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Abstract- Recently, Raina and Srivastava and Srivastava and Hussain have provided closed-form expressions for a .
number of a Eulerian integral involving multivariable H-functions. Motivated by these recent works, we aim at evaluating
a general class of multiple Eulerian integrals concerning the product of two multivariable I-functions defined by Prathima
et al. [6], a class of multivariable polynomials and the spheroidal function. These integrals will serve as a capital formula
from which one can deduce numerous integrals.

Keywords: multivariable I-function, multiple eulerian integrals, class of polynomials, spheroidal functions, |-
function of two variables, I-function of one variable.

[.  INTRODUCTION AND PREREQUISITES

The well-known Eulerian Beta integral [5]
b
/ (z—a)* 1(b—t)tdt = (b— a)**P 1 B(a, B)(Re(a) > 0, Re(B) > 0,b > a) (1.1)

Is a basic result of evaluation of numerous other potentially useful integrals
involving various special functions and polynomials. The mathematicians Raina and
Srivastava [7], Saigo and Saxena [9], Srivastava and Hussain [14], Srivastava and Garg
[13] et cetera have established a number of Eulerian integrals involving the various
general class of polynomials, Meijer’s G-function and Fox’s H-function of one and more
variables with general arguments. Recently, several Author study some multiple
Eulerian integrals, see Bhargava [2], Goyal and Mathur [4] and others. The aim of this
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paper is to obtain general multiple Eulerian integrals of the product of two 5
multivariable I-functions defined by Prathima et al [7], a general class of multivariable <
polynomials [12] and the spheroidal functions. =
The spheroidal function ¥an’(c,n) of general order a>—1can be expanded as ([10], [18]). 2
-n'’ D) OO N i

(e ST Sy Y en) " Ty g o) 12) -

S

Which represents the expression uniformly on (00, 00), where the coefficients
ai(clan”) satisfy the recursion formula and the asterisk over the summation sign
indicate that the sum is taken over only even or odd values of according as »” is even
or odd. As ¢ — 0,ai(clan”) — 0,k # n” B

The class of multivariable polynomials defined by Srivastava [12], is given in the
following manner:

2. A. Bhargava, A. Srivastava and O. Mukherjee, On a General Class of Multiple
FEulerian Integrals.
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T, e Dy _ (=Ni)w,k, (=N, k, o K K.
S Wi, ] = Z Z 2 T ANy, Ky i Ny, Kyt yf
K1=0 K,=0
(1.3)
where 9,,--- ,9M, are arbitrary positive integers and the coefficients A[N,, K;

. N,, K,] are arbitrary real or complex constants.

o (N, (=No), i,
We shall note o/, = R A[Ny, Ky -+ Ny, K]
The I-function of several variables is a generalization of the multivariable H-
function studied by Srivastava et Panda [16,17]. The multiple Mellin-Barnes integrals

occurring in this paper will be referred to as the multivariables /function of r-variables
throughout our present study and will refer and represented as follows:

Z1

. (1) (r) .
(ajiag /s ooy s Aj)p
T - Onmlanla M, N
I(z1,hz) = Dy i o

- 1 T
Zy (bjaﬁg )7 357( );Bj)l,q

(r) () ().

( (o (1) C(l)) 777/17( o (1) O(l))nl-i'lwl;" ( Cj ”VJT);C](T))17HT7( € 575 C(T )nr+1 »Dr

J’J ]7.7

(d(l 5(1 ) )1,m17(d(1) 6(1) Dl)ml—Q—l,ql;" (d(r 6 ™), 1)1 mrv(d(r 6(T)7 )mr+17Q7‘

AR A J 0 7 077

= (27r1w)T/L /L (81,0, 8p) Hﬁk(sk)z,‘zk’ dsy - -ds, (1.4)

k=1
Where ¢(s1,--+ ), 0i(si),i =1,--- , r are given by :

[T T (1 —aj+ 3 @@80
§:n+1 I (aj - Z: 1 0‘ ) Hq I'B; (1 —bj + Zz 1 ﬂ(z 33)

d}(slv"' 781") =

I, res? (1 (z) 4 V(l) ) [, (d(i) _ 5(}1‘)&)
A e —’y](-l)si) O T2 (1= df = o))

Jj=ni+1

0i(si) =

For more details, see Prathima et al. [6].
Following the result of Braaksma [3] the I-function of r variables is analytic if :

p q
:;A al? z:: B; Y +;C“ (@) ZD>5“<01—1 (1.5)

The integral (1.4) converges absolutely if

1
larg(zx)| < EAkﬂ',k =1,---,r where
mg A dk A A Nk X & Pk k X
Y Al 23/3 +3-07 = 30 DY 3 P > 0(L6)
j=n+1 j=1 j=1 Jj=mp+1 j=1 j=np+1

© 2018 Global Journals

Ref

F961 ‘17e—6£¢ "dd ‘GT 'ToA ‘Teoryewayje]y uonsoduro))  ‘syeidojul soureg

JO SSe[d ® I0] SUOIENUIIUO0D d1jATeue pue suorsuedxs onjojdwhsy, “ewsyeeid ' T 'q '€



and if all the poles of (1.6) are simple ,then the integral (1.4) can be evaluated with the
help of the residue theorem to give

mg 00 T NG, 95 22:1(1«
I(z1, -, 2) = Z Z ¢Hk:1 Pk, (—-) 9 wn

k r
Gr=1gr=0 [T 6§;<)k> L= 9!
Where ¢ and ¢; are defined by

Ref [T}, T (1 —a;j+ > a§i)sk)

o (o T 5) I T (10 0 275)

and
I, res” (1 (z‘)sk) I, p( >_5<>5) |
" ?L nH—lFC()(;Z ’\/J)Sk) Jj= m+1FD;l (1—d§)+5§1)5k> A
where
Sk:nakvgk:%frk=17...,r
9k

which is valid under the following conditions: egwi[ k) 4 )] # e‘g-k) [Par, + k]
Consider the second multivariable I-function.

!
“1 (@M, a0 ALy
_ 0,n: m,n,u,ms,n ’
I(z, 2) = Ip .q' plq11 P4l
Z:/s‘ (b’_ﬂﬁ;(l)a e )5;'(8);B;')1,q’ :
5(1 ;
R Ao/ TR CACRAQ S AR

= (27T1w)8/1 '-'//C(tlw-' 7tS)H¢k(tk)Z;€tkdtl..'dts

s k=1
(d7§1)’5;(1>;p§(1))1’q/ .

1 )

NACIACH yACI
(1.8)

where ((t1,- - ,ts), di(si),i =1,--- ,s are given by :

¢t ty) = [T T (1—a) + 320, o Ot)
1" ytls) — 7 7 s . 7 ’ s i
Hf‘:nfﬂ 4 (a; —2in O‘;‘(l)tj) Hj‘:l o (1 - b;' +2 i 53'( )tj)

Complex Variables, International Journal of Engineering Mathematics Vol (2014),

6. J. Prathima, V. Nambisan and S.K.Kurumujji, A Study of I-function of Several
2014, 1-12.

H; 16 (0) (1 B C/_(i) n ’7“”%) H;n:;l o, () — 510,

P} ci (i) D} /(l i
j:n;+1r I (Cj %()t) = m+1F J (1 — 05t )

bi(si) =

For more details, see Prathima et al. [6].
Following the result of Braaksma [3], the I-function of r variables is analytic if:
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The integral (1.13) converges absolutely if

1
larg(z,)| < EA;CTF; k=1, --,s. Where

ﬁ: Al ® ZB’ k>+ZD g Z Dl 5/<’9>+Zc’<’wj Z AL Ret

j=n'+1 Jj=mj +1 j=nj+1

(1.10)

[1. INTEGRAL REPRESENTATION OF GENERALIZED HYPERGEOMETRIC FUNCTION

The following generalized hypergeometric function regarding multiple integrals
contour is also required [15, page 39 eq .30]

P T(A
“PFQ [(Ap); (Bg); —(z1 + -+ + xy)]
HJ 1Tl ot o) S, L. S
(27w)" / (Bj+51+"'+87.)F(781)“'F<78T)x1 srdsy - -ds,  (2.1)

where the contours are of Barnes type with indentations, if necessary, to ensure that
the poles of T'(4;+s; +---+s,) are separated from those of T(-s;),j=1,---,r. The
above result (2.1) is easily established by an appeal to the calculus of residues by
calculating the residues at the poles of I'(—s;),j=1,---,r

The equivalent form of Eulerian beta integral is given by (1.1):

[II.  MAIN INTEGRAL

We shall note:
X =mi,ny;--yml,nt;1,0;---31,0;1,05-+- 51,0

501y

Y =pl, ¢y 30k, 450,15+ 50,1;0,1; - 50,1

"GQET ‘OIUOIOT, "OURSLIE “I9ISAYDIY) “S[I0 X -MIN ‘POIWIT ‘POOMIOF]

"ST[[H "SOLIoS OLIloWOo03I0d A uerssner) o[diynyy ‘Uoss[Iey] "A'd Pu®R earjseall§ ‘JN'H 'GT

A Z Kk? pl’(lk) ZnGk gkp(lk ( )(2R+k/)102(151)7 7p;(1’5)77i(1’1)a"'77-{(1’[)’1701"'50; 1]1,5
k'=1
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. [1—Aj;07"'70717"'a1701"'ao;l]LP?
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1_B7« Z Kk/ N(k ZnGk,gkn 2R+k ))\177)/(1) o 777;(8)761(1)7 : 79£l)517 : 1 Oa 707 1]1,8
k'=1

A =(aa W, al9,0,0,0,0, 0, A s (G000, ;(C;(T)WJ(-S);C;(S))L;);;

N (1,0;1);--+5(1,0;1); (1,0;1);--- 5 (1,0; 1)
otes

B= [1 + 051)72 Kk’p;/(Lk/)*Z UGk,gkngkL 01(1)(2R + k/)7 p;(1’1)7 T 7/);(1’8)7 Ti(l’l)a T 77—1‘(1,1)7 05 e 70; 1]1,5
k'=1 k=1

[]_-}-o'( ) ZK IO (LK) Zn kgka"«‘) O(T (2R+k) (Tl)a"' vp:',(T,S)aT;TJ)v"' aqu(TJ)ﬂOa"' ’0;1]1,57
k'=1 k=1

[1_3.7.;07... ,0,1,---,1,0,--- 70]1@’

v

[ =i =B = D07+ "N K =3 (0 + 0 e, — G+ M) QR+ K
k'=1 k=1

@ 4Dy G ), (P 00, 00,1 151
= (1 5/(1) ,g;,(s),o,... L0,0,++,0; B))1 g (d;(l),5}(1);D§-(1))1,q/1;“' ;(d;(s),ég(s);DQ(S))l,q;;

(0,1;1);---5(0,1;1); (0,15 1);--- 5 (0,15 1)

We have the following multiple Eulerian integrals, and we obtain the I-function
of variables.

Theorem

v1 vt ot T ) ) 0
/ R / H (z; — ui)ai—l(,ui _ xi)ﬂi—l H(Ui(j)xi + %(]))o’i.
u u

1 t 1=1 7j=1

(1)

e e
t (xi—u;)® ‘ (vz—x )i ;) Tt T;—u 5 v —x
71 iz @ @y z1 [Ticy ( st L (wemmoy TG
I (U miv )" T, (U4 ®) "
I . I
(s) 1(s)
o | )P (i)
; t (:clfu,) 1 (vzfacl)" z' ’ — YiTZi
zr [ i R Ilima ) @)@
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( &)
(U miv )"

Ai

G My ' - (i — ui)% (v — x7)
Ni, Ny : Yan | €7, @
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Zy Hi:l

”(J v)
H?— (U(’>z +V(J))

Notes

(k)

P

T — Uy v — T
g | (Ar); (B)i— 3 g [T [~ =t -,
k=1 i=1 H?:l (Uz(])wz V(]))

?

HQf I'(B t s T ] R
_ jP_l H ) itBil H (u U () + v ) H (uiUi(J) + Vi(J))
H]:l J:1 j=1 J=W+1
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k"=0,0rl R=0 K;=0 K,=0 Gr=1gp=0 [Tis Gk [Tz 9s!
7z w1
1 A A
Ziws
g1 Wi
IO,ST+P+25+n':X .
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"
i 27
Van//(c)
Eij =—; ) GN\Sv,_, o G ey k) 09 2Rk
[z ij (U7 4 V) 2ewr=a P WSk PG
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Notes

Provided that:
(A) Wel0,Thu,v €Ryi=1,--- ¢

(B) min{§§g),nig),(%(h),ﬁ;(h),52/(k),n§/(k),Ci,7]z‘}2099:17"‘7T§i:1a"'atSh:L""S;k:L'”vU
mln{pL 7IO/L(Jh)’ ;/(]k G(J Jk)}>0.7_l Tl 17"'7t;g:1,"',’f’;h:17"'78;]{/21,---,1),]6:1,---,l
(C) oz'(j)eRvUi(j)7‘/i(j)E(C7Zi/’zj’>zl/€//7gk7GjEC;Z':L'”7t;j:17"'aT;i/:17"‘7r;
j/:17"')S;k/zlv"'vv;k:17“'7l

(Ui . Ui)Ui(j)

: || <1,i=1,---,85j=1,---, W and

(D) max

(Uz _ uZ)U(])

max || = <lii=1,---,85j=W+1,---,T
uiUi] +‘/lj
- ] IHEAD) 1
(E) arg | = H(Ui(])xi + VZ_(J))P/’ < iAkTr’ k=1,---,r, where
j=1
Z A Oz(k) ZBjﬁ k) Z(s(k) Z D(k)5(k) Zc(k Z C(k) (k)
j=n+1 j=mr+1 j=nr+1
T .
=57 = ="M > 0
kA (3.k) 1
1 1 /(35
arg ZZ{H(Ui(J)xiJrVi(]))pi 3 wmk=1,--- s, where
J=1

q mj, P
Z Al — Z B3 + 3 Dy ) Z D'<k>5/<k>+20/<k) ACI S ANIL

j=n'+1 j=1 j=1 j=mj,+1 j=nl+1
g _ e ZP i) S
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d/,(k)
(az +GRR+KEY + Z(S 3)770] gg) + Z‘S 1%22% Re <5f(k) >0 and

j=1 k=1 Ji

d’_(k)
(&Jr)\l (2R + k") +Zn(”77cj gy) +Zm nin ((;(k) >Ofori=1,---.¢

<m
j=1 A j

< Q@+ 1. The equality holds, when , in addition,
! -F
either P > @ and Z <l (us S Swizi=1,--- 1)

k=1

T
LR
i (H U(] x2+v(J) & )

or P < Qand max
1<k<!

(gk H(Uz'(])flfi + V;(J))Ti(J'A)) H <1 (u<a;<vgi=1,---,1)
j=1

Proof

To establish the formula (4.7), we first express the spheroidal function, the class
of multivariable polynomials 37" "*[] and the multivariable I-function I(z,---,z2)
in series with the help of (1, ), (1,3) and (1.7) respectively, use integral contour
representation with the help of (1.8) for the multivariable I-function I(zf,---,z2))
occurring in its left-hand side and use the integral contour representation with the help
of (2.1) for the Generalized hypergeometric function pFg(.). Changing the order of
integration and summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process). Now we write:

T w T

(7) i i € )
[z + VS =TT 2 + VIS T W + V) (3.2)
j=1 j=1 j=W+1

where K(])_ U 9(]) 9R + k” ZP(J l)UGl,gl—ZP;(j’l)iﬁl _Z p;'(j’”)Kl where i=1,---,t:j=1,---,T
=1 =1

and express the factors occurring in R.H.S. Of (3.1) in terms of following Mellin-Barnes
integrals contour, we obtain:

W oW ) () KD
j KU U7 u; +V g
S || T i K= P M (LECE
J=1 j=1 I(=K;") 7Tw 4 v = 1
w J 33‘ Cow ) CJI' (3 3)
) i ! ! .
1:[ (us U(a) V) ] dc-dew
T T () () K
) U v +V, )
[ 09 +voys= T | (j)) 1 o W/ / DK+ ¢)
F=W+1 j=WH1 L(-K;") ﬂw w1 ¥ Lipj= W+1
. ¢
T L 00— | wa (3.4)
11 @y Gwr - dor
J=W+1 (v:U; + Vi)
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9. A.K. Rathie, K.S. Kumari and T.M. Vasudevan Nambisan, A study of I-functions of

two variables, Le Matematiche 69(1) (2014), 285-305.

We apply the Fubini’s theorem for multiple integrals. Finally evaluating the innermost
x-integral with the help of (1.1) and reinterpreting the multiple Mellin-Barnes integrals
contour in terms of multivariable I-function of (r+i+7) variables, we obtain the formula

(3.1).

V.

a) I-functions of two variables

Corollary 1

PARTICULAR CASES

If »r=s=2, then the multivariable I-functions reduce to I-functions of two
variables defined by Rathie et al. [9]. We have.

/ )
ul

Vet
/ — )™ (v — xy)
Ut i= 1

T .
H U(j)xi+v(j>)a§”)

)ID D ST S 3 DD B
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a [Ty | e e 411, | Lo el
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7o H§:1 (Ti—ui)®  (vi—wi) — Zg Hi:1 @) NSRS
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Ny, Ny wom” c,
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1W1
AQ,AQ

Z2w2
g1

B, IO sT+P+2s+n’ 1 Xo
)5 sT+P+2s+p’,sT+Q+s+q":Y>

gWi
G1

BQ, B2

Gr
The validity conditions are the same that (3.1) with »=s=2. The quantities
b2, Pk, Vo, Wa, Az, Ba, Az, By are equal to ¢, ¢y, V,W,A,B,A,B respectively for r =s=2.

b) I-function of one variable

Corollary 2
If r=s=1, the multivariable I- functions reduce to I-functions of one
variable defined by Rathie [8]. We have

U1 vt ot T ) ) o
/ / ) i—l(,Ui _ ZUi)ﬁi_l H(UZ(])J"Z + ‘/;(]))Jij
u1 Ut = 1

Jj=1

5(1) (1)
t (xz—ul)l (vi—z;)" T
Il z[],_, peEy A |

(U(])x +V(J))

(1) (1)
(wi—ui)®  (vi—z)"i

; G
;A_F:l (Ui(1)$i+Vi(J)) Py

5/‘/(1 n//(l)
4 Ht (Ti—ui)%  (vi—z4)"i
1 =1 ) ) ,,//(J 1)
L (Uziv)"
. t Gi A,
Simm“' My w . H (mz - ui) l(vi - xz) ’
Ny, Ny ’ an . @
) j=1 HT (U(J)Tj, i V(J)) i
j=1 \Yi " Ti i
11(v) 11(v)
S Ht (i—ui)’i (vizwi)"i
vili=l| oo @)oY
j=1 (Ui zi+V; )
l t (k) (r)

u; 0
T; —U;) Vi — X))

PP | (Ap); (Bo)i=> o [ ( J* )M day - - dz,
=1 T (U( ):UZ—&—V( ))
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biorthogonal polynomials suggested by Laguerre polynomial, Pacific.

12. H.M. Srivastava, A multilinear generating function for the Konhauser set of
177(1985), 183-191.

7 W1

A, Ay
g1 ’
0,sT+P+2s+n":X .
ISYf+P+2s+Sp'ZT+1Q+s+q':Y1 ngl (4'2)
G1
) B, B
GT 1, 1

The validity conditions are the same that (3.1) with r=s=1. The quantities
Qsla Vla Wla Ala ]Bla Al, Bl are equal to (Zsk‘a ‘/7 W Av B7 A, B respeCtively for r=s=1.

Remark: By the similar procedure, the results of this document can be extended to the
product of any finite number of multivariable I-functions and class of multivariable
polynomials defined by Srivastava [12].

V. CONCLUSION

Our main integral formula is unified in nature and possesses manifold generality.
It acts a fundamental expression and using various particular cases of the multivariable
I-function, the class of multivariable polynomials and a general spheroidal functions,
one can obtain a large number of other integrals involving simpler special functions and
polynomials of one and several variables.
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