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Absiract- The Selberg integral was an integral first evaluated by Selberg in 1944. The aim of the present paper is to .

estimate generalized Selberg integral. It involves the product of the general class of multivariable polynomials,
multivariable I-function and modified multivariable H-function. The result is believed to be new and is capable of giving a
large number of integrals involving a variety of functions and polynomials as its cases. We shall see several corollaries
and particular cases at the end.
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[.  INTRODUCTION AND PREREQUISITES.
The Selberg integral is the following integral first evaluated by Selberg [6] in 1944 :

1 1 n
Sp(a,b,c) :/ / Hx?_1(1_$i)b_l H |z —Zlik|26 dz;---dz,
0 0 =1

1<j<k<n

— D(a+ jo)l'(b+ jo)L'(1+ (j + 1)c)
H T(a+b+(n—1+j)c)T(1+c) (1.1)

where n is a positive integer, a, b and c are the complex number such that

1 Refo) _Re_(b)}

M _
Re(a) > 0, Re(b) > 0, Re(c) > ax{ 1 1

We refer the reader to Forrester and Warnaar’s exposition [2] for the history and
importance of the Selberg integral.

In this document, we evaluate a generalized Selberg integral involving the
product of the multivariable I-function defined by Prasad [4], modified multivariable H-
function defined by Prasad and Singh [5] and class of multivariable polynomials defined
by Srivastava [7].

The generalized multivariable polynomials defined by Srivastava [7], is given in
the following manner:

[N1/D] - [No /DM ]

. N1 mt K (=No)o, x, :
ST Y] = Z AN, K s N Kyt oy (12)
K;=0
where 9, ,--- ,9M, are arbitrary positive integers and the coefficients A[N1, K1;---; Ny, K]
are constants Real or complex. On suitably specializing the quantities,

A[Nh Kl;"' ; Nv; Kv]

>

SN [y, o] yields a Number of known polynomials, the
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Laguerre polynomials, the Jacobi polynomials, and several other ([10], page. 158-161].
We shall note.

Ny (ENo)oe i, 4
Kyl K,

[Ny, K5+ s Ny, K| (1.3)

Ay =

The multivariable I-function of r-variables is defined in term of multiple Mellin-
Barnes types integral:

“ (a2 a/2j7 O/Z/j)l,Pz; SR
= 0,n2;0,n3; - ;O,nT:m,(l),n(l); m) n(r)
8 I(z1, 22,7 5 20) = pqu,p;qs;m iprgrp g5 p‘” q(”
8 ) (b2j3 Bajs B) 1,005
1) (r) O INC) (r) (r)
. (a'rj;arj y s O )Lpr : ( a; ",y )l,p“);' o ;(CL]- ) O )17P(T>
5
5 1 T 1 1 T T
? (brj; ﬁf«lj)a T ?/Bf‘j))l,QT : (b; )76]( >)1,q(1); T (bg )a ﬂ]( >)1,q(7")
2
; ST)H gbi(si)zfidsl . -ds, (1.4)
5 i=1
£ where
- T Tl — 5“) DTS T =l +als;)
i", ¢z(Sz) = e j=1 J & j=1 - J (i)y L 5 yi=1,---,r (15)
= Hj:m(i).H (1 - b + B ) H]‘:n(i).H F(aj -y 52)
’:j and
B [[Z2, T —ag + Zz 1 oz2 SZ) Hn3 I'(1—as; + Zz 1 0‘3 8i)
; QS(Sl; . 787") = jp2 2 (Z) 3 (¢ ;
= j=no—+1 [(az; — X1, Qg 5i) ] na+1 [(as; — > A3 i)
i
5 G4 PO —ar + 30 047(»?51')
3 r i 2 2 7
7 P Dlary = S0y o)) T, DL — by — Y00, B5)s:)
g 1
5 : ar 50 (1.6)
— (1 - bsj + Zl 1 /833 8;) - j=1 (1 - brj — Zi:l /jTj 5;)
o About the above integrals and these existence and convergence conditions, see

Prasad [4] for more details. Throughout the present document, we assume that the
existence and convergence conditions of the multivariable I-function. We have:

1
B largzi| < §Qi7r, where

Qi—ga?— % (”+£6(”— z(i‘ B8 4 (Z al) — i a§2>+'“+
k=1

k=n()+1 k=m()+1 k=1 k=ng+1
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Ny ) Pr ) q2 ) qs3 . qr )
(Satt- 55 att) - (So 3ot 3o (1.7
k=1 k=1 k=1

where i=1,---,r
The complex numbers z; are not zero. Throughout this document, we assume the

existence and absolute convergence conditions of the multivariable I-function. We may
establish the asymptotic expansion in the following convenient form:

I(z1, 05 20) = 0(f2a|™ oo [o|®) s maz( 21, [z ) = 0
I(z1, - y20) = 0(|z1| oo 2f) omin( |21, 2] ) = 00
where k=1,--- 7 :aj, = min[Re(t}" /3]")], j = 1,--- ,m™ and

B = max[Re((ag.k) - 1)/a§.k))],j =1,---,n®

If all the poles of (1.7) are simples, then the integral (1.6) can be evaluated with
the help of the residue theorem to give

- iz "G“gl(—)zzﬂ“”
I(Zl, ¢ Z 1T - (1.8)
221 glz: Hz 1 g‘g ) Hl 1 gi!

where
¢ = ¢(UG1,917 T 77707-,_%) ’¢7? = ¢i(7701,gf)7i =1, ,r (]‘9)

()

(4) ) oo
n(;i,gizd’”(s(—t)Gl fori=1,---,r and ZZ Z Z
gi

Gi=1gi= G, ,Gr=1 g1, ,9r=0

which is valid under the following conditions: egw)[ ()—&-pl] £ e'g-i) [y, + gi). ¢; and ¢ are
are given by (1.5) and (1.6) respectively.

The modified H-function studied by Prasad and Singh [5] generalizes the
multivariable H-function defined by Srivastava and Panda [8,9]. It is defined in term of
multiple Mellin-Barnes types integral:

1 s
(a0, af )i :

Rima,ny;e sms,ns
H(z v o) = g™l ST
( 15 ) s) P, | Rip1,q1;+- ,Ps,qs

Z.; (bj7 /8 ) 76 )

1 1 s s 1 1 s s
(ej;ulgiV, ul g R ( § A s (@598
(1.10)
1 1 s r 1 1 s s
QU0 Ao U N 56 (28,

- (27T1w)3/1 / t17 H@ Itidtl"'dts (111)
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where 0(t,--- ,t,), 0;(t;),i=1,---, s are given by:

H;‘nzl I'(b; — Zf:1 ﬂ(i)t-) H?:l r (1 —a; + E?:l O‘y)t])

e(tla at9> = -

5) n+1F( '_Zz la()J> H;l:erlF(l_bj_'_Zi:l/Bj(' )t]>
H i Dei + 220 ;z) ](‘i)ti) (1.12)
H_j:l (lj + Zi=1 UJ(Z f]@tz’)

IT T (1= e ) T, 1 () = 67 )
bulti) =—, ® _ 0 @ 4 50 (1.13)
jlnﬂr(c t) jmﬂr( —d + 4 ti)
The integrals (1.14) converges absolutely if

largzl| < %Uﬂl’ (i=1,-++,5) (1.14)

m qi
Jj=1

j=m+1 j=n+1 j=14+m;

B vf’+Zgj SO0 =1 (1.15)
j=1

Jg=n;+1 j=1
For more details, see Prasad and Singh [5].

[I.  REQUIRED INTEGRAL

We have the following integrals, see Andrew and R. Askey for more details ([1], p. 402).
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Lemma.
1 n k )
7 qill_ zb ! - d d n— <a+(niz.)6) Sn 7b7
/0 y gx gxl (I =) 1<JQ<7L z[* day n g(a+b+(2n—z—1)c) (a,b,¢) (2'1)
Where Re(a) > 0, Re(b) > 0, Re(c) > Max {—%, —]Ze_(al) Re_( 1) } and k < n.S,(a,b,c) is defined
by (1.1).
[II.  MAIN INTEGRAL
Let
Xu,?;,w(xlv e ;xn) = H!’E?(l - :L'i>v H |xj — Tk 2w (31)
. i=1 1<j<k<n
X =my,ng;-- - 5ms, (3.2)
Y =pi.qi; iPsy s (3.3)
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A= (aj, (1)7 o ,ag'S))l,p; (6]771/( )ggl)a o U( )ggs ) R :C = ( .‘ )1751)) D1y ( 58)7’753)) 1,ps (3.4)
— (b gV Gy, Ly ) US OV D= (@M. sDy, (g 5 (3.5)
(_]7/8j 316] )1,q7 (j7 j fJ ) j fJ )I,R' ( j Y )1,q17 7( j 1Y )1,(]5

In this section, we establish the general Selberg integral about the product of a
class of multivariable polynomials, multivariable I-function and modified H-function of

several variables.

Notes

Theorem.
1 1 k n leO‘l’ﬂlle(‘r]-’-..
// I I IT e — w2 S 3 '
0 0 =1 1<j<k<n )
vaa'U?ﬁ’U7’Y’U (xl’ e
21X, 1,6, (1,7, Tn) 21 X e 6 (T1, 0 5 Tn)
. m,n:|R: X _
I ' Hp,q;\R;y _ dxq---dz, =
Z"’X(srﬂ/’mqbw“ (3}'17 o 7‘Tn> Z;stﬂ'lsts (fL‘l, o ,.’L'n>
[Ni/D] [No/DMe]mD o 1Gi0; T g
SRS S 3P SILILE AT =L
6(1 Uyl yv
K1=0 K,=0 G;=1g;=0 [T, lelO) [T 9!
o
! A17A2;A37A47A57A:C
Hm,n+3n+2k:\R:X
p+3n+2k,q+2n+2k:|R:Y .
Z./ B7 B17327B37B4:D
where
B v r v r
Al =|l—-a-— ZKlal - ZUGi,gi(Si - j(C+ Z’YZKZ + Z d)inG,;,gZ); €1 +j<1; crt 6 +jCS
L =1 =1 =1 =1
Ay=|1-b— me Zna ot — c+Z%K +Z¢mc g )i+ G s + 5
i=1
r v r
Ay = | —jlc+ D K+ 6inc,g.):0C 2 iCs)
L =1 =1 1,n
Ay = —a—ZKaz—ZnGi,g,-ﬁ (n—j) C+Z%K +Z¢mc 95
i=1 =1
€1+ (n_j)ch 1 €s T (”_J.)Cs]Lk

A5: 1—a—b—ZKi(ai+ﬁi)
i=1

i=1 i=1

,Tn)

. Tp)

(3.6)

0,n—1

0,n—1
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(3.10) B

- Znijgj (5] + d}j)f(Qn —Jj- 1)(C + Z’YiKi + Z@‘??Gi,gi);
Jj=1
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e+ (20— = 1), e+ 05+ (2n— 5 — 1G], (3.11)

B, = (C;Kﬂ/i *Z;fbm@,gi;ﬁl,“' aCs) R (CZ;%‘Ri *;fﬁmci,giéﬁw“ ,Cs> (3.12)

1—a—ZKaZ—ZnGg (n—7) c+Z%K +Z¢mcg

i=1
€1+(n_j)C1>"'a€s‘|'(77/_.7')€hs]1’k (313)
By=|-a—b—> Ki(ai+Bi)— Y Na.g(i+¢:)—@n—j—D(c+ Y %Ki+ éinc.q);
1=1 i=1 i=1 =1
e+t (20— = 1)C, s+ 0+ (20— 5 1G], (3.14)
By=|1—a—-0b- ZKi(ai + ﬁl) - ZnGi,gi (51 + ¢j)*(" +j - 1)(0 + Z’YiKi + Zﬁmei,gi);
=1 =1 i=1 =1
et m (g = DG e bt (G- DG (3.15)
Provided

min{aia57:7%1»5,7'a¢,7‘,925,7‘7617771,@} >0aZ: 17 ,U,j: la ,T,lzl,"' ,S;a,b,CEC

ISH

(i)
e (o Somo ) + Yoo, e (%) >
i)

>

1<jsm;

. dt?
B = Re <b+§;winci,gi> +Z”Z min fe ( Z)) >0
P j

S

D\ 2w LA B k<
C+Z¢’LUG1 gi "‘ZQ \Hjlg}n Re 1G] > Max T a1 TnZ1 and ¥ < n.
J
1 . .
larg(2i Xs, wi.00 (X1, -+, Tn))| < §Qi7r, where ; is defined by (1.7) fori=1,---,r

larg(zi X e, nici (@1, 20))| < %Um, where U; is defined by (1.15) fori=1,---,s
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the multiple series on the left-hand side of (3.6) converges absolutely.

Proof
To evaluate the integrals (3.6), first, we replace the class of multivariable
O polynomials S [] and multivariable I-function occurring on the left-hand side of
your integral in term of series with the help of (1.2) and (1.8) Respectively. Now we
express the modified multivariable H-function in Mellin-Barnes contour integrals by
using (1.11). Nest, we change the order of the (ti,---,t;)-integrals and (z1, - -, =,) -integrals,
(which is justified under the conditions stated), we obtain the following result (say L.H.S.):

© 2018 Global Journals
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[Ny /9, ] [Ny /D] m®
L.HS =

K1=0

K
Ayl !

’
1

n

xqil +2o Kiaa+327, 77G1,9161+Zzs:1 eltl(l —
i

=1

H |x] _ l‘k|2(c+ Zle KI’YI+Z{:1 NnG;.q; ¢l+2f:1 Cltl) dml e

1<j<k<n

Now we evaluate the inner (zi,---,

9(751, < H (91/ tll Z,/

= i= 1¢z 9 97(*)2::1%

2 2 > 3ol

K,=0 G;=1g;=0

T T
|
[T 50( 0 1li=1 9i:

- /H

I'=1

dxy, |dty - - - dts

$i)b_l+ S KB4+ nGy g 20— mt

(3.16)

z,)-integrals with the help of the lemma and

reinterpreting the Mellin-Barnes contour integrals thus obtained regarding modified H-
function of s-variables, we arrive at the required result after algebraic manipulations.

IV.

SPECIAL CASES

The multivariable polynomial vanishes and the multivariable I-function reduces
to H-function defined by Fox [3], we obtain:

Corollary 1.
1 1 k n
Lo Hadleta-eo T1 - ol B oo o o) )
0 0 =1 =1 1<j<k<n
Z/1X€1,771,C1 (xh o ’xn) m® oo ne ( )9
m,n:|R: X _ 21 (=
p,a:|RY . dxl dl‘n - Z Zd)l ) gl
Z Xy moc, (T2, ) o=t
/
ZUAL AL AL AL ALA O
Hm,n+3n+2k:|R:X ) . (41)
p+3n+2k,q+2n+2k:|R:Y X
| B ByBy BB D
where
All = [1 —a—= nG,gdl - ](C + ¢177G,g); €1+ jC1, 0 €65+ st]O,n—l (42)
Ay =[1=b=nggtr —jlc+ ¢na,g)im + 35S+ s + JCJon—1 (4.3)
Ay = [—j(e+d1n6,0); 5C1s 5 5Cs)m (4.4)
Ay = [—a—ncy6 — (n— e+ bingger + (n =) est (1= 1G], (4.5)

© 2018 Global Journals

IS
9]
D

~

Research (F) Volume XVIII Issue IV Version I

Frontier

Global Journal of Science



As=[1—a—b—ngy(01 +¥1)—(2n—j —1)(c+ d1ma,g)ser +m + (2n — j — 1)C1, - -

€s + Ms + (27’1 - ] - 1><5]1,k (46)
By = (—c—10G,5:Cir 1 Co)s e s (—€ = 011693 Ciy e+ 5 Co) (4.7)
By =[1—a—nc,d — (n=j)lctdingglier +(n—7)C, 6+ (n=5)G], , (4.8)

By =[—a—b—1a,y(61 +v1)—(2n —j = 1)(c+ dinag)ier +m + (20— j = 1), -+

e +ns+(2n—j - 1G], (4.9)

By =[1—a—b—1cy(01+v1)—(n+j—1)(ctdmagie +m+n+ji—1)G, -

e+ 15+ (n+7 = 1G], (4.10)
Provided

min{51,¢1,¢17617771,@} > O’l = 17 75;a)bac eC

, d(z)
A"'=Re(a+ding,q) —|—Zez min Re 5() >0

1<j<m;

dy
B" = Re (b+ ¢1nc,g) —i—Zm min Re( >>O

1<j<m; 6; )

=9

® 1A B
J

C' = Re(c+ ¢1n6.4) Jrg ¢; min Re G >Max{n b a— n—l} andk <n
J

1<j<m; ’I’L—17
1 n p(l) m) q(l)
_ (1) (1) (1) (1)
arg(21 X, 0 (01, )| < ST, where —;ak - > )+ Zﬂ - 2 A

k=n(1) 41 k=m) 41

arg(2 X. i, ,2n))| < 1Uﬂr, where U; is defined by (1.15) fori=1,---,s
iMi,Ci 2
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the series on the left-hand side of (4.1) converges absolutely.
Consider the above corollary, now the modified multivariable H-function reduces
to H-function of one variable defined by Fox [3], we have.

Corollary 2.
. y

1 1k n
/ / [Tz [Tz a2 I |z — @l H( 21X 00,00 (1,7 20) )
0 0 =1 =1 <
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m1 ne.g

mi,n1 ! z -)9
le,&l ( ZlX‘lam,Cl (7317 T ,Jin) )dxl cedxy, = Z Z ¢11§G(g')
G=1¢9=0
A AYAY AL AL (D ),
;figéigz;ﬁzwzk 7 (4-11)
(1) (1) 1o m pI
Notes (dj 16]' )1,q17BlaB25337B4
where
Al =1 —a—ngg1 — jlc+ dinag)ier + jCilom—1 (4.12)
Ay =[1—=b—ng1 —j(c+dne,g);m + iilon (4.13)
AL = [—jlc+ d1na,g); 5C)]1n (4.14)
Af = [—a=ng0 — (n=j)(c+ dmaglia + (n— 5G], , (4.15)
AL =[1—a—b—n6,4(61 +1)~(2n — j — Dle+ bmag)ien +m +@n—j - 1G], . (4.16)
B = (¢ = d1G,g: 1), (=€ = d11c,g:C1) (4.17)
By = [1—a—na,g6 — (n—j)(c+ dinag)ier + (n— j)é ] Lk (4.18)
By =[—a—=b—164(61 +¢1)—(2n—j — D)(c+ dinag)ier +m + 2n—j— 1G], (4.19)
B =[1—a=b-nay01+¢1)—(n+j—D(c+drnag)er +m+ n+j -1, (4.20)
Provided

min{dy, Y1, 1, €1,m,¢i} > 0;a,b,c € C

<jsma

d\)
A" = Re(a+d1m¢,y) + € min Re <5€1) >0
J

(1)
0o ; 2
B =Re(b+vinc,y) +m min Re <5<.1 ) a
J

<1) 1 A B
"o_ : J - — <
C Re<c+¢1nG’g)+Cllgl?él}ane (5(1) >Ma:v{ na n_lv n—l} andk\n.
J
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e e m ¢

1
larg(z1. X5, yn.00 (@1, o)) < G, where 2o =Y g = 3T o+ 3 HY - 30 gy
k=1 k=n()4+1 k=1 k=m(1 41

1 o= (1 & 1 1 o 1
|arg(2 Xe, my ¢y (@1, 2n))| < SUIT, where T I R ) R N S S

j=1 j=1+ma j=1 j=ni+1
the series on the left-hand side of (4.11) converges absolutely.

V. CONCLUSION

In this paper, we have evaluated a general Selberg integral involving the product
of an expansion of multivariable I function defined by Prasad [5], modified
multivariable H-function defined by Prasad and Singh [6] and class of multivariable
polynomials defined by Srivastava [9] with general arguments. The formulae evaluated
in this paper are very general nature. Thus, the results established in this research work
would serve as a formula from which, upon specializing the parameters, as many as
desired results involving the special functions of one and several variables can be
obtained.
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