&;)0,)

Var(ﬁ;ﬁxy ) = . (46)

Nz.xy Nzxy

Although hypothesis testing may not be as important as the need to determine
whether most or all the evaluation committees are able to grant positive approval to a
new drug or product for use in a population after a series of phased controlled clinical
trials, one may nevertheless wish to test any desired null hypothesis. For example, one
may wish to test the null hypothesis that the probability of positive approval of a new
drug or product by a given evaluation committee, Z say, assuming that positive
approval has been granted by evaluation committees X and Y say, is not more than
some value, T, ,, (. That is, the null hypothesis;

ot e
Hy: 1) 5y < Ty, 0y0 versus Hyim),, > T[z.xyO(O S M0 S 1)

which is tested using the test statistic
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2 ~ 2
2 — (Wz.xy —Nzxy Mzxy 0) — (”;xy ~Tz.xy 0) (48)
Var (Wz.xy ) Xy 7?;'.xy (1_7?;.)0/ )

X

The null hypothesis of Equation 47 is rejected at the a —level of significance if
Equation 10 is satisfied; otherwise the null hypothesis is accepted. Note that 7, is the
equivalence of g in Onyiora et al (2013).

To obtain a sample estimate of the probability of positive response under

evaluation committee Y given positive approval by evaluation committees X and Z we
may define

( 1if forthe it" matched sample of three subjects of the it" matched tripple of
| subjects tested by three evaluation committees X,Y and Z, the subjects tested by
_ { evaluation committee Y responds positive given that the other two subjects in

Uiy xz = the matched tripple tested respectively by evaluation committees X and Z also
responded positve to a new drug or product at the third phase of trials.
0, otherwise.
For [=1,2,..,1n, (49)
Let
T er = P(Wy oy = 1) (50)
y.XZ iy.xz
and
Ny xz
VVy.xz = Zzzl Uiy xz (51)
Now,
E(uiy.xz) = T[;_.xz; Var(uiy.xz) = 7T;_.xz (1 - T[;_.xz) (52)
and
E(W o) = 1y i azs Var(Wy, ) =y p 0, (1= 1150 (53)

Note that m;,, is the proportion or conditional probability that for the matched
samples of three subjects, that is for the matched triples of subjects tested by three
evaluation committees, subjects tested by evaluation committee Y respond positive
given that the corresponding two subjects separately tested by evaluation committees X

and Z respectively also respond positive to the drug or product during the third phase
of clinical trials. Its sample estimate is

w, i
A~ 4 _ _ Wyxz _ Jyxz
7Ty.xz - Py.xz T T (54)
y.XZ y.XZ

where f",, is the number of matched triples of subjects in which the subjects tested by
evaluation committee Y respond positive given that the other two subjects in the
matched triples tested by evaluation committees X and Z respectively have also
responded positive, which is also really the total number of 1's in u;, ,,,i = 1,2, ..., 1 4.
The sample estimate of the variance of #},, is

Var (Wyxz) _ #yae (1R xz)

Var(ﬁ; ) =— (55)

Ny xz Ny .xz

Again if of research interest a null hypothesis similar to that of Equation 47 may
be stated and similarly tested for #,,. Similar procedures as above would enable us to

also obtain sample estimate of the conditional probability #,,, the proportion or
conditional probability that during the third phase of clinical trials by evaluation
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committees X,Y and Z for subjects in the matched triples of subjects tested by these
committees, the subjects tested by evaluation committee X respond positive given that

corresponding subjects in the matched triples tested by evaluation committees Y and Z
respectively also respond positive. This conditional probability is estimated as

A WX. Z fx+ Z

T[;,yz = Px.yz = nx‘j:z = ﬁ (56)
where W, ,,, = £, is the number of matched triples of subjects; that is, matched
samples of three subjects in which subjects tested by evaluation committee X respond
positive given that the other two subjects in the matched triples tested by evaluation
committees Y and Z respectively also tested positive to the new drug or product in the
third phase of controlled clinical trials. The sample estimate of the variance of #;,, is

similarly obtained as

_ Var Weyz) _ Bz (17 xz)

2
Ny.yz Nx.yz

Var(ﬁyf 7 (57)

Again if research interest a null hypothesis similar to that of Equation 47 may
also be stated and similarly tested for my,,. Note again that by the specifications
adopted above conditional probabilities P(C/AB),P(B/AC) and P(A/BC) namely;

Ty, Ty and m,, are estimated as respectively

ﬁ;xy = PZ.xy; 7,-E;_.xz = Py.xz; 7,-Ea-ck.yz = Px.yz (58)
Other conditional probabilities may be similarly estimated as desired.

If stringencies in terms of high approval probability is a desired and preferred
criterion for new drug or product approval, then in the third phase of clinical trials the

outcome or event C/AB, say is more desirable and preferable to eventB/AC, say if and
only ifP(C/A) > P(B/A). This is because if event C/ABis more preferable to event
B/AC, then

P(ABC) P(ABC)

P(C/AB) = P(AB) ~ P(AC)

= P(B/AC)

So that
1 1 1 1
P(AB) P(A).P(B/A) > P(A).P(C/A)  P(AC)

Hence
P(C/A) > P(B/A)

On the other hand if P(C/A) > P(B/A) then clearly P(C/AB) > P(B/AC).
Stated in terms of sample estimates of probabilities, this would mean that in the
third phase of three phased controlled clinical trials of a new drug or product by these

evaluation committees X,YandZ. F,,, > B, ,, if and only if in the second phase of

clinical trials P, , > B, ,.
Other conditional probabilities may be similarly estimated as desired.

Now we have so far presented the probability estimation procedures generally
under the assumption that all three evaluation committees are equally competent in
experience or otherwise to assess and evaluate new drug or product. In reality however
some evaluation committees may be better qualified, experienced, with higher expertise,
better equipped etc., than others and hence may play supervisory roles and be able to
obtain more reliable results. Hence we may but without loss of generality assume that
three evaluation committees used here can be ordered in terms of experience and
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seniority in assessment, evaluation and approval of new drugs or products ranked from
the most senior down to the least senior. Thus we may again but without loss of
generality assume that evaluation committee X is the most senior followed by
evaluation committees Y and Z in this order. This would in effect mean that any drug
or product approved by evaluation committee Z would be subjected to further
approvals by evaluation committee Y and finally by evaluation committee X. Under
these assumptions the probabilities already estimated above would be sufficient to
estimate the required overall approval probability after the third and last phase of
controlled clinical trials.

Never the-less, the proposed probability estimation model would enable the
estimation of the probabilities of all events that can possibly be obtained in the event
space of all conceivable outcomes in phased controlled clinical trials. For example the

probability that say evaluation committees X and Y do not approve a new drug or
product given that evaluation committee Z approves, is the probability of the event

(AB/C) which is

P(C) — P(A).P(C/A)—P(B).P(C/B) + P(C/AB).P(B/A).P(4)

P(AB/C) = P0)

or In terms of estimated probabilities,

P(/IE/C) = PZ _Px-PZ,x _Pypz.y +PZ.xy'Py.X'Px

However for the purpose of this paper, if interest is only in the estimation of the
probabilities of the events in table 1 of Onyira et al (2013) which we obtained using the
marginal and conditional probabilities already estimated above, namely

P(A)=a=P;P(B)=b=P,;P(C)=c=F, (59)

and
P(B/A)=d=P,,;P(C/A) =e=P,,;P(C/B)=f=PF,,;P(C/AB) =g =P,,, (60)

With these results the probability that all the three evaluation committees X,Y

and Z approved a new drug or product is the probability of the eventS; = (ABC) which
is estimated using sample values obtained above as

P(ABC) = P(C/AB).P(B/A).P(A) = P, ,y; P,x; P, (61)

If at least two evaluation committees must approve a new drug or product before

use, then the corresponding events set is S, = (ABC,ABC,ABC) whose probability is
easily shown to be

P(SZ) = Px-Py.x + PP, + Py-Pz.y - 21:)z.xy-1:)y.x-1:)x (62)

If there is a supervising evaluation committee such as evaluation committee X
who must approve in addition to at least one other evaluation committee before a new
drug or product is considered approved for use, then the required events set is

S, = (ABC,ABC, ABC) whose sample estimate is
P(S,) =P.. Py.x +P.P,, — lexy.Pyx.Px (63)

The probability that evaluation committees Y and Z approve a drug or product

but evaluation committee X does not approve it is the probability S,, = (ABC)which is
estimated as

P(S,,) = P(A.BC) = (1= P(A/BC)).P(BC) = P(C/B).P(B) — P(ABC)
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which when expressed in terms of sample probabilities becomes
P(S,,)=PB,.Py — P, .P, 1. P, (64)

The probability that none of the evaluation committees approves the drug or
product for use is the probability of the event Sy = (ABC) which is

P(Sy) = P(ABC)=1— (P(A) + P(B)+ P(C) —P(B/A).P(A) —P(C/A).P(A) — P(C/B).P(B) + P(ABC))
Which when evaluated in terms of sampled estimates becomes
P(S)=1-(P,+P +P —P.P,—PB.Py—B,.P, +PF,,,.P.P) (65)
Other probabilities are similarly estimated. The results are shown in Table 1

Table I: Sample Estimates of New Drug or Product Approval Probabilities by three
Evaluation in Phased Clinical Trials

S/No Event Approval Probability
1 ABC Py Py P
2 ABE Px-Py.x_Pz.xy-Py.X'Px
3 AEC Px-Pz.x_PZ.xyPy.X'Px
4 ABC Po—P.Py — PP+ PP P
3 ABC PPy — Py . Py Py
6 ABC P,—P.Py —P.Px + Py Px Py
7 ABC P,—=P.Py =P Py + Py Py Py
g i5C 1-(P,+P, +P.Py —P.Py —P,.P,,
+ Py Py P)
S, (at least two
9 Evaluation; Pe.Pyx + PPy + Py Py — 2P, 5y . Py s Py
committees)
Sy (Evaluation
10 Committee X; and at Px-Py.x +Px-Pz.x_Pz.xy-Py.x-Px
least one other)
Sy (Evaluation
11 Committee Y and at Px-Py.x+Py-Pz.y_Pz.xy-Py.x-Px
least one other)
S, (Evaluation
12| Committee Z and at PPy + P By — By - Pyx Py

least one other)

[[I. ILLUSTRATIVE EXAMPLE

Teams of research scientists in the Department of Pharmacology of three
Universities X,Y and Z were interested in conducting phased controlled prospective
clinical trials on a certain herb product believed by a local population to be effective in
the treatment of malaria. In the first phase of clinical trials the three research teams
collected three random samples each of size 40 of volunteer malaria patients matched
on age, gender and body mass index(BMI),and each research team or committee team
administered appropriately determined dosages of the malaria herb product each on
patients in only one of the three matched samples.

In the second phase of clinical trials three matched pairs of patients each of size
30 were used. The three research teams were also then paired. Each pair of the research
team administered dosages of the herb product to one paired sample of patients with
one research team administering the dosage to say the first patient in each pair and the
other research team administering the dosage to the remaining patient in the pair.
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In the third phase of the clinical trials, 25 samples of matched triples of patients,
that is 25 samples each of three matched patients were used. The three research teams
each administered dosages of the malaria herb product to only one patient in each of
the 25 matched triples of patients. At the end of each phase of the clinical trials the
research scientists assesses the malaria patients as either recovered (R) or not recovered

(N) obtaining the results shown in tables 2 — 4.

Table 2: Patient Response in Phase One Clinical Trials of Anti-Malaria Herb Product
by Three Research Teams

Notcs

S/No |Team 1(Sample 1) | Team 2 (Sample 2) | Team 3 (Sample 3)

OO N[O WIN =

N

o
DI Z21Z1Z2|RZ|R| 2RI 22D ZF 2R mEZ2mEZ2mZ2Z2Z221 22T PX
Z|mZIZ=m|Z1IZ2R I Z2Z1Z@ B2 Z@Z@ @RI |mEZRBZZ@ @ I2Z2N

S
o
S

+

B g Z|IZ1Z21 2|3 | Zm @B Zm @ ZE2Z2Rm@Z2R@ 222222 2Im21<
—~

fit 23(f)
7 0.575(7]) 0.55 0.55

S
N—r/
N
N
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Table 4: Patient Response in Phase Three Clinical Trials of Anti-Malaria Herb Product
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Table 3: Patient Response in Phase Two Clinical Trials of Malaria Herb Product by

Three Research Teams

Matched Pair Team 1

Matched Pair Team 2

Matched Pair Team 3

O N[N WIN =

[
(Sal
D(Z@ZZ2Z2=ZFZIZIZZmZEZFmmEZEZmZEZmZIZmmI2<

ZZ1Zm @I ZZFR IR 22222222122 Z2I<

DR (DZIZZ@RI|IAZFRIEZEEZEZFRIRZEZRZ(RZ (>

oo ZZDZ2IZmzZZ2| 2ZFEZmmZE@ZEEZPmEZEmZN

pel el pol bol 2d g ol ol 4 d 7 2d o] o] o] 7d i7d o] 7d 74 2 el ol o] 2 o] el d mel P4 i
pelpelp el rd ol bl ol d ol zd 7 4 vd p ol v o] vd 24 vd vd v ol wd p el b o] d p sl v el el b el e ] 2 N

Ny 12(nyx)

18(n, 2)

16(ny.,)

fic 4(fi%)

10(ftz)

11(£4)

~+
Ty 0

333(f5x)

0.556 (2} ,)

0.688(#3,)

by Three Research Teams

Matched Triple[Research Team X |Research Team y |Research Team Z
1 N R N
2 R N N
3 R R N
4 N R R
5 N N R
6 R R R
7 N N N
8 N R N
9 R R R
10 N N N
11 N N N
14 R N N
15 N N N
16 R R R
17 N N R
18 R N R
19 R N N
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20 N N R
21 N R N
22 N R N
23 R R R
24 N R R
25 N R R
Ni.1j 8(nx.yz) S(ny.xz) 6(nz.xy)
Notes fitj 4(fh2) 4(fhez) 4(fey)
AT 0.500(73,,) 0.800 (75, ) 0.667 (7,)

We here use the sample data of Table 2-4 to illustrate the present probability
estimation method. Thus applying the methods to the data we have as shown at the

bottom of Table 2 with n = n; = 40, that
fit =23; f,f =22 and f;" = 22;s0 that iy = P, = 0.575 (= a)

iy = P, = 0.550(= b);and ©t/ = P, = 0.550 (= ¢)
From Table 3 we have that
n,,=12;n,, =18andn,, =16

V.X
Also,

e =4 i =10and f;}, = 11
Hence,

fiyx =P, =0333(=d); i, = P,, = 0556 (= e); andft;, = P,, = 0.688 (= f).
Finally from Table 4 we have that
N,y =6andf,, =4
Hence,
ﬁ-;xy = Pz.xy = 0.667 (= g)
Note also from Table 4 that
Nyxz = 5Ny, =8 fify, = £y, = 4 so that &}, = P,,, = 0.800; and 7y, = P, = 0.500

These probability estimates are now used with Table 2 to obtain sample
estimates of some of possibilities of outcomes in three phased controlled clinical trials of
a product, namely anti-malaria herb product. The estimates are presented in Table 5.
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Table 5. Sample Estimates of Probabilities of the events of Table 1 for anti-malaria
herb product

S/No Event Estimated Approval Probability
1 ABC 0.127
2 ABC 0.064
3 ABC 0.193
4 ABC 0.191
5 ABC 0.251
6 ABC 0.108
7 ABC 0.021
8 ABC 0.079
9 S, (atleasttwo evaluation committees) 0.635
10 S, (evaluation committee and at least one other) 0.384
11 S, (evaluation committee and at least one other) 0.442
12 S, (evaluation committee and at least one other) 0.571

It is seen from Table 2 that in the first phase of controlled clinical trials,
evaluation committee X approved the anti-malaria herb product with an estimated
probability of 0.575 while evaluation committeesY and Z approved the drug with equal
probability of 0.550.

In the second phase of clinical trials (Table 3 given that evaluation committee X
has approved the drug, evaluation committees Y and Z are found to approve the drug
with estimated probabilities of 0.333 and 0.556 respectively while if evaluation
committee Y has already approved the drug, then evaluation committee Z would be
expected to approve the drug with probability 0.688.

In the third phase of clinical trials (Table 4) it is seen that if evaluation
committees X and Y have already approved the drug, then evaluation committee Z
would approve the drug with an estimated probability of 0.667 while evaluation
committee Y would approve with estimated probability of 0.800 if evaluation
committees X and Z have already granted the approval. From Table 5, it is seen that if
all three evaluation committees are required to grant approval before a new drug or
product (anti-malaria herb product) can be approved for use in a population then the
estimated probability of such an approval being granted is only 12.7 percent, which is
relatively more stringent compared with when only two evaluation committees are

required to grant approval with an estimated probability of which is relatively more
liberal.

(0.575)(0.333) + (0.575)(0.556) + (0.530)(0.688) — 3(0.127) = 0.889 — 0.381 = 0.508

Note from Table 5 that at the end of the third phase of clinical trials if the drug
must be approved by at least one evaluation committee as the supervisory committee,
then evaluation committee X is seen to be the most stringent with an estimated overall
probability of approval of only 38.4 percent while evaluation committee Z is the most
liberal with an estimated overall probability of approval of as high as 57.1 percent. It is
found that just as the probability of three evaluation committees completely agreeing
approve drug after the third phase of clinical trials is rather small at 0.127, the
probability of three committees being in complete agreement not to approve the drug is
even much smaller with an estimated value of only 7.9 percent.

[V.  SUMMARY AND CONCLUSION

We have in this paper developed and presented statistical method that would
enable the estimation of probabilities of approving and not approving a new drug or
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product for possible use in a population under the assumption that three evaluation
committees are used to assess and evaluate the drug or product in clinical trials
conducted in three phases. At each phase of clinical trials evaluation committees used
matched samples of subjects for drug or product quality evaluation or assessment.

Test statistics were developed for testing any desired hypothesis about approval
probabilities each phase of clinical trials. The proposed method was illustrated with
some sample data and the results show that the probabilities of three evaluation
committees being in complete agreement to approve and not approve a new drug or
product are likely to be much smaller than the probabilities that only some of the three
evaluation committees approve the drug or product.

REFERENCES REFERENCES REFERENCIAS

1. Rising K, Bacchetti P, Bero L (2009).Reporting Bias in Drug Trials Submitted to
the Food and Drug Administration Review of Publication and Presentation. PLOS
Medicine. http://www.biomed central.com/1471-244X/8/3.

2. Gobburu JVS, Lesko LJ (2009).Quantitative Disease, Drug, and Trial Models.
Annual Review of Pharmacology and Toxicology. 49: 291-301.

3. Chow SC, Liu JP (2004). Design and Analysis of Clinical Trials: Concept and
Methodologies. John Willey and Sons.

4. Huff TE (2003). The Rise of Early Modern Science: Islam, China, and the West.

5. Lipkovich I, Adams DH, Mallinckrodt C, Faries D, Baron D, Houston JP (2008).
Evaluating Dose Response from flexible Dose Clinical Trials. BMC Psychiatry.

6. Pocock SJ (2004). Clinical Trials. A Practical Approach. John Wiley & Sons.

7. Gebski V, Beller E, Keech AC (2001). Randomized Trials: Elements of a Good

Study. Medical Journal of Australia. 175: 272-274. Cambridge University Press p.
218.

8. Koren G, Boloja M, Long D, Feldman Y, Shear NH (1998). Perception of
teratogenic risk by pregnant women exposed to drugs and chemicals during the first
trimester. Am J Obstet Gynecol. 160:1190-4.

9. Dally A, Thalidomide (1998). Was the tragedy preventable? Lancet.351:1197-1199.

10. Koren G. Pastuszak A (1990). Prevention of unnecessary pregnancy termination by
counselling women on drug, chemical and radiation exposure during the first
trimester. Teratology. 41: 657-61.

11. Koren G, Pastuszak A, Sinya I (1998). Drugs in pregnancy. N Engl J Med. 338(16):
1128-1137.

12. Collier R (2009). Drug development cost estimates hard to swallow. CMAJ.

February 3; 180(3): 279-280.

© 2017 Global Journals Inc. (US)

Global ]()Lll'l’ldl of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017



I B || Global Journal of Science Frontier Research (F) Volume XVII Issuie V Version I E Year 2017

REVISED ESTIMATION OF NEW DRUG PRODUCT APPROVAL PROBABILITIES IN PHASED CLINICAL TRIALS

This page is intentionally left blank

© 2017 Global Journals Inc. (US)




GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
g3 MATHEMATICS AND DECISION SCIENCES
SCLCNELERRRE  \/olume 17 Issue 5 Version 1.0 Year 2017
Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

The Study of Effects of Gravity Modulation on Double Diffusive
Convection in Oldroyd-B Liquids

By R. K. Vanishree & K. Anjana

Abstract- The effect of gravity modulation is analysed in Oldroyd-B liquids subjected to double
diffusive convection. Both linear and non-linear analysis has been done. A regular perturbation
technique has been employed to arrive at the thermal Rayleigh number. The results show that
stress relaxation destabilises the system whereas strain retardation parameter and Lewis number
stabilises the system. Truncated Fourier series expansion gives a system of Lorentz equations
that represent the non-linear analysis. Nusselt and Sherwood numbers are used to quantify the
heat and mass transfer respectively. It is observed that Lewis number and strain retardation
parameter decreases heat and mass transfer and stress relaxation parameter increases them. It
is seen that modulation gives rise to sub-critical motion.

Keywords: double diffusive convection, gravity modulation, oldroyd-B liquids, rayleigh-bénard
convection.

GJSFR-F Classification: MSC 2010: 83C27

DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Strictly as per the compliance and regulations of:

© 2017. R. K. Vanishree & K. Anjana. This is a research/review paper, distributed under the terms of the Creative Commons
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial
use, distribution, and reproduction in any medium, provided the original work is properly cited.



Re

1. Charles M. Vest, Vedat S. Arpaci, 1969, “Stability of natural convection in a

f

vertical slot”, J. Fluid Mech., 36, pp. 1-15.

oCloutncl

epaper e
open
Print Journal standard

The Study of Effects of Gravity Modulation
on Double Diffusive Convection in Oldroyd-B
Liquids

R. K. Vanishree * & K. Anjana °

Abstract- The effect of gravity modulation is analysed in Oldroyd-B liquids subjected to double diffusive convection.
Both linear and non-linear analysis has been done. A regular perturbation technique has been employed to arrive at the
thermal Rayleigh number. The results show that stress relaxation destabilises the system whereas strain retardation
parameter and Lewis number stabilises the system. Truncated Fourier series expansion gives a system of Lorentz
equations that represent the non-linear analysis. Nusselt and Sherwood numbers are used to quantify the heat and
mass transfer respectively. It is observed that Lewis number and strain retardation parameter decreases heat and mass
transfer and stress relaxation parameter increases them. It is seen that modulation gives rise to sub-critical motion.

Keywords: double diffusive convection, gravity modulation, oldroyd-B liquids, rayleigh-bénard convection.

[. INTRODUCTION

The study of convection in non-Newtonian liquids has been a topic of interest
due to its usage as a working media in many engineering and industrial applications.
Viscoelastic fluids exhibits both solid and liquid properties and find application in
diverse fields such as geothermal energy modeling, crystal growth, solar receivers etc.
Some other applications include chemical industry, bioengineering, petroleum industry
and so on. These liquids are defined by constitutive equations which include complex
differential operators. They also include relaxation and retardation times. As they
possess both elastic (property of solids) and viscosity (property of liquids) leading to a
unique instability patterns such as overstability which is not observed in Newtonian
fluids. This is the main reason why many researchers have studied Rayleigh-Benard
convection in a rectangular layer of viscoelastic fluid heated from below (Vest and
Apaci [1], Sokolov and Tanner[2, Green[3], Siddheshwar et. al. [4] ).

Oldroyd-B liquid is a type of viscoelastic fluid. The study of stationary and
oscillatory convection in viscoelastic fluids gave information about the formation of
pattern in these fluids (Li and Khayat [5,6]). It was also found that a thin layer of fluid
when heated from below sets up oscillatory convection. Siddheshwar and Krishna [7]
investigated Rayleigh— Bénard convection in a viscoelastic fluid and found that the
ratio of strain retardation parameter to the stress relaxation parameter should be less
than one for convection to set in.

The nonlinear stability analysis under the influence of gravity modulation in
viscoelastic fluids was studied by Siddheshwar [8] who found that modulation helps in
controlling the onset of convection. The destabilizing and stabilizing effects of rotation
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on Oldroyd-B liquids were found by Sharma [9]. In spite of these studies not many
literature exists on non-linear convection in Oldroyd-B liquids.

The classical Rayleigh— Bénard convection arises due to temperature gradient
alone. In most practical cases convection may be caused not just due to one gradient,
but multiple gradients. Double diffusion occurs when there are two components whose
rates of diffusion are different. These varying diffusivities give rise to unpredictable
movement of fluid particles, thus making these problems interesting. In majority of
cases the two varying components are temperature and solute (Mojtabi and Charrier-
Mojtabi [10]). In such fluids density variations depend on both thermal and solutal
gradients which diffuse at different rates. This leads to the formation of salt fingers or
oscillations in the fluid layer. Malashetty and Swamy [11] found that there is a
competition between the processes of thermal diffusion, solute diffusion and
viscoelasticity that causes the convection to set in through oscillatory mode rather than
stationary. A common example of double diffusive convection is found in the ocean
(Stommel et al [12]). Stommel noticed that with the decrease in solute quantity there
was a large amount of potential energy available. Further study on this was done by
Stern [13, 14] who made the observation that if there are two diffusing components in a
system, then the behaviour of the system depend on whether the solute component is
stabilizing or destabilizing. Siddheshwar and Pranesh [15] studied the effects of
temperature modulation and g-gitter on magneto-convection in a weak electrically
conducting fluid with internal angular momentum. The effects of temperature
modulation on double diffusion were found by Bhadauria [16]. Double diffusive magneto
convection in viscoelastic fluids was investigated by Narayana et. al [17]. A stability
analysis of chaotic and oscillatory magneto-convection in binary viscoelastic fluids with
gravity modulation was done by Bhadauria and Kiran [18]. A Ginzburg—Landau model
was adopted to find the effects of the parameters. It was found that gravity modulation
can be used to either advance or delay convection by varying its frequency. Siddheshwar
et. al. [19] analyzed the heat transport by stationary magneto-convection in Newtonian
liquids under g-gitter and temperature modulation and obtained similar. Kiran [20] used
the Darcy model the porous medium to study the nonlinear thermal convection in a
porous medium saturated with viscoelastic nanofluids and found that frequency of
modulation can be varied to get the desired results with respect to onset of convection.

In this paper we use linear and non-linear stability analysis to investigate the
effects of gravity modulation on double diffusive convection in Oldroyd-B liquid.

[[.  MATHEMATICAL FORMULATION

Consider a layer of Oldroyd-B liquid held between two parallel plates at z = 0
and z = d. The two plates are maintained at two different temperatures with the
difference in temperatures and solute concentrations AT and ASrespectively. This causes
variable heating of the fluid particles and hence, variable movements. That is, a
temperature gradient arises and in turn gives rise to convection. The fluid density is
assumed to be a linear function of temperature, T, and solute concentration, S. A
Cartesian co-ordinate system is taken with origin in the lower boundary and z-axis
vertically upwards (fig 1).
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T=T, §=8+AS

Oldroyd.B Liquid

#=rltscmal o
=0 -
T=T0, 5=8
Fig.: Physical Configuration
Nomenclature
d thickness of the liquid
k dimensionl ess wave number
pr Prandtl number
q vel ocity
Ra  thermal Rayleigh humber
Rs  solutal Rayleigh number
t time
T temperature
To constant temperature of the
upper  boundary
Tr reference temperature
Le  Lewisnumber
Greek symboals
o  thermal expansion coefficient
g amplitude of modulation
x  thermal diffusivity
K, solutal diffusivity
A, stress relaxation coefficient
4, strain retardation coefficient
A dasticratio( 2 /4;)
i Viscosity
o frequency of modulation
p density

Thus the governing equations for Rayleigh-Benard situation of an Oldroyd-B liquid are:

Continuity Equation:

Conservation of momentum:

V§=0

p@—?j ——Vp+ pG() + VT

© 20

(1)

17 Global Journals Inc. (US)

Global ]()urnal of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017



Global Journal of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017

Rheological Equation:
8., OV
[l+ A ajr = (1+ Ay aj(Vq +V§' )

Conservation of Energy:

oT )
L (GV)T =&V7T
& (@)

Conservation of Species:

§+ (GV)S=«xV’S

FEnergy Equation:
pP= po(l_a(Tb -To)+ay(S, - So)
The variation of gravity with time is given by

G(t) = g, 1+ S& cosat)k

(7)

Where 6 is the amplitude of gravity modulation and & is a small quantity

indicative of weak variation.

[1I. BAsSIC STATE

In the basic state the fluid is at rest. Therefore, the velocity is zero and the other

parameters are function of z alone.
d=0d(b) =0, p=p,(2. p=p,(2,

S=5,(2, T=T,(2)

The temperature T, pressure p, and density p, satisfy

dp + p9(l+ ecosat) =0
dz

ay_ 07T,

ot 0z°

Using the boundary condition, the above equation yields

AT
T, =—" 4T
b d 0

p=pyl-all,-T)+a, (S, -S,)

The rheological equation takes the form
0 og
(1+ A aj{po Eq +Vp+ pgl+ e cosa)t)}
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0\ s
Zﬂ(l“‘ Ay EJVZQ (13)

[V.  STABILITY ANALYSIS

The infinitesimal perturbations on the basic state are superimposed to study the
stability of the system. The basic state is slightly perturbed by an infinitesimal
N perturbation as given in eq. (14). The primes denote the perturbations.
otes

4=0.P=pP,+tP.p=p, +p . T=Ty+T,S=§ +S (14)

Substituting eq. (14) in the governing equations and with the help of the basic
state solutions, we get eq. (15) — (17) for the perturbations
oT' oT' oT,

T W+ W2 = VT
ot 0z 0z (15)

§+V\I’§+W’§ =k V’S
ot 0z 0z (16)

o\V2w :
(1+11 gj Lo (at )—apog(1+gcosa)t)VfT

+a p,g(l+ecosat)V2S'
0 17
:ﬂ[lmz EJV“W (17)
Eq. (20) is used to arrive at the non-dimensional form of the above equations.
W W ot o, T S
xld d?/«x AT AS
. e\ (XY z
\% ZdV, X, 2 )= =T
oy 2)-(22.2) (18)

Since we consider only two-dimensional disturbances, we introduce the stream
function y such that

oy oy
:—’W:—i
0z OX (19)

and all the terms are independent of y. The resulting non-dimensional equations are:

{— (1+ A, ajlvz a+(1+ A, ajV“}aV/=
ot)Pr

u

at at ox
(20)
(1+ A, aat)[Ra(l+ £COSm)V 20 + RS(L+ £ COSt)V 24
0 2 _ oy
2 v o+ (Gv)o="L,
(8t j Havo=2, (21)
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0
(&—LV j¢+(qV)¢—— (22)

The non-dimensional parameters appearing in eq. (20) — (22) are the Prandtl
number, Thermal Rayleigh number, Solutal Rayleigh number, stress relation parameter
and strain retardation parameter, which are given in equation (23).

Ax Aok K H
A ’ A ) =" Pr =
Pz 2T e K Lok
3 3
Ra - ap,9ATd " Rs= ap,0Ad (23)
UK UK

V.  LINEAR STABILITY ANALYSIS

In this section, we discuss the linear stability analysis by considering marginal
and over-stable states. The solution of this analysis is of great utility in the local non-
linear stability analysis discussed in the later sections. The linearlized equations after
neglecting the non linear terms are:

_[1+A16) V26+[1+A ajV“ o _
ot ) Pr ot ot OX

(24)
(1+ A, aatj[Ra(1+ £COSwt)VZO + Rs(1+ ¢ coswt)quﬁ],
e
ot oX (25)
0
- (26)

Eq. (24) — (26) are reduced to a single equation by eliminating 6 and ¢ to get an
equation in terms of the stream function, y.

oo

t
= _ VZ(//
ot ot Le (1“\ j
= (1+ A, aj(a—vz)(Ra(l+gcosa)t)a ":J
at \ ot ox
_ 09 _1ge oy 2
(1+A16tj(6t =V sz(1+ecosa)t) e (27)

V1. PERTURBATION PROCEDURE

We seek the eigenfunction, y, and eigenvalue Ra of eq. (27) for the basic
temperature distribution that departs from the linear profile by using quantities of order
€. Thus, the eigenvalues of the present problem differ from those of double diffusive
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convection in Oldroyd-B liquids by quantities of €. The solution of eq. (27) is sought in
the form

W=y, tey, e, .
Ra=Ra, +&Ra, + £°Ra, +.... (28)

Malkus and Veronis [21] first used this type of expansion in connection with the
study of finite amplitude convection. Here y, and Ra, are the eigenfunction and
eigenvalue respectively of the unmodulated system and (y;, Ra;), i>1 are the corrections
due to modulation of y, and Ra,.

These expansions are used in eq. (28) and the coefficients of various powers of &
are equated to obtain the following system of equations

Ly, =0 (29)
Ly, = 6—1V2j 144, 2 Ra, 82V/"+Ra cothﬁz!//O
Tl Le Lot ox? ’ ox?
2
+[6—V2j(1+ A, aszcoth 4 VIZO
ot ot ox (30)
o 1_, 0
Ly,=|———V°|1+A,—
Ve [6t Le )[ " 16t)
0%y 0%y 0%y 0%y
(Ra0 cosQt ale + Ra, ale + Ra, cosQt ale + Ra, axzo (31)

2
- (a - v2)[1+ A, a)Rscoth vy
ot ot X

2
SCReCy
ot ot Le
(1+Ala]la—[1+/\2 ajvz v?
ot) pr ot ot
—1+A g (a_vz Raoﬁ
Lot ot ox?

oyo 1 0?
+[1+Alatj(at—l_eV2szaX2 (32)

Each v, is required to satisfy the boundary condition

Where,

w=Vy=V'w=0atz=0, 1. (33)

a) Solution to the zero™ order problem
The absence of gravity modulation is equivalent to the zero™ order problem. The

general solution of eq. (29), obtained at o(¢"), is the marginally stable solution of the
zero™ order problem. The marginally stable solutions are
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W, = sin(nox)sin(nz) (34)

with the corresponding eigenvalue R,, given by

6

o 2
Ra, =———+LeR. +&¢°R
A, R R, a,

(35)
b) Solution to the first order problem
Substituting Eq. (34) in Eq. (30), we get Notes
2 21,2
Ly, = %«k Ra, cosQty, + Ra,7°a’QsinQty,,
e
+Ra,r’a’A Q% cosQty, + Rsz’a’k? cosQty, (36)
—Rsz?a’QsinQy, — Rsz’a?A,Q% cosQty,
Where,
L(w,n) =Y, +iY, (37)
Y o= k® . k°A,Q? KT k*A,Q* . k'Q?
toLe Pr Pr Pr
42 6 2 2
+k°A,Q% + KO +k/\729+7z2a2R k——AlQ2 (38)
LePr Le Le
—ﬂzazRS(kz —Alﬂz)
6 8 23
Y, = 'L( gr+ K /L\ZQ— KO —k*A,Q°% +Kk°Q
e e
kA Q° N k°Q  k'A,Q° 20?Re O 4 k*A,Q
Pr Le  LePr Le (39)
+ 72 RQ +k*Q)

Eq. (36) is inhomogeneous and its solution poses a problem since it contains
resonance terms The solvability condition requires that the first non-zero correction to
R,. The steady part of eq. (36) is orthogonal to sin nz. We take the time average and
get the following expression for the correction Rayleigh number.

Ro,. = Le (X, X,Q+ X, X, + X2 ),

C27%a%K? [ L(Q,N) P [+ (X, X,Q+ X, X5 — X X, )Y, (40)
Where,

2 2 Raoﬂzazkzl\l 2 2 2 2,2

X =-Ragr’a’ -2 ——t+Rer’a’ + Rer’a’k’A, (41)
R 2 2k2
X, :—W++ Ra,7%a?Q?A, + Rsr?a?k?
e

_Rsﬂ_ZaZQZAl (42)
X, = Ra,r°a’Q - Rsr’a’Q (43)
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—Ra,7%a’k?

2 21,2 2 .22
X, = o +Rsza“k® +Ra,m“a"Q°A, (44)

—Rst2a’Q%A,

The linear theory predicts only the condition for the onset of convection and is
silent about the heat and mass transport. We now embark on a non-linear analysis by
means of truncated representation of Fourier series to find the effects of various
parameters on finite amplitude convection and to know the amount of heat and mass
transport.

VII. NoON LINEAR THEORY

A non-linear analysis is done to study the amount of heat and mass transfer due
to the various parameters. Using the stream functions given by eq. (19)

(1+ A, aj[la (vay )+ Ra2? - Rsaﬂ
ot ) PR ot X - ox

9 \o4
00 oy 1,
9@, 1-fH) Y -~y
230+ - =Ly »
9% _ oy _ 1
230+ L= L .

An infinite series representation is used to find the solutions to eq. (45)— (47).
The amplitudes depend only on time. Only one term in the Fourier representation for
the stream function may be retained with two terms in the temperature expressions to
retain some nonlinearity.
Eq. (45) is decomposed into two first order equations since it is a second order equation.

10 w2y = ra%? 1 RS 4 AV 48

PI’@t(Vl//) RaaX+RsaX+AVy/+M (48)

where A=Dz (49)
Al

and Al% M+ (- AV (50)

The stream function, W, the temperature distribution, 0, concentration
distribution, @ and M are represented as follows:

v = A(t) sSin(zzax) sin(zz) (51)
0 = B(t) cos(wax) sin(zz) + C(t) sSin(27z) (52)
¢ = E(t) cos(wax) sin(zz) + F (t) sSin(27z) (53)

M = G(t) sin(zax) sin(zz) (54)
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where A(t), B(t), C(t), E(t), F(t) and, G(t) are the amplitudes to be determined from
the dynamics of the system.

Projecting eq. (46), (47), (48) and (50) onto the modes (51) - (54) and following
the standard orthogonalization procedure, we obtain the following non-linear
autonomous system of differential equations (generalized Lorenz model [22]):

A) :‘R"’l‘(ﬂB(t)+%E(t)—APrk2A(t)—%G(t) (55)
B(t) = (f —1)7zaA(t) — k2B(t) (56)
Ct) = ”;“ At)B(t) — 47°C(t) (57)
E(t) =—7aA(t) —'%; E(t) (58)
F0="2 AvE0 - Fo) (59)
60 =760+ & Mieay (60)

1 1

Where the over dot denotes the time derivative with respect to t. More modes
other than the minimal ones have not been considered in the study in view of the
observation by Siddheshwar and Titus [23] that additional modes do not significantly
alter the results on the onset of convection as well as transport.

VIII. HEAT TRANSPORT

In non-linear study of convection, the heat transport across the layers of fluid is
important. The onset of convection can be easily determined by analyzing the increase
and decrease in heat transport. In the basic state, transfer of heat takes place only due
to convection.

If Hy is the rate of heat transfer / unit area, then

oT.
He = — total ’ 61
. ){< e > (61)

where the bracket corresponds to a horizontal average and

Tow = [To —A.TTZ} +T(x2)

The first term is the temperature distribution due to conduction state prevalent
before convection sets in. The second term represents the convective heat transport.
The Nusselt number Nu is defined by

_ HT
KAT/d

Alternately, Nu may be directly defined in terms of the non-dimensional
quantities as follows:

Nu (62)
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271k,
—< 1 (1-z+T),dx
Nu_[zﬁ l( ) }_1 4kEA?

K 271 kg =1+ 452 '
—< (1—z)zdx}
{27[ 1[

The solutal gradient, arising due to double diffusive convection, causes a transfer
of mass in the fluid system. This is quantified using Sherwood number given by

(63)

2 2 N2
gy, 2K |_e2 A
(64)
We use these expressions to determine the effects of various parameters of the
problem on heat and mass transfer.

[T1I. RESULTS AND DISCUSSIONS

In this paper an attempt is made to study the effects of gravity modulation on
double diffusive convection in Oldroyd-B liquids. The following effects on the classical
Rayleigh-Benard problem are considered
i) Stress relaxation parameter.

ii) Strain retardation parameter.
iii) Lewis number.
iv) Frequency of modulation.
These are represented by A;,A, Le and o. The effects of these parameters on

heat and mass transfer are also analyzed. In the case of thermal modulation the
amplitude, €, is small compared with the imposed steady temperature difference. The

validity of the results obtained here depends on the value of modulating frequency, ®.
When ® < 1, the period of modulation is large and hence, the disturbance grows to
such an extent as to make finite amplitude effects important. When ® — o, Ra,,— 0.
Thus, modulation becomes small. Therefore, we choose moderate values of ®

Graphs of Ra,, versus w are plotted for varying values of the parameters which
represent the linear part of the problem (figs (2) — (5)). The effects of gravity
modulation on non-linear stability analysis are also discussed using graphs of Nusselt
number versus time and Sherwood number versus time. The non — autonomous Lorenz
model obtained is solved numerically. The parameters of the system are Lewis number,
Le, Stress relaxation parameter, A,, Strain retardation parameter, A,, Prandtl
number, Pr, Solutal Rayleigh number, Rs and frequency of modulation, @, which
influence the heat and mass transfer.

The linear stability analysis is discussed through graphs of correction Rayleigh
number, Ra,,, as a function of frequency of modulation, . Figures (2) — (6) are the
corresponding graphs.
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A, =0.05,Pr =10, R, =20,R, =1, L =100

A=D1

1000 o e A =05

200 4
S0 -
400 A

200+

Notes

Fig. 2: Graph of Ra,, vs t for different values of A,
Fig (2) is the graphs for different values of the stress relaxation parameter, A,,
for fixed values of other parameters. It is evident from the graph that increase in A,,

causes a decrease in the value of Ra,. This, in turn, causes acceleration in the onset of
convection, thus, destabilizing the system

A=U01 P=10, B =208 =1 L==100 A0.05

1000

&00

&00 4

2

4004

zoo -

Fig. 3: Graph of Ra,, vs t for different values of A,

Fig (3) is the graphs of Ra,, versus w for varying values ofA,. The other
parameters remain fixed. It can be seen that A,causes an effect opposite to that of A;.
With increase in A, , Ra,, also increases, thus delaying the convective process
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Fig. 4. Graph of Ra,, vs t for different values of Le

Fig (4) is a graph of Ra,, versus o for different values of Le. As can be seen from
the graph the increasing values of Le results in the increase in Ra,. This delays the
onset of convection. Le is the ratio of thermal to solutal diffusivities. As Le increases
the Solutal diffusivity decreases and the thermal diffusivity increases. This results in
more heat transfer

@ A,=0LA, =005 R =20.R, =1 Le=100 Pr=1
1000
800 4

600 4

Fig. 5. Graph of Ra, vs t for different values of Pr

Figure (5) is the graph varying the values of Pr. It is appropriate here to note
that Pr does not significantly affect the values of Ra,. The graphs in fig (2)-(5) depict
sub critical motion. There is a steady line as well as a parabolic profile. This parabolic
part is subject to finite amplitude instabilities
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Fig. 6: Graph of Nu vs t for different values of A,

Figures (6) — (15) are the graphs of heat and mass transfer. They represent the
non-linear theory. Nusselt number, Nu, and Sherwood number, Sh, are used to plot

these graphs as functions of time. Figures (6) — (10) show the effects of the different

parameters on the Nusselt number. Fig (6) shows that A, causes an increase in the

Nusselt number and in turn, the heat transport. This is obvious as A; causes a decrease

in Ra,,

b Pr=10,A, =01 Le =100, R: =20,02=10

Fig. 7. Graph of Nu vs t for different values of A,

The opposite result is seen for A, (Fig (7)). That is, as A,increases Nusselt

number decreases, thus reducing the heat transfer. This is again an expected result as

A, was found to cause an increase in the value of Ra,. Therefore, its stabilizing effects

are affirmed here
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Fig. 8: Graph of Nu vs t for different values of Le

Fig (8) Shows the graphs of Nusselt number versus time for varying values of Le.
It can be seen that the increasing values of Le decreases Nu, thus reducing heat

transfer.

a7
Q2

a4 o

Ie =100, = 01, A, = 0.05 R==20,0=10

Fig. 9: Graph of Nu vs t for different values of Pr

Fig (9) Shows the pattern in Nu when Prandtl number is varied. The variation
in the values of Nu can be observed for smaller values of Pr. As the value of Pr
increases largely the values of Nu becomes more or less similar. Pr is the property of the
type of fluid and hence smaller values of it differentiates the fluids

u
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Fig. 10: Graph of Nu vs t for different values of Q

t
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Fig (10) is the graphs of Nusselt number versus time for varying values of the |

frequency of modulation, @. It is evident that the increase in @ results in the decrease
of Nu, Therefore, higher the frequency of modulation, lesser is the transport of heat.
Thus, the frequency can be controlled to get desirable results in the system
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Fig. 13: Graph of Sh vs t for different values of Le
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Figures (11) — (15) are graphs of Sherwood number versus time for the same
parameters mentioned above. These graphs show a pattern similar to that of Nusselt
number. Therefore, heat and mass transfer show same type of variations for all the
parameters.

IV. CONCLUSIONS

The stress relaxation parameter, A,, and strain retardation parameter, A,, have
opposing effects on the stability with A, destabilizing the system and thereby

increasing the heat transfer.
Lewis number, Le, stabilizes the system thereby decreasing the heat transfer.

Effect of the frequency of modulation, o, is to decrease the heat transfer.

Sherwood number behaves in a way similar to Nusselt number.
Modulation can be used as effective means of controlling convection.

Charles M. Vest, Vedat S. Arpaci, 1969, “Stability of natural convection in a

REFERENCES REFERENCES REFERENCIAS

vertical slot”, J. Fluid Mech., 36, pp. 1-15.

M. Sokolov, R.I. Tanner, 1972, “ Convective Stability of a General Viscoelastic Fluid
Heated from Below”,

Phys. Fluids, 15, pp. 534.

T Green III, 1968, “Oscillating Convection in an FElasticoviscous Liquid’, Phys.

Fluids, 11, pp. 1410.

© 2017 Global Journals Inc. (US)

Global ]()urnal of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017



Global Journal of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

P. G. Siddeshwar, G.N. Sekhar, and G. Jayalatha, 2010, “ Effect of time-periodic
vertical oscillations of the Rayleigh—-Bénard system on nonlinear convection in
viscoelastic liquids’ Non-Newtonian Fluid Mech., 165, pp. 1412—-1418.

Zhenyu Li and Roger E. Khayat, 2005, “ Three-dimensional thermal convection of
viscoelastic fluids” Phys. Rev. E, 71,pp. 221-251.

Z. Li, R.E. Khayat, 2005, “Finite-amplitude Rayleigh—Benard convection and
pattern selection for viscoelastic fluids’, J. Fluid Mech. 529. 2217

Pradeep G. Siddheshwar and C. V. Sri Krishna, 2001, “ Rayleigh-Benard Convection
in a viscoelastic fluid-filled high-porosity medium with non-uniform basic

temperature gradient” Int. J. Math. Math. Sci., 25, pp. 609-619.

M. S. Malashetty, P. G. Siddheshwar, and Mahantesh Swamy, 2006, “FEffect of
Thermal Modulation on the Onset of Convection in a Viscoelastic Fluid

Saturated Porous Layer’ Transport Porous Med., 62, pp 55-79.

R.C. Sharma, 2006, “ Effect of rotation on thermal instability of a viscoelastic fluid.”
Acta Physiol. Hung., 40, pp. 11-17.

Mojtabi A., Charrier—Mojtabi M.C., 2000, Hand Book of Porous Media, Marcel
Dekkes, New York, pp. 559—603.

M.S. Malashetty, M.Swamy, 2010, “Onset of double diffusive convection in a
viscoelastic fluid layer’, J. Non-Newtonian Fluid Mech., 165, pp. 1129 — 1138.

H. M. Stommel, A. B. Arons, Blanchard, 1956, “An oceanography curiosity: the
perpetual salt fountain” Deep-Sea Res, 3. pp. 152-153.

M. Stern, 1960, “The Salt Fountain and Thermohaline Convection” Tellus, 12,
pp.172-175.

M. Stern, 1969, “ Convective instability of salt fingers’, J. Fluid Mech., 35, pp. 209-
218.

P. G. Siddheshwar and S. Pranesh, 1999, “ Effect of temperature/gravity modulation
on the onset of magneto-convection in weak electrically conducting fluids with

internal angular momentum.” Int. J. Magn. Magn. Mater., 192, pp. 159-176.

B. S. Bhadauria, 2006, “ Temperature Modulation of Double Diffusive Convection in
a Horizontal Fluid Layer,” 7. Naturforsch, 61a, pp. 335 — 344.

M. Narayana, S.N. Gaikwad, P. Sibanda, R.B. Malge, 2013, “Double Diffusive
Magneto Convection in Viscoelastic fluids,” Int. J. of Heat and Mass Transfer, 6, pp.
194-20.

B.S. Bhadauria and Palle Kiran, 2015, “ Chaotic and oscillatory magneto-convection

in a binary viscoelastic fluid under g-jitter’, Int .J. Heat Mass Tran., 84, pp. 610-
624.

P.G. Siddheshwar, B.S. Bhadauria, Pankaj Mishra, Atul K. Srivastava, 2012, “Study
of heat transport by stationary magneto-convection in a Newtonian liquid under

temperature or gravity modulation using Ginzburg—Landau model’, Int. IJ.
Nonlinear Mech., 47, pp. 418-425.
Palle Kiran, 2016, “Nonlinear thermal convection in a viscoelastic nanofluid

saturated porous medium under gravity modulation’, Ain Shams Engineering
Journal, 7, pp. 639-651.

© 2017 Global Journals Inc. (US)

Notes


http://link.springer.com/search?facet-author=%22M.+S.+Malashetty%22�
http://link.springer.com/search?facet-author=%22P.+G.+Siddheshwar%22�
http://link.springer.com/search?facet-author=%22Mahantesh+Swamy%22�
http://link.springer.com/journal/11242�
http://www.sciencedirect.com/science/article/pii/S0020746211001545�
http://www.sciencedirect.com/science/article/pii/S0020746211001545�
http://www.sciencedirect.com/science/article/pii/S0020746211001545�
http://www.sciencedirect.com/science/article/pii/S0020746211001545�

21. W.V.R. Malkus, G. Veronis, 1958, “ Finite amplitude cellular convection”, J. Fluid
Mech., 4, pp. 225-260.

22. E. N. Lorenz, 1963, “ Deterministic non-periodic flow”, J. Atoms Sci., 20, pp. 130-
141.

23. P.G. Siddheshwar, P.S. Titus, 2013, “ Nonlinear Rayleigh-Bénard convection with
variable heat source’, J. Heat transfer, 135, pp. 122502.

Notes

Global Journal of Science Frontier Research (F) Volume XVII Issue V Version I E Year 2017

© 2017 Global Journals Inc. (US)



I B || Global Journal of Science Frontier Research (F) Volume XVII Issie V Version I E Year 2017

THE STUDY OF EFFECTS OF GRAVITY MODULATION ON DOUBLE DIFFUSIVE CONVECTION IN OLDROYD-B LIQUIDS

This page is intentionally left blank

© 2017 Global Journals Inc. (US)



GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
g3 MATHEMATICS AND DECISION SCIENCES
SCLCNELERRRE  \/olume 17 Issue 5 Version 1.0 Year 2017
Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Ricci Solitons on CA-Submanifolds of Maximal C/F Dimension
of a Complex Space Form

By Z. Nazari & E. Abedi

Abstract- We study Ricci solitons on CR-submanifolds of maximal CR di-mension Mn of a

n+
complex space form (CTp such that the shape operator A has only one eigenvalue. We prove that
Ricci soliton on CR-submanifolds of maximal CR dimension M" with eigenvalue zero is expanding

and with eigen-value nonzero is expanding and shrinking.
n+1

Finally, we study Ricci soliton on CR-hypersurfaces M" of a complex space form M 2~ (4K)
such that the shape operator A has exactly two distinct eigen-values and show that a Ricci
soliton (M, g,V,X) for k < 0 is shrinking and expanding and for £ > 0 is shrinking.

Keywords: Ricci soliton, complex space form, CR-submanifolds of maximal CR dimension.
GJSFR-F Classification: MSC 2010: 53C25, 53C15, 53c40.

RICCISOLITONSONCRSUBMANIFOLDSOFMAX IMALCRDIMENS I ONDFACOMPLEXSPACEFORM

Strictly as per the compliance and regulations of:

© 2017. Z. Nazari & E. Abedi. This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction in any medium, provided the original work is properly cited.



0

13. G. Perelman, The entropy formula for the Ricci flow and its geometric applications,

http: //arXiv.org/ abs/math.DG /02111159, preprint.

"

Print Journal

Ricci Solitons on CR-Submanifolds of

o !epaoer aalen t

Maximal CR Dimension of a Complex Space

Form

Z. Nazari * & E. Abedi °

Abstract- We study Ricci solitons on CR-submanifolds of maximal CR di-mension Mn of a complex space form (C%
such that the shape operator A has only one eigenvalue. We prove that Ricci soliton on CA-submanifolds of maximal CR
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[.  INTRODUCTION

A Ricci soliton is defined on a Riemannian manifold (M, g) by
1 .
iﬁvg + Ric—Ag=0

where Ly g is the Lie-derivative of the metric tensor g with respect to V and A is a
constant on M. The Ricci soliton is a natural generalization of an Einstein metric.
The Ricci soliton is said to be shrinking, steady and expanding according as A > 0,
A =0 and A < 0, respectively. Compact Ricci solitons are the fixed points of the
Ricci flow:

£9(t) = ~2Ric(g(1)

projected from the space of metrics onto its quotient modulo diffeomorphisms and
scalings and often arise as blow-up limits for the Ricci flow on compact manifolds.
We denote a Ricci soliton by (M, g,V;A) and call the vector field V' the potential
vector field of the Ricci soliton. A trivial Ricci soliton is one for which V is Killing
or zero. If its potential field V = V f such that f is some smooth function on M
then a Ricci soliton (M, g,V; ) is called a gradient Ricci soliton and the smooth
function f is called the potential function. It was proved by Grigory Perelman
in [13] that any compact Ricci soliton is the sum of a gradient of some smooth
function f up to the addition of a Killing field. Thus compact Ricci solitons are
gradient Ricci solitons. In particular, Perelman applied Ricci solitons to solve the
long standing Poincare conjecture posed in 1904.

(1.1)

(1.2)
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Hamilton[7] and Ivey [9] proved that a Ricci soliton on a compact manifold has
constant curvature in dimension 2 and 3, respectively. In [10], Ki proved that there
are no real hypersurfaces with parallel Ricci tensor in a complex space form Mn(c)
with ¢ # 0 when n > 3. Kim [11] proved that when n = 2, this is also true. In
particular, these results give that there is not any Einstein real hypersurfaces in a
non-flat complex space form.

In [2], Chen studied important results on Ricei solitons which occur obviously
on some Riemannian submanifolds. He presented several recent new criterions of
trivial compact shrinking Ricci solitons.

Cho and Kimura [3] studied on Ricci solitons of real hypersurfaces in a non-flat
complex space form and showed that a real hypersurface M in a non-flat complex
space form Mn(c # 0) does not admit a Ricci soliton such that the Reeb vector
field £ is potential vector field. They defined so called n-Ricci soliton, such that
satisfies

1
§£Vg+Ric—)\g—u77®77=0 (1.3)

where A, i are constants. They first proved that a real hypersurface M of a non-flat
complex space form M n(c) which accepts an 7-Ricci soliton is a Hopf-hypersurface
and classified that n-Ricci soliton real hypersurfaces in a non-flat complex space
form.

We study Ricci solitons on C'R-submanifolds of maximal C'R dimension M™ of a
complex space form C"3* such that the shape operator A has only one eigenvalue.
We prove that Ricci soliton on C'R-submanifolds of maximal C'R dimension M™
with eigenvalue zero is expanding and with eigenvalue nonzero is expanding and
shrinking.

Finally, we study Ricci solitons on CR-hypersurfaces M™ with exactly two dis-

Zng1
tinct eigenvalues of a complex space form M * (4k) and show that a Ricci soliton
(M,g,V,\) for k < 0 is shrinking and expanding and for k£ > 0 is shrinking.

[I. PRELIMINARIES

__nip
Let M * be a complex Kéhler manifold with the natural almost complex struc-
ntp

ture J. A Kihler manifold M ? is called a complex space form if it has constant
holomorphic sectional curvature. The Riemannian curvature tensor R of a complex
space form is given by

RIX,Y)Z = k{GY,2)X —3(X,2)Y
+ gV, 2)JX —g(JX,2)JY —29(JX,Y)JZ}.  (2.1)

A CR-submanifold is a submanifold M" tangent to £ that admits an invariant distri-
bution D whose orthogonal complementary distribution D is anti-invariant, that
is, TM = D ® D+ with condition ¢(D,) C D, for all p € M and ¢(Dy) C T;-M
for all p € M, where D = span{ Xy, ..., X;, X1, ..., 0 X} and D+ = span{¢} such

that m = ”51.

Therefore, there exists a vector subbundles anti-invariant v and J-invariant v+ of
the normal bundle such that

Jv, C T, M,
Jvy Cuy, (2.2)

for p € M, where v+ = span{Ny, ..., Ny, N1= = JN1, ... Ny» = JN,},q = ”2;1 and
v=span{N} and T*M =v o vt.
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__nip
If M™ is an C R-submanifolds of maximal C'R dimension of M * , then at each

point p € M, the real dimension of JT,,(M)NT,(M)=n—1.

Let V and V are the Riemannian connections of M and M, respectively and V+
is the normal connection induced from V in the normal bundle 7+ (M).
Let M™ be a C' R-submanifolds of maximal C'R dimension of a complex space form

___ntp
M * with constant holomorphic sectional curvature 4k and the normal vector

field N be parallel with respect to normal connction V. We can write

V_%(N = Z{Sa(X)Na + Sa= (X)No~} (23)

by the relation 2.3, we have the following lemma

Lemma 2.1. [6] for a CR- submanifold of mazimal CR dimension, the vector field
N is parallel with respect to the normal connection V*, if and only if s = 54+ = 0
fora=1,..,q.

We define a metric g on C'R-submanifolds M"™ of maximal C'R dimension by

g(Xv Y) = g(LXv LY)a

for any X,Y € TM. The Riemannian metric g is said the induced metric from g
n Hn+1(4k) and the ¢ is called an isometric immersion.

For any vector field X € x(M) the decomposition holds:
JX = pX +n(X)N (2.4)

where, ¢ is an endomorphism acting on T (M) and 7 is one-form on M and N is a
unit normal vector field on M™ such that JN = —¢£. The structure (¢,7,£,¢) is an
almost contact metric structure on M™ such that

P=—ldrné  n@=1 ¢=0,  pop=0.  (2.5)
and
9(pX, pX) = g(X,Y) = n(X)n(Y), n(X) = g(X,¢). (2.6)
Now, the Gauss formula are given by
VxY =VxY +h(X,Y), (2.1)
for any X,Y € x(M). Where, the h is the second fundamental form such that

h(X,Y) = g(AX,Y)N
+ > {9(AaX,Y)Ny + g(Aa X, Y)Ny- }. (2.8)

a=1

Moreover, the Weingarten formulae can be written as follows

VxN = —AX+VxN
q
= —AX Y {5a(X)Na + 50 (X)Na }, (2.9)
a=1
VxN, = —AX+V%N,

—AaX = $a(X)N + > {sab(X)Ny + sap- (X)Ny-}, (2.10)
b=1
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VxNow = —ApX +VyNge

q

(2.11) —Ag X = 50 (X)N + > {5a-4(X)Np + savpr (X)Nye 1, (2.11)
b=1

where A, A,, Ay~ are the shape operators for the normals NV, Ny, Ny«, respectively,

and s’s are called the coefficients of the third fundamental form of M in M.

Therefore, taking the covariant derivative of Ny« = JN, and using (2.4), (2.10),
(2.11) and JN = —¢ , we compute

Age X = A X — 54(X)E, (2.12)
AgX = —pAg- X + 54+ (X)E, (2.13)
sa-(X) = n(A.X) = g(Aué, X), (2.14)
sa(X) = —n(Aae- X) = —g(Aa-§, X), (2.15)
Sa*b* = Saby  Sa*b = —Sab- (2.16)

for all XY € TM and a,b = 1,...,q. Further, since ¢ is skew-symmetric and
Ag, Agr,a =1,...,q are symmetric, using relations (2.12) and (2.13), we compute

traceAg g~ = Zg(Aa*ei, ei) = 8a(§),
i=1

traceA, = sq+(£). (2.17)

By the note the vector field N is parallel with respect to the normal connection
V4, using Lemma 2.1 and relations (2.12)- (2.15), we conclude

Aa£ = 07 Aa*é- = 07

AX = —pAg- X, ApX = A X, (2.18)

for all X € TM and all a = 1, ...,q. Further, we differentiate (2.4) and JN = —¢
covariantly and compare the tangential part and the normal part. Then we obtain

(Vxp)Y =n(Y)AX — g(AY, X)¢,
V¢ = pAX. (2.19)

Then from (2.4), The Gauss equation are written as follow:

+ 9(@Y, Z)pX — g(¢X, Z)pY —29(pX,Y)pZ}
+ g(AY, 2)AX — g(AX, Z)AY

q
+ Y oA, 2)AuX — g(AuX, Z)AY

a=1
+ g(AgY, 2)Ag- X — g(Aue X, Z) A=Y}, (2.20)

by Lemma 2.1, the Codazzi equation become

(VxA)Y — (Vy A)X = k{n(X)pY —n(Y)pX —29(pX,Y)E}, (2.21)
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hence, by the relations (2.17), (2.18), Ricci tensor is obtained as
Ric(X,Y) = k{(n+2)g(X,Y) = 3n(X)n(Y)}

+ (traceA)g(AX,Y) —g(AX, AY)

q

- 2 Z g(A. X, AY). (2.22)

a=1

for any tangent vector fields X,Y, Z on M, where R and Ric are the curvature and
Ricci tensors of M, respectively.

I11. Riccr SoritoN oN CR HYPERSURFACES

Let M™ be a C R-submanifolds of maximal C'R dimension of a complex space
__nip
form M * with the vector field N be parallel with respect to normal connction
V+ such that the shape operator A for unit normal vector field N has only one
eigenvalue. Let {e1,...,e,_1,£} be a local orthonormal fram field such that D+ =
spcm{f}1 and D = span{ei,...,m,€mt1 = QE1,...,Come=n—1 = e} such that
P

m:T.

In [6], proved that

Theorem 3.1. If the shape operator A with respect to unit normal vector field N
—__ntp
of M™ has only one eigenvalue, then M * is a complex Euclidean space.

According to the assumption, it follows that A = 0 or AX = aX for all X €
T (M) such that « # 0.
Let AX = aX, therefore by the relation (2.22), we obtain

a
Ric(e;,e;) = {(n — 1)a?}d;; — ZZg(Aaei,Aaej), ,j=1,..,n—1, (3.1)

a=1
Ric(&,€) = (n —1)a?, (3.2)
Ric(e;, &) =0, i=1,...,n—1 (3,3)

We consider C'R-submanifolds of maximal C'R dimension of a complex space form
c** satisfying Ricci soliton equation

%Evg—i-Ric— Ag =0 (3'4)
with respect to potential vector field V on M for constant A.
Putting
V= f€, (f: M =R, f+#0) (3.5)
Then definition of Lie derivative and second relation (2.19) imply
(L1eg)(X,Y) = df(X)n(Y) + df (Y )n(X). (3.6)
We compute
(L1eg)(€.€) = 2df(€), (3.7)
(Lreg)(&sei) = df (es), (i=1,..,n-1), (3.8)
(Lseg)(eise;) =0 (i,j=1,..,n—1). (3.9)
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Using relations (3.1)-(3.3) and (3.7)-(3.9), Ricci soliton equation (3.4) is equivalent
to

df(€) =X — (n—1)a?, (3.10)

df (e;) =0, (i=1,..n—1), (3.11)

q
{(n—1)a® = \}6;; =2 g(Aaei, Auej) =0, (,j=1,..,n—1). (3.12)

a=1

By the relation (3.12), for i = j we have A = (n—1)a? =23 _, g(Aqe;, Aqe;) and
thus the following theorem holds:

Theorem 3.2. Let M™ be a CR-submanifolds of mazimal CR dimension of a
complex space form C"3* with AX = aX. Then a Ricci soliton (M, g,V,\) with
potential field V := f€ is

(a) shrinking Ricci soliton if (n — 1)a? >23"9_ g(Ae;, Ages).
(b) expanding Ricci soliton if (n — 1)a? <237 _, g(Aqeq, Ages).
Now, let A = 0, using relation (2.22), it follows that
q
Ric(ei,e;) = =2 g(Aaei, Aaej), i,j=1,..,n—1,  (3.13)
a=1

Ric(€,6) =0, (3.14)

Ric(e;, &) =0, i=1,..,n—1. (3.15)

CR-submanifolds of maximal CR dimension M™ (n > 3) is considered in a com-

plex space form c " satisfying Ricci soliton equation with potential vector field
f€. From relations (3.13)-(3.15) and (3.7)-(3.9), Ricci soliton equation (3.4) is
equivalent to

df (§) = A, (3.16)
df (e;) =0, (i=1,...,n-1), (3.17)
(=\)dij — 2§q:g(Aan-, Auej) =0,(i,5=1,...,n—1). (3.18)

a=1
Using the relation (3.18), it follows A = —23>"?_ g(A,e;, Aqe;) and hence

Theorem 3.3. Let M™ be a CR-submanifolds of mazimal CR dimension of com-
plex space form C™#* with A = 0. Then a Ricci soliton (M, g,V,\) with potential
field V := f€ is expanding Ricci soliton.

n+1

Let M™ (n > 3) is a C R-hypersurface in a complex space form M ? . We assume

that the shape operator A with respect to N has exactly two distinct eigenvalues
a and . The following lemma holds|6]

___ntl
Lemma 3.4. Let M > be a Kdhler manifold of constant holomorphic sectional
curvature 4k, with k # 0. If the shape operator A has exactly two distinct eigenval-
ues, then & ia an eigenvector of A.
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By the lemma above, let A( = a. Differentiating A{ = af covariantly and the
second relation (2.19) imply

(VxA) = apAX — ApAX + (Xa)¢
The Codazzi equation is obtained as
(VeAX = kpX +apAX — ApAX + (Xa)
Since V¢A is self-adjoint, we conclude the relation:
0 = —29(ApAX)Y) + 2kg(pX,Y) 4+ ag((Ap + pA)X,Y)
+ (Xa)n(Y) - (Ya)n(X) (3.19)

Substituting Y for £ in (3.19) and using of the fact that « is an eigenvalue of A,
it follow that (X«a) = n(X)&a. Similarly by substituting X for £ in (3.19), we get
(Ya) =n(Y)Ea. It follows

24pAX — 2koX = a(Ap + pA)X (3.20)
We assume that AX = X for any vector field X € D, || X|| = 1. Then

_ (af +2k)
ApX = mg@X. (3.21)

Therefore, ¢ X is an eigenvector corresponding to the eigenvalue

_ M (3.22)

As A has exactly two distinct eigenvalues, we have the following three cases:

If @ = B, we conclude that v = (O‘Q(QL)%) and traceA = W

Since the shape operator A is self-adjoint, for any XY € D

ag(pX,Y) = g(AX,¢Y) = g(X, ApY) = v9(X,¢Y) (3.23)

therefore, « = = +, which is a contradiction since the shape operator A with
respect to N has exactly two distinct eigenvalues.

Now, if ¥ = a, we conclude that aff — a? = 2k and traceA = ”Tflﬂ + ”%rloz.

By the note the shape operator A is self-adjoint, we have
ag(X,¢Y) = g(X, ApY) = g(AX,9Y) = Bg(X,¢Y) (3.24)

therefore, v = a = [, which is a contradiction since the shape operator A with
respect to N has exactly two distinct eigenvalues. Thus the multiplicity of the
eigenvalue a corresponding to the eigenvector ¢ is one.

Therefore, we suppose that the shape operator A has exactly two distinct eigen-
values, o, 8 = . Then it follows that 32 — af = k and Ap = @A and traceA =
a+(n—1)p.

Hence, by the relation (2.22), Ricci tensor related to a C R-hypersurface (M", g) is
written as

Ric(ei,e;) = {2kn + (n — 1)3*}6;5,  (i,j=1,...,n— 1), (3.25)
Ric(fv g) = (n - 1)(k + 62>7 (326)
Ric(e;, &) =0, (i=1,..,n—1), (3.27)
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n+1

We consider a C'R-hypersurface M™ (n > 3) in complex space form M ? (4k) that
satisfying Ricci soliton

%Cvg—i—Ric— Ag=0 (3.28)
with respect to potential vector field V' on M for constant .
We put
V= £, (f: M =R, f+#£0) (3.29)
Definition of Lie derivative and the second relation (2.19) imply
(Lseg)(X,Y) =df (X)n(Y) + df (Y)n(X). (3.30)
We obtain
(L1eg)(€,€) = 2df(©), (3.31)
(Lreg)(§,€i) = df (e:), (i=1,.,n-1), (3.32)
(Lrug)(ei e;) =0, (G,j=1,..,n—1). (3.33)
Using relations (3.25)-(3.27) and (3.31)-(3.33), Ricci soliton equation (3.28) follows
A=2kn+ (n—1)8% (3.34)
df (&) = k(n + 1), (3.35)
df (e;) =0, (i=1,..,n—1), (3.36)

Theorem 3.5. Let M be a CR-hypersurface of complex space form M * (4k) .
If k > 0, then a Ricci soliton (M, g, V, X) with potential field V := f& is shrinking
Ricci soliton.

___ntl
Theorem 3.6. Let M be a CR-hypersurface of complex space form M 2 (4k) with
k <0.

a) If |k| > (DB Then g Ricei soliton (M, g,V, \) with potential field V := f€ is

2n
expanding Ricci soliton.

b)If |k| < % Then a Ricci soliton (M, g, V,\) with potential field V := f€ is
shrinking Ricci soliton.
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bound to improve with experience and time.

Numerical Methods: Numerical methods used should be clear and, where appropriate, supported by references.
Acknowledgements: Please make these as concise as possible.

References

References follow the Harvard scheme of referencing. References in the text should cite the authors' names followed by the time of their
publication, unless there are three or more authors when simply the first author's name is quoted followed by et al. unpublished work
has to only be cited where necessary, and only in the text. Copies of references in press in other journals have to be supplied with
submitted typescripts. It is necessary that all citations and references be carefully checked before submission, as mistakes or omissions
will cause delays.

References to information on the World Wide Web can be given, but only if the information is available without charge to readers on an
official site. Wikipedia and Similar websites are not allowed where anyone can change the information. Authors will be asked to make
available electronic copies of the cited information for inclusion on the Global Journals Inc. (US) homepage at the judgment of the
Editorial Board.

The Editorial Board and Global Journals Inc. (US) recommend that, citation of online-published papers and other material should be done
via a DOI (digital object identifier). If an author cites anything, which does not have a DOI, they run the risk of the cited material not
being noticeable.

The Editorial Board and Global Journals Inc. (US) recommend the use of a tool such as Reference Manager for reference management
and formatting.

Tables, Figures and Figure Legends

Tables: Tables should be few in number, cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used.

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers,
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them.

Preparation of Electronic Figures for Publication

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible).

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi;
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi.
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork.
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to
complete and return a color work agreement form before your paper can be published.

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore,
the first 100 characters of any legend should notify the reader, about the key aspects of the figure.

6. AFTER ACCEPTANCE

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the
Global Journals Inc. (US).

6.1 Proof Corrections

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must
therefore be provided for the related author.

Acrobat Reader will be required in order to read this file. This software can be downloaded
(Free of charge) from the following website:

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for
any corrections to be added. Further instructions will be sent with the proof.

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt.

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please
note that the authors are responsible for all statements made in their work, including changes made by the copy editor.

6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print)

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles
cannot be cited in the conventional way.

6.3 Author Services

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article -
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is
provided when submitting the manuscript.

6.4 Author Material Archive Policy

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as
possible.

6.5 Offprint and Extra Copies

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org .
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Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper?
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about this field
from your supervisor or guide.

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:

1. Choosing the topic: In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can
have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can be done by
asking several questions to yourself, like Will | be able to carry our search in this area? Will | find all necessary recourses to accomplish
the search? Will | be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper.
They are here to evaluate your paper. So, present your Best.

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and
automatically you will have your answer.

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper
logical. But remember that all points of your outline must be related to the topic you have chosen.

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the
supervisor to help you with the alternative. He might also provide you the list of essential readings.

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious.
7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose

quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet.

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model
research paper. From the internet library you can download books. If you have all required books make important reading selecting and
analyzing the specified information. Then put together research paper sketch out.

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth.

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier.

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it.
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and
always give an evaluator, what he wants.

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it
either in your computer or in paper. This will help you to not to lose any of your important.

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those
diagrams, which are made by your own to improve readability and understandability of your paper.

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but
if study is relevant to science then use of quotes is not preferable.

16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will
confuse the evaluator. Avoid the sentences that are incomplete.

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be
possible that evaluator has already seen it or maybe it is outdated version.

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that
suits you choose it and proceed further.

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your
target.

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use
language that is simple and straight forward. put together a neat summary.

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with

records.

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute
will degrade your paper and spoil your work.

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot.

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in
trouble.

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also
improve your memory.

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have
several ideas, which will be helpful for your research.

29.Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits.

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their
descriptions, and page sequence is maintained.

31. Adding unnecessary information: Do not add unnecessary information, like, | have used MS Excel to draw graph. Do not add
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be
sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers.
Amplification is a billion times of inferior quality than sarcasm.

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way
to put onward earth-shaking thoughts. Give a detailed literary review.

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical
remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples.

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING

Key points to remember:

®  Submit all work in its final form.
®  Write your paper in the form, which is presented in the guidelines using the template.
®  Please note the criterion for grading the final paper by peer-reviewers.

Final Points:

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections,
submitted in the order listed, each section to start on a new page.

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness
of prior workings.
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Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation,
and controlled record keeping are the only means to make straightforward the progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines.

To make a paper clear

- Adhere to recommended page limits
Mistakes to evade

e |[nsertion a title at the foot of a page with the subsequent text on the next page
e  Separating a table/chart or figure - impound each figure/table to a single page
e  Submitting a manuscript with pages out of sequence

In every sections of your document
- Use standard writing style including articles ("a", "the," etc.)

- Keep on paying attention on the research topic of the paper

- Use paragraphs to split each significant point (excluding for the abstract)

- Align the primary line of each section

- Present your points in sound order

- Use present tense to report well accepted

- Use past tense to describe specific results

- Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives
- Shun use of extra pictures - include only those figures essential to presenting results

Title Page:

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed
lines. It should include the name(s) and address (es) of all authors.
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Abstract:

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references
at this point.

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written?
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to
shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no
more than one ruling each.

®  Reason of the study - theory, overall issue, purpose

®  Fundamental goal

®  To the point depiction of the research

® Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results
of any numerical analysis should be reported

e  Significant conclusions or questions that track from the research(es)

Approach:
®  Single section, and succinct
®  Asaoutline of job done, it is always written in past tense
® A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table
®  Center on shortening results - bound background information to a verdict or two, if completely necessary
¢  What you account in an conceptual must be regular with what you reported in the manuscript

Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics)
are just as significant in an abstract as they are anywhere else

Introduction:

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction,
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the
protocols here. Following approach can create a valuable beginning:

e  Explain the value (significance) of the study

®  Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its
appropriateness from a abstract point of vision as well as point out sensible reasons for using it.

®  Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them.

e Very for a short time explain the tentative propose and how it skilled the declared objectives.

Approach:

e  Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is
done.

®  Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a
least of four paragraphs.
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®  Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the
whole thing you know about a topic.

e  Shape the theory/purpose specifically - do not take a broad view.

®  Asalways, give awareness to spelling, simplicity and correctness of sentences and phrases.

Procedures (Methods and Materials):

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section.
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic
principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the
whole thing you did, nor is a methods section a set of orders.

Materials:

®  Explain materials individually only if the study is so complex that it saves liberty this way.
®  Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.
® Do not take in frequently found.

e |[f use of a definite type of tools.
®  Materials may be reported in a part section or else they may be recognized along with your measures.
Methods:

®  Report the method (not particulars of each process that engaged the same methodology)

®  Describe the method entirely

®  To be succinct, present methods under headings dedicated to specific dealings or groups of measures

¢ Simplify - details how procedures were completed not how they were exclusively performed on a particular day.

e If well known procedures were used, account the procedure by name, possibly with reference, and that's all.
Approach:

e |t is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use
third person passive voice.

e  Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences.

What to keep away from

®  Resources and methods are not a set of information.
®  Skip all descriptive information and surroundings - save it for the argument.
®  leave out information that is immaterial to a third party.

Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the
outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated

in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not
be submitted at all except requested by the instructor.
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Content

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate.
Present a background, such as by describing the question that was addressed by creation an exacting study.
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if
appropriate.

e  Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form.
What to stay away from

® Do not discuss or infer your outcome, report surroundings information, or try to explain anything.
L] Not at all, take in raw data or intermediate calculations in a research manuscript.

® Do not present the similar data more than once.
®  Manuscript should complement any figures or tables, not duplicate the identical information.

®  Never confuse figures with tables - there is a difference.
Approach

e Asforever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
e Put figures and tables, appropriately numbered, in order at the end of the report

¢ |f you desire, you may place your figures and tables properly within the text of your results part.
Figures and tables

e |f you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix
materials, such as raw facts

®  Despite of position, each figure must be numbered one after the other and complete with subtitle
®  |n spite of position, each table must be titled, numbered one after the other and complete with heading

e  Allfigure and table must be adequately complete that it could situate on its own, divide from text
Discussion:

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally  accepted information, if  suitable.  The implication of  result  should be  visibly  described.
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that.

®  Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain."

®  Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work

®  You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea.

®  Give details all of your remarks as much as possible, focus on mechanisms.

®  Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted.
®  Tryto present substitute explanations if sensible alternatives be present.

®  One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain?

e  Recommendations for detailed papers will offer supplementary suggestions.
Approach:

®  When you refer to information, differentiate data generated by your own studies from available information
®  Submit to work done by specific persons (including you) in past tense.
= Submit to generally acknowledged facts and main beliefs in present tense.
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THE ADMINISTRATION RULES

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get

rejected.

. The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis.

e Do not give permission to anyone else to "PROOFREAD" your manuscript.

®  Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.)
®  To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XXIII

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

E-F

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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