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l. [NTRODUCTION

In 1892, Corrado Segre (1860-1924) published a paper [9] in which he treated an
infinite set of Algebras whose elements he called bicomplex numbers, tricomplex
numbers,...., n-complex numbers. A number which can expressed in the form of
X+, %, Hoxs oy, 1,7 = -1for all p=1, 2 and ii, = Lj, as well as x,....,x, are real
numbers, is called a bicomplex number. Segre showed that every bicomplex number
z,+1,2, can be represented as the complex combination
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(Z1‘11Z2) [ 12112]+ (Z1+11Z2) [ 12112]
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Shrivastava [10] introduced the notations '¢ and *¢ for the idempotent components
of the bicomplex number § = z,+i,z,, so that

1 1+iqip 9¢ 1—iqip
§ - g' 2 + g' 2

Michiji Futagawa seems to have been the first to consider the theory of functions
of a bicomplex variable [2, 3] in 1928 and 1932.

The hyper complex system of Ringleb [8] is more general than the Algebras; he
showed in 1933 that Futagawa system is a special case of his own.

In 1953 James D. Riley published a paper [7] entitled “Contributions to theory of
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functions of a bicomplex variable”.

In the entire work, the symbols C,, C, and C, denote the set of all bicomplex,
complex and real numbers respectively.

In C,-besides 0 and 1- there are exactly two non-trivial idempotent elements M
denoted as e; and e, and defined as

8. Ringleb, F.: Beitrage Zur Funktionentheorie in hyperkomlexon System, I, Rend.
Circ. Mat. Palermo, 57 (1933) 311-340
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o 1+iqip

. 1—iyiy
L=

and e, = 5
Obviously (e,)" = e, , (&))" = e,
e, +e,=1e.e,=0

Every bicomplex number ¢ has unique idempotent representation as complex

combination of e, and e, as follows
§ = z,tiyz, = (z-i12,)e; + (z,+i2,)e,

The complex numbers (z;-i,z,) and (z,+1,z,) are called idempotent component of
¢, and are denoted by '¢ and *¢ respectively (cf. Srivastava [10]).
Thus & = '€ e, + € e,

The idempotent representation is perfectly consistent with the Algebraic
structure of C, in the following sense

gtn= (e +Ce)  (net+ney)
= (&t'n) e + (6'n) e,
So that '(§ +n) = '€&+'n and *(§ £n) = *¢+’n
a.f =a. ('Ce + e,
= (a.'®) e, + (a.¢) e,
So that '(a.§) = a.'¢ and *(a.§) = a.’¢
&n= (e, +Ce) (Ne;+ney
= (‘&) e+ (*€n) &
So that '(&.n) = '€.'n and *(&.n) = *€.°n

¢/ n=(€/'n)e + (*¢/*n) ey provided ng O,
So that '(§ /n) ='¢ /'"nand *(§ / n) = "¢ / "n,

where O, = set of all singular element in C,

a) Singular elements and Norm of a bicomplex number
There are infinite numbers of element in C, which do not possess multiplicative
inverse. A bicomplex number § = z,+ i,z, is singular iff ‘zf+ zzz‘ =0. Evidently a nonzero

bicomplex number ¢ is singular if and only if either '¢ = 0 or *¢ = 0. In fact C, is not a
field while C, is a field.
The norm of a bicomplex number ¢ is defined as

] = |z + .z
{2 + 2]

2)}112

2+|2§

1
(5 ('
C, forms a modified Banach algebra. i.e. Banach algebra with modified consistency of

the norm of product of two bicomplex number is less than or equal to 2 time of
product of their individual norm i.e. |en| <v2|g]
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b) Some special properties and subsets of bicomplex space

Every bicomplex number & possesses three types of conjugates called i,-conjugate,
i,-conjugate and iji,-conjugate corresponding to i, i, and ii, independent vectors
respectively represented by &,¢ and &%. Thus

£ = (xl—i1x2)+i2(x3—ilx4):21+i222:(zg)el+(1g)e2
& = (X, +i X, )=, (X, +i,X,) =2,-i,2, =(%€) e1+(l§)e2
ET = (x,—i%,)-1, (X, -1, %,)=2,-i,2, = (1E)e1+(zé)e2
We shall use specific notations for some special subset of C, that are given below.
C(@i,) = {a +i;b: a, b € Cy}
C(i,) = {a + i,b: a, b € Cy}
H = {a +i,i,b: a, b € C;}

¢) Representation of bicomplex matrix
A matrix ‘A’ whose entries are bicomplex numbers is called bicomplex matrix i.e.

é;11 §12 """ E”‘lﬂ
A = 21 S22 “2n , V&, in Gy, 1<p<m and 1=q<n
&ml am2 """ émn

According to three types of representation of a bicomplex number, there are
three types of representation of a bicomplex matrix as real representation, complex
representation and idempotent representation.

A square bicomplex matrix “A” is said to be non-singular if |A|¢O, otherwise the
matrix will be singular.

[I. CERTAIN RESULTS ON BICOMPLEX MATRICES

a) Algebraic structure and Inversion of Bicomplex matrices[1]

2.1.1 Algebraic structure
Let M be the set of all square and non-singular bicomplex matrices of order n
then the set M with operations addition “+” coordinate wise, multiplication “Xx” is term
by term multiplication as well as scalar multiplication “.” is also coordinate wise, forms
an algebra over the field of complex number.

2.1.2 Determinant and Adjoint of a bicomplex matrix
Let A= [El-j ]m be the bicomplex square matrix of order n where n is the positive
integer. The determinant of A is defined by

|Al={té.) &, <C,
= ji%i &l

1= 72j n

where * sign is taken according to even and odd permutation of suffixes of &.
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Let A = [Eij]m be a bicomplex square matrix and [Cl-j] denote the co-factor

matrix of A then the transpose of the matrix [(L-j]m is defined as Adjoint of A and
denoted by Adj.A.
Some Results-

@) [A] = P4 e+ [A e
(b) If |[ANeO, <= |"Al=0&|*A=0
(c) Adj.A = Adj.("A) e, + Adj.(’A) e,
2.1.3 Inversion of Bicomplex matrix by two techniques

Anjali [1] has developed two techniques to determine the inverse of bicomplex matrix.

a. Adjoint technique

Let A = [El-j]m be a square and non-singular matrix whose elements are in C,

then Inverse of A is defined as

_ A(AdA)

A

Al

b. Idempotent technique
Suppose M = 'M e, + *M eQZ[Eij]m be a square and nonsingular bicomplex
matrix of order n. Let [zij]m and [Wij]anbe the inverse of "M and *M respectively then
Inverse of M is defined as

M_l = [Zij]IIXII € + [Wl] ]n><n € = [nij]nxn (Sa’y)

b) Hermitian and Skew-Hermitian matrix in C, [1]

2.2.1 Tranjugate of a bicomplex matrix
Analogous to three types of conjugate element in C, we have three types of
conjugate of a matrix in C, viz. are i, conjugate matrix, i, conjugate matrix and i,
conjugate matrix. The transpose of the conjugate matrix is called tranjugate of the
matrix. There are three types of tranjugates of a matrix in C,.

a. I, tranjugate of a bicomplex matrix
Let A = [ai]']
obtained by taking i, conjugate of each entry of A. Transposing 4, we get the tranjugate

of A. Simply denoted by [A]" or A%
b. I, tranjugate of a bicomplex matrix

be any bicomplex matrix and A denotes the i, conjugate of A

nxXn

The i, conjugate of a bicomplex matrix A denoted by A is the matrix obtained by
taking i, conjugate of each entry of A. On taking transpose of A then we obtain [A]"
which is known as i, tranjugate of A and denoted by A%2.

c. 1,1, tranjugate of a bicomplex matrix
The i,i, conjugate of a bicomplex matrix A denoted by A”is the matrix obtained
from A by taking ii, conjugate of each entry of A. On taking transpose of A* we

obtain [A*]" which is known as i,i, tranjugate of A and denoted by A%.

Properties of a bicomplex matrix [1]-
For all k" in C, and A, B of C,”*" then

(1) [A] = A
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(2) [A]" = A

(3) [A7]" =A

(4) A+B)=A+B
(5) (A+B) = A +B
(6) (A+B)* = A* + B*
(7) kA = kA

(8) [k A =k .A

(9) [k A]* = k* A*

(10) [[(DT]]" = A

11) [[A'TT = A
(12) [[[A*]"]]" = A
(13) (KA)" = k.[A]"
(14) [KA]]" =k .[A]
(15) [KA]7T" = K7 [A7])

2.2.2 Symmetric and Skew-symmetric matrix in C, [1]
A square bicomplex matrix “A” is symmetric if A" = A or a; = aj; for all i, j and
if A" =-A or a;= -a; for all i, j then it is called a skew symmetric matrix.
In skew symmetric matrix all principal diagonal elements are zero.

2.2.3 Hermitian and Skew-Hermitian matrix in C,
Since three types of conjugate elements exist in C, and each conjugate will
introduce Hermitian matrix, so that in C,, there will be three types of Hermitian
matrices.

a. I-Hermitian matrix

A bicomplex square matrix A is said to be i,-Hermitian matrix if A = [4]".
The element of the principal diagonal of i-Hermitian matrix are the member of C(i,)
i.e. iy-complex number.

b.  i-Hermitian matrix

A bicomplex square matrix A is said to be i,-Hermitian matrix if A = [4]".

The element of the principal diagonal of i,-Hermitian matrix are the member of
C(i,) i.e. i;j-complex number.

c. ILji,Hermitian matrix
A bicomplex square matrix A is said to be i,i,-Hermitian matrix if A = [A*]".

The elements of the principal diagonal of i,i,-Hermitian matrix are the member of
H (set of hyperbolic numbers).
There are three types of skew Hermitian matrix in C,.

» 1[-Skew Hermitian matrix

A bicomplex square matrix A is said to be i,-skew Hermitian matrix If A = -[4]".
The element of the principal diagonal of i-skew Hermitian matrix are the

member of the type i,(s), s €C(i,).

» I-Skew Hermitian matrix

A bicomplex square matrix A is said to be i,-skew Hermitian matrix if A = -[4]".
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The elements of the principal diagonal of i,-skew Hermitian matrix are the
member of the type i,(s), s €C(i,).

» 1,i-Skew Hermitian matrix

A bicomplex square matrix A is said to be i,i, - skew Hermitian matrix if A = -
[A*]" or (A*)" = -A.

The elements of the principal diagonal of i,i, - skew Hermitian matrix are the
member of the type i,(s), s € H

1. STUDY OF BICOMPLEX MATRIX UNDER TRADITIONAL AND NEW SYSTEM

In this section we present the work which has been done by us. In this section we
have studied Orthogonal and Unitary matrix in C, and defined the new concept over
the bicomplex matrix. A similar relation between two bicomplex matrices is also defined
in this section.

a) Orthogonal and Unitary Bicomplex matrices

3.1.1. Orthogonal Bicomplex matrix
Let A be any square and invertible bicomplex matrix then A is said to be
orthogonal bicomplex matrix if

ATA =1=AA"
ie At =AT
where A" is the transpose of A and I is the identity matrix.

3.1.2 Unitary bicomplex matrices
Corresponding to three types of tranjugate of any bicomplex matrix, there are
three types of bicomplex Unitary matrix.

a. I, Unitary matrix
Let A be any square bicomplex matrix which is invertible and A denote the i,
conjugate of A and [A]"is the transpose of i, conjugate of A. We shall use A*in place of
[A]"in entire work.
The matrix A is called i;Unitary matrix if A*A =1 = AA*
ie At=A"
Thus, the matrix [{j;],, is an i, Unitary matrix if
[CiiJaxn -[Cij laxn=Lixn swhere I is the identity matrix.
b. i, Unitary matrix
Let A be any square bicomplex matrix which is invertible and A~ be the i,
conjugate of A and [A”]" be transpose of i, conjugate matrix of A and we shall use A”
in place of [A7]" in entire work.
IfAAZ =1 = AZA
ie. At=A”
Then A is called i,Unitary matrix.

c. 1,1, Unitary matrix
Let A be any square bicomplex matrix which is invertible and A* be the ii,
conjugate of A and [A*]" be transpose of i,i, conjugate matrix of A. We shall use A%ip

place of [A"]"in entire work. If AA® =1 = A*A

© 2018 Global Journals
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i.e. At =A%

then A is called i,i, Unitary matrix.

Remark: If A is any real Unitary matrix then it will obviously be an i, Unitary matrix,
1, Unitary matrix and i,i, Unitary matrix.

3.1.3 Theorem
If A and B are two i,i, Unitary matrices of same order then AB will be ii,
Unitary matrix similarly i,AB, i,AB, 1,i,AB will also be i,i, Unitary matrices.
Notes
Proof:
By the definition of i,i,Unitary matrix
A% A=, similarly B*.B=1
(AB)”.AB ={'(AB)e + 2(AB)e}*.AB

={*(AB)*e + ’(AB)* e} .AB
~[(B= A%)g +2(B" A%)e,| AB
= (B% A®).AB
= B"A®.AB
- B*(A”.A)B
=B%.1.B (-~ Aisiji, unitary)
=B*.B=I (- Bisiji, unitary)

Now we find out the nature of i,AB, i,AB, 1,i,AB
Therefore

(i, AB)=.i, AB = i.B* A%.i AB
=B”*IB
y 1)

(i, AB)®.i,AB =,B® A%.i,AB

=B*IB (2)
=

(i), AB)*.i,i,AB = i,i,B* A% i,i,AB
=(=1) (i) 1,,B” 1B (3)
=1

Proof of the theorem is complete.
Remark:

(AB)"s = B A, where S=12

Therefore analogues of theorem 3.1.3 is not true for i,Unitary and i,Unitary matrices.
3.1.4 Theorem
The adjoint of i,i, tranjugate of a bicomplex square matrix is equal to the i,i,
tranjugate of the adjoint of the matrix.

Adj (A%) = (Adj A)*

© 2018 Global Journals

Global ]()urnal of Science Frontier Research (F) Volume XVIII Issue III Version I E Year 2018



Proof:
(Adj A)* =(Adj 'A g+ Adj *Ae,)*[by2.1.2(c)]

=(Adj 'A)* e +(Ad °A)*e,
=Adj ('A%)e + Adj (*A")e,
- (Adj A)’ =Adj (A?), for Aiin C therefore
(Adi A= Ad[(A%) e + (*A%)e)]
= Adj(A*)
Remark:
Since i, and i, conjugates of e, is e, and e, is e;, we get (Adj A)’* = Adj (A”) whereS=12

3.1.5 Theorem
Let A and B be two square bicomplex matrices of order n, such that |A|e0O,

and|B| ¢ O,, then their product (AB) will be invertible, and the inverse of AB will be
B~1A71.
Proof:

Since the bicomplex matrices A and B both are nonsingular i.e.|A| € 0, and

|B| € 0, that means
| Al=['Aa+[*Ale.20,
©|1A|¢0and |2A|¢O
similarly| ‘B|=0and|*B =0
'A.|'B|=0and|*A||’B|# 0
= (a|'B|) e+ (]7A[|B|) e, 20,
=|*(AB)|e +|*(AB)|e, 20,

=|AB| ¢0,

= ‘B

‘B

= AB is invertible.

The inverse of the matrix (AB) is (AB) !therefore
Further

(AB)'=['(AB)e; + *(4B)e,] "
= "(AB) e, + %(4B) e,
= ('B71'"A™Ye, + (CB~1247 Ve, (since (PQ)"t= Q7P tinC,)
=['B7e, + °B71e,] ['A7e, + 2A71e,]
— B—IA—I
3.1.6 Theorem
Let A, B be two square bicomplex matrices then determinant of their product

will be equal to product of their individual determinant.
Proof:

Global Journal of Science Frontier Research (F) Volume XVIII Issue III Version I E Year 2018

|AB| = | (AB) e, +|* (AB)[e,
= (al'B[)e.+(]*A]*B|)e,

~(Ae +|Ae.) (*Ble,+|"Ble.)
—|AB|=| A B|
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3.1.7 Some Properties of bicomplex matrices

(i) If A is any bicomplex square matrix of order n then det A and the det of transpose
A are equal.

(i) A and B are two bicomplex matrices of order n such that B is obtained from
interchanging any two row /column only of A then |A| =-|B|.

(iii)If any one of the row/column in a square bicomplex matrix has each element in
O, then matrix will be singular or non - invertible.
Proofs of these results are straight forward.

b) Study under new system
If A is any bicomplex matrix, then it can be written as

A=A +i, A, whereA e C™", s=0,1

The i, independent part and dependent part of bicomplex matrix A is denoted by
A, and A, respectively. The matrices A, and A; are known as complex component of
matrix A.

We define a new binary composition “O” between two arbitrary square
biocomplex matrices A and B as follow

Vv A, B € C,"”" then

AOB=(A+1,A) O (B,+1,B)

= (A,By+ i, A,B)

= (Cy + 1, C;) € C,", where C,e C;""V s =0, 1

It is a new definition of product of two bicomplex matrices (specially) and the
procedures of both, addition and scalar multiplication, will be the same as traditional
system procedures.

Thus the three operations will be as follow
vABeC,™
“+"— A+B = [Aj+ i,B] + [Bo+ i,B]

= [A+B,| +i, [A,+B]

‘O"— A O B = [A+L,A)] O [Bi+,B|]
= A, B, +i,A,B,

and “o"—>a.A = a [A+i,A]
=aA,+1L,aA,

€. A = [0+1,B]. [Aj+iLA ]

=0A,+1i,0A,-BA,+i,BA,
=a AyBA,+ i, [0A,+BA]
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3.2.1 Relation between the bicomplex matrix and its complex component matrices

We define addition on the set C,"*" x C,™"" as follow.

If (Ay, A)) and (B,, B,) are two arbitrary element of C,;™" X C;™" then
(Ay, A) + (By, By) = (Ay+B,y, A,+B,). Further (A, A,) and (B,, B,) are said to be
equal if and only if A = B, and A, = B; The set C," X C,” is an abelian group
w.r.t. addition ‘+'.

We define a function f: C,”"— C™*" x C™*
Such that f(A) = (A, A))

3.2.2 Theorem
If f: C,"— C™™ x C™" is the function Such that f(A) = (A,, A,) then f is
an on to isomorphism i.e. G, =C,™*" x C,™*

Proof:
f is one-one:

vV A, B e G,

Let f(A)=1f(B)

= (A)A) = (B B))

= A,=Bjand A, = B,
= A=8B

f is onto:

Let (Ay, A)) be the arbitrary element of C,;"™*" x C,™"".
Corresponding to (A, A,) there exist a bicomplex matrix A = Ay+i,A; such that

£(A) = £(A,iA,)
= (A07 Al)

Therefore A is the preimage of (A, A;) in C,™"".
f is homomorphism:

vV A, B e Cm"

f(A+B) = f [(A,+ By) + 1, (A, +B,)]
= (Ay+B,, A,+B,)
= [(Ao, Al) + (Bo, Bl)]
=f(A) +f(B)

Hence f is an on to isomorphism i.e. C,”" = C,™" x C,™"

3.2.3 Theorem
Let M be the set of all square bicomplex matrix of order n. If we introduce the

operation “Q” with set M over new system and binary operation addition “+”taken
coordinate wise and scalar multiplication “e” is term by term then the structure
[M,“+" “e” “O"] forms an algebra with identity (I + i, I).

Proof:

vV ABCe M""
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therefore A= A,+i,A,, B= B+ ,B,, C=Cy+i,C,
(M,+) is an abelian group:
Closure:

A+B = [A+LA,] + [Bo+ 1,B]
= [Aj+B,] +i,[A,+B,] e M
Associativity:
A+ B+ C)=(A+B)+ C (Hold)
Additive identity:
VAeM A=[A+iA,] Jan (0 + i,0)
A+ (0 +1,0) = [Ay+ L,A,] + [0 + 1,0]
=[Ay+ 0] +1i, [A; + 0]
=A+LA =A

Hence (0 + i,0) is the additive identity.

Inverse property:
Vv A e M, 3 -Ae M, such that

[Ag+LA ] - [Ag+ LA = [Ay - A + 1, [A; - Ay] =[0 + 1i,0]
Commutativity:
A+B=B+AVA BeM
[M, +, O] is ring structure:

Closure under new multiplication ‘Q’:
VA, BeM
AOB=(A;B) +1, (A, B)eM
Associativity:
A O [BOC|=[A+LA] OB, Cy) + i, (B, C))]
=A,[B,C) + i, A [B, C]
“» Complex matrix are associative and A, By, C4in C," ", VS =0, 1
AOBOC =[AB)]C,+1i, [A;B] C,
= [(Ay+iA,) O (By+i,B,)] © (Cy+i,C))
=[AOB|OC

Distribution property:
VA B CeM

A OB+ C]=[A+LA] OB, + Cy) + i, (B, + C))]
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= A, (Bo + Co) + LA [B1 + Cl)

= [AOBO + AOCO] + i2 [AIBI + AICI]

(Distributive laws for complex matrices)

Linear space:

Closed w.r.t scalar multiplication:

Again

= [Ao B, + Ao Co] + [iz A1 B, +1, A1 01]

= [AoBo + 1, A1B1] + [Aoco + 1, A1C1]

= AOB+AOC

V ae Cy—»a.A =a [A+LA]

vV AeMand le Cy, 1.A = 1.[ Ay + i,A{]

V a, Be F,

= 1.A,+ i, LA,
= A, +1LA =A

(q + B)A = (q + B) [A0+ iQAl]

= (q + B)Ao + iQ(G + B)A1

=a A+ aiA,
9 Hp o an W W e Wi
L1 fp o 0 i gl M Y2 “on
an n2 7 nn Wnl n2 v nn
azll OZZ12 ..... aZln lZWll O!W12 ..... ann
(1221 0222 ..... aZZn I (ZW21 aW22 ..... aW2n
_0! an D!an ..... aZnn CCWnl aan ..... aWnn
(ZleJr.lzaVVll a212+|2aW12 ..... aZln+!2aW1n
A2y HOW, A2y 0N, az, +iow,
Az FieW @z rhaw az +ihaw

= (GAo + BAO) + i2(GA1 + BAI)
= [0 At a A + [B A+, B A

=aA+BA

vV A,B e M, and ae F
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a [ A+ B] = a[(A0+ Bo)‘Hz (A1+ B1)]

=a (A0+ Bo) + i, (A1+ B1)
= (a Aj+ aB,) + i, (aA,+ aB,)
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=0A+aB
@B)A=aB(A) +iaB (A)
=a(BA)+ia(BA)
=a B A+ LB A
=a. [B. A]
Consistency (compatibility) between O and °:
vV A, B e M, and ae F
a[A O B] =a[(A, B)+i,(A, B))]
=a (A, By + i,a (A B))
= (a Ay B, + i, (aA,) B,
= (aA, + i,0A,) O (B, + i, B))
=(a.A) OB
= (Ay0) By + i, (A,a) B,
=A,(aB) +i,A, (aB)
= [A+1,A] O [a By+i, a B
= A O (aB)

Hence M (set of all square bicomplex matrix of order n) is an algebra.
Identity:

A+ iL,A = A, 3(I + i, I)such that
A+ LAJOI+L]=Al+LAI=A=(T+iI).A

= (I + i,I) will be the identity under new system
Moreover for all & in C,

& A = (z,+ iyz,) (Ag+ LA,
=z, Ag+ 1,2, Ay + 1,2, Ay-2, A

Global Journal of Science Frontier Research (F) Volume XVIII Issue III Version I E Year 2018

3.2.4 Definition: New inversion of a square bicomplex matrix
Let A = A, + i, A,e C,”" be given bicomplex matrix where A;, A, are complex M
matrix of same order if the inverse of A,and A, both exist then bicomplex matrix A is

said to be invertible and inverse of A is written as A = A, +1,A, , where A, and A, are
the inverse of A, and A, respectively as well as A is the inverse of A or reciprocal of A.
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3.2.5 Theorem

Let A be any square bicomplex matrix which is invertible in new system, then the

inverse of the bicomplex matrix A, will be [ade)/%] + iz[adk Aj

Proof:
A=A+1 A

Let A, and A, both has inverse A, and A,
Inverse of A = A = A, + i, A, (by definition)
Since A, and A, both are complex matrices therefore the inverse of A, and A, are

(ade)} and [adj A} respectively

| A A

Thus A= adi A | [2di A
| A|=0 ‘L |A]=0

Next from here we shall use M in place of C,**"
3.2.6 Some properties under new system

Property: 1
The multiplication is not commutative in general

AOB=(A+1A) O (B, + i,B)
=AB, +i, AB,
BOA=(B,+1iB)0 (A, +1A)
=ByA, + i, B/A,
Let AOB=BOA
= A,B, + i, A\B,= B A, + i, B/A,
= A,B,=B,A, and AB, = B/A,
= Complex matrix is commutative which is contradicted.

= AOB #BO A

Counter example:

1 i i 3 i-2 -2
A=| and B=| . |then AB = . .
{— i 2} {Z 5& L+ 4 -7i }

-2 5

but BA=| )
21+5 —-2+10i

}3 AB= BA

Property: 2
(A @ B)"'= (A;B, +i,A, B))"
= (AB)" + 1, (A, By)*
= (B," A+ i, (B,"A,")
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Since (A B)" = B"A" true in C,

Therefore (AO B)" = (B,” + 1, B,") © (A, + i,A,) =BT O AT

Property: 3
If A is any bicomplex square and invertible matrix whose inverse is A under new
system then (A) = A

N Proof:
e (A = [(A +i.A))

= (Ay+ LA (A =A, +A,, by definition) -

= (Cy + 1, Cy) (say C, =A, and C; = A))
= (Cy +i, C,) (by using again definition) é

= (A) +iy (A)) -

— (A, +,A,)

- A g

Property: 4 ;
(A-)k = (Ao- + Al-)k E

= (A, +i,A) O (A, +i,A )

— A + 1A © (A, + i, A)? -

=[(A) Y+ 6) -

= (AgA, ... k times) + 1, (A, A, ....... k times) _é

A A, ...... ktimes) + i, (AA....... k times) é

= AN+ (A £

-

Property: 5 f;
The inverse of the product of two bicomplex matrices A and B is equal to =
product of their inverses in reverse order ;
Proof- ;
Let vV A, B eM then g

(A O B)_ = [(Ao +i2A1) O (Bo +i2B1)]_

= [A)By +i,A; B]] [ |
= [AOBO]- + [A1B1]-
= [B_o A_o] +i, [B_1 A_1]
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(Since A,, By, A, and B, are in C,"" and (A B) = BA)
= [B_o + i2B_1] O[A_o + 1 A_l]
Therefore [(A @ B)] =BO A

3.2.7 Theorem
IfA A, ... A are the invertible bicomplex matrix then the inverse of product of
A A,.....A, will be equal to the individual product of their inverse in reverse order.

Proof:
Let AJA,...... A be the invertible bicomplex matrix then

(A,O A, 0 A,0......... OA,)

= [(Aptiy Ayy) O (AytiAy) O o (An0+i2Anl)]_

= (AnO _An -1 0_' ' "'AIO_) + (Anl_An -1 1_ . "All_)

= (AHO- + 12 Anl-) O (AH»IO- + 12 An»l 1-) O e "‘(AIO- + 12 Anl-)

Thus it is clear the inversion of the bicomplex matrix under new definition has
the same fundamental properties as those under the traditional algebraic system.

¢) Some definitions and theorems related to bicomplex matrix in both systems

3.3.1 ldempotent bicomplex matrix
Let A be a square bicomplex matrix and if A> = A, then A is called the
idempotent bicomplex matrix, obviously identity matrices in C, will be idempotent
matrix in their individual systems.

Remark:

The identity matrix is always idempotent bicomplex matrices in their own
systems as well as the Null matrix is also idempotent matrix.
Example:

el
(1) eZ is the example of idempotent matrix.
2

N [P N [P

(2) g fij vV £ #0eC,is not idempotent matrix.

0
(3) 01 e} is also an idempotent matrix.

1
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1 0] .11 0], ) o
(4) H' 0}”2{& Oﬂ is an idempotent matrix in new system.
1

1

3.3.2 Theorem

A is an idempotent bicomplex square matrix of order n if and only if both
complex component matrixes A, and A, are idempotent complex matrix simultaneously.

Proof:

“+ A is an idempotent matrix i.e. by definition A> = A
< (Ag +hA) O (Ag +1hA)) = Ay +i4,

= A7 HL,AP2 = A +H,A,

o A= Ajand A = A,

<> Both A, and A, are idempotent complex matrix.
3.

3.3 Involutory bicomplex matrix

Let A be any bicomplex square matrix if A> = I matrix then A is known as
involutory bicomplex matrix. i.e. the inverse of the given matrix A will be itself.
Clearly the identity matrices will be involutory bicomplex matrices in their own

systems.

Remark:

All idempotent bicomplex matrices which are not identity matrix will not be involutory.

Example:

o 2~

o L6

3.3.4 Theorem

A is an involutory bicomplex matrix if and only if both complex component

matrix A, and A, (under the new system) are involutory.
Proof-

By new definition of product of bicomplex matrix

ie. A = A} +i,A% where A, A e C,

» A is an involutory bicomplex matrix

o A’=T1+1,1 — (identity under new system)

o A HLAP=T +i0,

< Al=Tand A’ =1

<> Both A; and A, are involutory.

Remark:

Under new product definition (I + i,I) is always an involutory matrix i.e.

I+, )OI+, )=01+14,1)
3.3.5 Similar bicomplex matrix
Let A, B eM if Jan invertible matrix P €M such that

A = P7!'BP then A and B are said to be similar bicomplex matrix and denoted by A~

B
If A and B are similar in new system then
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A=POBOP (6)
And if A, B € C,"* " then equation (6) will be equivalent to A = P, B P,, where
P=P,+iP,

3.3.6 Theorem
Let A and B be two square bicomplex matrices, and an invertible matrix P such

that A = P"1BP or A ~ B then

| Al=[B]

«  Proof:

=+ A = P71BP, where P is an invertible bicomplex matrix

© Now |A=|P'BP|
=["(P*BP)|g +| *(P'BP)e,

- [P || Pl e+ [’ P]e
pelel|as o7 f8le
N e

> = 'Bfe +| Bl

<

= therefore |A=|g|

S 3.3.7 Theorem

E The i,i, tranjugate of inverse of a matrix A is equal to the inverse of i,i, tranjugate of A.
= le.

(WP = (o)

é Proof:

u: (A—l): 1A—1el n zA—le?
(w1)>-[oare + ave)]

’:C :(l 7lé + ZAflg )T

E —conj (A ) e, +conj (ZAT)'le2
<

() e+ ()
ie(At)s=(A%)
Remark:

Since i, and i, conjugates of e, is e, and e, is e, therefore this result is not true for
S=1,2 Where(A’l)HS:(A"S Tl.
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3.3.8 Theorem
In new system, the i;tranjugate of inverse of a matrix A is equal to the inverse of

i, tranjugate of A. i.e. (A_)e1 = ( A% )_

Proof:

K= [m v A)
A=) i &)
)

Notes

In this system this result is not valid for S = 2, 3 where (A’)QS = ( A’s )_.

By above two theorems it is evident that the given bicomplex matrix has same
property by taken different conjugate in both different system.

3.3.9 Theorem
A will be an orthogonal bicomplex matrix in new system if and only if the
complex component matrix A, and A, are orthogonal complex matrices.

Proof:
Since A €M is an orthogonal matrix.

Therefore AT=A (7)

Since A can be express as the i, combination of two complex matrices A, and A,
as follow

A = (A, +i4,)
AT = (A, +,A,)" = A (where A is the inverse of A)
And A = A, +i,A,
From equation (7) we have
(Ay + i2A1)T = A-o + i2A-1
SAT+HLAT=A, + 0, A,
SAT=A, and AT=A,

<> Both complex matrices A, and A, are orthogonal.

The proof of theorem 3.3.9 is complete.
If A is an orthogonal matrix in traditional system then

A= A?

='ATe +ATe, ="A"e, + At e,
(:,>1AT — lA—land 2AT — 2A—1
<> Both idempotent component matrices are orthogonal.
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Hence A is an orthogonal matrix in traditional system if and only if both
idempotent component matrices are orthogonal.

3.3.10 Theorem
A will be an i; Unitary bicomplex matrix if and only if the complex component
matrix A, and A, of A are Unitary complex matrix but idempotent matrix 'A and *A of
A may or may not be Unitary.

Proof:

Part-1"
According to definition of i, Unitary bicomplex matrix

A%=[(A, +i,A)T" = [Ay + 1, A

AT+ LAT=A; i, A
<AT=A;and AT =AS
< A, and A, are Unitary

Part-2"¢
Note that

('Ae, + "Ae)'= (AM)e + (AY)e,
= (TA e, + TAel)T = (AYe + (AYe
N (TAT e, + A qj — (AM)e + (AY)e

< A = A'and A = A"

It is evident that if A is an i, Unitary bicomplex matrix then idempotent matrix
'A and *A of A will be Unitary complex matrix only if A is a complex matrix.

It is clear from here that both component A, and A, as well as 'A and °A be an
unitary complex matrices then matrix A will be different type of unitary bicomplex
matrix that means it has shown the different nature of representations of A.

3.3.11 Theorem
Let A be an i, Hermitian bicomplex matrix then the i, tranjugate of both 'A and
*A will be A and 'A respectively as well as A, and A, both will be Hermitian complex
matrix.

Proof:

Part-1"

Since A is i, Hermitian= (A)" = A
o (ATq+ A'e ] = (Ae + Ag)
= (TAez + 2Xel)T = (1Ae1+ 2Aez)

= ?ATeﬁ T’-\Te2 - ('Ae + Ae)

< (%A% = A)and (A% = A)
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Part-2?
A=A +1i A
(A+LA) = (B) +L A
Since A is i, Hermitian < (A)" = A
< (A +L(A) = A+, A
< (A) =Aand (A)' = A

<> Both complex component matrix A, and A, of A are Hermitian.

3.3.12 Theorem
Let A be an i, Hermitian bicomplex matrix if and only if the transpose of A and

'A are 'A and A respectively as well as A, and A, are symmetric and Skew -
Symmetric bicomplex matrix respectively.

Proof:

Part-1"
By definition of i, Hermitian in C,

(AT =A”=A
< (Mg + A )? = ('Ag + *Ae)
< 'A'e, + ‘Ale = 'Ag + “Ag,
< A" ="Aand'A" =°A
Part- 2
A=A+i,A VA=C"",S=01

A% = (A+H,A)Y = AT -0 AT
Since A is i, Hermitian A? = A
< A=A
< AT -, AT = A+IA
< A=A and A, =-A

3.3.13 Theorem
A is a i,i, Hermitian matrix if and only if 'A and A both idempotent component

matrix of A will be Hermitian as well as the complex component matrix A, and A, of A
will be Hermitian and Skew — Hermitian respectively.

Proof:

Part-1"
-+ A is i,i, Hermitian

[A]%=A
(1 2 51 2
< A+ AGQ)H = "Ag + Ae,

< 1A% = A and %A% = 2A
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<> both'A and %A areHermitian
Part- 2¢

A" = (At A)"
- A is Hermitian
o (A+LA) = A+ i A
= A -iL,A = A+iA,
o A”=A and A* =-A
< A, is Hermitian and A, is Skew — Hermitian in C,.

3.3.14 Theorem
Let A be an i, Unitary bicomplex matrix then idempotent component matrix 'A

and “A are not symmetric until 'A"="°A and [A]"= A and[A]'= -A

Proof-
Part-1"
by definition of i, unitary bicomplex matrix (1Ael + 2Ae2)ﬂz =('AMe + (*AMe,

= [(%el + ZA%)T =(ANe + (*A)e,

< (AT +ICAT e =(AYe +(PAMe

< [A'e, +['A'g = (AMe + (AN,

< [PA" ='Atand ['A]" = 2A?

Therefore it is clear that if 'A™ #?A then 'A and A will never symmetric.

Part- 2
Since A is i, Unitary bicomplex matrix and

A=(A+i,A)and A" = ( Ay +i, A) therefore
[A+, Al = A+ A

< [(A+,A)TT= A+ A

< AT -LIAT = A+ A

= [A]'= A and[A]"= -A

3.3.15 Theorem
Let A be an i,i, Unitary bicomplex matrix then the idempotent component matrix
'A and *A both are Unitary simultaneously but complex component matrix A, and A,
are not Unitary simultaneously. Moreover A, will be Unitary but A, will not be
Unitary.

Proof:
A= ( Ao"'iz Ai)
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A* =[( A+, AT = (ANe + (A
e ['Ae +[*ATe, = (AYe + (Ae,
e [AT=[AYand [*A]" = A"
<> both idempotent component 'A and *A are Unitary
and A* =[( A+i,A)]"

Notes

A=A S AT -LIAT = A LA

<[A]'= A and [A]'= -A
Therefore A, is Unitary but A, is not Unitary.
3.3.16 Theorem
The similar relation ~ between two arbitrary bicomplex square matrix A and B
in new system i.e. A 7 B then this relation will be an equivalence relation.

Proof:

Reflexive-

Since We know that P = [I + i,]] is an invertible matrix such that A= P OAQ P
i.e. every bicomplex square matrix is similar to itself.

Symmetric Relation-
Let A™B then we have to prove B will be similar to A.

= A =POB O P for some invertible P eM " **
-~ POA=PO[POBOP
= [POP]O [B O P
=[I+i,10[BOP)
— POA =[BOP]
ic. POAOP =[BOP|OP
—BOI[POP]
=BO[I+14]
=By +1LB]O[+1,]]
=B, + i, B,
POAOP =B
= B~ A

Transitive-
If A" B = 3 an invertible Bicomplex matrix P

Suchthat A=POBOP

And B"C= B=QOCOQ forsomeQeM"®**"
We have to show A ™ C
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A=POBOPandB=QOCOQ

A=PO[QOCOQOP
—[POQ|O[COQ OP
=EO C OE, where E = QOP

We have an invertible bicomplex matrix E

Such that A=EQ COE
therefore A is similar to C then Relation is transitive.
Hence the similar relation between bicomplex matrices is an equivalence relation.

Moreover the collection of bicomplex matrices similar to A forms a class denoted

by [A] and is called the class of similar matrices of A.

Two classes [A] and [B] are either same or disjoint, in the sense that no matrix

can belong to two different classes. Thus there exists a natural partition of the set of
“All bicomplex square matrices”.

The set of all square bicomplex matrices can also be viewed as the collection of

all mutually disjoint equivalence classes with respect to a suitable defined equivalent
relation.

10.
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