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. INTRODUCTION AND PRELIMINARIES

The fractional integral operator involving various special functions has found
significant importance and applications in Various subfields of applicable mathematical
analysis. Since the last four decades, some workers like Love [17], McBride [20], Kalla
[8,9], Kalla and Saxena [10,11], Saxena et al. [29], Saigo [24,25], Kilbas [12], Kilbas and
Sebastian [14] and Kiryakova [16,17] have studied in depth the properties, applications
and different extensions of Various hypergeometric operators of fractional integration. A
detailed account of such operators along with their properties and applications can be
found in the research monographs by Samko, Kilbas, and Marichev [26], Miller and Ross
[22], Kilbas, Srivastava, and Trujillo [15] and Debnath and Bhatta [6]. A wuseful
generalization of the hypergeometric fractional integrals, including the Saigo operators
[23,24], has been introduced by Marichev [18], see Samko et al. [28] and also see Kilbas
and Saigo [13] for more details. The generalized fractional integral operator of arbitrary
order, involving Appell function F3 in the kernel defined and studied by Saigo and
Maeda [27, p. 393, Eq (4.12)] and (4.13)] in the following manner:

Let «a',3,8,1 be complex numbers and, #Re(n) >0 we have, see Saigo and
Maeda [28, p. 393, Eq (4.12)]

Definition.1

(1.1

and

Definition 2

(1.2)
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We have the following two results due to Saigo [25] where Re(n) > 0
Definition 3

(1.3)
Definition 4

1.4
F is the Gaussian hypergeometric function. We obtain the following lemmas.
Lemma 1.

(1.5)
where
Lemma 2.

(1.6)
where
Lemma 3.

(1.7)
Lemma 4.

(1.8)
where

Recently, Gupta et al. [7] have obtained the images of the product of two H-
functions in Saigo operator given by (1.3) and (1.4) and thereby generalized several
results obtained earlier by Kilbas, Kilbas and Sebastian [14] and Saxena et al. [29] as
mentioned in this paper cited above. It has recently become a subject of interest for
many researchers in the field of fractional calculus and its applications. Motivated by
these avenues of applications, a number of workers have made use of the fractional
calculus operators to obtain the image formulas. The aim of this paper is to obtain four
results that give the theorems of the product of two multivariable Gimel functions and
a general class of multivariable polynomials [30] in Saigo-Maeda operators and Saigo
operators.

[I. MULTIVARIABLE GIMEL-FUNCTION

We throughout this paper, let C,R, and N be set of complex numbers, real
numbers and positive integers respectively. Also. Ng = NU{0}. We define a generalized
transcendental function of several complex variables.

© 2018 Global Journals
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n . 2 k
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(2.2)
and

m® pE & n®) Ak & &
o) [T, 27 (@ = o) [T, 197 (1 - ()+v() ) .
k\5k) = (k) .
R D™ k k P,k k k
itk =1 [T Hj m(k)+1F 30 (1 dgz()k) 5](@<)k> )Hj:();;(k)-}-lr “(k)( ;z()k) ’Yj(ﬂ)fc)sk)]
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The contour Ly, is in the s (k = 1,--- ,r)- plane and runs from o — ico to o + ico where ¢ if is areal nurnber with

2
loop, if necessary to ensure that the poles of 427 (1 —ag+ Y agj)sk> (j=1,--+,ng), T4 (1 —az; + Z oy s’k)
k=1 k=1
(k)
(j=1,---,n3),---,T ”<1am+2am 1,---,n.), T (1—c§k)+'yj(-k)sk>(j:1,---,7L<k))(l<::1,---7'1'):0

the right of the contour L;, and the poles of I'?5" (dﬁ.k) - 6§k)sk) G=1,---,m™)(k=1,---,r) lie to the left of the

contour Ly, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as

1
larg(zx)| < §A§k)7r where

mF) n(k) ; :
k k) ¢(k k k k) k k
A9 =S oo e [ S ol S o

Jj=1 J=1 j=m*)+1 j=n(k)4+1
2.49)
Pig Qig Pi, Qi
(k) (k) (k) (k)
~Tiy E A2j12a2312 + E B2ji252jz‘2 - T T, E ATjirarji,,. + E Brji,ﬂrji,,
j=nz+1 j=1 j=n,.+1 j=1

Following the lines of Braaksma ([4] p. 278), we may establish the asymptotic expansion in the following convenient
form

N(Zlv”' 727") :O( |z1|a1,”_ ) |Z7"|ar):max( |Zl|7"' 7|Z7"|)_> 0

N(z1,- - ,zr):O(|zl|ﬂ1,--- ,|z7~]57“),min( |z1l, -+, |2r| ) = 0O where ¢ = 1,--- [ r:

0 Y-

. @ (4 O e i
a;= min_Re|D! @ || and Bi = max Re |Cp7 | ——qG—
1<5<m® 0 1<j<n® j

j K
Remark 1.

If no=-=np1=piy =G, =""=0i,_, =G, , =0. Ag; =Agji, = Boji, = =Ar; = Apji, = Brji, =
Arj = Ayji, = Byji, =1, then the multivariable Gimel-function reduces in multivariable Aleph- function defined by
Ayant [3].

Remark 2.

If no=-=n,=py,=q,="=p;, =¢;, =0. T, =+ =T =T = =Tm=Ry=--=R =R =
.= R =1, then the multivariable Gimel-function reduces in multivariable I-function defined by Prathima et al.

[23].

Remark 3.

I Asj = Asji, = Bojiy =+ =Ayj = Ayji, = Bpji, =1. T, = =7, =10 = =T =Ry=---=R, =RV

=...= R =1, then the generalized multivariable Gimel-function reduces in multivariable I-function defined by
Prasad [22].

Remark 4.

If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the H-function of several defined by Srivastava and Panda [32,33]. About the simplified notations, see Ayant ([4],
page 248-255)

Now, we define the second Gimel function of s variables, the parameters are identical to the Gimel function of r
variables with the prim sign and the validities conditions are equivalent.

The generalized polynomials of multivariable defined by Srivastava [30], is given in the following manner:

——— [Ni/D. ] [No/D] N1 ‘JJ( K, (=Ny)om, k., K K
ST = Z Z AN K N Kyl @)
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where 91, ,- -+ , 9, are arbitrary positive integers and the coefficients A[Ny, K1;--- ; N,, K| are arbitrary constants,
real or complex.

— V- —N, :
We shall note a,, =< Uomr )mDKUA[NlaKl;"' i Ny, Koy
K;q! K,!

I1I.  MAIN RESULTS

N otes We shall note

U =0,n2;0,n3;;0,n._1;0,n5;0,n%;---;0,n,_, (3.1
V= m® 0@ p @) (0 (D) (0 r(2) ), () () 3.2)
X = Pigs Gias Tias Ras o 501y Qs iy 2 Rty Pl @iy T3 Roi ey iy 5T 2 Ry (3:3)

Y = pi, o T s RY5 i @i o s RT3 0y @y s Ty s BV s+ 50l @i Tt RS (3.4)
Theorem 1.
c1tM (b — at) ™% 71174 (b — at) ™1
B /7 B /7 - - ml:"' ,mu .
{(Igf;‘ PR (b — at) USRI R . ]
cot™ (b — at) ™% 7,177 (b — at)~wr
’ ’
7,71 (b — at) =1 3
[N1/Mi] [Ny /My)

| . h-(x) :bfvxufafa’+nfl Z . Z avcfl . .CQIJ(U
Ki=1 K,=1

ZLt%5 (b — at) ™«

1
71 b1

A, 7AAl,xA A

— Y 8K Y MK Ui0ne 40l +4:V,1,0 7, 27
v e JX;piﬁ-p;, +4,qi,+q), +4,75,.,7), :Rp:RL:Y50,1 Lyl : 3.5
s s s

B,B, By : B,(0,1;1)

where

1 2 1 2 1 2 3
A =[(agg5 087, a8 Ao 1 nas [Tiy (azjin: 05, 08 s Agji na 1.y - (0353085 087 0875 Agj)i g,

1 2 3 1 r—1
[Ti;; (a3ji3;041(),]‘3;3;a:(),j)is;a:(),j?i3;A3ji3)]n3+1,pi3;"' ; [(a(r—l)j;agr),l)j,"' ,agr,lgﬁA(r—l)j)]l,n,,,,p

1 r—1
[Tirs (a(r—l)jirfl;aET)—l)jirfl’ o 7O‘Er—lgjirﬂ?A(T—l)ﬁr—l)]nr—lﬂmu_p
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1 2 1 2 1 2 3
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(3.7)
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B = [(d\", 8" D], oo, [Ti(l)(d(i()l),5(;()1);DJ(.1()1)
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In our investigation, we will use these simplified notations cited above.

Provided

My, 0f >0 k=1, v3i=1eee rji =1, s

1 WY
larg (z;)| < §7TA§k) and :—15*’15 defined by (2.4), |arg ()] < WAl(k

+ZO’; min  Re

= igGsm®

(/.L)-l—ZO’i min Re

1<j<m®

S

+E w; min Re
=

1<j<m’ ()

J

T
Re(v) + g w; min Re
1 em®

Proof

To prove (3.1), we first express the class of multivariable polynomials S%g“
of (2.13), the multivariable Gimel-functions regarding Mellin-Barnes type integrals contour with the help of (2.1). Now
interchange the order of summations and two multiple Mellin-Barnes integrals contour, respectively and taking the
fractional integral operator inside ( which is perm1551ble under the stated conditions) and make simplifications. Next, we
express the terms (b — az) V72 k=1 T Xj=1 WSiT2io1 @ "% in terms of Mellin-Barnes integrals contour (Srivastava et al.

[31], page 18, (2.6.3) and after algebraic manipulations, we obtain

hiRi+-hyR,<L

B . 1
v K, K1 Kop— S0 6,K;
LHS=b > yrt eyt el 2= % 7<(2m

Ry, ,Ry=0

1/)(31’... , S ) t S 0]@ Sk z 9 Sk: t b Ufz;‘zlws'»*zj‘zl W/ti
Lok, et oo T1

Now using the lemma 1. Finally interpreting the resulting Mellin-Barnes integrals contour as a multivariable Gimel-

function of (» 4+ s + 1)-variables, we obtain the desired result (3.1).
Let

)}mmﬂ q<1>, e

1 (i)
D@ d;
J 5’ (@)

d’ (@)
1(3)
Dj (5’ (4)

(3.12)

>} > maz(0, Re(a+ o' + 5 — 1), Re(a/ — )]

)} > maz|0, Re(a + o’ + 8 —1n), Re(d/ — )]

-, Y] in series with the help
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©

Provided
B oo >0 k=1, vi=1e mj=1, s
1 ne ner . / 1 ue a 1
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i=1 ! 6,
( 1 (i)
o d
/(i) J
( >} Zw 1<]H<1171;7.1’() b; ((5;-(i)>

To prove the equation (3.14), we use the similar method that formula (3.5) by using the lemma 2.
otes Let

gD s
(ON _ ’ :
o ()] -5t

r

Re(v)—Zwi min  Re

1<<m®
i=1 SISm

< 1+ maz[Re(—f), Re(a + o’ — 1), Re(a + B — )]

(3.15)

(3.16)

Theorem 3.

c1t* (b — at) ™% 21t (b — at) =
{(F52 = b = ay sy : 1
eyt (b — at) 70 7,77 (b — at)~

271 (b — at)~r "\ |
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Ki=1 K,=1
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71 b1
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v Xipip 9}, +3,ip+a], +3,7i,,7), R REY0,1 b1

2+ | BB, By: B, (0,1;1)
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larg (z;)| < iwAEk) and A" is defined by (2.4), |arg (2})] < iwA;(k); E:(:’ <1
[ (@) d(l) i d/ ()
)+ Zaz 1<§n<12(1) D; <5fi)> + Za 1<;21£,<,) ]<z) (6’ o) ) > maz[0, Re(8 — )]
L 7 L ]
@) d(z) s r d/ @
i D; A i Re | D@ > 0, Re(B —
+Zw <o <5<”) +;wl1<f§£m M (5'@ ) maz0, Re(5 — n)] Notes

To prove the formula (3.17), we use the similar method that the theorem 1 by using the lemma 3.
Let
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(3.18)
(3.19)
We have the formula.
Theorem 4.
c1tM (b — at) ™% 711 (b — at)~
@ - vy, My
{2 (b — at) "SRR : 1
cot™ (b —at) ™% 7,177 (b — at)~
2t (b —at)~<r \ |
1
. , [N1/Mq] [N, /M,]
| . h-(x) —p Ut +n—1 Z . Z avC{ﬁ . CUKU
. K;=1 K,=1
275 (b — at) ™«
r
Zl%
A, ,A4, A:A
ZT §w1;
— Y 8K Y N K U0 43:V,1,0 , 271
v r Ix Xipip 49}, +3.0i, 4, +3.70,.7], R RV 0,1 71 : (3.20)
7! z%5 B,B, B4 : B, (0, 1; 1)
s bwg
a_bx
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To prove the theorem 4, we use the similar method that the equation (3.5) by using the lemma 4.
[V. PARTICULAR CASES
In this section, we shall see four particular cases.
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30. H.M. Srivastava, A multilinear generating function for the Konhauser set of biorthogonal
polynomials suggested by Laguerre polynomial, Pacific. J. Math. 177(1985), 183-191.

under the same existence conditions that equation (3.20) with. 3 = Q.

Remark: By the similar procedure, the results of this document can be extended to the product of any finite number of
multivariable Gimel-functions and a class of multivariable polynomials defined by Srivastava [30].
Agarwal [1,2] has studied the fractional integration about the multivariable H-function.

V. CONCLUSION

In this paper, we have obtained several theorems of the generalized fractional integral operators given by Saigo-Maeda
and Saigo. The images have been developed regarding the product of the two multivariable Gimel-functions and a
general class of multivariable polynomials in a compact and elegant form with the help of Saigo-Maeda and Saigo
operators. Most of the results obtained in this paper are useful in deriving the composition formulae involving
Riemann-Liouville, Erdelyi—Kober fractional calculus operators and multivariable Gimel functions. The findings of this
paper provide an extension of the results given earlier by Kilbas [12], Kilbas and Saigo [13], Kilbas and Sebastain [14],
Saxena et al.[29] and Gupta et al.[7] as mentioned earlier.
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