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Abstract- The object of this paper is to derive three unified fractional derivatives formulae for the Saigo-Maeda operators of
fractional integration. The first formula deals with the product of a general class of multivariable polynomials and the
multivariable Aleph-function. The second concerns the multivariable polynomials and two multivariable Aleph-functions with
the help of the Leibniz rule for fractional derivatives. The last relation also implies the product of a class of multivariable
polynomials and the multivariable Aleph-function but it is obtained by the application of the first formula twice and it
imptlicates two independents variables instead of one. The polynomials and the functions have their arguments of the type
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and extensions of some (known and new) results. We shall give several corollaries and particular cases.
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[ INTRODUCTION AND PRELIMINARIES

The fractional integral operator involving various special functions has found significant importance and applications in
mathematical analysis. Since last four decades, some workers like Love [14], McBride [18], Kalla [6,7], Kalla and
Saxena [8,9], Saxena et al. [28], Saigo [21,22], Kilbas [10], Kilbas and Sebastian [11] have studied in depth the
properties, applications and different extensions of various hypergeometric operators of Fractional integration. A
detailed account of such operators along with their properties and applications can be found in the research monographs
by Samko et al. [25], Miller and Ross [19], Kiryakova [13,14], Kilbas, Srivastava and Trujillo [12] and Debnath and
Bhatta [3]. A useful generalization of the hypergeometric fractional integrals, including the Saigo operators [22,23], has
been introduced by Marichev [15] (see details in Samko et al. [23] and also see Kilbas and Saigo [13] ). The generalized
fractional integral operator of arbitrary order, involving Appell function F3 in the kernel defined and studied by Saigo
and Maeda [24, p. 393, Eq (4.12) and (4.13)] in the following manner :

Let a, /3, 8",y be complex numbers. The fractional integral (Re(c«) > 0) and derivative (Re(«) < 0) of a function
f(x) defined on (0, c0) is given by :
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and

Ty e (=2 OBy [0,/ B, Byl = §5 1 — L] f(t)dt, Re(y) > 0
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The Appell hypergeometric function of the third type denoted F3 is defined by :

S Q@D 0" Bl<Lll<1 (1.3)

Fy(a,a’, 8,87 2,1) =
3(0/70/ 7/376 35 % ) (’Y)WLJrn m!n!

m,n=0

Recently, Agrawal [1], Soni and Singh [26], Ram and Suthar [20], Singh and Mandia [28] have studied several formulae
about the fractional operator involving the product of a general class of polynomials of one variable defined by
Srivastava [29] and multivariable H-functions introduced by Srivastava and Panda [34,35]. In this paper, we shall obtain
three results that give the theorems of the product of two multivariable Aleph-functions and a general class of
multivariable polynomials [30] in Saigo-Maeda operators.

The Aleph-function of several variables is an extension of the multivariable I-function defined by Sharma and Ahmad
[25], itself is a generalization of G and H-functions of several variables defined by Srivastava et Panda [34,35]. The
multiple Mellin-Barnes integral occurring in this paper will be referred to as the multivariable Aleph-function of r—
variables throughout our present study and will be defined and represented as follows (see Ayant [2]).

O,memey, s myp Ny

We have : R(z1, > 2r) D20, Tis Rip (1) 4,1) »T,(1) s BD 55D, () 18, () 5T, () s R

(N (o) )

1
6D asip] (D) i (5 )1 0l

[Ti(aji;aji7 Pl ¥

1 ’ r 1 1 X 1
(7B B30+ 5 B3 ) 2 (57, 08 m s I (5300 0500) 1y i3

L5, 95 1m0 (€ 1800 )1 )]

) Hak(ék)zik dsy ---ds, (1.4)
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(@), 67 l<7>(dﬂ(,),5]<j3r>)m ] P
with w = +v/—1
k)
Ulsiy ) = JEG ey 10‘( & (1.5)
[ b s or p— ; k - k )
Z'{il[ﬂ [T Tlagi — 30— 104( ) Sk) L1 —=bji + > 54 ﬂ;i)Sk)]

and

0 L= F(d(@%(‘k) O g R .

Ko = S 5 (1.6)

, k P (k k
D it =1 [Tik) H] =my+1 (1 - Z(k) + 5(z<)k)3 >Hj:(:1)k+l F(?g'i()k) - ’Yj(jm sk)]

For more details, see Ayant [2]. The condition for absolute convergence of multiple Mellin-Barnes type contour can be
obtained by extension of the corresponding Conditions for multivariable H-function given by as :

(k)

largzy| < %Ai 7, where
P, (k) q,(k)
A(k Za — T Z aﬂ _leﬁj(f)"_z% —T;0) Z M)—I—Zé( )—’T() Z 5(kk)>0 (1.7)
j=n+1 j=nr+1 j=mr+1

© 2018 Global Journals

Ref

‘9TT-€11 ‘(¥7661) (2)0g * UreIN

©DIPU] BDUSD ©OY UOMOUN-] S[(RLBABNW oY} UQ ‘PRUI]Y 'S'S pue RULEYS "3 ‘97



with, k=1,--- ,r,i=1,---,R,i® =1,... ,R®

The complex numbers z; are not zero.Throughout this document, we assume the existence and absolute convergence
Conditions of the multivariable Aleph-function. We may establish the asymptotic expansion in the following convenient

form :

R(z1, 00 20) = 0([21] ™o |20|)  maz( [, -+ fze] ) = 0

NOteS N(ZI;"' 727”): O( |Zl‘ﬁl,"‘ ,\zr|5r),min( |21|,... ,lzr| ) — 0
where: k=1,--- ,r:qp = min[Re(d§k)/5§k))],j =1,---,myand

By = maz[Re((f”) = 1) /7], 5 =1, ,ny,

We shall note: N(zq,---,2.) =Ny (21, -+, 2).

We define the Aleph-function of s-variable in the following manner :

Zr+1
. ROV e M R
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m k k n k
O (1) [1;2 Ty — 670 T T = ¢ + 771
k\lk) = Rr/(®) 4k 5 - k .
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k=r+1,--,r+5(1.10)

© 2018 Global Journals

Global Journal of Science Frontier Research (F) Volume XVIII Issue III Version I E Year



1
For more details, see Ayant [2]. |argzi| < §Bi(k)7r, where
N Pi(k) M 4, (k)
k k) k
B =3 o~ E: of *leﬂy(z)JrE:% —Tiw Y At 28 e D 80> 0 (111)
J=1 j=N+1 j=np+1 j=1 j=mp+1

with k=r+1,--- ,r+si=1--- ,R’,i(k)zl,-“ ,R/(k)

The complex numbers z; are not zero. Throughout this document, we assume the existence and absolute convergence | \ otes
Conditions of the multivariable Aleph-function. We may establish the asymptotic expansion in the following convenient

- form:
S / /

b N(zr—l—l; ce 7ZT'+S) = 0( |Zr+1|ar+17 Ty |zr+s|ar+s ) ’ max( |Z1"+1|a Tty |Z7"—|—s| ) —0
m N(zrt1, 5 2r4s) = O ‘ZT+1|BT+17 SR |Zr+8‘6r+s )smin( [2rqaly oy [2rgs] ) = 00

where: k=7 +1,--- ,r+s:q) :min[Re(d(k)M(k))] | = d

. ) ) - L 7 j »J me41, s My 4 g an

k k .
B = maz[Re((c}” — 1)/ 5 = nosr,- ness
We shall note: R(zp41,* , Zras) = Ro(2rt1, 0 5 Zrps).

The generalized polynomials of multivariable defined by Srivastava [30], is given in the following manner :

SN;"7 y17 o ayv Z Z L., K”!U UA[leKl;"' ;NvaKv]y{{I"'yfv (112)
K1=0 K,=0
where 9, , - -+ , 90, are arbitrary positive integers and the coefficients A[Ny, Ky;--- ; N,, K,] are arbitrary constants,

real or complex.
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é We shall note a,, = el : K, [N1, K5+ 5 Ny, K]
&
Y [I. LEMMA
7 Lemma 1.
zj (Igz7a'75,5/7’7tu—1) (.’L‘) _ ]'—‘(ILL)]'—‘(N +y—a— a' — ﬂ)].—‘(/i + 5/ — O/) ZL,p—a—a'-i-'y—l (21)
5 * Fp—a—a' +9)(p—o = B+)(u+ )
:é where o, o/ 3, 8,7 € C, Re(ry) > 0, Re(n) > max{0, Re(a + o’ + 3 — 7), Re(a/ — 8')}

Lemma 2.

' BBy i Ml+a+ad —v=—pWlQ+a+p -y -1l -B8-p) ey
T BB =1 — ph—a—a/+y=1 2.9

| (“”’OO )(m) Fl—pll+at+a'+p —y=—wl'(l+a—LF—mp) (2.2)

where a, o', 8',v € C, Re(v) > 0, Re(p) < 14+ min{Re(—f), Re(ao + o' —7), Re(a + ' — )}
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[1I.  MAIN RESULTS

We have the following results.

a) Fractional derivative formula 1.
Theorem 1.

i Tl (2 + ;)

t .
Notes {IS’“”*“ (wPHw ) S . N
—o™

erlh' H,ti:l(xui + O[l) i

t [Ny /90t ] [Ny /My ] t sk

i —a—a' v K = i

:Hagljp a—a’+y E E ay C{(I "'Cf".’EZJ:l A K Hai j=1""771
i=1 K1=0 K,=0 i=1

M
VAV etk H:zl a; i
. A A: C
M —p™
0,n+t4+3;V zext [ Loy o ’ (3 1)
pi+t+3,q; +Ht+3;1; R:W . *
a(il)xul
B, B: D
o= D) g
where
V=my,ny; - ;mpng:1,0;---:1,0 (3.2)
W = i, i Tios RY 5 5oy @i 73 RU; 0, 15++50, 1 (3.3)
—_————

v v
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j=1 j=1

v v
(—p—’Y‘i‘a/‘i‘B_Z)‘jKj;lul"”7#’77’“’1"”7ut)7 1+01+2Kj7]§j);1}§1)7"','UY‘),LOW"aO RN
= ——

i=1 t—1

v
1+Ut+Zant(j);vt(T),---,UET),O,---,O,I (3'4)
j=1 M

t—1
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1 1 1 1 r r r r
C=A{( ; )a ’Yj( ))1,711}7 {riy (c;i()l);’Y](-i()i))m—&-l,pi(l) P d{( ; )77]( >)1,nr}; ) (c§‘i()r);’yg('i()ﬂ)"r*‘lvpi(ﬂ b=y — (35)

B = (75/7/)72)‘3'[{]';;“11"' s My Uyt 7ut)7 (OZJFO/*’Y*P*Z)\J'KJ';MIW” y My ULy s o ;Ut);

j=1 j=1
(_p_’y—"_a/—i_ﬁ_z)\]KjaMha/j”l‘aulaaut)7 1+01+ZK77(J) () "avi(r)7o7"'70 (3‘6)
. otes
1 1 1
B = {Ti(bji, i , i 537 y Uy oo 70)m+1,qi} :D = {(dg ); 6]( ))177711}) {Ti(l) (dﬁ()l);5J(>i()1))m1+17q1.(1) }; B
t
385 )1 m, b Ao (@380 Ym0, 102 1)+ (051) (3.7)
—_—

Provided that

Re(fy) >0;ui7)‘777}5])>,uka 1( )7 1, at;jzla"' 7U;k:17"’ s T

1
largz| < §A§k>7r , where Agk) is defined by (1.7).

r (4)
ep)+2ui min Re<§()>+1> maz{0, Re(a+ o' + 8 —7), Re(a/ — ')}
=1

1<i<m;

Proof

To prove (3.1), we first express the general class of multivariable polynomials occurring on its left-hand side Sy
in series with the help of (1.12), replace the multivariable Aleph-function by its Mellin-Barnes integrals contour ‘with
the help of (1.4), interchange the order of summations and (s1,--- , s, )-integrals and taking the fractional derivative
Operator inside (which is permissible under the stated conditions) and make a little simplification. Next, we express the
Following terms (a4 ay)7 S’ Ki=Sicvi¥sn L (pur 4 )0+ S50 K= v”s g0 obtained regarding Mellin-
Barnes integrals contour ([33], p. 18, eq.(2.6.4); p.10, eq.(2.1.1)). Now, interchanging the order of (v1,--- ,vs) and
(s1, -+ ,s.)-integrals (which is permissible under the stated conditions), and evaluating the z-integral with the help of
the lemma 1 and reinterpreting the multiple Mellin-Barnes integrals contour so obtained regarding the Aleph-function

Of (r + t)-variables, we get the desired formula (3.1) after algebraic manipulations.

“m H

b) Fractional derivative formula 2

Theorem 2.
A1 t Ui 77(1) 1 t w; —o
cra™ [T, (2" 4 aq)™ zpoht [, (2% + o)™
t . .
!’ !
{Igjf B (w [T +a)msuer . Ny
i=1 . .
Av t i ) s t i - ('r)
Cy Hi:l( x* +a1)m z,xt H¢=1(Iu' Jraz') vi
t—1 X _ (r+1)
Zrpratrt [T (2 4 o)™
. o N/TL] - WNy/s) g
S - SICEE0 S S S (g LS
1=0 K1=0 K,=0

T o THT+e Hf l(xu@ + o) —o{r

© 2018 Global Journals



Notes

®
t —vU,;
2t [0 7
1)
eru'r' HZ 1 0%' K A, A. C
—1
ol g
L , (-1
F=1 N K oy Kynf) QOREN 4246V ap at
z a Di+Pi+2t46,9;+Q;+2t+6;m50i; Ry R:W u ¢ —rtD : (3.8)
i=1 Zrprzh i [T o . )
(r42)
s TTE
Zrgst e [Liy o
ag—l)xul B,B:D
agy et
where
V=mi,ng;o ime,ne s 1,05 51,05 mpg1; e 5 mygs; 1,050+ 51,0 (3.9)

_ Cp). . . 0 Te 0. L),
W = piars qi0, 7005 R iy @i s Ty s RT3 0,15+ 50, Lipyosny s Qoo , Tyrenys ROED
————

t

Ditrtars Qitrsors Tocrror; ROT50, 1544050, 1 (3.10)
————

t—1

A:(i AAK‘;N%"'MIJ7“17"'5“’15507"'70)7 (O/iﬁli )\‘K';,Ul,"'7/,b,Uh"',’U,t,O,"’,O),
j; VRV r Z VRV T

ths—1 J=1 ths—1

(a+a/+l_7_2)\j}(j§ﬂlu'“ S PEER N USSR 70)7(—5/—2)\1]@;#17“' sty g, 0,000 ),
J=1 t+s—1 j=1 t+s—1

(O(/‘Flffyi /\'K';ula"’mu7“17”'7ut707”'70)a(a+0/777 )"K';Mlv"'7u7u17"'7ut707"'50)7
j; ¥ Ania] T ]; ¥ ntai} r

t+s—1 t+s—1

1+01+2Ki77ii)37)§1)a"'7UY)>1>0>"'»0 [ 1+at+zkyint(i);vt(r)7"'7U1§T)307"'7071707"'70 )

Jj=1 s+2t—2 J=1 t—1 s+t—1
v
1+G-i+ZKj771(]);U1(1)7"'7U§T>707"'70 (311)
= ———
s+2t—1 1,t

© 2018 Global Journals

Global Journal of Science Frontier Research (F) Volume XVIII Issue III Version I E Year 2018



_ NEY) (r) D ()
A= {(aj7aj [ 7aj 307"' ,0)1’11},{’7'2(0,]2,04]-1- ) 7aji aO 30)n+1,pi}7
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5. K.C. Gupta and R.C. Soni, A study of H-functions of one and several variables, J.
Rajasthan. Acad. Phys. Sci. 1 (2002), 89-94.

Provided that

Re(7) >O;Ui,/\j,m(j),uk,vgk);i: 1, t;j=1,---,v;k=1,---,r+s.

1
largzi| < EAEk)ﬂ' , where Aq(;k) is defined by (1.7).

1 .
largzi| < §Bi(k)7r , where Bfk) is defined by (1.11).

r+s ()
d,
p) + E f; min Re (5(1)> +1> maz{0, Re(a+ o' + 8 — ), Re(a’ — 3')}
i=1

1<i<m,

and the multiple series on the left-hand side of (3.8) converges absolutely.

Proof

To prove the second theorem, we take

Zyp 12T HZ; (% + )™ oY

t—1
fa) = T (" + ;)7
i=1
Zr+sxllr+5 1—[ (,’L‘ul + ) (7+5)
and
1™ T (o + o) ziatt [T (2™ + o)™
9(x) = (& + o) S : M
Ao TTE w; s we TTE wi N—v
cor™ [Ty (@ + o)™ zrahr [, (" + ay)

(1)

i

(r)

i

in the left-hand side of the equation (3.8) and apply the following generalized Leibniz rule for the factional integrals

e = 3 (7)) ) 17 (o))
=0

We obtain the second relation of fractional derivative after algebraic manipulations on making use of theorem 1 and the

result ([5],p. 91, eq. (6)).

¢) Fractional derivative formula 1.
Theorem 3.

t t
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(3.15)
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Proof of (3.16).
To prove the theorem 3; we use the fractional derivative formula one twice, first concerning the variable y and then
concerning the variable x; here 2: and y are independent variables.

IV. SpPECIAL CASES AND APPLICATIONS

The fractional derivative formulae 1, 2 and three established here are unified in nature and act as main formulae. Thus a
general class of polynomials involved in fractional derivative form 1, 2 and three reduces to a wide spectrum of
polynomials listed by Srivastava and Singh ([36], pp. 158-161), and so from expressions 1, 2 and three we can further
obtain various fractional derivative expressions involving some simpler polynomials. Again, the multivariable H
-function occurring in these formulae can be suitably specialized to a remarkably wide variety of useful functions (or
product of several such functions) which are expressible in terms of E; F; G, H, X and I -functions of one, two or more
variables. For example, if N =P =Q =0 (or N = P = = 1), the multivariable H -function occurring in the left-
hand side of these formulae would reduce immediately to the product of r (or 1) different Fox's H-functions [4]. Thus
% the table listing various particular cases of the H -function ([16], pp. 145-159) can be used to derive from these
~ fractional derivative forms some other fractional derivative formula involving any of these simpler special functions.
On reducing the operator to the Riemann—Liouville operator, we arrive at three fractional derivative formulae involving
m these operators, but we do not record them here explicitly. Again, our theorems 1, 2 and three will also give rise in
essence to some other fractional derivative relation lying scattered in the literature (see [31], pp. 563-564, Eq. (2.1)-
(2.3), [32], pp. 644645, Eq. (2.1)—(2.3)) on making suitable substitutions.

2018

We have the following result,(see Soni and Singh [28] for more details).

T

t
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é
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;s T Uj 5 y WU L) 5 (Y5 .

. 2 1,r

—_—— —
13

Concerning the corollaries, the class of multivariable polynomials Sx'*:" 5[] vanishes and the multivariable Aleph-
function reduces to Aleph-function of one variable defined by Sudland [3,38]. We shall use respectively the theorem 1

and theorem 2.
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Corollary 1.
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(4.4)
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Corollary 2.
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Notes
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Remark: We can give the similar theorems by applying the operator I x"‘ﬁfé”ﬁ B {}.

In this paper, we have obtained the theorems about generalized fractional derivative
operators given by Saigo-Maeda. The images have been developed regarding the product of
one or two multivariable Aleph-functions and a general class of multivariable polynomials
in a compact and elegant form with the help of Saigo-Maeda operators. Most of the results
obtained in this paper are useful in deriving definite composition formulae involving
Riemann-Liouville, Erdelyi-Kober fractional calculus operators and multivariable Aleph-
functions. The findings of this paper provide an extension of the results given earlier by

(1)
d
Re(p) + 41 min Re (ﬁ) + 1> maz{0, Re(ay + o) + 81 — 71), Re(af — 31)}

1<Ii<m, z
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V. CONCLUSION
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Kilbas, Kilbas and Saigo, Kilbas and Sebastian, Saxena et al. and Gupta et al. as
mentioned before.
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