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system of second order boundary value problems using piecewise continuous and differentiable 
Bernstein polynomials. Derivation of

 
rigorous matrix formulations is exploited to solve the system 

of second order boundary value problems where, given boundary conditions are satisfied by 
Bernstein polynomials. The derived formulation is applied to solve the system of second order 
boundary value problems numerically. Results of numerical approximate solutions converge to 
the exact solutions monotonically with desired large significant accuracy.        

 

Keywords:
 
galerkin method, bernstein polynomials, numerical solution of system of second order 

BVPs.
 

GJSFR-F Classification: MSC 2010: 35A24
 

 

ANumericalApproachtotheSolutionoftheSystemofSecondOrderBoundaryValueProblems
 

 
 

 
 
 
 
 
 

                                              Strictly as per the compliance and regulations of: 
 

 

 

 

United I nternational University



 

 
 
 

 

    

 

 
  

  

 

 
  

   
 

  
 

Muhaiminul Islam Adnan α & Ashek Ahmed σ

I. Introduction

Ordinary differential systems appear recurrently in various applications in 
engineering, physics, biology and other fields. Due to importance of their frequent 
appearance in various applied field focus on study of ordinary differential systems have 
been increased. Ordinary differential systems are essential gear in solving real-world 
problems. A wide variety of natural phenomena are modeled by second Order 
differential systems. However, various conventional numerical methods used to solve 
second order initial value problems which methods cannot be used to solve linear second 
order boundary value problems. There are few valid methods to obtain numerical 
solutions for a system of second order boundary value problems. The authors discussed 
the existence of solutions to second order systems, together with the approximation of 
solutions through finite difference equations in [1, 5]. T. Valanarasu and N. Ramanujan 
recommended a method to solve a system of singularly linear second order ordinary 
differential equations [6]. Geng et al. are represented a new method to obtain the 
analytical and approximate solutions of linear and non-linear system of second order 
boundary value problems [7].

There are numerous numerical methods such as least square method, finite 
difference method, Sinc-Galerkin method, and also others methods using polynomial and 
non -polynomial spline functions to solve second order boundary value problems (BVPs), 
recently Bhatti and Bracken [8] used Bernstein polynomials for solving two point BVPs
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A Numerical Approach to the Solution of the 
System of Second-Order Boundary-Value 

Problems

Abstract- In this paper, Galerkin method is presented to obtain the approximate solutions of the system of second order 
boundary value problems using piecewise continuous and differentiable Bernstein polynomials. Derivation of rigorous 
matrix formulations is exploited to solve the system of second order boundary value problems where, given boundary 
conditions are satisfied by Bernstein polynomials. The derived formulation is applied to solve the system of second order 
boundary value problems numerically. Results of numerical approximate solutions converge to the exact solutions 
monotonically with desired large significant accuracy. 
Keywords:

by the Galerkin method, but few of them are used to solve system of second order 

galerkin method, bernstein polynomials, numerical solution of system of second order BVPs. 



 
 

 
 

 
 
 
 
 

 

 

  

 
 
 
 

 
 

  
 
 
 
 
 
 
 

  

  
 
 
 
 
 
 

   
 

 
 
 

 
boundary value problems. This paper is concentrated on Galerkin method which is used 
to solve system of second order BVPs with dirichlet boundary condition of the type

Subject to the boundary conditions

where                        and are given functions, and    are continuous.

II. Formulation

Let us consider the one-dimensional system of second order differential equations

for the pair of functions and in            .                   Since  each  equation  is  of second 
order, two boundary conditions are required to specify each of the solution components

  
  

and uniquely. For convenience, we assume homogeneous Dirichlet data at the 
ends as boundary conditions

The data include the prescribed functions                  and t, which are assumed to 
be bounded and sufficiently smooth to ensure subsequent variational integrals are well 

defined and the problem is “well posed”. Let consider two trial approximate solutions for 
the pair of functions    and   of system (1) given by

where   and are parameter, are co-ordinate function which satisfies boundary 
condition (2). Now apply Galerkin Method in system (1) we get weighted residual 
system of equations

Integrating by parts and setting at the boundary           and        ,  then we 
obtain system of weighted residual equations
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     ( ) 
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    ( )    ( )    ( )
   }

 ( )   ( )          ( )   ( )   

     ,   ( ),   ( ),   ( )   ( )   ( ),   ( )

   ( )     ( )  ( )     ( )  ( )     ( )
   ( )     ( )  (  )     ( )  ( )    ( )

 }                    (1)

 ( )  ( )      

 ( )  ( )

 ( )   ( )   ( )   ( )                 (2)

          

𝑢 (𝑥)   𝑎𝑖  𝑝𝑖(𝑥)

𝑛

𝑖= 

 𝑛 ≥   

𝑣 (𝑥)    𝑏𝑖  𝑝𝑖(𝑥)

𝑛

𝑖= 

  𝑛 ≥  

 

 
 
 

 
 

(3)

 ( )  ( )

𝑎𝑖  𝑏𝑖 𝑝𝑖(𝑥)

 ( 𝑢  (𝑥)  𝑞𝑢 (𝑥)   𝑟 𝑣 (𝑥))  𝑝𝑖(𝑥) 𝑑𝑥
 

0

   𝑓  𝑝𝑖(𝑥) 𝑑𝑥
 

0

 ( 𝑣  (𝑥)  𝑠 𝑣 (𝑥)  𝑡 𝑣 (𝑥) ) 𝑝𝑖(𝑥) 𝑑𝑥   
 

0

  𝑔  𝑝𝑖(𝑥) 𝑑𝑥
 

0

    

 
 
 

 
 

  (4)

 𝑝𝑖(𝑥) 𝑥 𝑥= 0  = 0  = 1  

  𝑢  (𝑥)𝑝𝑖
 (𝑥)  𝑞 𝑢 (𝑥) 𝑝𝑖(𝑥)  𝑟 𝑣 (𝑥) 𝑝𝑖(𝑥)  𝑑𝑥   

 

0

 𝑓  𝑝𝑖(𝑥) 𝑑𝑥
 

0

 (𝑣  (x)𝑝𝑖
 (𝑥)  s 𝑣 (x) 𝑝𝑖(𝑥)  t  𝑢 (x) 𝑝𝑖(𝑥) )  𝑑𝑥   𝑔  𝑝𝑖(𝑥) 𝑑𝑥

 

0

 

0

     

 
 
 

 
 

(5)

Notes

Now putting the representation (3) into (5) we get



 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

   

 

  

 
 

 
 
 

 
 

We can write above equations as

Equivalently,

Where

for          we get    system of equations, which involve parameters and

  

and which 
can be obtained by solving system (6). System (6) can be assembled by element matrix 
contribution.

III. Bernstein Polynomials

The general form of the Bernstein polynomials of  degree over the interval 
is defined by [8-10]
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𝑛

𝑗= 
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Notes

nth [a,b]



 
 
 
 
 

  
 
 
 
 
 
 
 
 
 
 
 
 

 

  

 
 
 
 

 
 
 
 

   
  

 
 
 
 
 
 
 
 
 

 
 
 
 

 

The first 11 Bernstein polynomials of degree ten over the interval [0,1], are given below:

All these polynomials satisfy dirichlet boundary conditions. These polynomials and 
combination of polynomials can be used as trial approximate solutions.

IV. Numerical Example

In this section, we apply the formulation discussed above to solve the system of 
linear second order BVPs [11]. Consider the following system of equations

Subject to the boundary conditions

where,              and              The solutions of system (7) are          and        
,           respectively.

We use combinations of nine Bernstein polynomials as trial approximate solution 
to solve the system (7). Consider trial approximation solutions of the system (7) are

Which satisfy boundary condition (8). Where   and   are unknown parameter. Solving 
the system (7) by using derived formula in section (2), we get the values of parameters   
and   By putting these parameters in (9) we obtain our desire approximate solutions.
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Note that each of these       polynomials having degree n satisfies the following properties:   

i.     ( )          if     or    

ii. ∑     ( )    
 =0

iii.     ( )      ( )   ,       

i.  0  0( )  (   ) 0

ii.     0( )    (   )  
iii.     0( )     (   )    

iv.     0( )     (   )    

v.     0( )     (   )    

vi.     0( )     (   )    

vii.     0( )     (   )    

viii.     0( )     (   )    

ix.     0( )    (   )    

x.     0( )    (   )   

xi.   0  0( )     0

  ( )       ( )       ( )     ( )
  ( )      ( )      ( )   ( )

}                              (7)

 ( )   ( )        ( )   ( )                (8)

     ,  ( )    ( )    .  ( )      

 ( )      
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Table 1: Comparison of approximation solution 𝑢𝑢 (𝑥𝑥) and exact solution (𝑥𝑥) of system (7)

Figure 1: Graphical comparison of Exact solution (𝒙𝒙) (- - -) and approximate solution𝒖𝒖 (𝒙𝒙) (- - -) 

Table 2: Comparison of approximation solution 𝒗𝒗 (𝒙𝒙)and exact solution 𝒗𝒗(𝒙𝒙) of system (7)

A Numerical Approach to the Solution of the System of Second-Order Boundary-Value Problems

Values of 𝒙 Exact solution Approximate solution 𝒖 (𝒙)
Absolute error

 𝒖 (𝒙)  𝒖(𝒙) 

𝟎                      

𝟎 𝟏     9       9       87 ×      

𝟎 𝟐                    8   ×      

𝟎 𝟑                 9    7 ×      

𝟎 𝟒                      99 ×      

𝟎 𝟓                   7  8 ×      

𝟎 𝟔                   8  7 ×      

𝟎 𝟕                 8      ×      

𝟎 𝟖                        ×      

𝟎 𝟗     9       9     8   9 ×      

𝟏 𝟎                      

Values of 𝒙 Exact solution Approximate solution 𝒗 (𝒙)
 𝒗 (𝒙)  𝒗(𝒙) 

Absolute error

𝟎                      

𝟎 𝟏    9      9       87 ×      

𝟎 𝟐                  8   ×      

𝟎 𝟑               9    7 ×      

𝟎 𝟒                    99 ×      

𝟎 𝟓                 7  8 ×      

𝟎 𝟔                 8  7 ×      

𝟎 𝟕               8      ×      

𝟎 𝟖                      ×      

𝟎 𝟗    9      9     8   9 ×      

𝟏 𝟎                      
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Table 1 and 2 shows the numerical solution and comparison between exact 
solutions [11] of system of second order BVPs (7). Figure 1 and 2 display comparison 
with exact and approximate numerical solution. Our numerical approximate solution 
gives better accuracy compare with other method [11].

Figure 2: Graphical comparison of Exact solution (𝒙𝒙) (- - -) and approximate solution𝒗𝒗 (𝒙𝒙) (- - -).

V. Conclusion

In this paper, a numerical method is developed to solve the system of the system 
of second order boundary value problems by using the Galerkin method. Developed 
matrix formulation is a general method which used to solve problems. We introduce a 
problem in matrix formulation which gives us a better result. The results obtained are 
very encouraging and this method performs better than other methods. 

References Références Referencias

1. H.B. Thompson, C. Tisdell, Systems of difference equations associated with 
boundary value problems for second order system of ordinary differential equations, 
J. Math. Appl. 248 (2000) 333-347.  

2. Xiyon Cheng, Chengkui Zhong, Existence of positive solutions for a second order 
ordinary differential system, J. Math. Anal. Appl. 312 (2005) 14-23.  

3. H.B. Thompson, C. Tisdell, Boundary value problems for systems of difference 
equations associated with systems of second-order ordinary differential equations, 
Appl. Math. Lett. 15(6) (2002) 761-766.  

4. H.B. Thompson, C. Tisdell, The nonexistence of spurious solutions to discrete, two-
point boundary value problems, Appl. Math. Lett. 16(1) (2003) 79-84.  

A Numerical Approach to the Solution of the System of Second-Order Boundary-Value Problems

5. J. Mawhin, C. Tisdell, A note on the uniqueness of solutions to nonlinear, discrete, 
vector boundary value problems, Nonlinear Anal. Appl. 1-2 (2003) 789-798 (to V. 
Lakshmikantham on his 80th birthday). 

6. T. Valanarasu, N. Ramanujam, An asymptotic initial value method for boundary 
value problems for a system of singularity perturbed second-order ordinary 
differential equations, Appl. Math. Comput. 147 (2004) 227-240.  

7. F.Z. Geng, M.G. Cui, Solving a nonlinear system of second order boundary value 
problems, J. Math. Anal. Appl. 327 (2007) 1167-1181.  

© 2018   Global Journals

Ref

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
V
ol
um

e
X
V
III  

 I
ss
ue

  
  
  
 V
er

sio
n 

1
V
III

Y
ea

r
20

18

16

  
 

( F
)

11.J
u
n
g
fen

g
 
L
u
 
- 

V
ariation

al 
Iteration

 
M

eth
od

 
for 

S
olv

in
g 

a 
n
on

lin
ear 

S
y
stem

 
of 

S
econ

d
-o

rd
er 

B
o
u
n
d
ary

 
v
a
lu

e 
p
ro

b
lem

s,
C

o
m

p
u
ter 

a
n
d
 

M
a
th

em
a
tics 

w
ith

 
A

p
p
lication

s, 54(2007), 1133
-1138.  

𝒗

    

 



 

 
 

 

 

 

 

 
 

 

8. Bhatti, M. I., Braken, P., Solutions of differential equations in a Bernstein 
Polynomial basis, J. Comput. Appl. Math. 205 (2007), 272-280.  

9. Reinkenhof, J., Differentiation and integration using Bernstein’s polynomials, Int. J. 
Number. Methods Engrg, 11(1977), 1627-1630.  

10. Kreyszig, E., Bernstein polynomials and numerical integration, Int. J. Number. 
Methods Engrg, 14(1979), 292-295.  

11. Jungfeng Lu - Variational Iteration Method for Solving a nonlinear System of 
Second-order Boundary value problems, Computer and Mathematics with 
Applications, 54(2007), 1133-1138.  

A Numerical Approach to the Solution of the System of Second-Order Boundary-Value Problems

    

                  

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
V
ol
um

e
X
V
III  

 I
ss
ue

  
  
  
 V
er

sio
n 

1
V
III

Y
ea

r
20

18

17

  
 

( F
)

© 2018   Global Journals

Notes


	A Numerical Approach to the Solution of the System of Second-Order Boundary-Value Problems
	Author
	Keywords
	I. Introduction
	II. Formulation
	III. Bernstein Polynomials
	IV. Numerical Example
	V. Conclusion
	References Références Referencias



