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Absiract- Theory has been developed in order to classify distributions ac-cording to monotonic behaviour of their relative
increment functions. We apply the results to Pearson distributions.

. [NTRODUCTION

Let f(x) be the probability density function of a continuous random variable
X with open support I. The corresponding distribution function of X, X (z), is
defined by

F(z) = [ F(t)dt

The relative increment function, h, of a distribution function, F', is defined by

_ F(z+4c)— F(x)
M) = =3 —Fm

where c is a positive constant.

Lemma 1. Let F be a twice differentiable distribution function with
F(z) <1, F'(z) = f(z) >0
for all z in I. We define the function ¥ as follows
(F(z) —1).f'(x)
U(g) = —F7—"—"—2
(@) ()

If U < 1(¥ > 1), then it has been proven that the function h strictly increases
(strictly decreases)[2]

A probability distribution with probability density function f(z) is said to be a
Pearson distribution if

where Q(x) = Az + B and ¢(z) = ax® + bz +c and A, B, a, b, ¢ are real constants
with

A2+ +2>0, A2+ B2>0 1]

The following four theorems have been proven before and we will use them to
formulate results about Pearson distributions.
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II. SEREKO KOOEPILE-REIKELETSENG

Theorem 1.
If the probability density function f has the following properties.

(1.1) I = (r,s) C R is the largest finite or infinite open interval in which f > 0.
(1.2) There exists m in I at which f’ is continuous and f’(m) =0

(1.3) f/>01in (r,m) and f' <0in (m,s)

(1.4) f is twice differentiable in (m, s)

(1.5) (fi)/ =4 (fi) >0 in (m, s),

Then the corresponding continuous relative increment function, h, behaves as fol-
lows: If U(s™) = lim U(z) exists, then
Tr—rSs—

e h strictly increases in [ if U(s7) <1
e h strictly increases in (r,y) and strictly decreases in (y, s) for some y in I
if U(s™) > 1.[2)

Theorem 2.
If the probability density function f has the following properties.

)m=r

) f/<0in (r,s)

) f is twice differentiable in (r, s)
)

)

!/
(f) =4 (%) < 01in (r,s), then r is finite.

Fid
then ¥ < 1 in I and the corresponding relative increment function strictly
increases in I.

(i) If ¥(r*) > 1, then
o If U(s7) > 1, then ¥ > 1 and the relative increment function strictly

decreases in I.

e IfU(s™) < 1,then ¥ >1in (r,y) and ¥ < 1lin (y,s) for somey € I, so
the relative increment function strictly decreases first and then strictly

increases. [2]

[1I. MONOTONIC BEHAVIOUR OF RELATIVE INCREMENTS OF PEARSON DISTRIBUTIONS

Theorem 3.
If the probability density function f has the following properties.

3) f/<0in (r,9)
4) f is twice differentiable in (r, s)
!/

5) (i> =4 (%) > 01in (r,s), then r is finite

(i) If ¥(m*) > 1 or (U(mT) =1 and ¥ > 1 in some right neighbourhood
of m), then ¥ > 1 in I and the corresponding relative increment function
strictly decreases in 1.

(i) If ¥(m™) < 1, then

o If U(s™) < 1, then ¥ < 1 and the relative increment function strictly
increases in I.

e If U(s7) > 1, then ¥ < 1in (m,z) and ¥ > 1 in (z,s) for some
x € I, so the relative increment function strictly increases first and
then strictly decreases.[4]

Theorem 4.

Let f(x) be a probability density function of U type distribution where

(1.1) — (1.4) are fulfilled. Suppose (%)’ > 0in (m,y) and (%)’ < 01in (y,s) for
some y € (m,s). Then the corresponding continuous relative increment function,
h, behaves as follows:

o If U(y) < 1and ¥(s™) <1 then strictly increases in I or
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o If U(y) > 1 then
— if U(s7) > 1 h strictly increases in (r,zq) for some 29 € (m,y) and
strictly decreases in (xq, s).

— if U(s7) < then h strictly increases in (r, 1) for some z1 € (m,y) and
strictly decreases in (z1,x2) for some x5 € (y,s) then finally strictly
increases in (x2, s).[4]

Theorem 5.
Let f(z) be a probability density function of J type distribution. Assume m = r,

(1.1),(1.3),(1.4) are fulfilled. Suppose (%)' <0in (m,Y) and (%)’ > 01in (Y] s) for
some Y € (m,s). Then the corresponding continuous relative increment function,

h, behaves as follows: if U(m™) = lim U(x) exists, then
T—m

o If U(m™') <1 and

— U(s7) < 1 then h strictly increases in I or
— W(s™) > 1 then h strictly increases in (m,x3) for some z3 € (y, s) and
strictly decreases in (x3, s)

o If U(m™) > 1 and
— U(y) > 1 then h strictly decreases in I
— U(y) <1 then if
* if W(s7) < 1 then h strictly decreases in (m,z4) for some
x4 € (m,y) and strictly increases in (x4, s)

IV. SEREKO KOOEPILE-REIKELETSENG

* if U(s7) > 1 then h strictly decreases in (m,x5) for some z5 €
(m,y) and strictly increases in (x5, z¢) for some zg € (y, s) then
finally strictly decreases in (zg,s) [4]

V. MAIN RESULTS

For the next two theorems, we use the notation used in [3] Theorem 6. Let
f(x) be a density function of a Pearson distribution where (1.1) — (1.4) are fulfilled
Let M = b.B — Ac, L =a.B*>— AM, D = a.L, D; = VD and by = £ for
a # 0.
(1) If A=0and a < 0 then s+ b; > 0.
(2) If a.A >0 and g(=2) # 0 and D > 0 then Y (m) < 0 and 0 < Y (s) < 2D

(3) If a.A <0 and g(=2) # 0 and D > 0 then 0 < Y (m) < 2D and Y (s) <0
where Y (v) = a(Av + B) + D;.
Then all the assertions of Theorem 4 hold.
Proof. By theorem 4, it is sufficient to prove that

(%)’ > 0 in (m,y) and (%)' < 0in (y,s)

for some y in (m, s) We have

where

p(z) = aAz? + 2aBx + M
and

( )/>Oifp(m)>0and(%)/<Oifp(:1c)<0

If a # 0 and D > 0 then the roots of p(z) are

=

= Ry = P

1
where D1 = D2,
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Case 1: A#0, a# 0 and q(*TfB) # 0, so ¢ and @ have no common zero.

1.1. If a.A > 0, then p(z) is convex. If D > 0 then there will be two real roots z;
and x5 where 21 < xs.

p(z) > 01in (m,y) and p(x) < 0 in (y, s)
if and only if
m<xy, vr1=yand r1 < s < Ty
which means that

Y(m) <0and 0 <Y(s) <2D;

MONOTONIC BEHAVIOUR OF RELATIVE INCREMENTS OF PEARSON DISTRIBUTIONS 5 R
ef

1.2. If a.A < 0, then p(z) is concave.

p(z) > 01in (m,y) and p(z) < 0 in (y,s)
if and only if

€

r1<m<axyand s> a9 =1y

which means that
0<Y(m)<2D;and Y(s) <0

Case 2 A =0 and a # 0 therefore

Q B
and
(2),_2ax+b
Q' B

IfB>Othen(%)’>Oifx>%band(g)’<0ifx<%b. If a < 0 then 5 > 52

Q

IfB<0then(%)'>Oif:v<_Tband(%)'<()ifx>%b. If a > 0 then s > 32

Case 3 If a = 0, then p(x) = %. If % > 0 then Theorem 1 applies. If % <0
then there is no case like it as seen in remark 2.1 in [3].

Theorem 7

Let f(z) be the density function of a Pearson distribution with m = r, (1.1), (1.3), (1.4)
are fulfilled and M, L, D defined as in theorem 5.

(1) If A=0 and a < 0 then m + by <0.
(2) If a.A>0and g(=£) # 0 and D > 0 and Y (m) < 0 and 0 < Y (s) < 2D,
(3) Ifa.A <0 and g(=2) # 0 and D > 0 and 0 < Y1(m) < 2D; and Yi(s) <0

where Y1 (v) = a(Av + B) — Ds.
Then all the assertions of Theorem 5 hold.

Proof. By theorem 5, it is sufficient to prove that

[srewrnol /op-sturo mmm ‘udeure/ny-JIASq MMM SOIISGOM ‘TRUINO[ JTUOIIAY] FG-¢f dd
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(L) <0in (m,y) and (

' ) > 01in (y, s)

<

for some y in (m, s).

Case 1: A +#0and q(‘TF) # 0, so g and @ have no common zero.

“(666T)

1.1. If a.A > 0, then p(z) is convex. If D > 0 then there will be two real roots
and zo where 1 < xs.

p(z) <0 € (m,y) and p(z) >0 € (y,s)

if and only if
m=x1, To =y and s > X

© 2018 Global Journals
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3.

which means that
Yl(S) >0

VI. MONOTONIC BEHAVIOUR OF RELATIVE INCREMENTS OF PEARSON DISTRIBUTIONS

1.2. If a.A < 0, then p(z) is concave.

p(x) <0 € (m,y) and p(z) >0 € (y, s)
if and only if

m < x1 which means that Y1(m) >0, y = 1 and s = 22

Case 2 A = 0 therefore

Q B
and
(2),_2am+b
Q' B

a a
Q Q
1fB<0then(%)'<01fz> =b and (

. ) : —b )
If B>0then (=) <0ifz < =2and (=) >0ifx > =2 Ifa > 0 then m < 3>

q . —b —b
@)/>01fx< —2. Ifa <0thenm < 37
Case 3 If a =0, then p(z) = 4. If & <
If % > 0 then Theorem 3 applies.

0 then Theorem 2 applies.

We state the following Lemma as it helps in classifying distributions. These are
outlined and proven in [3].

Lemma 2. Let f(z) be the density function of a Pearson distribution, then
then:

I Let s = 00 and foo = limy—o0.f ()
L1 IfA=a=fe=0and b+ B #0 then ¥(c0) = 75
12 If A#0 and a = 0 then ¥(c0) =1
I3 If Aa.(a+ A) # 0 and foo =0 then ¥(o0) = ﬁ
I4If(a=A=0,bfxxc=0)0or (A=0,a#0)or (a.A.foc # 0) then
U(c0) =0
II Let s be a finite number and let lim,_, f(z) =0
IL.1 If [A.Q(s).q(s) # 0] or [A.q'(s) # 0,Q(s) = q(s) = 0] or
[A=0,q(s) #0] or [AA.Q(s) # 0,q(s) = ¢'(s) =0], then U(s7) =1
0

112 If A #0,¢(=5).Q(s).[Q(s) + ¢'(s)] # 0, q(s) = 0 then
T(s™) = Q(S)/
[Q(s)+4q'(s)]

IL3IfA#0,q(—2).q(s) #0, Q(s) = 0 then ¥(s~ = 0)
M4 IfA£0, q(—%) =¢q(s) =0, a+ A +#0 and either
Q(s) =¢'(s) =0o0r Q(s) #0 then U(s™) = 7(afA)
IL5 If A=a=q(s) =0, ¢'(s).(b+ B) # 0 then ¥(s™) = ;25
VII.  SEREKO KOOEPILE-REIKELETSENG
Example 1
f@) = prmpye " exp(5F) , n=2,3,4,... . I = (0,00)
‘We have

f%:_;;"ksoA:fn,B:k,a:I,b:O,c:O
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Theorem 6 part 3 applies since g(=£) = Z—z #0 and a.A=-n<0.
mode = % <y= %, so it’s a U-type distribution with
p(z) = 2(2k —nz) > 0 for < 2% and p(z) < 0 for z > 2&

lim zf(z) = lim =z exp(—k/z) =0

T—00 T—00 L(n—1)

so 1.3 in Lemma 2 applies giving

(o) = HiA = >l

This means that ¢ (y) > 1 since if it was less than 1 then according to theory

1 (z) would decrease and remain less than 1 in (y,s). So the relative increment
function increases and then decreases.

Example 2

f(z) = K(1+2%) "exp(—arctan(z)) , n > 1, K is a constant and I = (—00,00)

We have

L= 2ZpplgoAd=-2n,B=-1,a=1,b=0,c=1

Theorem 6 part 3 applies since q(’—f) #0 and a.A=-2n<0.

—lvdAnZil Vzinm7 so it’s a U-type distribution with

mode = 571 <y=
p(z) = —2(—nz? + 2 —n) >0 for

_ 2
T < 1+\/2;Lln +1

and

VAT
p(z) <0 for x > =5 0=

lim zf(z)=0
T—r00

so 1.3 in Lemma 2 applies giving

_ A _ =2
P(0) = 757 = =7 > 1

This means that ¥(y) > 1 since if it was less than 1 then according to theory
(z) would decrease and remain less than 1 in (y, s).
function increases and then decreases.
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