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Abstract- We are concerned with the existence of weak solutions of strongly nonlinear variational
inequalities for systems of infinite order elliptic operators of the form:

A'(u)(X)+ Br(u)(x), xQ,
where
Ar(u)(x) = Z(—1)|a| = |a| =0DaAar(x,Dyu(x)),
(u)(x) Z(—1)|a|DaBar|a| <Mr(x, Dau(x)), MreN fixed,
(x)18Q=0,|w|=0,12,....,
Q is a bounded domain in RN, |y|<|a| and r=1,2,..m.

We require that the coefficients Aj satisfy only some growth and
coerciveness conditions and Bj obey a sign condition.
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Absiract-We are concerned with the existence of weak solutions of strongly nonlinear variational inequalities for systems
of infinite order elliptic operators of the form:

A'U)()+ Br(u)(x), xeQ,
where

Aru)(x) = Z(—1)|a| © |a| =0Dadar(x,Dyu(x)),
(u)(x) Z(—1) || DaBar|a| <Mr(x, Dau(x)), MreN fixed,

x)18Q=0,|w|=0,1,2,....,

Q is abounded domainin RN, |y|<|a| and r=1,2,...m.

We require that the coefficients A} satisfy only some growth and coerciveness conditions and By obey a
sign condition.

Keywords: systems of strongly nonlinear elliptic operators of infinite order-variational inequalities.

I [NTRODUCTION

In a recent paper, Benkirane, Chrif and El-Manouni[l]considerd the existence of
solutions for strongly nonlinear elliptic equations of the form

Yiai=o(=D!® DA, (x, DYu(x))+g(x,u)=f(x),x € Q, |y| < |a]|

where A, are assumed to satisfy polynomial growth and coerciveness

Conditions and g is strongly nonlinear in the sense that no growth condition is
imposed but only a sign condition and f€L(Q). They relaxed the monotonicity
condition, but we cann’t see this.

In this paper, we extend the result of[1] to the corresponding class of variational
inequalities of the above system without assuming this condition.

II.  FUNCTION SPACES

elliptic equations of infinite order, Z.Anal. Anwend.(J.Anal. Appl.)26, 2007, 303-313.

Let Q be a bounded domain in R(N>1)having a locally Lipschitz property.
Let V be a closed linear subspace of [W(@a,pa )(Q2)|™such that

1. A. Benkirane, M. Chrif and S. El Manouni, Existence results for strongly nonlinear

(W (agpa)(D]™ SVE [W*(agpq ) (1™
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where[W*(aypa)(Q)]™ = M7, [W¥(ag,.p, )(Q)], equipped with the norm

llul %,a = rm=12|ka|=o aa,rIID“urllgz

I Nipg

and [W§(aqpe)(@]™ = [C7 (Q)]™

where {@qr} is an arbitrary sequence of nonnegative numbers and pa >1.
Denote by p’, = %, la| < k.Put W=Vn [W51(a,s,)(Q)]", s, > max{N,,p,}.

W is furnished with the norm

Il lTw=max{ll. lly , I llx+1,s,}
By the Sobolev embedding theorem
W (@ s @)™ = [CE @™ .
Consider the m-product of Sobolev spaces of infinite order:

WG (agpa )@= W (agy,pa ) (2)

{ue [CFQF: [[ullbe,, =X Tinco aurID ull} < oo},

W (agpe ) (O™ ={ue [C*(Q]™: [[ullB,, =2m Tiojo QarIDule < oo}
W=>(agp’, )@ =th: h = ¥, 5% (D aqrDhi; € L'« (@)},

1l b, =21 Tiai=0 e rllREIR,S < oo

The nontriviality of these spaces are discussed by Dubinskii in[5]. So we choose

a,=(a,,)7=q such that the nontriviality of these spaces holds.

[II.  STRONGLY NONLINEAR VARIATIONAL INEQUALITIES OF FINITE ORDER

We start with the existence of weak solutions of strongly nonlinear variational
inequalities for systems of the finite order elliptic operators:

Y=o D) DAL (x, DY u(2))+X g <p, (D' D*BLx, D*u(x)), x € Q, (2)
To define the system(2)more precisely we introduce the following hypotheses:

A1) A7, (x, {Y): QxRN x ... xRV > R are carathégdory functions.

There exist a constant co> 0, independent of k and a function K7 € LP'« () such that

AL, E)| < cotter [, 77 +K5(x) VxEQall §allr =1,2,..m,|y| < |al
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Notes

where a,>0, p, > 1 are real numbers.

A,) There exists a constant c,, independent of k and a function K, € [L1(Q)]™
Such that

Zrmzl Zrodzo AZ(X, Ey) Ear = clz:;n=1 Zﬁﬂ:o Ay r | Earlpu + KZ (x);
VET & ERN, |y <|al

B) BT(x,n)are carathéodory functions defined for all x € Q,alln,” € RV i,
eachr=1,2,..m and a with|a| < M, < k such that By (x,7)n,” = 0 and

Sup |y <al By (x, )| < hi(x) € L1(Q)

Consider the nonlinear form
a(uv)= [, X752 =0 AZ(x DYu(x))D*v" (x)dx +
2al<m, B (x, D*u(x)) D*v' (x)dx]
which by A;) and B) gives rise to a nonlinear mapping S:K "W —W?™ such that

a(u,v)=(S(u),v) (Ve KnWw)

Theorem 1.  Let the hypotheses A;) - A,) and B)be satisfied. Let K be a closed convex
subset of V with 0€K. Let fEV* be given. Suppose that for some R>0,

(S(v)-f,v)>0 forall ve Kn W,|v||y=R,
Then there exists u EKNW llully <R, such that

(S(u),v-u)= (f,v-u)forall ve KNnWw

Outline of proof.

Let A be the family of all finite dimensional linear subspaces F of W, which is a
directed set under inclusion, and let F be provided with the norm |[v|[g = |[v]ly.

For each F € A let J; be the injection mapping of F into W and Jg:W* = F* its
adjoint.

In view of the compactness of the embedding(1l) is easy to see that the the
restriction of S to W is demicontinuous and moreover

(Se(v)-f,v)>0 forall ve FNK with ||v|[g=R.
Therefore by lemma 2 of [2] there exists uge F with ||ug|lg <R such that
(Se(uf),v- ue)-(Jgf ,v-ur)= 0 forall ve FNK (3)

For any F’€ Alet Up={ ue: FE A, FCF, ug as above}. The family {(Up):FEA} has the
finite intersection property and by the reflexivity of V, there exists

ue nF'E A{Weak Cl.y (UFI)}
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with [[u]ly < R. Since u€ {weak cl.;, (Up)}, then for each F, € A there exists a sequence
(Fn)c A, whose union is dense in W, with F, € F1 c..., and for each n€N an elemaent

un€ Fn  such that un— u weakly in V|[proposition 11 of[3]. Therefore for each n€ N
we have from(3)

(S(un),v- un)-(f,v-un)=0 forall vEF, NK (4)

Setting v=0 in (4) we conclude the uniform boundedness from above of

the numerical sequence {(S(uy),up)}nen. From the compactness of the embedding (1),
we get

D%u,(x) - D*u(x) uniformly on Q for all @ with |a| <k, (5)
From A,) and A,), we obtain
luallfs, <co Jy [ARxDYu,()["* <cs.

From the inequality
|BY(x,m)| < supy,.5-11B5(x,m)| + 8By (x, Du, (x))D*uy (x)

which is always true for each 8 > 0,7 = 1,2, ...m and all @ with |a| < k,..
For any measurable subset A of Q, we get from B)

f |Be(x,m)|dx < ¢4 (€, — ¢4 are constants)
A

Now, allowing n— in (4), taking these estimates into cosideration as well as
Vitali’s and dominated convergence theorems and fatou’s lemma, the proof follows.

IV.  STRONGLY NONLINEAR VARIATIONAL INEQUALITIES OF INFINITE ORDER

Now we consider the existence of weak solutions of strongly nonlinear variational
inequalities for systems of the infinite order elliptic operators:

Siej=o(—1)¥ D*AL(x, DYu(2))+3 41em, (— 1) DB (x, D*u(x)), x € 0, (6)

Theorem 2. Let the hypotheses A,)- A,) and B)be satisfied. Let K be a closed convex
Subset of [Wg’(agPq)(@)]™ with 0€ K. Let fe [W™"(a,p’, )(Q)]™ be given. Then
there exists at least one solution u€kK, such that

(A"(u)+ B"(u),v™-u")=> (f7, v'-u')re {1,2, ..., m} (7)

Proof. We adopt the ideas of [6].Consider the auxiliary Dirchlet problem of order 2k,
which may be thought as the partial sum of the series (6):

(A% (ug), vi-ub)+ (B (uy),v-uk)=> (f5, vi-uk),ve KN W, re {1,2,...., m} (8)
where

Ay (W) (x) = Z|ka|=o(—1)|“| D“ AL (x,DYu; (x)),

B (1) (%)= X\, <k (— D! DB (x,D (uy ) (%))
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and

£ = 3o ("D Do € Wy P, )@

The solvability of (8) in view of the hypotheses A,)- A,) and B) is a consequence
of theorem1. Thus there exists u; € KNW solving (8).

One of the fundamental roles in finding the solution of (8)is played by the so
called a priori estimates. By A,) and B), we get

e < c,

Since uy € [Wk(aa,pa)(ﬂ)]m Implies uy € [Wl(aa,pa)(Q)]m we get from the
compactness of  [W'(a,p, )(Q)]m - [c()]™, the uniform convergence of
u,(x) = u(x)on Qask — oo.

Similarly, by the compactness of [Wk(aa,pa)(ﬂ)]m - [CH @)™, for large
enough k and £€N, we have D*uy(x) - D®u(x) uniformly on Q as k - oo,

By the definition of [Wg (aa,pa )(Q)]m, we getu € [Wy (aa'pa )(Q)]m and by

closedness of K, u€K. It remains to slow that u is a solution of (7).
For this aim it suffices to prove the following assertions:

lim (A% (wi), 27) = (A'(w), 27) (9)
lim (B'(wy), z7) = (B"(w), 2") (10)
liminf (A3 (wy), we") 2 (A" (w), u”) (11)
liminf (B* (u,0), ") > (B"(w),u” (12)

forallze K, r=1,2,.., m.

As above, (9)and(10) are consequence of the uniform boundedness of
{271 Tliz0 A% (%, DY) D Widken, (Bt Yjgj—o BT (X, D) DUy} ien and
uniform equi-integrability of

(Em S0 AL (x, DYuy)}, (M, Sir_ o BF (x, DY)} in [L1(Q)]™

in view of Vitali’s and dominated convergence theorems as well as (5). Assertions(11)
and(12)are direct consequences of Fatou’s lemma and(5).

FExample. As a particular example which can be handled by our result but fails outside
the Scope of [4], we consider the nonlinear system
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(=D D*(ag|D*uy [P<~2D%uq) + hy (%) |uz|e™?!
I=j

~%
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(=]
B

(=D D*(ag;|D*uy [P<~2D%u3) + hy (%) |uy ™!
I=j

NgE
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B

h;(x))%, are arbitrary nonnegative L1(x)-functions, u = (uq, u,). |\
(hi(x))i=1 y g (x) ) (uq,uz) otes
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