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[. INTRODUCTION AND PRELIMINARY RESULTS

The Cauchy-Euler equation is often one of the first higher order differential
equations with variable coefficients (see [1], p. 281, see also [2, 3, 4, 5]).
If the independent variable is changed from z to t (via the transformation
x = e'), then the resulting equation becomes a linear constant coefficient
ODE. The standard technique for solving a linear constant coefficient ODE
is to look for exponential solutions. A special class of homogeneous second
order Cauchy-Euler ODE has the form
2 d2y dy .

T + ez +by =0, (1.1)
for constants a and b. This equation actually has what it called a singular
point at x = 0 which yields trivial solution but we are focus to find non-trial
solutions. To solve the equation, alternatively, a solution of the form y = 2™
can be tried directly into (1.1) and deduce the characteristic (or auxiliary
or indicial) equation

m? 4 (a — 1)m +b = 0. (1.2).

The general solution of (1.1) depends on the nature of the roots of (1.2)
(see, e.g., [6, 7, 8, 9]). That is, if (1.2) has two distinct real roots say
mq and mg, then the general solution of (1.1) is y = 2™ + coz™2. If
(1.2) has double real roots (or the unique real root) m, then the general
solution of (1.1) is y = c12™ + coz™Inz. And also, if (1.2) has com-
plex conjugates roots mj2 = a £ i3, then the general solution of (1.1)
is y = 2%y sin(BInz) + ¢ cos(fInx)), where ¢ and co are some constants.
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The linear none-homogeneous Cauchy-Euler equation has the form

d? d
aer—lg +a:z:£ + by = r(x). (1.3)

Lemma: Let r(x) be a piecewise continuous function on I and let y; and
y2 be two linearly independent solutions of (1.1) on I. Then a particular
solution y, of (1.3), [7, 10, 11, 12] is given by

yor () / yir ()
oy [ 2 gy [T g (14
Yp y1/$2W(fU;y1,yQ) vz 22W (2391, 92) 14

where W (x;y1,y2) is the Wronskian of y; and ys.

Proof. Let u(x) and v(x) be continuously differentiable functions (to be
determined) for some x in I such that

Yp = uy1 + vya, (1.5)
is a particular solution of (1.3). Differentiation of (1.5) leads to

% B udyl du dyo dv
dz dr Mz dr  Par

We choose u and v so that

— — =0. 1.7
yldx +y2d:v (1.7)

Using (1.7) in (1.6), we have

dypy _ dy1 | dyo Py Py | dPyy  dudy | dvdys

= _ —_— d = .
dz Y dx Tt dz an dxz? Y dxz? Tt de?  dxr dr dx dx

(1.8)

Since y, is a particular solution of (1.3), y; and y, are solutions of (1.1),
using (1.5) and (1.8) in (1.3), we obtain the condition

dudy, | dvdy, _ 1(z)

o =—5. 1.9
dr dr  dx dx x2 (1.9)
Thus from (1.7) and (1.9), we have system of equations as
du dv
Y1 +y25- =0
{ dudy | dody _ ra) (1.10)
dr dz dr dr ~— z2

Applying Cramer’s rule for (1.10) and after simplification, we get

yor(x) / y17 ()
u = — —d.’,U (Z?'Ld v = —d.%' 111
/ 22W (391, y2) 22W (x5 y1,y2) (L11)

So (1.5) and (1.11) yield the desired results. We complete proof of lemma.

In the next section, we have showed that a general solution of the gen-
eralized second order nonlinear Cauchy-Euler equation and examples are
presented to clarify the results.
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[I. THE MAIN RESULTS

Theorem. Let f(y(x)) be continuously differentiable function. The second
order nonlinear homogeneous ordinary differential equation of the form

2 2
(oG +a(52) ) +amf b =0 @)

has the general solution f(y) = c12™! + cox™2 if (1.2) has two distinct real
roots. And also (2.1) has the general solution f(y) = c12™ + cox™Inx
if (1.2) has double real roots; and (2.1) has the general solution f(y) =
x(cq sin(B Inx)+co cos(5 In ) whenever (1.2) has complex conjugates roots,
where a, b, ¢; and cg are real constants, p(y) = %(f(y)) and q(y) = %(p(y))

If r(x) be a piecewise continuous function and fi(y(x)) and fa(y(x)) be
two linearly independent solutions of (2.1), then the second order nonlinear
non-homogeneous ODE of the form

2 2
P(p 5 e (L) )+ e+ =r@. @2

has a particular solution f,(y(x)) which is given by

fa(y)r(z)

fily)r(z)
—xQW(m;fl,fQ)dm+f2(y) ———= " dx. (2.3)

fo(y(x)) = = f1(y) 2?2W (x; f1, f2)

Where a, b are real constants, p(y) = %(f(y)), qly) = %(p(y)), and
W (x; f1(y), f2(y)) # 0 is the Wronskian of fi(y) and fa(y).

Proof. To prove the first identity (2.1), let £ = f(y), so that % = p(y)%

2 2
and % = q(y)(ﬁf—i)Q +p(y)§x—7§. Then, we have

d*¢ dg
225 L 0%y e =o. 2.4
xde—l-a:de—i-b{ 0 (2.4)

To solve the equation, plug £ = 2™ into (2.4) and we get the characteristic
equation (1.2). Applying (1.1), (1.2) and after simplification, we obtain the
general corresponding solutions of (2.1). Hence we complete proof of (2.1).

Next, to prove the second identity (2.2), let £ = f(y), then we obtain
x d—+ax—+b§—r(x) (2.5)
. = = . .

Let & = fi1(y) and & = fa(y) be two linearly independent solutions of (2.4)
so that they are also solutions for (2.1). Let u(z) and v(z) be continuously
differentiable functions (to be determined) such that

& = fp(y) = u&y + v, (2.6)
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is a particular solution of (2.5) which is also a particular solution of (2.2).
Then applying (1.6)-(1.10) and using (2.6) with its first and second deriva-
tives in (2.5), we have system of equations as

e | deds _ r() (2.7)
dx dx de dx — 22

{ G+ &I =0

Using (1.11) and (2.7) after simplification with little algebra, we get

[ Gr@) [ &Gr(@)
U= / W (a6, 6) “‘/ P (560, 6)

2 fo(y)r(a) R,
T rw b ™ | T hw mert @Y

Using (2.6) and (2.8), we arrive at (2.2).

[II. EXAMPLES

Now let us show the usefulness of the theorem through some examples.

Example 3.1. Solve the following nonlinear ODE for z € (0, §).

1 &%y 8y dy 2 4z dy
942 ¢y ___ 9 (Y 2arctan(2y) = z°,
v (1—|—4y2 dz? (14 4y?)? (d:n) > 1+ 442 dx + 2arctan(2y) =

Solution. Let & = arctan(2y) so that

d¢ 2 dy d2¢ 2 d%y 16y (dy)2

dr 1+ 42 dx an @:1—1—43/2@_(1—%43/2)2 dx

Then the given equation reduce to the form

From this, the two linearly independent solutions of the corresponding homo-
geneous part are &1 = x = f1(y) and & = 2?2 = fo(y). Here the Wronskian
W (z,2%) = 2% # 0. Clearly yi(z) =  tan(z) and yo(z) = 3 tan(z?) are the
two linearly independent solutions of the corresponding homogeneous part.

From the above theorem using (2.3), a particular solution &, is given by

1132 3 ZE.LU?) ZE3
ép:fp(y):_l‘/x d1:+ /xg'ligdx:?‘

Thus by applying the above theorem (2.2), a particular solution of the given

equation is f,(y) = arctan(2y) = x2—3 implies y, = %tan(%).
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Thus obviously the general solution of the given nonlinear non-homogeneous
second order ODE is simply the sum of the general solutions of its corre-

sponding homogeneous part and the particular solutlon of the non-homogeneous

part. Hence y(z) = c; tan(z) + c2 tan(z?) + 5 tan(% ) is the required general
solution, for some integral constants cq and ca.

Ezxzample 3.2. Find a particular solution of the nonlinear ODE

1 d?y 8y dy 2 4z dy
92 R — e ] —= + 2arctan(2y) = z".
v <1+4y2 dz? (1+4y2)2(dx> ) T4 a2 | 2arctan(2y) =2

Solution. Let £ = arctan(2y) and using example (3.1), we obtain

d?¢ d§
¥ 2> 42 =
da? o Tx=

By the above theorem and example (8.1), a particular solution is §, =
fp(y) = %, implies that y, = & tan(% ) is the desired solution.

Ezample 3.3. Find a particular solution of the nonlinear ODE

1 d? 8y dy 2 dr  dy
21 — = 2arctan(2y) =
“ <1+4y2 dz? (1 + 432)2 (dm T gy TRt y) =@ e

Solution. By the principle of superposition, a particular solution should be

1 Lian (& + 1y z*
= = —tan [ — —tan [ —
Yp = Ypl T Yp2 5 5 5 6

is the desired solution.

Ezample 3.4. Find the general solution of the nonlinear ODE

2 (dy 2 1 d%y Trdy 13 4
2 () -2y -2 P 1,2).
(%) - wi) -y s ecaa

Solution. Let & = L. Using ¢ and its first and second derivatives in the
given equation, we obtain

<

2
d°g 3 4
2’ s T + 136 = —,

which has two linearly independent solutions & = x~3cos(2Inz) and & =
r73sin(2lnz). Here the Wronskian W (z;&1,&) = 2277 # 0 for z € (1,2].
Thus by the above theorem (2.2) and (2.3), we get a particular solution

& =2 ?sin?(2Inz) — 273 cos?(2In x).

$3

%= sin?(2lnz) — cos?(2Inz)’
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Hence the required general solution for some constants ¢; and co is

3 3

My T

y(z) = ) + Yp-

“ cos(2Inz) e sin(2lnx

[V. CONCLUDING REMARKS AND OBSERVATIONS

In this paper besides having an important history background, it also has
interesting applications. Using this paper, we can find the general solutions
of a nonlinear Cauchy-Euler equation that can be reduced to the general
form of a linear Cauchy-Euler equation [1], which is given as

d"y 3 dn—ly dy
anac”dx—n + ap—1z" ldac"—l +-+ ;T +agy = f(z),

by using appropriate methods. In particular, the ideas of this paper may be
a base to obtain a generalized version of other first order ODEs. Moreover,
the approach adopted in this paper was meant to reach both researchers and
undergraduate students.
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