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Abstract- We study the question of the composition of a mixed fractional integral and a mixed fractional derivative in a
fairly wide class of functions. The treatment formula for mixed fractional derivative is obtained.

[. [NTRODUCTION

Various forms of fractional integrals and derivatives are known. Fractional
integrals and Riemann-Liouville derivatives are the most common in the scientific
literature [1]. Operators of generalized fractional integro-differentiation with Gauss
hypergeometric function.

Direct extension of the Riemann-Liouville fractional integro-differentiation
operations to the case of many variables, when these operators are applied for each
variable or for some of them, gives the so-called partial and mixed fractional integrals
and derivatives. They are known [1], as well as [4] - [12]. Thus, in [2], using the two-
dimensional Laplace transform, a solution of the two-dimensional Abel integral equation
was obtained.

In this paper, we study the question of the composition of a mixed fractional
integral and a mixed fractional derivative in a fairly wide class of functions. The
treatment formula for mixed fractional derivative is obtained. The results obtained can
be applied in the theory of differential equations containing mixed fractional
derivatives.

Lemma 3 on the representability of a function f (x, y)e AC™" (ﬁ) in the form

of (6) and Lemma 4 proved in general are the previously known Lemmas 1 and 2 for
the two-dimensional case. Lemmas 3, 4 allow us to prove the theorem (a necessary and

sufficient condition for the representability of a function f (x, y) as a mixed fractional

integral of a summable function) and Theorems 2, 3 about the composition of a mixed
fractional integral and a mixed fractional derivative. Note that Theorems 2, 3 generalize
the results of Theorem 2.4 [1, p. 44] for the two-dimensional case.

[1. PRELIMINARY INFORMATION AND NOTATION

An absolutely important role in the theory of fractional integro differentiation is
played by absolutely continuous functions.
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Let be Qz{(x,y):a<x<b,c<y<d}, —w<a<bhb<+4mw, —0<c<d <+,

Definition 1: [1, p. 2]. A function f (x) is called absolutely non-discontinuous into
segments [a,b], if for any &> Othere exists 6 >0 such that for any finite set of

pairwise  non-intersecting intervals [a oy ]e [a,b] ., k= ].,_m , such  that
i(b —-a, ) <0, the inequality Z‘ f ( ) f (a kx <& holds. The space of these
= k=1

functions is denote by AC ([a b])

Definition 2: [1, p. 2]. Let us denote by AC" ([a,b]), where n=1,2,..., the spaces of

functions f (x) which have continuous derivatives up to order n—1 on [a,b] with

£ Y(x)e AC([a,b]).

Definition 3: A function f (x, y) is called absolutely continuous in €, if for any € >0
there exists 0 >0 such that for any finite set of pairwise non-intersecting intervals
A, = {(x y) Xy SXS Xy, Yy SYS ka}, the sum of the areas of which is less O, the
inequality holds

i—‘f(XZk’ka)_f(x2k’ylk)_f(xlk’ka)—i_f(xlk’ylkX<87 (1)

and if, moreover, f(a,y)e AC([c,d]) and f(x,c)e AC([a,b]). The class of all such
functions is indicated AC (ﬁ)

Definition 4: By AC™" (ﬁ), where n=12,..., let us denote the class of functions
continuously differentiable on ) up to order (n -1 m —l), and its mixed partial
an+m—2f
ox"oy"

It is known that the class AC" ([a,b]) belongs to those and only those functions
f (x) that are representable as antiderivatives of Lebesgue summable functions:

derivative is absolutely continuous in Q.

F()=fwekv ., ylx)eLfab) 2)

Lemma 1: [1, p. 39]. The space AC n([a,b]) consists of those and only those functions
f (x), which are represented in the form

16)= o2 =0 ol S, (r—a) @
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where (p(x) € Ll([a,b]), C, being arbitrary constants.
In the formula (3)

(k)
(P(t): f(n)(t)' G, = L kl(a) (4)
The last equality uses the notation f (”)(x) = d”df Sx)
X

A similar property of the functions f (x, y) e AC (ﬁ) is as follows.

Lemma 2: [3, p. 238]. The class AC(E) consists of those and only those functions
f (x, y) which are represented in the form

y

x y :T I(p t s)dtds+i\u(t)dt+fn(s)ds+(}, (5)

Where  ¢(x,y)e L(Q), w(x)e L([a,p]), n(y)e L([c, d]), and C is an

arbitrary constant.

In order to generalize the last lemma to the case of a class AC n’”(ﬁ), we need
the following lemma.

Lemma 3: Let f(x,y) € AC(ﬁ), then

f”’" tsdtds

(1 ( y) —a) +
f02)= (n- J!x )" (y-s)" Z ~x-a)

md f(o’k)(x,c) n-1 m—l ( ) ; ‘
S5 - —cf. 6
el Zo; =) (6)
i+k
In formula (6) the notation used f(i’k)(x,y) = %ch;y)
X ay
n+m 2f .
Proof: Let be ————¢€ AC (Q) By virtue of Lemma 2, we have
ox"oy"
an+m—2f X ¥y X y .
W:;[ ‘[(P(t,S)dtdS+‘l[\|!(t)df+‘[n(S)dS+Co ( )

Integrating sequentially (7) times #—1 by X and times m —1 by y, we get

x—t) (y—s)""olt,s)dtds +

f(x’J’) ( I-!:

Q'—.‘<
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where T, (y) (i = O,n—l), Ek (x) (k = O,m—l) is arbitrary function. When integrating,
the well-known for # - multiple integral formula is used [1]

X

idx]gdx...jiF(x)dx = ﬁj(x—t)"lF(t)dt, (9)

proof, which is easy to implement by mathematical induction. It will be clear from the
proof that an arbitrary constant in formula (7) is associated with arbitrary functions of
formula (8) by the relation

(n=1)17,7 M (e)+ (m - 117 (a) = G,

i+k

Since f(x,y)e AC”'m(ﬁ), then derivatives 88 fk
X

(0<i<n,0<k<m) exist

and are continuous in €2. Calculating the derivatives with X respect to the order

0,n—1 of the function f(X, y) given by formula (8), and assuming in them X=a, we
obtain the equalities

WD)z () S 5 a) ), i=0n-2, 10

1
ox k=0

ay) L _p bk g 0)4 SR

R e L8 E RSO

Similarly, differentiating (8) by ) and assuming y = ¢, we obtain the equality

|_‘

Iz 1)+ 8 e e —a). k-Om—Z. 02
3% i

Il
o

O flwe) 1 i (W(t)‘)f%(m_l)! RS 3 O BT

oy" (n—21) (x—1¢ i=0

Expressing from formulas (10) - (13) T, (y) and T, (x) respectively, we get

0Xe-a) + S 0o =S 28 Sz oy s

ox'

LN
3

n—,

I
o
=~

1l
o

7
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_ x=a)” T n(skds (=o' jw(f)df _

(1=2)(m =217 (y=sf"  (n=1)}(m 1)

n=1 m-1 ) —(k) ~(i)
ol »
i=0 k=0 ' i!
i+k
Calculating the mixed derivatives PR of the function (8) at a point (a,c), we get
X
1o flae) 2, W) "
ikl ox'oy” k! il

Substituting (14), (15) into (8), we get

x.p)= 1 P els)ds Q10 (ay) v
f( ’y) ( —1)\m 1)"[[ ‘[(x—t)ln(y—s)lm ;ll Ox’ ( )

m-1 1 8kf(x,c) L outomlq ai+kf(a’c) i )
Koot T ~ —a)(y-c) . 16
k!t ot b=e) Zo Silk! ox'oyt (r-a)(y=c) (16)

): aernf(a’c)
ox"oy™

Equality (6) follows from (16) and from the fact that (p(x, y . The

lemma is proved.

The following lemma gives a description of the class AC™" (ﬁ) It generalizes
Lemma 1 to the case of two variables and Lemma 2 to the case n+m > 2.

Lemma 4: The space AC"’m(ﬁ) consists of those and only those functions f (x, y),
which are represented in the form

—5)" " olt, s )dtds +

f(x’y) ( !:'1‘

Q‘—;kﬂ

W)" j<x_t)"1wk<z)dt+gi§x‘“>" J () nlshas +

© 2019 Global Journals

Global ]()urnal of Science Frontier Research (F) Volume XIX Issue III Version I E Year 2019



Global Journal of Science Frontier Research (F) Volume XIX Issue III Version I E Year 2019

+ . Cik(x—a)i(y—c)k, (17)

where o(x,y)e L (Q), v, (x) e L,([a,b]) (k = O,m—l), n(y)e L,([c,d), ( 0,n— 1)
C,, being arbitrary constants.

Proof: Necessity. Let f (x, y) e AC "'m(Q). According to the lemma 3

RS S B S A (2 BRI < il 75 PN
f(6y) (n—l)!(m—l)!;[ 'c[(x—t)ln(y—s)lm dia ; il ( )

m=1 £ (0k) / nl m1 g(ik) _ )
+kzzéf k(;cac)_(y—c)"_l; kzof i”(:;’c)(x—a)l(y—c) . (18)

Because f """ (x,y)e AC (ﬁ), then f ("_1""_1)(61, y)e AC([c,d]), consequently,
f(”fl‘o)(a,y)e ACm([C,d]), from here f(i’o)(a,y)e ACm([C,d]) (i =0,n —l). Use

lemma [1, ¢.39]

f"Na,y)= (mil)j(yTgs)z—m d”g%(y_c)k 1)

(20)

n-1 m-1 .

5 zf ,( e af(y-c.
0 ko IKk!
Similarly, it is proved that
m-1 ¢(0k) m—1 k x
f—(x’c)(y—c Z I Wk —dt +

k=0 k! kolkl n— 1Ia

(21)

o5 Sy ey

k=
where \Vk(x)e Ll([a b]) Substituting (20), (21) into (18), we obtain the formula (17),
in which

—l,—k,f’k (a,c). (22)
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aiJrk f
Sufficiency. When calculating directly ———
ox'Oy

sure that they are all continuous in ﬁ, and

(0Si<n,0£k<m), it is easy to make

an+m—2f X oy X y
W = “[ _!‘(P(t, S)dtdS + _H[\V(l‘)dt + _[n(s)ds + (23)
+(n=2) (m-1)'c, ..
. an+m—2f raY . nm
Obviously ==y € AC (Q), from where it follows f (x, y) € AC (Q)
X oy
The theorem is proven completely.
Notice, that
o(x,y)= 1" (x, ) (24)
\yk(x):f(”k)(x,c), k=0,m-1; (25)
()= r""a,y), i=0,n-1; (26)
L
on :%f( Na,c) (27)
Definition 5: [1, c. 459]. Let f(x,y)e Ll(Q). The integral
1+ 4+ flt,s)deds
L f Nx,y)= . - (28)
2 o) F(a)F(B)£ !(x—t)1 (v=s)"

where o0 >0, B>0, is called a left-hand sided mixed Riemann-Liouville fractional
integral of order (OL, B)

The fractional integral (28) is obviously defined on functions f (x, y)e Ll(Q),

existing almost everywhere.
Using the Fubini theorem, the semigroup property is proved.

Let f (x, y)e Ll(Q), o, PB,v,0 be positive numbers, then equality holds almost
everywhere in

]OL,B [y,6 f — ]Ot+y,B+6f . (29)

a+,c+" a+,c+ a+,c+

It can be shown that if o >0 function f (x, y) is defined in € and
f(x, y) € Ll(Q), then

(I;ﬂ‘x Xx, y) S Ll([c, d]) Vx e (a,b); (I;‘W Xx, y) € Ll([a,b]) Vy e (c, d).
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In the last equations I, f, I, f are partial Riemann - Liouville fractional

integrals with respect to the variables X and ), respectively.
Taking these equalities into account, it is directly verified that

(I;x+,xlf+,yfxx’ y) = (IE-%—,yIt;—,fox’ y) = (I;-f‘c+fxx’ y) (30)
Definition 6: [1, c. 460]. For function f (x, y), given on (), formula

1 8}’l+m
I'(n—a)l(m—B) ox"ov"

£z, 5)dtds
(X _ t)otfn+1 (y _ S)ﬁfm+l
where o0 >0, B> 0, is called a mixed Riemann-Liouville fractional derivative of order
(o0, B), n=[a] +1, m =[B] +1.

If the function f (x, y) has a property I"*" P f e AC™" (ﬁ), then the order of

a+,c+
taking the derivatives in (31) does not matter, and

((foﬂf)(x, y) € Ll(Q) -

Definition 7 is a two-dimensional analogue of Definition 2.3 [1, p. 43].

(D22 £ v)= (31)

Qe
O C—

[II. COMPOSITIONS OF MIXED FRACTIONAL INTEGRAL AND MIXED FRACTIONAL
DERIVATIVE OF THE SAME ORDER

Following [1, p. 44|, we define the following classes of functions.

Definition 7- Let [*P (Ll) denote the space of function f (x, y), represented by the

a+,c+

left-sided mixed fractional integral of order (OL,B) of a summable function:
f = I;qu)’ (P € Ll(Q)
Definition 8 Let 0<a <1, 0<B<1. A function f(x,y)e Ll(Q) is said to have a

summable fractional derivative @gfc it I Z;i:"iﬁ fedC™™ (ﬁ)
The following theorem defines the necessary and sufficient condition for the

unique solvability of the two-dimensional Abel integral equation.

Theorem 1: In order that f (x, y)e 1 :fc . (Ll), oa>0,B>0, it is necessary and
sufficient that

Jramp € AC"(Q), (32)

where n=[a]+1, m=[B]+1, and that

50 (a,y)=0, i=0,n-1; (33)
fn(_()&k,,)n_ﬁ (x, c) =0, k=0,m-1 ; (34)
U9 (a,c)=0, i=0,n-1, k=0,m-1 (35)
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Proof: Necessity. Let f = 1P ares @ QE Ll(Q). In view of the semigroup property

FrampX, y)=100F =128 o, (36)

where (p€L1(Q). From here follow feasibility conditions (33) — (35). Feasibility
condition (32) follow from Lemma 4.

This implies the fulfillment of conditions (33) - (35). The fulfillment of condition
(32) follows from Lemma 4.

Sufficiency. Under condition (32), we can present f according to Lemma 3, in the

form e
1t S (ns)
V)= kil dtds +
R T ooy T
) ()
+ Z n—o, m—3 (X _ )l + n—o., m— (y _ C)k _
i=0 i! k=0 k!
o e
— i k'( )(x—a) (y—c)k, (37)
i=0 k=0 :
where f am g € Ll(Q). Taking into account conditions (33) - (35), the last equality is

written in the form

I n”a’”,i 2
fn_a'm_ﬁ(x’y):(n—l)!(m_]_)!.[ J‘ /, B( S)_m dtds . (38)

x t y - s)l
Using the semigroup property (29), we can write
n m—P n m—P B n,m
Ia+0é+ f Ia+ c+fn ath - [a+oé+ [:+ c+.fn(—a,n)1—[3 : (39)
From here I %" B(f 17 an o B) 0. Applying the integral to this equality
P
177, we get

I:+mc+ (f Ia+ c+J n—o,m— ﬁ)dXdy O (40)

From here f =1%" f("’m) f’( ) (Q) The theorem is proved.

a+,c+J n—o,m—? n—oL,m—3

Note that Theorem 1 is a generalization of Theorem 2.3 [1, p. 43] in the case of
two variables. From it, in particular it follows that the class of functions having a

summable fractional derivative D" P f in the sense of Definition 8 is wider than the

class of functions 1% (L ) Namely, the class [ o (Ll) owns only those functions

a+,c+ a+,c+

that have a summable fractional derivative @*P £, for which equalities (33) - (35)

hold.

a+,c+

© 2019 Global Journals

Global ]()urnal of Science Frontier Research (F) Volume XIX Issue III Version I E Year 2019



Global Journal of Science Frontier Research (F) Volume XIX Issue III Version I E Year 2019

Theorem 2: Let o >0, B> 0. Then equality
Dyl Al f = f(x,y) (41)

performed for any summable function f (x, y).
Proof: We have

an+m
a f _ In oL,m—| B o,p f _
a+ ct+ a+ ct+ na m a+,c+ a+ ct+

1 ot % dtds ¢t f(u,v)dudy
= 42
X CA Ny o ey P B v 8 o e i
Changing the order of integration, we get
1
;+ﬁc+[g+ﬁc+f: X
I(o)r(B)C(n — )0 (m ~B)
8"”" T dtds
u, v dudv =
R v s
an+m x y 1 X 1
d d
ax"aym! e =) <> r(&)r<m— A
y § an+m X Yy
= u,v dudv =
oo Trmaar] Lo
=[x, ), (43)
Q.E.D.
Theorem 3: For any function f (x, y) el Zf . (Ll) the equality
15+Bc+@g+ﬁc+f:f(x’y)7 (44)

and for any function that has a summable derivative (Dgf ../ (in the sense of definition
8), the equality

128028 f = flay)- S U oo ) SO paminy o).
a+,c+ "~ a+,c+ ' e F((X,—l) n—o,0 ' pars F(B k) 0,m—B !
n=1 m-1 o—i-1 L \pAAL _
+Y beoal el i), (45)

55 Ta-ir@-k)

where f,(x,»)=170..f.
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Proof: Let f(x,y) I:fH(Ll), then f(x,y) ]a+c+(|), (p(x,y)ELl(Q). Based on

Theorem 2, we have

IGB @QB f I:+Bc+ g+ﬁc+lg+ﬁc+(P Ia+6+(p f(x’y)

a+,c+ a+,c+

Let now

f"—a»m—ﬁ ('x’y) I:+(Z:n P

Jiot Bfe

a+,c+

ﬁz—a,m—ﬁ (X, y) I:+mc+ n— namm —B

AC (ﬁ) According

f can be represented as

_I_Z n—cm— ﬁ(a y)(

to Lemma

af + 5 Sreratn)

k=0

SIS fn(i(f)m B(a c)
_l=0 k=0 kil ( B )(y c)

By the semigroup property, the equality

Further,

(x — a)i f(i.

i!

)=o)

Inm

a+,c+

nfcg,)mfﬁ (Cl, y) =

i (m

=)

-B)

fialae) =173 '{F

n—o.,m—3 a+,c+ a+,

a+,c+

il

f(n,m) _]n oL,m—| [310,[3 f‘n(n,m)

]n(x,mﬁ(@:Jr‘o; (X — a)i

c+ o,m—P °

@mB()

c+,yJ n—o,m-

(X —a )i—n+a

(0,k)

B@

_ m—p-1 .
2= ) (4,0,

i (

m—B)

From the last equality it follows that

B(a J’)(

SEL
2

i=0 l-

n-1 (x _

_I_

a) (y—c)'

x—a)i =

nl(

namB

(1+i—n+oc

—-B-1

159 (a,c),

pary i!F(m - [3)

from where, redesignating the summation index, we get

n-1
_ —J" o,m—Pp (X—
o - S

i=0

a)(x—i—l (-
) fn—oc

(-1

(
)fn

i-1,0)
0

m— B(x c)( _

(46)

3, the integral

(48)

s

ﬁumyﬂ+

(49)

a) yﬂfumyﬂ+

et [, Tl+i-n+a

<myﬂ+
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+ Hr=a)(y—c)™ 19 (a,c). (51)

n-1 f(ka) (x C) . m—l( _C)B—k—l
Jnmom BRI (L L) = proemB Y (0,m—k-1) ’
' (y C) a+,c+ ; F(B _ k) fO,m—B (‘x C) +

Notes

(Slma e e ) (52)

n-1 n-1 fn(f(i{)m— (a,C) ; .

i=0 =0 ikl (x a) (y—C) =
n-1 m-1 3 ~ .

S i I [(x a(y=c) j N (a,c)] _
=0 k=0 ilk!

e § R P
:In o,m n—i-1,m ’ . 53
a+,c+ — r(a _ l)F(B . k) fn—cx,m—[?) (a C) ( )

Taking into account equalities (48), (51) - (53), equality (47) is written in the form

a+,c+ a+,c+ a+,c+ “a+,c+ a+,c+ — F(OL . l) n—o,0 ’

< (x - a)i (y - C)m_B_l (i,0) n—o,m—B S (y - C)B_k_l (0,m—k-1)
+ ; AT (m— ) £ (a,e)+ 10 2T k) T (x,c) |+

nel m-l o—i-1 B—k-1
I [Z szl b —e) f,,‘"afml*"’“)(a,c)j. (54

< & T(a-ir(-k)
By grouping the terms, we get

n-1 o—i-1
]n—a,m—[} _ ]o.,ﬁ (])a,ﬁ _ (‘x — a) (n—i—l,O) , —
a+,c+ (f a+,c+ a+,c+f ; r(a . l) fn—a,O (a y)

~ mz—l (y . C)B*kfl Ommi) (x’ C) s n—1 mz_l (x _ a)ocfifl(y _ C)B*kfl f(n_j—l,m—k—l) (a, c)] _

k=0 F(B - k) o i—0 k=0 F(OC - i)F(B - k) e



S i [ A T T D Ay TS RS

i=0 l'F(m k) k=0 k'r(l’l (X) Lmp

In the right-hand side of equality (55), under the integral is a summable
function. Applying the operator /%" to both parts of equality (55), we obtain

a+, C+

a—i-1
I;I+mc+ {f I§+ﬁc+®;+ﬁc+f Z (x (a) Z) fn(f(;f(_)]-’O)(a,y)_
i=0

m 1( )B k-1 Om o n-1 m-1 (x_a)a—i—l(y_c)s—k_l A )
D i AN UAD YD D ey~ iy et A B

ST e T S
5 F(i+0c+);_)r(m) " 0‘1( )+k:0 F(k"'l"‘B) ( ) 1,(mf[)5(aic)' (56)

Under the integral on the left side of the equality is the summable function, and
the right side of the equality is absolutely continuous. Finding the mixed derivative

W of both parts of the equality, we get
X oy
o—i-1 m—1 B—k-1
L) ( ) (n—i—l,O) p)— ()’ C) Om k-1) X,c
f a+,c+ a+ c+f Z ( ) n—oc,O (Cl y) ; F(B k) fO ( )+

s (x_a)(H 1(y C)B - (n—i-1,m—k-1) _
+§, ; Mo — (B —k) Sl (a,c)=0. (57)

The theorem is proved.
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