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I.

 

Introduction

 

Let A

 

denote the class of functions of the form

 

                                                  ( ) ,
2
∑
∞

=

+=
n

n
n zazzf                             

 

       (1.1) 

which are analytic and univalent in the open unit disc { }: 1E z z= < . 

    

 

Let  U 

 

be the class of bounded functions 

 

                                                      ( ) ,
1
∑
∞

=

=
n

n
n zczw                                   

 

(1.2)                               

  

which are regular in the unit disc and satisfying the conditions

 

                                            (0) 0w =   and  ( ) 1w z < in  E. 

For functions f

 

and g  analytic in E,

 

we say that f

 

is subordinate to g , 

denoted by f g ,  if there exists a Schwarz function

 

( ) Uzw ∈ , ( )w z

 

analytic in  E  with 

(0) 0w = and ( ) 1w z <

 

in  E, such that ( ) ( )( )f z g w z= . 

By

 

S, S*  and C

 

we  denote  subclass  of  A, consisting  of  functions which  are 
univalent, starlike  and convex in E. 

 

Gao and Zhou [1] discussed the following subclass 

 

SK

 

of analytic functions, 

which is indeed a subclass of close-to-convex functions.
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Let SK denote the class of  functions ( )zf  of the form (1.1) and satisfying the 

conditions  

                                                  
( )

( ) ( ) 0Re
2

>







−
′

−
zgzg

zfz
                    (1.3)                                  

where  ( ) .
2
1






∈ ∗Szg    

Knwalczyk  and Les-Bomba [5]  extended  the  class  SK by introducing  the 
following subclass of analytic functions.

 
A  function  Af ∈

 
is said to  be  in  the  class ( ) ,10, <≤ γγSK if  there  exist  a 

function    ( ) ,
2
1






∈ ∗Szg such that

  

( )
( ) ( ) .Re

2

γ>







−
′

−
zgzg

zfz
 

Recently Prajapat  [7] introduced the following subclass of analytic functions.  

A function  Af ∈  is said to be in the class ( )( ),10,0,1 <≤≠≤ γγχ ttt  if there exist  

a function ( ) ,
2
1






∈ ∗Szg such that   

                                                
( )

( ) ( ) .Re
2

γ>






 ′
tzgzg
zftz

 

Motivated  by  above defined classes, we  introduce  the  following  subclass  of  
analytic functions.  

Let ( )BAt ,χ ( ),0,1 ≠≤ tt  denote the  class  of  functions ( )zf  of  the  form (1.1)  

and  satisfying  the conditions 

                                ( )
( ) ( ) ,

1
12

Bz
Az

tzgzg
zftz

+
+′

    1 1B A− ≤ < ≤ ,    z E∈                    (1.4)        
 

where  ( ) .
2
1






∈ ∗Szg

 

In particular,  
 

( ) ( ).1,21 γχγχ tt ≡−−
 

( ) ( ).1,211 γγχ SK≡−−−

 

( ) .1,11 SK≡−−χ
 

By definition of  subordination  it  follows that ( ) ( )BAzf t ,χ∈   if and only if  
( )f z

 

can be represented in the form
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( )

( ) ( )tzgzg
zftz ′2 ( )

( ) ,1
1

zBw
zAw

+
+

=
 

( ) ,Uzw ∈   1 1B A− ≤ < ≤ ,    z E∈ .            (1.5) 

In the present work, we obtained coefficient estimates, inclusion relation, 

distortion theorems,  radius of convexity  and  Fekete- Szegö  problem for functions in 

the functional class 
 

( )BAt ,χ .  Results obtained here extend the known results due to 

various authors.
 

Throughout  our present discussion, to avoid repetition , we  lay  down once  for  

all  that  0,10,11 ≠≤<≤<≤− ttAB , z E∈  . 

II. Coefficient  Estimates 
Lemma 2.1 ([2])  Let 

                                      
( )

( ) ( ) ( ) ,1
1

2

∑
∞

=

+==
′

n

n
n zpzP

tzgzg
zftz

                            (2.1) 

 then                                ( )np A B≤ − ,  1n ≥ .                                     (2.2)      

 The bounds are sharp, being attained for the functions 

( ) 1
1

n

n n

A zP z
B z
δ
δ

+
=

+
,  1δ = . 

Lemma 2.2  ([8])  As ( ) ,
2
1






∈ ∗Szg  then    ( ) ( ) ( ) ,

2
∑
∞

=

∗∈+==
n

n
n Szdz

tz
tzgzgzG   so                             

            

                                           .ndn ≤                                     (2.3)                       

If  ( ) ( )BAzf t ,χ∈ , then 

                                     
( )( ).

2
11 BAnan

−−
+≤                                      (2.4) 

   As  ( ) ( )BAzf t ,χ∈ , therefore (1.5)  can be expressed as  

                                             
( )
( ) ( ).zP
zG
zfz
=

′
                                             (2.5)      

Using  (1.1), (2.1)  and  (2.3),  (2.5)  yields 

                          







+








+=+ ∑∑ ∑

∞

=

∞

=

∞

=

−−

12 2

11 111
n

n
n

n n

n
n

n
n zpzndzna                             (2.6) 

Equating the coefficients of  1−nz  in (2.6),   we have   

                        .... 1222211 −−−− +++++= nnnnnn ppdpdpddna                              (2.7) 

Therefore  using  (2.2)  and  (2.3),  it gives 

                        ( ) ( ) ( )[ ]12...21 +++−+−−+≤ nnBAnan n .                                (2.8)
 

Theorem 2.3

                
Proof.
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Hence  from (2.8), we have            

( )( ).
2

11 BAnan
−−

+≤  

On   putting  1,21 −=−= BA γ  in  Theorem  2.3,  the  following  result   due  to  

Prajapat [7]  is obvious:  

Corollary 2.4  If  ( ) ( )γχ tzf ∈ , then  

( )( )γ−−+≤ 111 nan . 

Again  for  1,1,1 −=−== tBA ,  Theorem  2.3  gives  the  following  result:  

Corollary 2.5  If  ( ) SKzf ∈ , then                  1−≤ nan .       

III.  Inclusion  Relation  

Lemma 3.1 ([8])  Let  .11 2112 ≤≤<≤≤− AABB  
Then    

 

.
1
1

1
1

2

2

1

1

zB
zA

zB
zA

+
+

+
+


 

Theorem 3.2  Let  .11 2112 ≤≤<≤≤− AABB
 

Then 
 

( ) ( )2211 ,, BABA tt χχ ⊂ .  

Proof.      As  ( ) ( )11, BAzf tχ∈ ,    so  
 

( )
( ) ( ) .

1
1

1

1
2

zB
zA

tzgzg
zftz

+
+′


 

Since  ,11 2112 ≤≤<≤≤− AABB
 

by Lemma 3.1, we have
 

                                   ( )
( ) ( ) ,

1
1

1
1

2

2

1

1
2

zB
zA

zB
zA

tzgzg
zftz

+
+

+
+′


 

it  follows that  ( ) ( )22 , BAzf tχ∈   which  proves  the  inclusion  relation.
 

IV.
 
Distortion  Theorems

 

Theorem.  4.1  If  ( ) ( )BAzf t ,χ∈ , then  for z r= , 0 1r< < , we have

 

                             
( )

( )( )
( ) ( )

( )( )22 11
1

11
1

rBr
Arzf

rBr
Ar

−+
+

≤′≤
+−

−
                                (4.1) 

and 

                         
( )

( )( )
( ) ( )

( )( )
.

11
1

11
1

0
2

0
2 ∫∫ −+

+
≤≤

+−
− rr

dt
tBt

Atzfdt
tBt

At
                            (4.2) 

Proof.  From (2.5), we have

 

A New Subclass of Univalent Functions

     

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
V
ol
um

e
X
V
III  

 I
ss
ue

  
  
  
er

sio
n 

I
V

III
Y
ea

r
20

18

32

  
 

( F
)

© 2018   Global Journals

Notes



                                ( ) ( ) ( )
( ) ,

1
1

zBw
zAw

z
zG

zf
+
+

=′    ( )w z U∈ .                              (4.3) 

It is easy to show that the transformation                                            

( )
( )

( )
( )zBw
zAw

zG
zfz

+
+

=
′

1
1  

maps ( )w z r≤  onto the circle 

( )
( )

( )
( ),11

1
2222

2

rB
rBA

rB
ABr

zG
zfz

−
−

≤
−
−

−
′

    z r= . 

This implies that 

                                      
( )
( )

11 1
1 1 1

Aw zAr Ar
Br Bw z Br

+− +
≤ ≤

− + +
.                                    (4.4) 

Since  by Lemma 2.2, ( )zG  is  a starlike function. It is well known that,   

                                           ( )
( )

( )
.

11 22 r
rzG

r
r

−
≤≤

+
                                    (4.5) 

(4.3) together with (4.4) and (4.5) yields (4.1). On integrating (4.1) from 0 to r, (4.2) 
follows.  
For 1,21 −=−= BA γ , Theorem 4.1 gives  the following  result  due  to  Prajapat [7]:  

Corollary 4.2  If  ( ) ( )γχ tzf ∈ , then 

( )
( )

( ) ( )
( )33 1

211
1

211
r

rzf
r

r
−
−+

≤′≤
+
−− γγ

 

and  

( )
( )

( ) ( )
( )

.
1

211
1

211

0
3

0
3 dt

t
tzfdt

t
t rr

∫∫ −
−+

≤≤
+
−− γγ

 

V. Radius of Convexity 

Theorem. 5.1.  Let ( ) ( )BAzf t ,χ∈ ,  then  ( )zf  is convex in 1rz < , where 1r  is the 

smallest positive  root  in (0,1)  of 

                                       ( ) ( ) 01122 23 =−−−−− rBrBAABr .                         (5.1) 

Proof.   As  ( ) ( )BAzf t ,χ∈ , we have 

                                           ( ) ( ) ( ).zpzGzfz =′                                             (5.2) 

 After differentiating (5.2) logarithmically, we get  

                                   ( )
( )

( )
( )

( )
( )zp

zpz
zG
zGz

zf
zfz ′

+
′

=
′
′′

+1 .                                (5.3) 
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Now for ( ) ∗∈SzG ,  we have  

( )
( ) .

1
1Re

r
r

zG
zGz

+
−

≥






 ′
 

Therefore (5.3) yields,  

( )
( )

( )
( )zp

zpz
r
r

zf
zfz ′

−
+
−

≥







′
′′

+
1
11Re  

( )
( )( )BrAr

BAr
r
r

++
−

−
+
−

≥
111

1  

( ) ( )
( )( )( ) .

111
1122 23

BrArr
rBrBAABr

+++
+−+−+−

≥
 

Hence ( )zf
 

is convex in 1rz < , where 1r
 

is the
 

smallest positive  root  in  (0,1) of
 

( ) ( ) 01122 23 =−−−−− rBrBAABr .  

Taking 1,21 −=−= BA γ , Theorem 5.1 gives  the following  result  due  to  Prajapat [7]: 
 

Corollary 5.2  If  ( ) ( )γχ tzf ∈ , then ( )zf
 

is convex in .320 −=< rz
 

VI.
 

Fekete-Szegö  Problem
 

Lemma 6.1
 

([3],[6])  If    ( ) ...1 3
3

2
21 ++++= zpzpzpzp

 
is a function with positive real 

part, then for any complex number  µ,  
 

{ }12,1max22
12 −≤− µµpp

 

and the result is sharp for the functions given by ( )
21

21

z

zzp
−

+
=   and  ( ) .

1
1

z
zzp

−
+

=  

Lemma 6.2  ([4])  If    ( ) ,
2
∑
∞

=

∗∈+=
n

n
n SzdzzG  then for any complex number  λ ,   

{ }λλ 43,1max2
23 −≤− dd  

and the result is sharp for the Koebe function  k 
 

if 
4

1

4

3
≥−λ   and  for

 

21
2
1

2
z

zzk
−

=





 





  if  .

4
1

4
3
≤−λ  

Theorem.  6.3  Let ( ) ( )BAzf t ,χ∈ ,  then  for C∈µ ,  

         
( ) { } { } ( ) ,

23
1243,1max

3
112,1max

3 11
2
23

µµγµ −−+−+−
−

≤− BABAaa                (6.1) 
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where                        
( ) ( )

8
3

2
1

1
µγ BAB −

+
+

=     and     .
4

3
1

µµ =  

Proof.   As  ( ) ( )BAzf t ,χ∈ , from (1.5) we have  

( )
( )zG

zfz ′ ( )
( ) .1

1
zBw
zAw

+
+

=  

Let  ( ) ( )
( ) =−

+
=

zw
zwzh

1
1 ...1 3

3
2

21 ++++ zpzpzp , then ( )( ) 0Re >zh and  ( ) .10 =h  

So                                  
( )
( )zG

zfz ′ ( )( )
( )( ).11

11
BzhB
AzhA

++−
++−

=                                        (6.2) 

On expanding (6.2), we have
 

( ) ( ) ( ) ( ) ...
2

1
22

1...2321 22
12

122
2322322 +















 +

−
−

+
−

+=++−−+−+ zBppBAzBApzdddaazda    (6.3) 

Equating coefficients of  z   and  2z
 
on both sides of (6.3), we get

 

( )
4
122

2
BApd

a
−+

=
 

and                            
( ) ( )

.
2

12
1

221233
1

3 





























 +
−+

−
+=

Bp
pdpBAda

 

Therefore, we have

 

( ) ( ) .
23

1
23

1
6 12

2
213

2
112

2
23 pdBAddppBAaa 



 −

−
+−+−

−
≤−

µµγµ

 

Hence using Lemma 6.1 and Lemma 6.2, the desired result follows.
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