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Certain Fractional Derivative Formulae Involving
the Product of a General Class of Polynomials
and the Multivariable Gimel-Function

Frédéric Ayant

Absiract- In the present paper, we obtain three unified fractional derivative formulae. The first involves the product of a
general class of polynomials and the multivariable Gimel-function. The second involves the product of a general class of
polynomials and two multivariable Gimel-functions and has been obtained with the help of the generalized Leibniz rule
for fractional derivatives. The last fractional derivative formulae also involves the product of a general class of
polynomials and the multivariable Gimel-function but it is obtained by the application of the first fractional derivative
formulae twice and, it involve two independents variables instead of one. The polynomials and the functions involved in

all our fractional derivative formulae as well as their arguments which are of the type z” H(It] +a;)” . The formulae
i=1

are the very general character and thus making them useful in applications. In the end, we shall give a particular case.

Keywords: multivariable gimel-function, riemann-liouville and erdélyi-kober fractional operators, general class

of polynomials, fractional derivative formulae, generalized leibnitz rule.

. INTRODUCTION AND PRELIMINARIES

Throughout this paper, let C, R and N be set of complex numbers, real numbers and positive integers respectively.

AlsoNg =NU {0} We define a generalized transcendental function of several complex variables.

z1
oy, oo 2y) = Joma0mssm O, m<1>,n<1>;m(2),n<2>;~-;m“"),n(r)
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[7—12 (b2]221 ﬂzﬂf‘,a 623127 32312)]1 Qin>
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[Tls( 3jiss /83j13’ /83]13’ﬁ3_7137 3J13)] Lgizi """
1 (1) (1), ~(1) (1) (1) (1)
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1 T 1) 1 1) 1
[Tzr( mwﬂﬁjzr, ﬂfnjzr, B'f‘jir)lylh"] : [(d§‘1 )7 6](‘ 7D](‘ ))17m(1)]7 [Ti<1)(d§Z()1)a6§Z(1)7 J(l()l))m(l)+1 q<1>]

PR [( ( a’yJT) C(T))Lm(?‘)]v [Ti(r) (Ci';‘()r) 5 7](‘:()7-) 5 C](»:(),p) )m("“)+1,p5r)]

A [(dﬁ-r), 5j('r)§ DJ(‘T))l,n(T)]v [Ti(T> (d;:()%) ) 5;-;)7» ) Dj(-;-N()r))an,ql(r)]

o yse) [[O0k(se)z" dsa - - ds, (1.1)
k=1

Ly
with w = v—1
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Lyt sor) = R ; - - 2 k
S iy TT5 20,41 D22 (i, — Yy 05, s)TT02) D220z (1 — bajin + gy Biyiasi)]

n ) k
T2, T4 (1 — ag; + 35—, ol sp)
R ;i - 3 k i
i [Tig TTj g1 DA% (a3ji, — 2o,y O‘Z(’)st sg)[ 1522 TBeia (1 — bajis + Y ket /33g13 sk)]

H”T (1 — am + > a(k sk)

R, i - i k (1-2)
Zi?:l[ﬂ% ?:nr+1 DAvir (arji, — 2k a?"jzr 9k)Hq DBriir (1= brjir + 2jy ﬁT('jo‘ k)]
and
*®) _ptk ) oo
bl I, o7 (d - a“)sk) [, 1% (- + w““) k)
ko) = R(F) 9;(k) D(’})m (k) P;(k) % --(k-) (k) (k) (1.3)
2 it =1 [Titm) Hj:m(k)+1r 3™ (1 — <k) +5 HORL )Hj:n(k)HF 7 <Cji(k‘) — 7 (k)Sk)]
For more details, see Ayant [2].
The contour Ly, is in the s (k = 1, - ,7)- plane and run frorn o — 100 to 0 + oo where o if is a real number with

3
loop, if necessary to ensure that the poles of 42/ (1 — a9 + Z a2] sk> (G=1,-- ,ng), T4 (1 —as; + Z aé’j)szc>

~ @)\ ) .
(j=1,-- ,ng),-- ,[4n <1arj+za§j>> G=1,+,n), TG (1 A AW )(]217'“,n(k))(kzl,---m)to
=1

the right of the contour L and the poles of ro;’ (dg.k) - 6§k)sk) G=1,-- ,m"N(k=1,---,r) lie to the left of the

contour L. The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

1
larg(zi)| < §A§k)7r where

m) ()

q;"
k k) ¢(k k k k k) k
A( ) = Z D( )5 ) + Z C( ) ( ) - Ti(k) Z Dj(7<)k)5j(z(k) + Z (k) ( ()k)

j=m ) +1 j=n() 41
Pig Pirp iy
§ : § : (k) § a® § (k)
~Tiy A2j12a2]zg + B2]Z2B2ji2 - T T, ATJZr Ty + BTjirﬁrjiT (1.4)
Jj=no+1 Jj=n,+1 j=
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Following the lines of Braaksma ([3] p. 278), we may establish the asymptotic expansion in the following convenient

form :
N(z1, 5 2r) = 0( [2a]*, -+ 5 |2e|*) ,maz(|21], -+, |20 ) = 0
| N(z1,- - 7zr):O(|zl|ﬁl,--- ,|zr|57’),mz’n(|z1|,--- ,|zr| ) — 0O where i =1,--- |7

a; = min Re
1< <m®

1
(i)
V5

o dW
D§Z) I and 3; = max Re
5\ 1<<n@
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Remark 1.

If ng=--=mn,_1 =Diy =Qiy = =Pip_, =Gir_, = 0 and A2j = A2ji2 = sziz — . :Arj = ATji,- = Brji,- =1
Ayj = Ayji, = Byji, =1, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [1].

Remark 2.

fny==n,=pi, =g ="--=pi, =q;, =0and i, =+ =7, =7y = =Ty =Ry =+ =R, = R =
.- =R" =1, then the multivariable Gimel-function reduces in a multivariable I-function defined by Prathima et al.

[91.

Remark 3.

IfAQj = A2ji2 = BjSg = - :Arj = Arjir = B'r‘jiT = land Tip = =T, = T;1) = " =Ti(r) = Ry=---=R, = R(l)

=...=R" =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [8].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in

the multivariable H-function defined by Srivastava and Panda [15,16].
Srivastava ([14],p. 1, Eq. 1) has defined the general class of polynomials

[N/ M]

SN (@)= > #AN,MK (1.5)
K=0 :

On suitably specializing the coefficients Ay x, S A (z) yields some of known polynomials, these include the Jacobi
polynomials, Laguerre polynomials, and others polynomials ([17],p. 158-161).

We shall define the fractional integrals and derivatives of a function f(x) ([11], p. 528-529), see also [5-7] as follows :
Let o, 8 and y be complex numbers. The fractional integral (Re(«) > 0) and derivative (Re(a)) < 0) of a function
f(z) defined on (0, co) is given by

2 [F @ — )71 (a4 B~y 1 — £) f(B)dE(Re(a) > 0).
1507 f(a) = . (1.6)

LI f (1), (Re(a) < 0,0 < Re(a) + ¢ < 1,(g=1,2,3,-++ ),

where F' is the Gauss hypergeometric serie.

The operator I includes both the Riemann-Liouville and the Erdélyi-Kober fractional operators as follows :
The Riemann-Liouville operator
10 7 (@) = vy Jo (x = )71 f(H)dt(Re(a) > 0).
Oa,:rf(x) = ! (17)
quR‘g f($)7 (Re(a) < 070 < Re(a) + q < ]-u (q = 172u37 e ’)7
The Erdélyi-Kober operators
—o—y x
EG2 1) = 587 f(w) = T [ (o= 0070 ), (Ree) > 0) 1.8
(o) Jo
Main formulae.
Theorem 1.
s t s s s -
5 Caf [J @ + o) [T Sx7 |ese® [[(a" +ai)” 1 1 (zla:“l [I@" +a) ™ e [ + i)™ )
=1 Jj=1 i=1 i=1 i=1
[N1/Mi] Nt/Mt
—Ny) —N,
N N Z Z 1) M1K1 ;{' MK, Anoses - A,
K= ¢
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S 1 2 1 2 2
B A =[(azj; a8, 0875 A1 mas [Ty (a2jins 050, 0505 AgjiyVns 11,90, [(asgi 08y a8 0475 Agj )i,
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Bi=\|B8-p-

1401+

A = [(aiar,

Jj=1

t

t
Lbor+ 3o n Koo ol 1,0, 000 | | T+ nlD K00, 000, 0,00+,0, 131

s—1 j=l1 s—1

) (r) A , LD g 0 A
T, 0y ,0,-44,0; Arj)l,nr]a [Tzr (amzm ST » Qg 0, ,0; Amw)n-‘rl,pir] (24)

1 1 1 1 1 1
A= [(("§ )7’)/](‘ ); Cj( ))l,n(l)]7 [Ti(l) (C§'i()1>”yj('i()1) ; CJ('i()l))n(l)+1,pgl)]; ces

[(c; o 7’VJ C( Nmn ] [rieo (Cﬁf?mVj(-:()mC§f<)r>)m<r>+1,py)] (2.5)

1 2 1 2 3
B = [13, (bjiz; B, B5atys Bajia)nas, o[Tig (B3jias Bty s BSobas Bsorss Bajig a3+

1 r—1
[Ti,«fl(b(rfl)jirfﬁ5((7~)_1)m,17'" ’ﬂ(r 1))ng i Ber-vio_ias, ] (2.6)
1
B= [Tir(brjn;@{ﬁﬂ 5,(52 N O;Brjir)l,qiT] 2.7)
S

t
Z)\jKj;ula"'7ur>t17"'7ts;1 ’ _a_P)/_p_ZAjKj;ulu"'7ur,t17"'at5;1 )

t
Zm”z{],vl,-.- o0, 01| | 1o+ D Kok, 00,0, 01| (2.8)
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Notes

1 1 1 1 1
B = [(d§~ ),@( );D§ P Y ﬂm,5](Z<)1>,D§Z<)1>)m<1>+1 ol

(7,50, D) " 50

1, m(”] [T (r) (dji(r)v ji(r)?D§Z()r))m(r>+17q1§r)] (2.9

U=0,n90,n3; - ;O,nr_1;V:m(l),n(l);m,@),n@);'-- ,m( ™) p(r). :(1,0);--- :(1,0) (2.10)
_/_’ .

X = Diys Qioy Tins Ry 3P40 Qi Tiey - L1
Y = pion, ¢, Tioos RY5 50y g Ties R™5(0,1); -+ 5(0,1)

Provided

Re(a) > Oatia)‘jvnz(j)aukavfgk) > Oa(Z = 17"' 78);(j = la"' 7t);(k = 13"' ,7”)
(%)

P <CL>

J (%)
9

1
< iﬂ-Al(cl)

+1>0

+E u; min
1<J<m<>

arg (zkx“"’ H(mtl + ai)_”;>

i=1

Proof

To prove the fractional derivative formula, we first express the product of a general class of polynomials occurring on.
Its left-hand side in the series form with the help of (1.5), next we express the Gimel-function regarding Mellin-Barnes
multiple integrals contour with the help of (1.1). Interchange the order of summations and (si,--- ,s,)- integrals and
taking the fractional derivative operator inside (which is permissible under the conditions stated above ). And make
simplifications. Next, we express the terms (zf! + )7+ m k=X oisn L (gte g )7t n k=S, o
so obtained in terms of Mellin-Barnes multiple integrals contour, see ([14], p.18, Eq.(2.6.4) and p.10 Eq. (2.1.1)). Now
interchanging the order of (sy41,---,8,4¢) and (s1,--- ,S,)- integrals (which is permissible under the conditions
stated above ). And evaluating the z-integral thus obtained by using the following formula with the help of ([10], p.16,
Lemma 1)

1+ M1 -8+~v+2A) _

[0 I'( e

) = S g T tat 20" (2.12)
provided Re(A) > maz[0, Re(8 — )] — 1

and we interpret the resulting multiple integrals contour with the help of (1.1) in term of the gimel-function of (r + s)-
variables, after algebraic manipulations, we obtain the theorem.

Theorem 2.

s t s ) s s .
Ig”f’“’ xP H(l’t + ;)% H S%_" eja™ H(ztl + ozi)n'gj)]J (zlxul r[(ﬂftz Fag) ezt H(It + ai)7U§ )>
i=1 '

i=1 j=1

s—1 s—1
; _prtD ) )
] <Zr+1l'u”r1 H(xt" +a;)™" J ey Zppr LYTET | I (:L.tL + o) )]

i=1 =1
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1 2 1 2
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(rH1)  (r42) (r+3)
[(a‘(TJF?’)J’ a(r+3)]’ a(r+3)]’ a(r+3)]’ A<7’+3)])]1 Nr+39
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y . (1) (r+7) .
B = [Ti7‘+r (b(T+T)jir+r7 0,---, O,’ 5(7’+T)jir+r’ o /B(T’+T)jir+r ’\0’ o 0,’ B(T+T)jir+f)“+17(“r+r]

(2.24)
r+s s—1
BQZ _1)507"',07'“7"—&-17"'aur+7—7t17"',ts—131 ) B_l_p;[))"'a07u7'+1a"'7u'f+7'7t17"'7ts—1;1 )
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in the left-hand side of (2.13) and apply the following Leibniz rule for the fractional integrals

8| Zzo ool @) g ()] (2.33)

we obtain the fractional derivative formula (2) after simplification, using the theorem 1 and the result ({4], p. Eq. (6))
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Proof
To prove the theorem 3, we use the theorem 1 twice, first with respect to the variable ¥ and then with respect to the
variable z, in this situation,the variables x and y are independent variables. [ ]

[I.  SpeciAL CASE
In this section, we shall see the particular case studied by Soni and Singh ([12],p. 561, Eq. (14))

Consider the theorem 1, if we take ¢ = 2 and reduce the polynomial SJ]\\;[; to the Hermite polynomial ([17], p. 158. Eq.

© 20 8 Global Journals



Global Journal of Science Frontier Research (F) Volume XVIII Issue VI Version I E Year

(1.4)), the polynomial S%j to the Laguerre polynomial ([17], p. 159. Eq.(1.8)), the multivariable Gimel-function to the
product of r different Whittaker functions ([14], p. 18, Eq. (2.6.7)), we obtain the following result

Corollary.

a,B,x T i ° . o 1 r oz
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2,2:1,2,---,1,1;1,2,--- 1,1 (Xl_lwtl

—l. ts (5_p_K1_K2a1 717tl7"' 7t5)?(_a_/7_p_Kl_K2;17'“ 717t17'“7t8):

(bl_u1+171)7 7(bl_ur+171)7(1+01>1)7 7(1+Usvl)

(3.1)

(blivl'i'%vl);"' ;(brivr+%al)§(071)v"' 7(071)
—_————

The validity conditions mentioned above are verified.

Remarks :

We obtain easily the same relations with the functions defined in section 1.
Soni and Singh [12] have obtained the same relations with the multivariable H-function.

[1I. CONCLUSION

The fractional derivative formulae evaluated in this study are unified in nature and act as key formulae. Thus the general
class of polynomials involved here reduce to a large variety of polynomials and so from theorems 1, 2 and 3; we can
further obtain various fractional derivatives formulae involving a number of simpler polynomials. Secondly by
specializing the various parameters as well as variables in the generalized multivariable Gimel-function, we get several
formulae involving a remarkably wide variety of useful functions ( or product of such functions) which are expressible
in terms of E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several
variables. Hence the formulae derived in this paper are most general forms and may prove to be useful in several
interesting cases appearing in the literature of Pure and Applied Mathematics and Mathematical Physics.
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