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We note above all about that the idea of this paper came to us from the proof
of structure theorem of complete Riemannian flags of H. Diallo being in [7].

Let (M1,F1), (M2,F2), ..., (Mq,Fq) be q codimension 1 transversaly ori-
entable Riemannian foliations, let M =M1×M2× ...×Mq, let F̃k = F1×F2×
...×Fk×Mk+1×M2×...×Mq, let (Uki , f

k
i
, T k, γk

ij
)i∈Ik be a foliated cocycle defin-

ing (Mk,Fk), T̃ k = T 1×T 2×...×T k, let ps be the projection ofM onMs, let ps
be the projection of T̃ q on T s, let Ũk

i
= U1

i
×U2

i
×...×Uk

i
×Mk+1×M2×...×Mq,

let f̃k
i
=
(
f1
i
◦ p1, f2i ◦ p2, ..., f

k
i
◦ pk

)
and let γ̃k

ij
=
(
γ1ij ◦ p1, γ2ij ◦ p2, ..., γkij ◦ pk

)
.

We easily verify that
(
Ũk
i
, f̃k

i
, T̃ k, γ̃k

ij

)
is a foliated cocycle defining the codi-

mension k Riemannian foliation F̃k.
We have F̃q ⊂ F̃q−1 ⊂ ... ⊂ F̃1.We say that the sequenceDF̃q=

(
F̃q−1, ..., F̃1

)
is a completed flag of Riemannian extension of Riemannian foliatioñ Fq on M .
Specifically, being given a codimension q foliation Fq on a manifold M, a

flag of extensions of a foliation Fq is a sequence DkFq = (Fq−1, Fq−2, ..., Fk)
of foliations on M such as Fq ⊂ Fq−1 ⊂ Fq−2 ⊂ ... ⊂ Fk and each foliation Fs
is a codimension s foliation.
For k = 1, the flag of extensions DkFq will be called complete and will be

noted DFq .
If each foliation Fs is Riemannian, the flag of extensions DkFq will be called

flag of Riemannian extensions of Fq.
That said, is denoted by Xk the unitary field of T k orienting T k and (Xk)

hk

the lifted of Xk on the tangent bundle T T̃ q of T̃ q.

One checks easily [10] that
[
(Xk)

hk , (Xs)
hs
]
= 0 for k 6= s. There is thus

obtained a coordinates system (x1, ..., xq) on T̃ q such as ∂
∂xk

= (Xk)
hk . As each

γk
ij
is an local isometry of T k then relative to the coordinates system (x1, ..., xq)

the Jacobian matrix Jγ̃k
ij
of γ̃k

ij
checked:
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Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold

Jγk
ij
=



ε1ij 0 ... ... ... 0
0 ε2ij 0 ... ... 0
0 0 ε3ij 0 ... :
: : 0 . . :
: : : . . 0
0 0 0 .... 0 εkij

 where εrij = ±1.

From the foregoing the foliation F̃k will be said Riemannian transversaly
diagonal.
Specifically a foliation F on a manifold N is said transversely diagonal if and

only if it is defined by a foliated cocycle (U
i
, f

i
, T, γ

ij
)i∈I such as the opens Ui

are F -distinguished and on each open f
i
(U

i
) it exists a local F-transverse coor-

dinates system
(
yiq,y

i
2,...,y

i
1

)
such as relatively to local F-transverse coordinates

systems
((
yiq,y

i
2,...,y

i
1

))
i∈I on the opens f

i
(U

i
),

the Jacobian matrix Jγ
ij
of γ

ij
is diagonal. In the case where there exists a

metric h
T
on the transverse manifold T such as the γs

ij
are local isometries for

this transverse metric, we say that F is Riemannian transversaly diagonal.
The primary purpose of this paper is to show that the existense of a transver-

saly diagonal foliation F on a manifold implies the existence of a complete flag
of extensions of F . The second purpose of this paper is to prove the existence
of Riemannian transversely diagonal foliation nontrivial . Indeed, we show that
if Fq is a codimension q Riemannian foliation having a complete flag of Rie-
mannian extensions DFq = (Fq−1, Fq−2, ..., F1) on a connected manifold N
and if there exists a metric h that is bundlelike for any foliation Fs of this flag
then each foliation Fs is Riemannian transversely diagonal.
In all that follows, the manifolds considered are supposed connected and

differentiability is C∞.

In this paragraph, we reformulate in the direction that is helpful to us some
definitions and theorems that are in ([2],[3], [5], [7], [8], [10]).

Let M be a manifold.
An extension of a codimension q foliation (M,F) is a codimension q′ fo-

liation (M,F ′) such that 0 < q′ < q and (M,F ′) leaves are (M,F) leaves
meetings ( it is noted F ⊂ F ′).

We show ([2], [6]) that if (M,F ′) is a simple extension of a simple foliation
(M,F) and if (M,F) and (M,F ′) are defined respectively by submersions π :
M → T and π′ :M → T ′, then there exists a submersion θ : T → T ′ such that
π′ = θ ◦ π.
We say that the submersion θ is a bond between the foliation (M,F) and

its extension foliation (M,F ′) .
It is shown in [3] that if the foliation (M,F) and its extension (M,F ′) are

defined respectively by the cocycles (Ui , fi , T, γij )i∈I and (Ui , f
′
i
, T ′, γ′

ij
)i∈I then

we have
f ′i = θi ◦ fi and γ′ij ◦ θj = θi ◦ γij

where θs is a bond between the foliation (Us,F) and its extension foliation
(Us,F ′) .

Given a foliation (M ,F) having T for model transverse fo-
liation, let T ′ be a dimension q′>0 manifold. If the local diffeomorphisms of
transition of F preserve the fibers of a submersion of T on T ′, then the foliation
F admits a codimension q’extension having T ′ for model transverse manifold.

II. Reminders

Definition 2.1

Proposition 2.2  
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The following theorem is demonstrated in the same way that the structure
theorem of complete Riemannian flags being in [7] :

Let (M ;h) be a connected Riemannian manifold not necessarily
compact and let DFq = (Fq−1, Fq−2, ..., F1) be a complete flag of riemannian
extensions of a codimension q Riemannian foliation Fq having T q for transverse
manifold and having h for bundlelike metric.
If the metric h is bundlelike for any foliation of DFq = (Fq−1, Fq−2, ..., F1)

then:
1) Each foliation Fk is transversaly parallelizable. The vector fields of par-

allelism Fk−transverse
(
Y s
)
0≤s≤k−1 are orthogonal. For s6= 0, each vector

field Y s is an unitary section of (TFs+1)⊥∩ (TFs) and Y 0 is an unitary section
of (TF1)⊥ where (TFk)⊥ is the orthogonal bundle of TFk. Additionally each
vector field Y s directs the flow it generates.
2) The induced parallelism (Ys)0≤s≤q−1 of T q by

(
Y s
)
0≤s≤q−1 satisfies

the equality [Ys, Yr] = ksrYs for q − 1 ≥ s > r ≥ 0. Functions ksr are called
structure functions of DFq .
Note that the parallelism (Ys)0≤s≤q−1 of T q will be said parallelism Fq−

transverse of Diallo associated to DFq .
We note also, relatively to the transverse induced metric hT by h on T q,

that vectors fields Ys are unitary and orthogonal two by two.
We end these reminders by the following proposition being in [10]. It will

allow us to construct local coordinate systems in the proof of the theorem 3.2
which is the main theorem of this paper in the following paragraph.

Let M × N be the product of two manifolds M and N , let
Xi ∈ X (M) and let Yj ∈ X (N) then[

Xh1
1 , Xh1

2

]
= [X1, X2]

h1 ,
[
Y h21 , Y h22

]
= [Y1, Y2]

h2 and
[
Xh1
1 , Y h22

]
= 0

where

Rh1 : TxM → T(x,y)M ×N
u 7→ uh1 = (u, 0)

and
Rh2 : TxN → T(x,y)M ×N

w 7→ wh2 = (0, w)
.

There is a link between transversaly diagonal foliations and complete flags of
extensions.
Specifically we have:

Let Fq be a codimension q transversaly diagonal foliation on
a manifold M .
Then Fq admits a complete flag of extensions DFq = (Fq−1, Fq−2, ..., F1) .

Let (Uq
i
, fq

i
, T q, γq

ji
)i∈I be a foliated cocyle defining the transversaly

diagonal foliation Fq and let
((
yiq,y

i
q−1,...,y

i
1

))
i∈I be Fq−transverse coordinates

systems on opens fq
i

(
Uq
i

)
such as the Jacobian matrix Jγqij is diagonal. Let also

P qi (x) =
q−1
⊕
k=1

<
∂

∂yik
(x) >

be the integrable differential system on fqi (U
q
i ) and let U

q−1
i be a leaf of this

differential system.
It is clear that the foliation defined by the integrable differential system

x→ P qi (x) is transverse for the flow F∂yiq of
∂
∂yiq

.

Theorem 2.3  

Proposition 2.4  

III. Matrix Expression of a Complete flag of Riemannian

Extensions on a Manifold

Proposition 3.1 

Proof. 

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold

                    

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
V
ol
um

e
X
V
III  

 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

18

15

  
 

( F
)

© 2018   Global Journals

Ref

10
.R

.
N

as
ri

 a
n
d
 M

.
D

ja
a,

 2
00

6.
 “

S
u
r 

la
 c

ou
rb

u
re

 d
es

 v
ar

i é
t é

s 
ri

em
an

n
ie

n
n
es

 p
ro

d
u
it
s ”

, 
L
ab

or
at

oi
re

 d
e 

g
éo

m
ét

ri
e.

C
en

tr
e 

u
n
iv

er
si

ta
ir
e 

d
e 

S
ai

d
a,

A
lg

ér
ie

. 
M

.S
.C

.2
00

0:
53

C
50

-
53

C
42

. 
S
ci

en
ce

s 
et

 T
ec

h
n
ol

og
ie

 A
-N

º
24

; 
D

ec
em

b
re

, 
p
p
.1

5-
20

.



 
 

 
 

 
 
 
 
 
 
 
 
 
 

That said, quits to reduce the "size" of opens Uq
i
, it may be considered an

open recovering (Uq
i
)i∈I of M such as in each fq

i

(
Uq
i

)
the flow F∂yiq of

∂
∂yiq

and

the integrable differential system x → P qi (x) define simple foliations so that
Uq−1i is diffeomorphic to quotient manifold of simple foliation F∂yiq .

Let θqi : f
q
i

(
Uq
i

)
→ Uq−1i be the projection on Uq−1i following the flow F∂yiq

of ∂
∂yiq

.

The manifold T q can be regarded as a disjoint union of fq
i

(
Uq
i

)
. Therefore

we can say that submersions θqi defines a submersion θ
q on T q whose restriction

to each fq
i

(
Uq
i

)
is θqi .

Note that Jγqji =
(
λqjirs

)
rs
being a invertible and diagonal matrix has all its

diagonal elements non-zero.
As (

γq
ji

)
∗

(
∂

∂yiq

)
=
(
λqjirs

)
rs

(
∂

∂yiq

)
= λqji11.

∂

∂yjq
and λqji11 6= 0

then the γq
ji
preserve the fibers of the submersion θq.

It follows from this ([3], [5])( cf.prop.2.2 ) that the codimension q foliation
Fq have an codimension q − 1 extension Fq−1.
We set

fq−1
i

= θqi ◦ fqi and T
q−1 = ∪

i∈I
Uq−1i and fq−1r (Uqr ∩ Uqs ) = Vq−1rs

for Uqr ∩ Uqs 6= ∅.
As γq

ji
preserves the fibers of the submersion θq then γq

ji
induces a local

diffeomorphism γq−1
ji

: Vq−1ij → Vq−1ji and this diffeomorphism checks ([3], [5])
(cf def.2.1 ) the equality

γq−1
ji
◦ θqi = θqj ◦ γqji .

We easily verify that (Uq
i
,fq−1

i
, T q−1, γq−1

ji
)i∈I is a foliated cocycle defining

the extension Fq−1 of Fq.
We now show that the foliation Fq−1 is transversaly diagonal.
We have

[
∂
∂yiq

, ∂
∂yik

]
= 0 for all k. Hence the q−1 vectors fields ∂

∂yiq−1
, ∂
∂yiq−2

, ..., ∂
∂yi1

are foliated for the flow of ∂
∂yiq

. Therefore (θq)∗
(

∂
∂yik

)
is a vectors field on Uq−1i

for all k ≤ q − 1.
But the q − 1 vector fields ∂

∂yiq−1
, ∂
∂yiq−2

, ..., ∂
∂yi1

are tangent to Uq−1i at any

point in Uq−1i so for k 6= q and a ∈ fq
i

(
Uq
i

)
we have (θqi )∗a

(
∂
∂yik

)
= ∂

∂yik
(θqi (a)) .

Therefore the q − 1 vector fields ∂
∂yiq−1

, ∂
∂yiq−2

, ..., ∂
∂yi1

define a coordinates

system F∂yiq -transverse on U
q−1
i and this coordinates system is the restriction

to Uq−1i of
(
yiq,y

i
q−1,...,y

i
1

)
. So it will be noted yet

(
yiq−1, ..., y

i
1

)
.

For clarity in the presentation we note for following (θqi )∗

(
∂
∂yik

)
= ∂

∂yik /Uq−1i

.

Using equality γq−1
ji
◦ θqi = θqj ◦ γqji we obtain for k 6= q,

(
γq−1
ji

)
∗

∂

∂yik /Uq−1i

)
=

(
γq−1
ji

)
∗
◦ (θqi )∗

(
∂

∂yik

)

=
(
θqj
)
∗ ◦
(
γq
ji

)
∗

(
∂

∂yik

)

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold
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=
(
θqj
)
∗ λqij(q−k+1)(q−k+1).

∂

∂yjk

)

= λqij(q−k+1)(q−k+1)
(
θqj
)
∗

∂

∂yjk

)

= λqij(q−k+1)(q−k+1).
∂

∂yjk /Uq−1j

.

Thus the foliation Fq−1 is transversaly diagonal.
Before closing we note that equality

γq−1
ji
◦ θqi = θqj ◦ γqji show that Jγq−1ji .Jθqi = Jθqj .Jγ

q
ji

where Jθqs is the Jacobian matrix of θ
q
s. But

Jθqs =


0 0 ... ... ... 0
0 1 0 ... ... 0
0 0 1 0 ... :
: : 0 . . :
: : : . . 0
0 0 0 .... 0 1


so Jγq−1ij

is obtained by removing the first line and the first collonne of Jγqij .

We are constructing Fq−2, Fq−3 , ... , F1 using the same technical of con-
struction of Fq−1.
We note that each foliation Fk will be defined by (Uq

i
,fk

i
, T k, γk

ji
)i∈I a fo-

liated cocycle where θki is defined in the same way as θ
q
i , f

k−1
i

= θki ◦ fki ,
T k = ∪

i∈I
Uki with Uki defined in the same way as U

q−1
i and γk−1

ji
◦ θki = θkj ◦ γkji .

We note that if the transversaly diagonal foliation Fq is Riemannian rela-
tively to a transverse metric hT and if local vector fields ∂

∂yik
are Killing vector

fields for hT for all i and all k then the foliations of complete flag of extensions
DFq = (Fq−1, Fq−2, ..., F1) are Riemannian transversaly diagonal and there
existe a common metric bundlelike for any foliation Fk. Indeed in this case the
submersions θki are Riemannian submersions for all i and all k. And, the equal-
ity γk−1

ji
◦ θki = θkj ◦ γkji implies that γ

k−1
ji

is a local isometry once γk
ji
is a local

isometry.

Under certain conditions specified in Theorem 3.2, the previous proposal
admits a reciprocal.
In the proof of the following result is given matrix expression of a complete

flag of Riemannian extensions of a Riemannian foliation .

Let Fq be a codimension q Riemannian foliation on a connected
manifold M and h a metric Fq−bundlelike on M.

If Fq admits a complete flag of Riemannian extensions DFq = (Fq−1, ..., F1)
such as the métric h is bundlelike for any Riemannian foliation Fk then each
foliation Fk is Riemannian transversaly diagonal.

We assume that the foliation Fq admits a complete flag of Rie-
mannian extensionsDFq = (Fq−1, Fq−2, ..., F1) such as the metric h is bundle-
like for any Riemannian foliation Fk.
We denote by T q a transverse manifold of Fq.

Theorem 3.2

Proof.  

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold

)
)

                    

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
V
ol
um

e
X
V
III  

 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

18

17

  
 

( F
)

© 2018   Global Journals

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

According to the theorem 2.3 each foliation Fk is transversaly parallelizable.
The vector fields of Fk−transverse parallelism

(
Y s
)
0≤s≤k−1 are orthogonal.

For s6= 0, each vector fields Y s is an unitary section of (TFs+1)⊥ ∩ (TFs) and
Y 0 is an unitary section of (TF1)⊥ where (TF1)⊥ is the orthogonal bundle of
TF1. Additionally each vector field Y s directs the flow it generates and the
induced parallelism (Ys)0≤s≤q−1 of T q by

(
Y s
)
0≤s≤q−1 satisfies the equality

[Ys, Yr] = ksrYs for q − 1 ≥ s > r ≥ 0.

We have T (T q) =
q−1
⊕
s=0

< Ys > where T (T q) is the tangent bundle of T q and

< Ys > is the tangent bundle of flow of Ys.
The differential system

Sk (x) =
q−1
⊕
s=0
s6=k

< Ys (x) >

is integrable because [Ys, Yr] = ksrYs for s > r. It then defines a foliation Sk.
For k 6= r, one checks easily that Sr is an extension of flow FYk of unitary

vector field Yk. On the other side FYk is transverse for the foliation Sk because
for all x ∈ T q, Tx (T q) = TxSk⊕ < Yk (x) > .

That said, for all xi ∈ T q there exists an open Vi of T q containing xi,
distinguished for each foliation Sk and for each flow FYk .
Let sik be a submersion defining Sk on Vi .
As FYk is transverse to the foliation Sk and dim (FYk) = codim (Sk) then

the open Vi can be chosen such that for all maximal plaques (for the natural
relation of inclusion) LiYk and P

i
Yk
for FYk contained in Vi we have sik

(
LiYk

)
=

sik (Vi ) = sik
(
P iYk

)
.

Thus, we can assume that sik (Vi ) = LiYk because s
i
k

(
LiYk

)
is diffeomorphic

to LiYk .

It follows from the foregoing that the application µi : Vi → LiYq−1 × ...×L
i
Y0

such as for all x ∈ V
i
, µi (x) =

(
siq−1 (x) , s

i
q−1 (x) , ..., s

i
0 (x)

)
is a diffeomor-

phism.

It is easy to verify that the leaves of
((
µi
)−1)∗ (FYk/Vi ) are of the form

{p}×LiYk ×{p
′} where p ∈ LiYq−1 ×L

i
Yq−2
× ...×LiYk+1 and p

′ ∈ LiYk−1 ×L
i
Yk−2
×

...× LiY0 .
This being, is considered in what follows a recovery (U

i
)i∈I of opens of

the manifold M such as each open U
i
is Fk−distinguished for each k and

if (Ui ,f
q
i
, T q, γq

ji
)i∈I is a foliated cocycle defining Fq then there exists a dif-

feomorphism µiq : f
q
i (Ui) → LiYq−1 × LiYq−2 × ... × LiY0 such as the leaves of((

µiq
)−1)∗ (FYk/Vi ) are of the form {p}×LiYk×{p′} where p ∈ LiYq−1×LiYq−2×

...× LiYk+1 and p
′ ∈ LiYk−1 × L

i
Yk−2

× ...× LiY0 .
Let hT be the metric Fq-transverse associated to the metric Fq−bundlelike

h and let Y iLk be the unitary vector field tangent to the leaf L
i
Yk
induced by

the unitary vector field Yk of Fq−transverse parallelism (Ys)0≤s≤q−1 of Diallo
of T q.

We note in passing that the vector fields Y iLk are orthogonal two by two
relatively to the metric hT .
We now consider a =

(
aiq−1, ..., a

i
0

)
∈ Li

Yq−1
× ...× Li

Y0
.

We set

Rhka : TaikL
i

Yk
→ Taiq−1L

i

Yq−1
× ...× Tai0L

i

Y0

Xi
aik

7→
(
Xi
aik

)hk
aqi
=
(
0aiq−1 , ..., 0aik+1 , X

i
aik
, 0aik−1 , ..., 0ai0

)
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where 0ait is the null vector of TaitL
i

Yt
.

Let X
(
L
i

Yk

)
be the Lie algebra of vector fields tangent to L

i

Yk
and let

Xi
k ∈ X

(
L
i

Yk

)
.

By varying aik ∈ L
i

Yk
, the lifted Rhka

((
Xi
k

)
aik

)
of
(
Xi
k

)
aik
in TL

i

Yq−1
× ... ×

TL
i

Y0
define a vector field on L

i

Yq−1
× ...× Li

Y0
. We will note it by

(
Xi
k

)hk . So,
we have

(
Xi
k

)hk
a
=
(
Xi
k

)hk (a) = Rhka

((
Xi
k

)
aik

)
.

Is shown in [10] (cf.prop.2.4 ) that for Xi
k ∈ X

(
L
i

Yk

)
and Xi

s ∈ X
(
L
i

Ys

)
we

have
[(
Y ik
)hk , (Y is )hs] = 0 for k 6= s. It follows from this, Y iLr being the unitary

vector field on L
i

Yr
induced by Yr of Fq−transverse parallelism (Ys)0≤s≤q−1 of

Diallo, that
[(
Y iLk

)hk , (Y iLs)hs] = 0 for k 6= s.

Thus, µiq : f
q
i (Ui

)→ LiYq−1×L
i
Yq−2
×...×LiY0 being a diffeomorphism,the vec-

tor fields
((
µiq
)−1)∗ ((

Y iLs
)hs) define on fqi (Ui

) a coordinated system Fq−transverse.
.
In the following

((
µiq
)−1)∗ ((

Y iLs
)hs) is noted ∂

∂yi
s

.

We note in passing that if we denote by Y is the restriction of Ys at f
q
i (Ui

)

and pik : L
i

Yq−1
× Li

Yq−2
× ...× Li

Y0
→ L

i

Yk
the projection on L

i

Yk
then:

1) We have
(
pik
)
∗

((
Y ik
)hk) = Y iLk and

(
pik
)
∗

((
Y is
)hs)

= 0 for s 6= k.

2) The projections
(
pis
)
∗ not being necessarily Riemannian submersions.

Therefore the vector fields
(
Y is
)hs are not necessarily unitary (relatively to the

metric
((
µiq
)−1)∗

hT on the product L
i

Yq−1
× ... × Li

Y0
) despite the fact that

Y iLs is unitary on L
i

Ys
.

3) For all p ∈ Li

Yq−1
×...×Li

Ys+1
and p′ ∈ Li

Ys−1
×...×Li

Y0
we have

(
µiq
)
∗

(
Y is
)

which is tangent to {p} × L
i

Ys
× {p′} . Hence the vector fields

(
Y iLs
)hs and(

µiq
)
∗

(
Y is
)
are collinear. And that implies that ∂

∂yi

s

and Y is are also collinear.

4) Y is coincides with
∂
∂yis

on L
i

Ys
however, the values of these two fields on

V qi \L
i

Ys
are not necessarily identical where fqi (Ui

) = V qi .
One checks easily that the vector fields ∂

∂yis
on fqi (Ui

) = V qi are orthogonal
two by two.

Let F ik = Fk/Ui and DFiq =
(
F iq−1, F iq−2, ..., F i1

)
the restriction of DFq =

(Fq−1, Fq−2, ..., F1) at the open Ui.
The flag D

Fiq
=
(
F iq−1, F iq−2, ..., F i1

)
is projected on fqi (Ui) = V qi follow-

ing the leaves of F iq in a complete Riemannian flag Di =
(
F i1, F

i

2, ..., F
i

q−1

)
where F ik = fqi

(
F iq−k

)
.

We have TF ik =
q−1
⊕
s=k

< Y is >=
q−1
⊕
s=k

< ∂
∂yis

> . Thus on each open Ui the

submersion piqk−1 ◦ µiq ◦ f
q
i defines the foliation F ik where p

iq
k−1 is the projection

of L
i

Yq−1
× ...× Li

Y0
on L

i

Yk−1
× Li

Yk−2
× ...× Li

Y0
.

Let θqki be the Riemannian bond between the Riemannian foliations F iq and
F ik, let θ

k−1
i be the Riemannian bond between the Riemannian foliations F ik

and F ik−1 and let p
i(k−1)
k−2 be the projection of L

i

Yk−1
× L

i

Yk−2
× ... × L

i

Y0
on

L
i

Yk−2
× ...× Li

Y0
.
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We note [3] that fibers of θqki are leaves of foliation Fk and fibers of θk−1i

are leaves of flow F∂yik−1 of
∂

∂yik−1
.

For all s, it follows from the above that there exists a diffeomorphism µis :

fsi (Ui)→ L
i

Ys−1
×Li

Ys−2
× ...×Li

Y0
making the following diagram commutative

U
i

fqi→ fqi (Ui)
µiq→ L

i

Yq−1
× ...× Li

Y0

Id ↓ ↓ θqki ↓ piqk−1
Ui

fki→ fki (Ui)
µik→ L

i

Yk−1
× ...× Li

Y0

Id ↓ ↓ θk−1i ↓ pi(k−1)k−2

Ui

fk−1i→ fk−1i (Ui)
µik−1→ L

i

Yk−2
× ...× Li

Y0

(∗) .

Let aik ∈ L
i

Yq−1
× ... × Li

Yk
and τaik the immersion of L

i

Yk−1
× ... × Li

Y0
in

L
i

Yq−1
× ...× Li

Y0
such as τaik (b) = aik × b for all b ∈ L

i

Yk−1
× ...× Li

Y0
.

We have
(
µiq
)−1 ◦ τaik ◦ µik which is an immersion of fki (Ui) in fqi (Ui).

Thus, quits to replace fki by
(
µiq
)−1 ◦ τaik ◦ µik ◦ fki , we can suppose that

fki (Ui) is an immersed submanifold of f
q
i (Ui) and this submanifold is a leaf of

differential integrable system P k (x) =
k−1
⊕
s=0

< Y is (x) >=
k−1
⊕
s=0

< ∂
∂yis

(x) > on

fqi (Ui).

Using the same arguments one can assume that f1i (Ui) ⊂ f2i (Ui) ⊂ .... ⊂
fqi (Ui).

That said, it is assumed in what follows that f1i (Ui) ⊂ f2i (Ui) ⊂ .... ⊂ f
q
i (Ui)

and fki (Ui) is a leaf of differential integrable system x→ P k (x) on fqi (Ui).

We have
[
∂
∂yis

, ∂
∂yik

]
= 0 for all (k, s) and TF ik =

q−1
⊕
s=k

< ∂
∂yis

>. Hence the vec-

tor fields ∂
∂yis

are foliate for the foliation F ik for s < k. Therefore
(
θqki

)
∗

(
∂
∂yis

)
is a vector field on fki (Ui) for all s < k because θqki is the projection of fqi (Ui)

on fki (Ui) following the leaves of F
i

k.

But for s < k the vector fields ∂
∂yis

are tangent to fki (Ui) at any point of

fki (Ui) so for s < k and a ∈ fq
i

(
Uq
i

)
we have

(
θqki

)
∗a

(
∂
∂yis

)
= ∂

∂yis

(
θqki (a)

)
.

Therefore for s < k the vector fields ∂
∂yis

define a coordinate system F ik-
transverse on fki (Ui) and this coordinates system is the restriction of

(
yiq−1, ..., y

i
0

)
to fki (Ui). It will be noted therefore

(
yik−1, ..., y

i
0

)
.

We can write that
(
θqki

) (
yiq−1, ..., y

i
0

)
=
(
yik−1, ..., y

i
0

)
.

Using the diagram (∗) it is easy to verify that θq(k−1)i = θk−1i ◦ θqki . Which
causes that

θk−1i

(
yik−1, y

i
k−2, ..., y

i
0

)
=

(
θk−1i ◦ θqki

) (
yiq−1, ..., y

i
0

)
= θ

q(k−1)
i

(
yiq−1, ..., y

i
0

)
=

(
yik−2, ..., y

i
0

)
.
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For Ui ∩ Uj 6= ∅, we set:

γk
ij

(
yjk−1, y

j
k−2, ..., y

j
0

)
=
(
γkik−1, γ

ki
k−2, ..., γ

ki
0

)
.

We have [3] the equality,

fk−1i = θk−1i ◦ fki and γk−1
ij
◦ θk−1j = θk−1i ◦ γk

ij

that is to say that the following diagram is commutative

Ui ∩ Uj
fk
j→ fkj (Ui ∩ Uj)

θk−1j→ fk−1j (Ui ∩ Uj)
IdUi∩Uj ↓ ↓ γk

ij
↓ γk−1

ij

Ui ∩ Uj
fki→ fki (Ui ∩ Uj)

θk−1i→ fk−1i (Ui ∩ Uj)

.

From where the equality θk−1i

(
yik−1, y

i
k−2, ..., y

i
0

)
=
(
yik−2, ..., y

i
0

)
causes that:

γk−1
ij

(
yjk−2, ..., y

j
0

)
= γk−1

ij
◦ θk−1j

(
yjk−1, y

j
k−2, ..., y

j
0

)
= θk−1i ◦ γk

ij

(
yjk−1, y

j
k−2, ..., y

j
0

)
= θk−1i

(
γkik−1, γ

ki
k−2, ..., γ

ki
0

)
=

(
γkik−2, ..., γ

ki
0

)
but

γk−1
ij

(
yjk−2, ..., y

j
0

)
=
(
γ
(k−1)i
k−2 , ..., γ

(k−1)i
0

)
so
(
γ
(k−1)i
k−2 , ..., γ

(k−1)i
0

)
=
(
γkik−2, ..., γ

ki
0

)
.

Which implies γsir = γtir for all r, s and t.
We can set

γk
ij

(
yjk−1, y

j
k−2, ..., y

j
0

)
=
(
γik−1, γ

i
k−2, ..., γ

i
0

)
.

The equality

γk−1
ij

(
yjk−2, ..., y

j
0

)
=
(
γkik−2, ..., γ

ki
0

)
=
(
γik−1, γ

i
k−2, ..., γ

i
0

)
show that

γk
ij

(
yjk−1, y

j
k−2, ..., y

j
0

)
=
(
γik−1, γ

i
k−2, ..., γ

i
0

)
with(

γik−s−1, γ
i
k−s−2, ..., γ

i
0

)
= γk−s

ij

(
yjk−s−1, ..., y

j
0

)
for s ∈ {1, ..., k − 1} .

It follows from the foregoing that the Jacobian matrix Jγk
ij
of γk

ij
satisfies

the equality:

Jγk
ij
=



∂γik−1
∂yjk−1

∂γik−1
∂yjk−2

... ... ...
∂γi

k−1
∂yj0

0
∂γik−2
∂yjk−2

∂γik−2
∂yjk−3

... ...
∂γi

k−2
∂yj0

0 0
∂γik−3
∂yjk−3

... ...
∂γi

k−3
∂yj0

: : 0 . :
: : : . . :

0 0 0 .... 0
∂γi0
∂yj0


.

Therefore

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold
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The matrix Jγk
ij
is invertible and triangular. From where all diagonal element

of Jγk
ij
is nonzero that is to say that

∂γik−r
∂yjk−r

6= 0 for all r.

As γk
ij
is an isometric for the transverse metric hT and as the vector fields

∂

∂yjk−1
are orthogonal two by two then

0 = hT
∂

∂yjk−1
,

∂

∂yjk−2

)

= hT

(
γk
ij

)
∗

∂

∂yjk−1

)
,
(
γk
ij

)
∗

∂

∂yjk−2

))

=
∂γik−1

∂yjk−2
.
∂γik−1

∂yjk−1
hT

∂

∂yik−1
,

∂

∂yik−1

)
.

But

∂γik−1

∂yjk−1
6= 0 and hT

∂

∂yik−1
,

∂

∂yik−1

)
6= 0 so

∂γik−1

∂yjk−2
= 0.

Let r0 ∈ {1, 2, ..., k} . Suppose by recurrence that for all r ≤ r0 and all s < r,
∂γik−s
∂yjk−r

= 0.

We have for all s < r0 + 1

0 = hT
∂

∂yjk−s
,

∂

∂yjk−(r0+1)

)

= hT

(
γk
ij

)
∗

∂

∂yjk−s

)
,
(
γk
ij

)
∗

∂

∂yjk−(r0+1)

))

= hT
∂γik−s

∂yjk−s
.

∂

∂yik−s
,

r0+1∑
t=1

∂γik−t

∂yjk−(r0+1)
.

∂

∂yik−t

)

=
∂γik−s

∂yjk−(r0+1)
.
∂γik−s

∂yjk−s
.h

∂

∂yik−s
,

∂

∂yik−s

)
.

But

∂γik−s

∂yjk−s
6= 0 and hT

∂

∂yik−s
,

∂

∂yik−s

)
6= 0

so

∂γik−s

∂yjk−(r0+1)
= 0 for all s < r0 + 1.

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold

(
γk
ij

)
∗

∂

∂yjk−r

)
=

r∑
t=1

∂γik−t

∂yjk−r
.
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∂yik−t
.)

)

)

)

)

)

) )
)

)

)
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It follows from the foregoing that

Jγk
ij
=



∂γik−1
∂yjk−1

0 ... ... ... 0

0
∂γik−2
∂yjk−2

0 ... ... 0

0 0
∂γik−3
∂yjk−3

0 ... :

: : 0 . . :
: : : . . 0

0 0 0 .... 0
∂γi0
∂yj0


with

∂γik−r

∂yjk−r
6= 0 for all r.

Thus Fk is Riemannian transversaly diagonal.
We will say that the covering of opens (Ui)i∈I of the manifold M and the

local Fk−transverse coordinates system
((
yik−1, ..., y

i
0

))
i∈I are compatible with

the flag DFq .
We show in [4] that if Fq is a foliation with dense leaves then the local com-

patible Fk−transverse coordinates system with DFq is a global Fk−transverse
coordinates system on any Fk−transverse manifold. And, in this case it is not
necessary to specify in the previous theorem the fact that the Fq−bundlelike
metric h is bundlelike for each foliation Fk of DFq for k < q.

We note that for any Fk−transverse manifold T k there exists k foliations
H1,H2, ...,Hk and dim (Hr) = 1 for each r ( just write Hr+1 = FYr where FYr
is the flow of unitary field Yr) such as:

i) T
(
T k
)
=

k
⊕
r=0

THr and each foliation Hr is invariant by the changers γkij
of Fk−transverse coordinates,

ii) the differential system S(k,t) (x) =
k
⊕
r=1

r 6=t

TxHr is integrable.

We say that a n dimension manifold N is almost produces p-type multi-
foliate if and only if there exists p foliations H1,H2, ...,Hp where p ≤ n such as
TN =

k
⊕
r=0

THr and the differential system S(k,t) (x) =
k
⊕
r=1

r 6=t

TxHr is integrable.

A such manifold is locally diffeomorphic to L1 ×L2 × ...×Lp where Lr is a
plaque of Hr (Cf. proof of theorem 3.2 ).

That said, we now consider a codimension q foliation F having Nq for
F−transverse manifold.
The proofs of proposition 3.1 and of theorem 3.2 allow us to see that F is

transversaly diagonal if and only if Nq is almost produces n-type multi-foliate
and the foliations Hr allowing the decomposition of TNq are invariant by the
changers γ

ij
of F−transverse coordinates.

In the case where the F−transverse manifold Nq is almost produces p-type
multi-foliate with p < n, if the foliations Hr allowing the decomposition of
TNq are invariant by the changers γ

ij
of F−transverse coordinates then using

Proposition 2.4 we can construct as in the proof of Theorem 3.2 a family of

Matrix Expression of a Complete Flag of Riemannian Extensions on a Manifold

local F−transverse coordinates system
((
yin, ..., y

i
1

))
i∈I on Nq and following

this family we have

∂γik−s

∂yjk−r
= 0 for all s < r and

∂γik−r

∂yjk−r
6= 0 for all r.

In conclusion
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Jγ
ij
=



J1ij 0 ... ... ... 0
0 J2ij 0 ... ... 0
0 0 . 0 ... :
: : 0 . . :
: : : . . 0
0 0 0 .... 0 Jpij


where Jγ

ij
is the Jacobian matrix of γ

ij
and Jrij is a square matrix of order nr

where nr = dim (Hr) .
We say in this case that the foliation F is transversaly diagonal by block.
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