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The well-known Eulerian Beta integral [5]

 (1.1)

 Is a basic result of evaluation of numerous other potentially useful integrals 
involving various special functions and

 

polynomials. The mathematicians Raina and 
Srivastava [7], Saigo and Saxena [9], Srivastava and Hussain [14],

 

Srivastava and Garg 
[13] et cetera have established a number of Eulerian

 

integrals involving the various 
general class of

 

polynomials, Meijer's G-function and Fox's H-function of one and more 
variables with general arguments. Recently,

 

several Author study some multiple 
Eulerian integrals, see Bhargava [2], Goyal and Mathur [4] and others. The aim of

 

this 
paper is to obtain general multiple Eulerian integrals of the product of two 
multivariable I-functions defined by

 

Prathima et al [7], a general class of multivariable 
polynomials [12] and the spheroidal functions.

 
The spheroidal function 

 

of general order 

 

can be expanded as ([10],

 

[18]).

 
(1.2)

 
Which represents the expression uniformly on ( , where the coefficients 

 
satisfy the recursion formula

 
and the asterisk over the summation sign 

indicate that the sum is taken over only even or odd values of according as  is even 
or odd. As

 The class of multivariable polynomials defined by Srivastava [12], is given in the 
following manner: 

  

)
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(1.3)

 

where 

 

are arbitrary positive integers and the coefficients 

   

We shall note

 

The I-function of several variables is a generalization of the multivariable H-
function studied by Srivastava et Panda

 

[16,17]. The multiple Mellin-Barnes integrals 

occurring in this paper will be referred to as the multivariables I–function

 

of r-variables 
throughout our present study and will refer and represented as follows:

 

 

 

 

 

 

 

 

 

 

(1.4)
 

Where 

 

r

 

are given by :

 
 
 
 
 
 
 
 
 
 
 

For more details, see Prathima et al. [6].
 

Following the result of Braaksma [3] the I-function of r variables is analytic if :
 

(1.5)

 

The integral (1.4) converges absolutely if

 
 

where

 

 

 

   

are arbitrary real or complex constants.

 

 =    

         

        

, , 

(1.6)
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and if all the poles of (1.6) are simple ,then the integral (1.4) can be evaluated with the 
help of the residue theorem to give 

(1.7) 

Where

  

and 

 

are defined by

 
 
 
 

and

 
 
 
 
 

where

 
 
 
 

 

which is valid under the following conditions:

  

Consider the second multivariable I-function.

 
 
 
 
 
 
 
 
 
 
 
 

(1.8)

 

where 

 

are given by :

 
 
 
 
 
 
 
 
 
 
 

For more details, see Prathima et al. [6].

 

Following the result of Braaksma [3], the I-function of r variables is analytic if:

 

 

 
 

      

      

                                           

 for 

             

 =    

, , 
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. Where

 

 

II.

 

Integral

 

Representation

 

of

 

Generalized

 

Hypergeometric

 

Function

 

The following generalized hypergeometric function regarding multiple integrals 
contour is also required [15, page 39 eq

 

.30]

 
 
 
 
 
 
 
 
 
 

(2.1)

 

where

 

the contours are of Barnes type with indentations, if necessary, to ensure that 
the poles of

  

are  separated  from  those  of                                       .  The
 above  result (2.1) is  easily established by an appeal to the

 

calculus  of  residues  by 
calculating the residues at the poles of

 

The equivalent form of Eulerian beta integral is given by (1.1):

 

III.

 

Main

 

Integral

 

We shall note:

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(1.9)

The integral (1.13) converges absolutely if

 

 

(1.10)
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We have the following multiple Eulerian integrals, and we obtain the I-function 
of variables.

 

Theorem
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(3.1)

 

Where
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(A)

 

(B)

 

(C)

 

(D) and

 

(E) ,

 

where

 

, where

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Provided that:
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either         and

 
 

 
 
 
 
 
 
 
 

Proof

 

To establish the formula (4.7), we first express the spheroidal function, the class 
of multivariable polynomials

  

and

 

the multivariable I-function 

in series with the help of (1,2), (1,3) and (1.7) respectively,

 

use integral contour 
representation with the help of (1.8) for the multivariable I - function 

 

occurring in its

 

left-hand side and use the integral contour representation with the help 
of (2.1) for the Generalized hypergeometric

 

function

 

. Changing the order of 
integration and summation (which is easily seen to be justified due to the

 

absolute 
convergence of the integral and the summations involved in the process). Now we write:

 

 

 

 

 

(3.2)

 

 

and express the factors occurring in R.H.S. Of (3.1) in terms of following Mellin-Barnes 
integrals contour, we obtain:

 

 

 

 

 

(3.3)

 

 

 

 

 

 

(3.4)

 

 

and

. The equality holds, when , in addition,

  

 for 

  

              

or  and         

where   where 
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contour in terms of multivariable I-function of

  

variables, we obtain the formula 
(3.1).

 

IV.

 

Particular

 

Cases

 

a)

 

I-functions of two variables

 

Corollary 1

 

If 

 

then the multivariable I-functions reduce to I-functions of two 
variables defined by Rathie et al. [9]. We

 

have.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We apply the Fubini's theorem for multiple integrals. Finally evaluating the innermost 
x-integral with the help of (1.1) and reinterpreting the multiple Mellin-Barnes integrals 
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(4.1)

 

The validity conditions are the same that (3.1) with 

 

.  The quantities 
 

are equal

 

to 

 

respectively for .

 

b)

 

I-function of one variable

 

Corollary 2

 

If ,

 

the  multivariable  I - functions reduce to I - functions of one 
variable defined by Rathie [8]. We have
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(4.2)

 
The validity conditions are the same that (3.1) with  . The quantities     

 are equal to   respectively for .  

Remark: By the similar procedure, the results of this document can be extended to the 
product of any finite number of multivariable I-functions and class of multivariable 
polynomials defined by Srivastava [12]. 

V. Conclusion 

Our main integral formula is unified in nature and possesses manifold generality. 
It acts a fundamental expression and using various particular cases of the multivariable 
I-function, the class of multivariable polynomials and a general spheroidal functions, 
one can obtain a large number of other integrals involving simpler special functions and 

polynomials of one and several variables. 
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