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Abstract- In this paper, a general class of second order nonlinear neutral delay impulsive differential equation of the form

n

[y(t)—ipi(t)y(t—ri)} +§fj(t,y(gjl(t),---,y(gjl))):o, t>t, R, t=t,

A[y(tk)—ﬁpiky(tk—ri)} +§fjk (ty (90t () (1)) =0, t 2t <R t=t,

i=1

is considered. We classifyits non-oscillatory solutions into four types of solution sets, namely

A(O’O’O), A(b’a’o), A(w’w’o) and A(°°’°°’d) and establish necessary and sufficient conditions for the existence of these non-
oscillatory solutions by means of Schauder-Tychonoff fixed point theorem and Lebesgue’'s Monotone Convergence
Theorem. Some examples are given to illustrate the obtained results.

I. INTRODUCTION

A survey of recent studies in neutral impulsive differential equations reveal that
most of such works revolve around the quest for oscillatory conditions for impulsive
differential equations, with or without delay, linear or nonlinear ([2], [3], [5], [6], [7], [8],
[12], [13], [14] ). The development of oscillatory and non-oscillatory criteria for nonlinear
impulsive differential equations has so far attracted very little attention. In fact, the
concept of non-oscillation for nonlinear neutral impulsive equations presently suffers
almost complete neglect.

In this study, we attempt to classify the non-oscillatory solutions of a general
class of second order nonlinear neutral delay impulsive differential equations into
different solution sets and make conscious efforts to provide conditions for the existence
of these solutions.
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In what follows, we recall some of the basic notions and definitions that will be
of importance as we advance through the article.

Usually, the solution Y(t) for te[t,,T) of a given impulsive differential equation
or its first derivative Y'(f) is a piece-wise continuous function with points of
discontinuity t, €[t,,T), t, #t. Therefore, in order to simplify the statements of the
assertions, we introduce the set of functions PC and PC" which are defined as follows:

Let reN, D:=[T,c0)cR and let S:={t,},_;,where E is our subscript set which
can be the set of natural numbers N or the set of integers Z, be fixed. Throughout this
discussion, we will assume that the elements of the sequence S:={t}, . are the
moments of impulsive effects and satisfy the following properties:

CL.I:1f {t .} is defined for all keN, then 0<t <t,<--- and limt =+o0.

k—>o0

C1.2: If {t,}is defined for all keZ, then t,<0<t,t <t forkeZ k=0 and
lim t, = oo

k—+o0

We denote by PC(D,R) the set of all values y:D—>R which is continuous for
all teD, tgS. They are functions from the left and have discontinuity of the first kind
at the points forteS. By PC'(D,R), we denote the set of functions \:D—>Rhaving

j
derivative %ePC(D,R), 0<j<r([1], [4]).

To specify the points of discontinuity of functions belonging to PC and PC", we
shall sometimes use the symbols PC(D,R;S) and PC'(D,R;S), reN.

The solution Y(t) of an impulsive differential equation is said to be

1. Finally positive (finally negative) if there exist T>0 such that Y(t) is defined and is
strictly positive (negative) for t>T ([9]);

2. Oscillatory, if it is neither finally positive nor finally negative; and

3. Non-oscillatory, if it is neither finally positive nor finally negative ([1], [10]).

[[. STATEMENT OF THE PROBLEM

Here, we are considering the second order nonlinear neutral impulsive differential
equation of the form

[y(t) ->p (t)y(t—ri)}”+§fj (ty(9,()+.¥(9))) =0 t=t,eR,, tes (2.1)

A[y(tk)—ipiky(tk—ﬂ)} *

fjk(tk,y(gjl(tk),---,y(gjl(tk))))zo, t >t,eR,, V1, S.

n
=1

J

We introduce the following conditions:

Cc2.1: 1,>0,p, >0, p,ePC' ([to,oo),R+), i=1,2,---,m and there exists 6€(0,1] such that
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>p (H+3p <18, t>t,eR;
=1

i=1
C2.2: g, eC([t,,»),R), lmg,(t)=c0, j=12,-,n, =124,

c2.3 £ePC([t,)xR"R), xf(tx,-,x)>0;

Xf (t X% ) >0 for x, x,>0,i=12,--,4, j=12,---,n.  Moreover,
‘f, (LYY, ‘ ‘ .. X/)‘
‘fjk(tk,y1 "yé ‘ ‘ (tk,x1, "’Xz)‘
whenever
x|<ly| and yx >0, i=12,--,¢, j=12,---,n
C2.4: Set

m

x()=y(t) - 2p ()y(t-7)- (2.2)

i=1

Our aim in this paper is to give the classification of non-oscillatory solutions of
equation (2.1). But first, we define some concepts and establish the following lemmas
which will be useful in the discussion of the main results.

Theorem 2.1: (Schauder-Tychonoff fixed point theorem) Let X be a locally convex

linear space, S a compact convex subset of X, and let T:S—Sbe a continuous mapping
with T(S) compact. Then T has a fixed point in S.

Theorem 2.2: (Lebesgue's Monotone Convergence Theorem) Let (A,2,1) be a measure
space and f, f,, f,,--- a pointwise non-decreasing sequence of [0,00)—valued X —
measurable functions. Let limf (t):=f(t) forallteA, then f is > —measurable and

lim [fdu=[fdp.
M=% A

Lemma 2.1 and 2.2 are extensions of Lemma 4.5.1 and 4.5.2 on pages 242 and
243 respectively of the monograph by Erbe et al [11]

Lemma 2.1: Let Y(t) be a finally positive (or negative) solution of equation (2.1). If
limy(t)=0, then X(t) is finally negative (or positive) and !im X(t)=0. Otherwise, X(t) is

t—ow0
finally positive (or negative).

Proof:  Let Y(t) be a finally positive solution of equation (2.1). From the same
equation (2.1), x"(t),AX'(t,)>0 or x'(t), Ax(t,)<0 finally. ~ Also, x(t)>0 or x(t)<0
finally. If tlimy(t):O, from equation (2.2), it follows that !imx(t):O. Since x(t) is
monotonic, so !Lrgox’(t)zo, t1iLT!OAX<’[k):0 which implies that X'(t)>0, AX(tk)>0.
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Therefore, X(t)<0 finally. If !imy(t);t 0, then !imsup y(t)>0. We show that X(t)>0
finally. If not, then X(t)<O finally. If y(t) is unbounded, then there exists a sequence
{t,}such that limt =oo, y(t,)=maxy(t) and limy(t,)=c. From equation (2.2), we

ty<t<t,
obtain

x(t)=y(t) - 2p L)y, —fi)zy(tn)(1—Zpi(tn))- (23)

Thus, r|]i_r)TO1OX(’[n):oo, which is a contradiction. If Y(f) is bounded, then there
exists a sequence {t } such that lmt”:w and r!i_r,poy(t”):t”_TOSUP y(t). Since the
sequences {pi(tn)} and {y(tn—Ti)} are bounded, there exists convergent subsequences.
Without loss of generality, we may assume that li_rlly(t”_ri) and rlll_r)g p, (tn), i=1,2---,m,
exist. Hence

ozmx(tn):m(y(tn)-i i(tn)y(tn—ri))2!msupy(t)(1—§]pi(tn))>0,

i=1

which, again, is a contradiction. Therefore, X(t)>0 finally. A similar proof can be
repeated if Y(t)<0 finally.

Lemma 2.2:  Assume that !im ipi (t):Pe(O, 1], and Y(t) is a finally positive (or
— i
limy(t)=;2-. It

t—>o 1 —

negative) solution of equation (2.1). If !im X(t):aeR, then

limx(t)=co (or —0), then limy(t)=co (or —oo).

t—o0 t—o0

Proof:  Let Y() be a finally positive solution of equation (2.1), then Y(t)>X(t) finally.
If lim X(t)zoo, then !imy(t):oo. Now we consider the case that !imx(t)za €R. Thus,

t—o0

X(t) is bounded which implies, by equation (2.3), that Y(t) is bounded. Therefore,
there exists a sequence {tn} such that limt =oco and Iimy(tn)z!imsup y(t). As before,

n—o0

N

without loss of generality, we may assume that |im p,(t,) and lim y(t Ti)’ i=1,2,---,n

exist. Hence

a=limx(t,) =limy(t,) - Xlim p,(t,) lmy(t, ~7) Zlimsupy(t)(1-p).

n—o0 nN—o0 =1 N—

that is,

ﬁzm supy(t). (2.4)
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On the other hand, there exists {tr’]} such that lim y(t;):tlim infy(t). Without
n—oo —>0
loss of generality, we assume that limp(t)) and limy(t/—t), i=12,---,m exist.
n—o N—

Hence

a=limx(t))=limy(t )- 3 limp, (t)limy(t; =) <liminf y(t)(1-p)
n—o0 n—o0 = ND® n—o0 t—o0
Ref or

ﬁ <liminfy(t). (2.5)

. a
Combining inequalities (2.4) and (2.5), we obtain !|my(t)=1—. A similar

argument can be repeated if y(t)<0.

We are now ready to prove the following results.

[II. MAIN RESULTS

Here, Theorem 3.1, 3.2, 3.3, 3.4, 3.5 are extensions of Theorem 4.5.1, 4.5.2,
4.5.3, 4.5.4, 4.5.5 found on pages 244, 245, 249, 251, 251, respectively, being their
neutral delay versions as identified in the work by Erbe et al ([11]).

Theorem 3.1: Assume that !im ipi (t) =pe [0,1). Let y(t) be a non-oscillatory solution
=% =

of equation (2.1). Let A denote the set of all non-oscillatory solutions of equation
(2.1), and define

A(O’O’O):{yeA:tlLrEloy(t):O, limx(t)=0, fim (x’(t),Ax(tk)):O},

=0

AL :{yeA: limy(t)=b:=7-2-, lmx(t)=a, lm (x'(t),Ax(tk)):O},

ts00 1— Pt t, —>00

A(”‘w'o):{yeA:limy(t):oo, limx(t)=o0, lim (x’(t),Ax(tk)):O},

t—o0 t—o0 tt—o0

A(oo,oo,d)

{yeA:Iimy(t):oo, limx(t)=o0, lim (x'(t),Ax(tk))zd;tO}.

t—o0 t—o0 tt =0
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A — A(O,O,O) UA(b,a,O) UA(oo,oo,O) UA(oo,oo,d) )

11. L. H. Erbe, Q. Kong and B. G. Zhang, Oscillation Theory for Functional Differential

Proof:  Without loss of generality, let Y(t) be a finally positive solution of equation M
(2.1). If limy(t)=0, then by Lemma 2.1, imx(t)=0 and lim (x'(t), Ax(t,))=0, that is,

tt >0

yeA(O’O’O). If Iimy(t);tO, then by Lemma 2.1, X(t)>0 finally and it therefore implies that

tow
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() (tk and X"(t),AX'(tk)<0 finally. If tlimx()=a>0 exists, then
)

t!:Tw( (’[ ,AX( )) 0. By Lemma 2.2, we have Iimy(t) - p—b that is, yEAbao
If !I_TOX(IZ) o, then by Lemma 2.2, !Lf[]oy() . Since X"(’[),AX'(’[k)<0 and

x'(t), Ax(t,) >0, we obtain t!ITw( (t),AX(tk))zd, where d=0 or d>0. Then either
yeA 9 or yeAmwd

This completes the proof of Theorem 3.1.

In what follows, we shall show some existence results for each kind of non-
oscillatory solution of equation (2.1).

Theorem 3.2: Assume that there exist two constants h, >h, >0 such that

‘pi (tz) —-p (t1)‘ < h1 |t2 _t1|!‘pi (t2k) —p (t‘lk)‘£h1 |t2k - t1k|’ i:1! 2""’ m,

>0, (t)exp(h,) + exp(ht) 2p, exp(-h, (t, ~,))>1

i=1 i=1

m

>3 p(t)exp(h,t)+ exp(hzt)gpik exp(—h, (t, —1,)) (3.1)

and

(i p,(t)exp(h,)+ exp(hﬂ)épik exp(—h1 (t,—, )) - 1)exp(—h1t)

—t)>f (u,exp(—hzgj1 (), -.exp(—hyg, (u)))du +

+t£tz<:oo (tk _t) JZ:: fjk (tk EXP <_h2911 (tk))) e 8XP (_hzgﬂ (tk)) (3.2)

finally. Then equation (2.1) has a solutionyeA®*"

Proof:  Let us denote by B, the space of all bounded piece-wise continuous functions in

PC([tO,oo)) and define the sup norm in Bp as follows:

y(t).

Iv|:=sup

2t

Set

~ {yeBp :exp(=h,t) <y(t) <exp(-h,t)
l ‘Y(tz)—y(h)‘ < L|t2 _t1| ! ‘y(tZk) - y(tw)‘ < L|t2k _t1k|’

for t,t,>t,, Vvk:t,,t, >t and for L>h,. Then Q is a nonempty, closed convex
bounded set in B, .

© 2018 Global Journals
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For the sake of convenience, denote

f(y(9())=2f (1(g, (8). - ¥(5, ()

=

(o (9(6)) =20 (1 ¥(9, () ¥(8, (1))

=

f(uexp(~h,g(v))) =2 (wexp(-yt, (u)). - exp(h,g, (u))

=1

f(toexp(-hg(t,)))= Zi]

=1

Define a mapping J on € as follows:

gm%pi (t)y(t_‘ci)—l—gpiky(tk _Ti)_T(U_t)f(U,Y(g(U)))dU—
(0= - 2 (L0 (LY (o) th=T

exp(—K(y)t)+exp(—K(y)t,), t,<t.t, <T,

where

T is sufficiently large such that t—t>t;; t,—t >t;; g, (t,) >t i=12,--
s=1,2,---, ¢, for t,t >T.
Now, we see that condition (3.2) implies that

If(u,exp(—hzg(u)))du + 3 £ (4 exp(-h,g(t,))<o0

T<ty <0

while from condition C2.1, it follows that for a given (xe('] —8,1),
(a ipl )L>[a 1-8)]L >0

(oc— : pik) >[ o~ (t-3) |L.

Therefore, T can be chosen so large that for t, t, >T,

LI (u.exp(~h, g(u)))du < (oc—ipi (t))L

i=1

3 fk(tk)exp(—hzg(tk))g(a—gpik)L,

T<t, <0

and

fjk (tkiexp(_hzgn (tk )) T eXp(_hzgjl (tk )))

(3.4)

(3.5)

,m; j=1,2,---,m;

(3.6)

© 2018 Global Journals
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oc+i§m1jexp(—h2 (t—ri))s%

(oc+§exp(—h2 (t, —ri))) g% |

Hence from inequalities (3.1) and (3.2), it follows that

and

That is,

Global Journal of Science Frontier Research (F) Volume XVIII Issue I Version I E Year 2018

()< 2P (Oy(t-r) + Zpy(t,—3)

m

< Zpi (t) exp (_hz (tk - ))+§:pik exp (_hz (tk -7 ))

i=1

<exp(-h, t)[gpi (t)exp(h, T, ) +exp(h,t) %pik exp(—h, (t, - ))}
<exp(-h,t) for t,t, >T,

(Jy)(1)=2p, (t)exp(-h, (t—1,)) + zp exp(-h, (t, - 1,)) -

i=1

o0

—j(u—t)f(u,exp(—hzg(u)))du— > (t-t)f, (tk,exp(—hzg(tk)))

t it<t, <co

=exp(-ht)+exp(—ht) (g p,(t)exp(hyr,)+exp(ht) X p, exp (-hi(t, —ri)))—

i=1
0

ol (u—t)f(u1 exp (—hzg(u)))du— > (t-t)f, (tk,exp(—hzg(tk)))

t tst, <o

>exp(—ht) for t,t,>T.

exp(—ht)<(Jy)(t)<exp(-h,t), t=T,

exp(—h, (t,)) < (Jy)(t,) <exp(-hpt,), t =T

By the definition of K(y) and the statement

exp(-hT)<(Jy)(T)<exp(-h,T),

It is clear that h, SK(y) <h,. Hence

exp(-ht)<(Jy)(t)<exp(-hpt), t,<tt <T.

Next, we show that

© 2018 Global Journals
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for t,t,&t,,») and k: t,, t, eft,).
t,>t, >t and V k:t, >t, >t,. Indeed, for t,>t 2T and V k:t, >t, >T, wusing
condition (3.7) and inequality (3.8), we have that

‘(Jy)(tz)—(Jy)(t1)‘£L|t2 -t

()(t) = () ()] =y (E) + () () = () (t) = () (k)

- Z< (tZk _t2 )fk (tZk Y (g(t2k )))

IA

g(pi (t,)+exp(—h,(t, -, )))L + If(u,exp(—hzg(u)))du} It,—t,|+

+ |:i (pi (tZk)+ exp (_hz (t1k _Ti)))L + Z fk (tk’eXp (_hzg(tk))):|‘t2k _t1k‘

i=1 ti<t, <o

m

S{[gpi (t2)+2exp(—h2 (t, —ri))} + (oc — gpi (tz))}L|t2 —t,|+

i=1

(3.8)

Without loss of generality, we assume that

pi (t1)Y(t1 _Ti) + pi <t1k)Y(t1k _Ti)_pi (tz)y(tz _Ti) - pi (tZk)y(tZK _Ti)‘ +

© 2018 Global Journals
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+{[ipl( 2) + Zexp( ) )(t 1k—ri)} +(0t —gpi (tZk))}L|t2k ~ty]

- [iexp(—h2 (t,—7))+ oc}L|’[2 —t,|+ [iexp(—h2 (ty,—7))+ oc]L|t2k —~t,]

|t2k _t1k| . |t2 _t1|
t |t2k _t1k

s%m—u+%

<Llt,-t,.

For t, <t <t,<T and Vkit, <t <t, <T, we have
\(Jy)(B)'-(JV)(h)|:4(Jy)(tz)*-(Jy)(Bk)"(Jy)(h)-(Jy)(hkﬂ
=|exp(K z) P (K () (t))—exp (K () (1)) ~exp (K (¥) (1))

é‘exp ) exp( (y) t1 ‘ ‘exp K(y)(tZk))—exp(—K(y)(tw))‘

L, —t t, —t
S%|t2_t1|+ |2k2 1k|'||t2i—tjl|( :L|t2_t1|.

For t, <t, <T<t, and V k:t, <t, <T<t,, we obtain

(9 () < () (t) = ()t )+ () (ta) = () (8 )

4t_n _n [+ Lt ”t —T‘ Lit, - ‘U—M\
2‘t2k ‘ 2‘t2k by
L L
=St St —t =L -t

bounded.
Set yeQ . It immediately implies that

Global ]()urnal of Science Frontier Research (F) Volume XVIII Issue I Version I E Year 2018

|(Jy) (1) <b,

where b, >0 and
|(99)(t)~(dy)(t,) <Lt

for t, >t, >t, and kit, >t,. Without loss of generality, we set

© 2018 Global Journals
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Therefore, JQ Q. Hence, J is piece-wise continuous. Since JQ c Q, JQ is uniformly
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b, =exp(—h,t), tt >t,.

Hence, for any arbitrarily pre-assigned small positive number g, there exists a
sufficiently large T'>1, such that whenever exp( —h t) 5

[(Jy)(t,) = (Jy)(t,)|<exp(~hyt,) +exp(-hyt,) <& (3.9)

for t,t, 2T t,>2t, >T" and k:t, >t, >T".

On the other hand, if we set XZE and assume that ‘tz—’[1‘<7», then for all

t, <t <t, <T" and k:t, <t, <t, <T', it becomes clear that

() (&) - (y)(t,) < (3.10)

Thus, from inequalities (3.9) and (3.10), we can affirm that JQ is quasi-
equicontinuous. Therefore, JQ is relatively compact. By virtue of Schauder-Tychonoff
fixed point theorem, the mapping J has a fixed point y “eJ such that y"=Jy’. Then
y* is a positive solution of equation (2.1) and Yy "e A0
Theorem 3.2.

This completes the proof of

Theorem 3.3: Assume that !imZpi (t)+tlim Zpik:p€[0,1). Then equation (2.1) has a
—>00 i=1 kK —>® i=1

non-oscillatory solution yeA(b'a’o) (b,a # 0) if and only if

du+ >

to<t, <o0

juzf( b)) {2, (b, by, b)) <o (3.11)

for b, #0.

Proof

i) Necessity: ~Without loss of generality, let y(t)eA
of equation (2.1). From Theorem 3.1, we know that b>0 and a>0. Using
notations in equations (3.3) and (3.4), we obtain from equations (2.1) and (2.2),

x"(t)=—f(ty(a(1)))
AX'(t,) =1, (t.y (a(t,))).

Integrating it from s t0 oo for s>t,, we have

x’(s)zgff(u,y(g( )))du+ > f(k,y( (t, ))) : (3.12)

) 8<ty <0

©20 he a finally positive solution

Again, integrating equation (3.12) from T to t, where T is sufficiently large, we obtain
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x(t)=x(T)+i(u—T)f(u,y(g(u)))du+T(t—T)f(u,y(g(u)))du+
+3 (tk—T)fk(tk,y(g( )))+ > (t-T)f (t y(g( ))) (3.13)

T<t <t t<t, <o0
Since lmy(gjh(u))=b>0 and tlkigly(gjh(tk))zb>0, j=1,2,---,n, h=1,2,--+, ¢, there
exists a T2>1; such that y(gjh (u))Z% for u>T and y(gjh (tk)) Z% for kit >T. Hence

from equation (3.13) we have

i(u_T)gfj (u%%) du+ 3 (t"_T)gfjk (tk%%)

T<t <t

which implies that condition (3.11) holds.

ii) Sufficiency: Set b,>0 and A>0 so that A<(1-p)b,. From condition (3.11) there

exists a sufficiently large T SO that for tt =T we have
t-t 2t t,—72t, i=12---,m and gjh(t)Zto’ gjh(tk)Zto’ j=1,2,--,n, h=1,2,--- ./
and
ALY A5s <
b1+;(pi(t)+pik)+b1iulZ1fj( -~ )d“+bT<§<wt JZ; (tby, by ) <1, (3.14)

Let Q be the set of all piece-wise continuous functions y(t)e[to,oo) such that
0Sy(t)£b1, t,t, >t,. Define a mapping J in Q as follows:

t

A+§:pi(t)y(t_ri)+gpiky(tk_Ti)+_T[Uf(U,Y(g(U)))dU+
(y)(t)= +th(u’y( ()))du+T<tzk Lty (ot )))+t<tk2@tf(k,y( 9(t,))). (3.15)

tt>T
(W)(T), t,<tt <T.

Y, (1)=0, t>t;

Y, (H)=(Ty, ) (1), t=t;, £=12,---. (3.16)

It immediately follows that Y, (t)<y1 (t)zASb1, t>t,. By induction, we obtain

A<y, (t)<y,,(t)<b,, t>t;, £=12,---.
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Thus, !iipoy( (t)gy(t) exists and A< y(t)S b,, te[to,oo). By Lebesgue’s monotone

convergence theorem, we obtain from equation (3.16) the result

A+§pi(t)y(t—ri)+ipiky(tk—ri)+iuf(u,y(g(u)))du+:ftf(u,y(g(u)))du
y(t)= + 3t (toy ((tk)))+tgéwtfk(tk,y(g(u))), tt>T

Tt <t

y(T), t,<tt <T.

Hence, Y(t) is a positive solution of equation (2.1). Since 0<A£y(t)<b1, from
Theorem 3.1, ye e A

Using reasoning analogous to that given in the proof of Theorem 3.3 above, we
can verify the following results.

. This completes the proof of Theorem 3.3.

Theorem 3.4: Assume that lim Zp ( )+ tlim 2Py =p€[0,1). Then equation (2.1) has a
k% =

=00 i

non-oscillatory solution yeA o), (d;tO) if and only if

]

to

>(u6,0,(1). g, (1)

J—

du+ >

to<t, <o

Zka (tk’d 9 (t). - dg; (tk))

=

<00, (3.17)

for some d, #0.

Theorem 3.5: Assume that lim Zp ( )+tlim ipik :pe[0,1). Further assume that
kK —>® i=1

—)DO|1

[Eisas 0000 0o 2 Erbas s o
for some d,#0and
t{uéfj(u’b“' y )du+[0§wt ijk(k, T ,b1)‘=°° (3.19)

for some d,#0, where b,d,>0. Then equation (2.1) has a non-oscillatory solution
y EA 0,00 0
We examine the following to help illustrate the obtained results.

FExample 3.1: Consider

n

A[y(tk)_ %y(tk _1)} * %ya (t)=0,

(3.20)
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where

2(t—1)’ —t° 2(t, 1)’ -t

q(t):% and qk :M

(t-1)

It is obvious that inequality (3.11) holds. Therefore, equation (3.20) has a non-

oscillatory solution yeA(b’a‘O),b;tO,a;tO. In fact, y(t)= _% is such a solution, where
1

a:E and b=1.

Example 3.2: Consider

(3.21)
A[Y(tk)_ %y(tk _1):| + Gy y% (tk) =0,

where
L (e (O R [ e T e (| g [

For large t and t,, q(t) ~Mt™” and d, ~|\/|t;% . It is obvious that inequalities (3.18)
and (3.19) are satisfied. From Theorem 3.5, equation (3.21) has a solution yeA®™".
In fact, y(t)= Jt s such a solution of equation (3.21).

Remark 3.1: 'The above arguments can be applied to the equation

n

YO $p0v(t-5)] =$1(19(6,(0). (s, () 121, S

i=1 =t

(3.22)

!

A[y(tk)—gpiky(tk—riﬂ :éfjk(tk,y(gn (t)).v(g, (tk))), t >t V't eS.

For instance, under the assumptions of Theorem 3.1, we have
A:A(O,O,O) UA(b,a,O) UA(oo,oo,(x) UA(oo,oo,oo) .

Therefore, Theorems 3.3 and 3.4 hold for equation (3.22). Furthermore,
equation (3.22) has a non-oscillatory solution y(t)eA(w'w’w) if

o0

t_[ Zn:fjk (tk’d1gj1 (tk)""’d1gjz (tk))

=

ifj(t,ohgj1 (t),...d,g, (t))‘dt+ > < (3.23)

to<ty <o

for some d, #0.
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