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Gaussian Kernel Prompted Fuzzy C Means Algorithm with
Multi-Object Contouring Method for Segmenting NPDR
Features in Diabetic Retinopathy Fundus Images

By Shalini. R & Sasikala. S

Abstract- Diabetic retinopathy is an ophthalmic inflammation caused by diabetes, which ends in visual
defacement if not diagnosed earlier, and that has two types, namely Non-Proliferative Diabetic
Retinopathy (NPDR) and Proliferative Diabetic Retinopathy (PDR). NPDR features are present in the
earliest stage, and systematic detection of these features can improve the diagnosis of the disease
severity formerly. Several detection methods exist previously. Still, there is performance lack on large
datasets. The objective of this study is detecting NPDR features from diabetic retinopathy fundus images
of large datasets with performance level. The study has investigated different fuzzy-based systems and to
execute the objective; the GK_FCM approach was proposed, which integrates Gaussian Kernel function
in conventional FCM. The execution has four phases. Initially, the input image undergoes preprocessing
using green channel extraction, median filter to enhance the image quality and background removal is
performed with extended minima transform technique, mathematical arithmetic operation and pixel
replacement method to remove the outlier called Fovea (FV).

Keywords. non-proliferative diabetic retinopathy, minima transform technique, gaussian kernel, fuzzy C
means, multiclass contour tracking algorithm.
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Gaussian Kernel Prompted Fuzzy C Means
Algorithm with Multi-Object Contouring
Method for Segmenting NPDR Features in
Diabetic Retinopathy Fundus Images

Shalini. R “ & Sasikala. S °

Abstract- Diabetic retinopathy is an ophthalmic inflammation caused by diabetes, which ends in visual defacement if not
diagnosed earlier, and that has two types, namely Non-Proliferative Diabetic Retinopathy (NPDR) and Proliferative
Diabetic Retinopathy (PDR). NPDR features are present in the earliest stage, and systematic detection of these features
can improve the diagnosis of the disease severity formerly. Several detection methods exist previously. Still, there is
performance lack on large datasets. The objective of this study is detecting NPDR features from diabetic retinopathy
fundus images of large datasets with performance level. The study has investigated different fuzzy-based systems and
to execute the objective; the GK FCM approach was proposed, which integrates Gaussian Kernel function in
conventional FCM. The execution has four phases. Initially, the input image undergoes preprocessing using green
channel extraction, median filter to enhance the image quality and background removal is performed with extended
minima transform technique, mathematical arithmetic operation and pixel replacement method to remove the outlier
called Fovea (FV).

Further, it is segmented for extracting NPDR features such as Micro-aneurysms (MA), Intra-retinal
Hemorrhages (IHM), and Hard Exudates (HEXU) using Gaussian kernel with FCM of multiple parameters. Finally, the
extracted features are visually enhanced on the original input image using post-processing operation of multi-class
contour tracking (MCT) algorithm comprising different contouring measures. The experiments were done on two
available online databases, namely DIARETDBO and DIARETDB1. The performance of the proposed method is
evaluated using the validation measures and compared with kernel induced fuzzy algorithms like MKFCM and LKFCM,
comparatively the proposed GK_FCM method outperforms. Hence,the Gaussian kernel-based technique has been
used for the analysis of the diabetic retinopathy fundus images to detect NPDR features of Diabetic retinopathy. The
proposed work has given better results with an accuracy of 98.21%.

Keywords. non-proliferative diabetic retinopathy, minima transform technique, gaussian kernel, fuzzy C
means, multiclass contour tracking algorithm.

I. [NTRODUCTION

Diabetes mellitus ordinarily referred to as diabetes is a protracted disease that
occurs when the pancreas is no longer able to create insulin, so the glucose in the blood
are not being transferred into cells, which leads to high blood glucose. The prolonged
blood glucose levels in the human body will cause several complications such as
blindness, kidney failure, amputations, heart failure, stroke, etc. But among these
conditions, blindness due to diabetes is considered an issue as the eyes is the essential
organs of our body. The human eye is a significant body organ, but the care taken for
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this organ is emphasized very less in healthcare. There is no awareness among people
about related complications like blindness caused due to diabetes. For instance, if people
get blurry vision, they go for a computerized eye tests and wear specs considering it as a
usual eye vision problem but not aware of the fact that it had been caused due to any
internal disease like diabetes.

According to the Global statistics countersigned by the World Health
Organization (WHO) [1], among 7.9 Billion of the current population, about 285.3
million people are visually impaired, out of which 246 million have low vision, and 39.3
million are blind. The reasons for blindness include glaucoma (12.3percent), age-related
macular degeneration (8.7percent), diabetic retinopathy (4.8percent), childhood
blindness (3.9percent) and trachoma (3.6percent). Among these eye problems, the one
which harms the retina part of eyes due to diabetes is referred to as Diabetic
Retinopathy (DR) [2]. There are numerous eye retinal disorders, but the most severe
causes which doctors see in the retina are hypertension (High blood pressure level) and
diabetes (high blood sugar level).

To be more precise, the complication in the retina due to high blood glucose level
is more critical since they are symptomless. As per the review given by ophthalmology
studies, the clinical and experimental evidence suggests that diabetic retinopathy and
associated vision loss have several debilitating effects, including disruption of family
functioning, relationships and roles, and deterioration of work prospects resulting in
increased financial strain [3].

The tenacious high blood glucose level famishes the small blood vessels with in
the retina due to an improper supply of oxygen. Hence this distortion to the retinal part

of human eyes due to diabetes is called “Diabetic Retinopathy”, which results in cloudy
or blurred vision, and it is caused possibly among people with all types of diabetes such
as type 1, type 2 and gestational. This complication results in visual impairment and
even leads to blindness if undiagnosed and untreated.

There are two types of Diabetic Retinopathy [4], namely Non-Proliferative
Diabetic Retinopathy (NPDR) and Proliferative Diabetic Retinopathy (PDR). The first
type of DR disease is Non-Proliferative Diabetic Retinopathy [5], which is the earlier
stage that weakens the walls of the blood vessels in retina, consequently the frail retinal
blood vessels, begins to dilate and become irregular in diameter that leads to partial
retinal mutilation. And this type can progress from mild to severe stage; as more blood
vessels become leaky, then the retina begins to deteriorate, which leads to the advanced
stage known as Proliferative Diabetic Retinopathy of Diabetic Retinopathy. And this
stage is titled as second type of DR disease. It refers to the formation of new, abnormal
blood vessels in the retina and these fragile new vessels often bleed, if it bleeds a little, a
few dark floaters are seen, and if the bleeding is more, it might block all vision, at a
point it can spoil both the central and peripheral (side) vision of the eyes.

Detection of the disease in its earlier stage can reduce the risk of disease severity
by 100%. This study detects the first type of DR disease called Non-Proliferative
Diabetic Retinopathy that causes different types of illnesses in the eye, such as Micro-
aneurysms (MA), Intra-retinal Hemorrhages (IHM) and Hard Exudates (HEXU). The
micro-aneurysm is tiny swellings that protrude from the blood vessel, which is the first
sign of the NPDR type that appears as small red dots, and it is localized capillary
dilatation which is usually s accular (round)[6].

The intra-retinal hemorrhages leaks blood into the retina, which is the second
sign of the NPDR type; it is a ‘dot’ or’ blot’ or ‘flame’ shaped depending upon their
depth within the retina. There are two layers of the capillary network in the posterior
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retina called nerve fiber layer and inner nuclear layer. Hemorrhage that occurs in the

nerve fiber layer tends to be shape of ‘flame’. In the inner layer, hemorrhages appear dot
or blot shaped, aligned at right angles to the retinal surface, which is consequently
viewed using an ophthalmoscope; the clinical differentiation between dot hemorrhages
and micro-aneurysms is difficult and of little consequence since both are occurrences of
background retinopathy|7].

The hard exudates are the protein fluid that oozed out from the blood vessel,
which is the third sign of the NPDR type, and it forms a distinct yellow-white intra-
retinal deposit, which varies from specks to larger patches, and that may evolve into
rings known as circulates. Ultimately large confluent plaques can form. Hard exudates
are extracellular lipid, which leaks from abnormal retinal capillaries, and forms a ring
pattern around the leaking vessels. Hard exudates are found in the macular region, and
as the lipids coalesce and extend into the central macula, vision can be severely
affected|[8].

So there is a necessity of an efficient system to discriminate and detect the
affected regions with higher accuracy to assist the experts in diagnosing the disease
severity earlier. In associate to spot the NPDR features from the fundus image, Non -
Diabetic Retinopathy (Non-DR) features in the retinal fundus images have to be
spotted and removed for the betterment of lesion identification. The Non-DR features
are Blood vessels (BV), Optic disc (OD) and Fovea (FV) to be removed because the
blood vessels and fovea features appear dark in color, so it falls in mismatch with the
NPDR features like micro aneurysms and hemorrhages and the optic disc is the bright
feature which falls in mismatch with the white color feature called exudates.

The retinal blood vessels are the central artery and vein in the retina, which
provide and drain blood to and from the eye[9].The main blood vessels are supplied to

the retina through the entry point called ‘optic disc’. It is a vertical oval, with average
dimensions of 1.76mm horizontally by 1.92mm vertically and placed at 3 to 4 mm to
the nasal side of the fovea part of the eye[10]. The fovea is a tiny pit located in the
macula of the retina that provides the clearest vision of all, and it is a
small depression in the retina. The fovea is a black region inside the eye, lies in a fixed
orientation and location relative to the optic disc. In the fovea, the layers of the retina
spread aside to allow the light to fall directly on the cones that give the sharpest vision.
So it is also called as the central fovea or fovea centralis[11].

In general, DR is assessed with single-field non-mydriatic fundus photography
and graded according to the International Clinical Diabetic Retinopathy Disease

Severity Scale ‘HbAlc'[12]. HbAlc is glycated hemoglobin measured by a standardized
tests using high-performance liquid chromatography. If higher the HbAlc value, then
greater the risk of diabetes-related complications. The optimal HbAlc cutoff for
detecting diabetic retinopathy is 49mmol/mol (6.6%) for mild and is 52mmol/mol
((6.9%) for moderate or severe. This grading is done twice in a year to detect the
disease severity. But this conventional eye exam becomes a huge and complicated task
as the number of patients suffering from the disease is increasing rapidly. Hence
considering the importance of the disease severity and the complexity of the manual
grading method, an emphasized screening system have to be developed with integrated
and hybrid methods for accomplishing accurate diagnosis of the disease.

This proposed work detects the first type of Diabetic Retinopathy (DR) disease
called Non-Proliferative Diabetic Retinopathy (NPDR) with its features from retinal
fundus images. The task is very challenging because detecting the disease signs in the
input includes major issues like noise (illumination or contrast) present in the image
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and also the variability in size, color, texture, and shape of the ROIs. Before detecting
NPDR features, certain unwanted background features have to be removed to make the
detection process more accurate. The study aims to find an appropriate segmentation
method with better performance and to overcome the limitations mentioned earlier.
The PCI, PEI, DSC measures of the proposed method and the existing works are being
compared on two online databases, namely DIARETDB0 and DIARETDB1 [13]. The
novelty of this work is comparing the proposed work with the performance of different
kernel induced algorithms for segmenting the NPDR features in the Diabetic
Retinopathy fund us images.

The GK_FCM algorithm incorporates the Gaussian Kernel function in
conventional FCM to achieve the objective of this work. Initially, the input image
undergoes preprocessing with green channel extraction and median filtering then
background subtraction using extended minima transforms technique, mathematical
arithmetic operation, pixel replacement method to eliminate the outlier called Fovea.
Further, it is segmented for extracting NPDR features such as Micro aneurysms (MAs),
Intraretinal Haemorrhages (IHMs), and Hard Exudates (HEXUs) by integrating
Gaussian kernel with FCM on applying multiple parameters. The segmented features
are dappled in the original input image using a multi-class contour tracking algorithm
with different contouring measures as a post-processing operation.

1. LITERATURE REVIEW

Sasikala et al. [14] have proposed a novel medical image segmentation technique
using the optimal threshold Reaction-Diffusion Active Contour model (RD-ACM) to
identify Attention Deficit Hyperactive Disorder and cervical cancer-affected areas. In
this method, the acquired input images are segmented using Thresholding, the
connected components with label matrix algorithm, Heaviside and Dirac delta function;

Level set evolution — Two- step splitting method. The proposed method shows better
segmentation results. But the proposed RD-ACM gives better results for brain images

when compared to cervical cytology images. So it has been found that theRD — ACM
method can play a vital role in segmenting the regions of the brain images.

Sasikala et al. [15] has presented a review on various segmentation techniques
used on hemorrhage images of both MRI and CT of the brain and analyzed the
classification performance of different existing algorithms. Initially Preprocessing
approaches are used to denoise the input, and numerous clustering techniques are
applied to portray the existence of hemorrhage. Then Machine learning techniques are
utilized to focus on issues that manipulate the prediction performance. The methods
used for the hemorrhage detection in the input images are Decision Tree classifiers,
Support Vector Machine, K-Nearest Neighbours, Thresholding techniques, Fuzzy C
Means, Voxel-based outlier detection, Multilayer Perceptron. Among these methods,
hemorrhage detection done with Fuzzy C Means results suggested that, to process more
training samples, the prospect of this approach have to be modified.

Shyni et al. [16] have surveyed on segmentation algorithms for medical images of
spinal cord tumor. The analysis carries various algorithms and techniques used on the
medical images such as Fuzzy C-Means, Structural Similarity Index, Hybrid method
(Text-Mining, cross-citation based). Data Mining techniques, Genetic Algorithm,
support vector machine (SVM), vertebra object boundaries, learning algorithms
optimization technique, Propagation segmentation (Prop Seg), level set(Dice similarity
coefficient and Hausdorff distance), minimal path search algorithm, subsequent random-
walk methods to identify the similarity and variations on the Spinal cord image analysis.
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IP-FCM

Shyni et al. [17] have proposed a work on spinal cord abnormality detection
using preprocessing techniques like Median, Arithmetic, Gaussian, and Weiner. The
preprocessed image underwent segmented with means, and fuzzy c means clustering
algorithm followed by morphological operations and image manipulations have been
performed. The performance comparison indices values of two segmentation algorithms
witnessed that the proposed FCM method gives improved segmentation results with
84.5% precision.

Aafreen et al. [18] have developed an automatic system that can segment
hemorrhage from brain MRI dataset using the Otsu and Watershed segmentation
algorithm. For preprocessing the input MRI brain image, median filtering, and
morphological operations like dilation and erosion are applied. The ROI have been
segmented using Otsu and watershed algorithms. The proposed watershed algorithm
have been validated with measures and resulted in an average 0.97overlap metric,
average 0.94 precision, and average 0.94 recall, respectively. The results can be
improved with variations in the preprocessing methods.

Shalini et al. [19] have presented a survey on the detection of diabetic
retinopathy, which gives a review on different algorithms and techniques that have been
used for detecting the lesions caused by diabetic retinopathy and also classifying its
stages with higher accuracy. From this survey study, it is concluded that the DR lesion
detection can be done using preprocessing techniques like green channel extraction,
median filtering, and for the segmentation of DR lesions, the FCM algorithm performs
better than other segmentation algorithms. Some unwanted features like blood vessels,
optic disc needs to be removed to achieve better segmentation results. Finally, grading
of lesions can be accomplished using classification algorithms like support vector
machine, K nearest neighbor, etc.

Shalini et al. [20] have proposed a comparison work on the detection of hard
exudates in diabetic retinopathy fundus images using the principles of Fuzzy-C Means
and K-means algorithm. The method involves techniques like green channel extraction,
median filter, Binary thresholding, K-means, Fuzzy-C-Means. The proposed comparison
work shows that the segmentation of hard exudates using Fuzzy-C-Means is better with
an accuracy of 95.05%. The results can be improved by inducing different types of
filtering with the fuzzy method.

Alexandre et al. [21] have proposed an approach to segment the fovea a vascular
zone of the retina images. The approach involves methods like grey-scale conversion,
alternating sequential filtering, H-minima, Regional minima, connected component
analysis, distance transform, watershed marker, and the final results have been
evaluated in terms of accuracy, specificity, and sensitivity respectively of 0.9947, 0.9972
and 0.8442.

Hosanna et al. [22] have presented a paper to detect hard exudates feature in
diabetic retinopathy affected image. Initially, the image is resized, contrast-enhanced
with contrast limited adaptive histogram equalization, and intensity of enhanced image
have been extracted. Further blood vessels are detected using green channel extraction,
adaptive histogram equalization, and morphological operations. In the end, Fuzzy c
means clustering (FCM) method segments the exudates in the preprocessed image. The
performance measure results about 97.67% of accuracy, 91.108% of sensitivity, 97.95%
of specificity.

Pallavi et al. [23] have proposed a segmentation algorithm using fuzzy-based
algorithms. The input brain images have been preprocessed with Gaussian noise, salt,
and pepper noise. Then the region of interest is segmented using mercer function-based
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fuzzy ¢ means (KFCM) and Generalized Spatial kernel-based fuzzy ¢ means
(GSKFCM). The proposed methods KFCM and GSKFCM achieved an accuracy of
94.92% and 95.38%.

Ravindraiah et al. [24] have presented a paper for the detection of hard exudates
in Diabetic Retinopathy images using Laplacian Kernel Induced Spatial FCM Clustering
Algorithm. In this algorithm, laplacian kernel metric is induced into the kernel spatial
FCM clustering algorithm for the segmentation of retinal fundus images. In existing
methods, FCM and KFCM algorithms are very delicate to noise and other image

artifacts because it doesn’'t have spatial information. To overcome this problem, the
author has presented Laplacian kernel spatial FCM, which incorporates spatial
information into its objective function and the fuzzy membership function. The
performances of this algorithm have been evaluated on different Diabetic Retinopathy
images, and the methodology is assessed using statistical measures like Sensitivity and
Specificity. Thus LKSFCM method achieved Sensitivity of 99% and Specificity 89%.

Surendiran J et al. [25] have proposed a method to analyze the abnormal retinal
images. In this work, the input images are subjected to hard exudates segmentation
using the preprocessing techniques like grey-scale conversion; contrast limited adaptive
histogram equalization then FCM clustering is applied for segmenting the candidate
region. The results obtained have been compared with K-Means clustering, where FCM
outperforms with an accuracy of 91.95%.

Rubya et al. [26] have proposed an automatic system that detects and classifies
the Diabetic retinopathy lesions using fuzzy logic. Initially, the retinal fundus image is
preprocessed with green channel extraction, median filter, contrast limited adaptive
histogram equalization, and contrast stretching. Then linear spatial filtering,
morphological filtering, transform operations, and binary Thresholding are applied to
extract the features like blood vessels, optic disc, hard exudates, micro-aneurysms, and
textural features like contrast, homogeneity. The extracted features are classified into
respective classes using the fuzzy level set algorithm. The proposed system has higher
performance with sensitivity, specificity, and accuracy up to 95.77%, 94.44%, and
95.63%, respectively.

Ganesh et al. [27] have proposed a new efficient system for the detection of
microaneurysms in the retinal images. The technique uses Fuzzy-C-Means with the
NLM-ADF algorithm. Initially, Fuzzy clustering is done for segmenting the pixels
information further NLM in terms of the anisotropic filter is applied to improve
identification of micro aneurysms in retinal images. The results show that the method
improved the micro-aneurysms detection rate and got a ROC score of 0.427. The
proposed methods have been tested on various simulated retina data repositories.

Sergio et al. [28] have proposed an effective method for detecting Non-
Proliferative diabetic retinopathy features in color eye fundus images. The algorithm
carries preprocessing of image using Green channel extraction, and contrast limited
adaptive histogram equalization, the features like optic disc, blood vessels, fovea have
been eliminated then the disease signs like micro-aneurysms and hemorrhages are
detected by applying the image processing techniques such as alternative sequential
filtering, H-minima transform, region minimum, Sobel and Prewitt filters along with
morphological operations with the outcome of 87.69% sensitivity and 92.44% specificity.

Ganesh et al. [29] have presented a paper on identifying the microaneurysm
feature in retinal images using the grey- scale conversion, Rotational Cross-Section
Analysis, and Fuzzy C-Means Clustering Algorithm. The proposed approach has scored
0.435 ROC.
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Venkatraman et al. [30] have proposed a system for the detection of Non-
Proliferative Diabetic Retinopathy in Fundus Images by Wavelet Features. The system
utilizes histogram equalization, candidate region extraction, wavelet features for
detecting the diabetic retinopathy features by applying Mercer kernel, 2nd-degree
polynomial kernel, 3rd-degree polynomial kernel and Gaussian kernel with the accuracy
of 96.0%, 78.0%, 86.0%, and 84.0%.

Lama et al. [31] have presented work on dark lesion detection for Diabetic
retinopathy using preprocessing methods like spatial calibration, illumination
equalization, Mean Filter, Adaptive Contrast Equalization, color normalization then
entropy-based Thresholding and multi-scale ring-shaped matched filter for optic disc
removal. Finally, dynamic shape features like Relative area, Elongation, Eccentricity,
Circularity, Rectangularity, Solidity are extracted, which is classified into lesions using
a random forest algorithm with AUC of 0.899, 0.916, 0.976, 0.941 by testing four
different databases.

Manoj et al. [32] have implemented a computer-aided detection system for the
segmentation of Non-Proliferative diabetic retinopathy features and retinal features in
color fundus images. The implementation comprises of algorithms like green channel,
median filter; contrast limited adaptive histogram equalization, shade correction,
Matched Filter-First Order derivative of Gaussian, Mathematical filtering,
morphological operations, watershed segmentation, in-painting, h-extended minima
algorithm, Selective Binary, and Gaussian Filtering Regularized Level Set and Signed
Pressure Force algorithm. The proposed methodology for the segmentation of micro-
aneurysms feature attained 90% accuracy, and exudate feature detection has given
93.41% accuracy.

The review done on detecting and segmenting the NPDR and Non-DR features
renders various image processing methods. And these existing works have performed the
segmentation process with preprocessed inputs, and some executions have been done on
non-preprocessed image, and others employed kernels, parameter values to identify the
object of interest (OOI) still there is some inability in achieving the accuracy of medical
experts’ outcome. There are a number of challenges in distinguishing and categorizing
DR features; such as the presence of noise and outliers like the blood vessel, optic disc
and fovea that are present in input images, the vacillating location of features, the
similarity of shape and texture among some deformations (the micro-aneurysms and
hemorrhages happen to occur with matching surface), which may direct to extracting
redundant or ineffective features and results in low segmentation accuracy. This low
performance consequently leads to improper diagnosis of the patient at the time of
emergency states by the Physicians, which ultimately causes the severity of the retinal
disease. The proposed FCM based segmentation evolves some initiatives to manage the
inabilities found in the existing works.

The structures of the proposed work have been organized as follows; section 3
presents the theoretical background of the techniques used. Section 4 describes the
experiments conducted to compare the different fuzzy algorithms adopted for NPDR
features segmentation. The dataset descriptions have been given in division 4.1. Then
the results are presented in division 4.2 and discussed in section 4.3 followed by
conclusions and future work in section 5.

[II. THEORETICAL BACKGROUND

This paper has considered a fuzzy based algorithm for detecting the ROIs. This
section presents a brief explanation of the proposed methodologies.
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a) Fuzzy clustering algorithm

The conventional Fuzzy based algorithms are used for partition the data points,
where data point assigns memberships to each center as a result of which, for each
iteration data point, belong to more than one middle point. It segments the ROI based
on data point, which is chosen precisely among many data points, so the segmentation
is more accurate.

For a given data set X={x1, x2, xn}, clustering algorithms partition the n data
objects in X into ¢ groups C={C1, C2, , Cc} based on similarity/dissimilarity metric
[33]. The standard Fuzzy C Means algorithm [34] uses the Euclidean distance as an
objective function to be minimized and expressed as the following equation:

C n
Jrem (U, V) = '21 '21 it Il x— vy lI? (1)
= ]:

Where vi is the cluster center of cluster Ci, m is the weighting exponent or the
degree of fuzzifier in FCM. The fuzzy partition matrix have been expressed as

U =[] exn, 1y €101] (2)

It is the membership degree of data object xjto cluster v,, and
C
Z |.|.1] = 1, VJ = 1,2,3, A | (3)
i=1

In the iterations, the membership degree Pij and the cluster centers vihave been
updated as

Hij = — d”12/(m—1) (4)
U
kz=1 <dki>
=i§1 u}]nXi (5)
o
We iterate (8) and (9) until the changes in the fuzzy partition matrix are very
small, or some other stopping criterion has met.

Gi

[11. MATERIAL AND PROPOSED METHODOLOGY

In this section, we present the methodology adopted in the work, dataset, and
proposed approach.

a) Material
i. Dataset and Tools used

The Experimentation of Non-Proliferative Diabetic Retinopathy features
detection is conducted on The Processor AMD A8-7410 APU with AMD Radeon R5
Graphics HP Platform, 64-bit operating system, x64-based processor, 2.20 GHz
Processor Speed and 4 GB Memory. The Segmentation Algorithm has been developed in
the Matlab2014b-32 bit version. The dataset taken for this segmentation process have
been obtained from eye care clinics and online repositories, namely DIARETDB0 and
DIARETDBI1 database, with a resolution of 93 x 71 in 24- bit depth PNG format. The
databases contain 200 number of color fundus images for the experiment in which 189
contain signs of diabetic retinopathy.

ii. Data Preparation
Resizing: To standardize the image, resizing is carried out by the Bi-Cubic interpolation
Area method [35], uses the biased average of four translated pixel values for each output
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pixel value then the input image is zero-padded and transformed into the positive
horizontal direction by five-tenths of pixels.

p(xy) = Z?ZO Zjioaijxiyj (6)

Ref

Fig. 1: Fundus retinal image Fig. 2: Resized image

b) Methodology

The fundus input contains the unwanted features such as BV, OD, FV, and the
NPDR features MA, IRH, HEXU, which are to be segmented, and they have been
shown in Fig 2. The preprocessing technique improves the image quality and removes
the Non-DR (unwanted) features in the image, then segmentation algorithms segments
the NPDR features. The purpose of eliminating unwanted portions is reducing the false
detection rates to achieve more accurate results in NPDR features segmentation.

Fig. 3: DR-Fundus retinal image with NPDR and Non-DR Features

The goal of this work is implemented by following the proposed methodology
represented in Fig 4, which consists of four-phases, namely standardization,
preprocessing, segmentation, and feature recognition. The fundus retinal input image
acquired from the DR database is standardized using the bi-cubic interpolation area
method [35] for the resizing of the image. In the first phase, the resized image undergoes
preprocessing by using the techniques like Green channel extraction, median filter for
image enhancement then Binarized contour tracing (BCT), hybrid BINI Thresholding
[36], extended minima transform algorithms are applied to detect the Non-DR features
like blood vessels, optic disk, and fovea. In the second phase, the detected Non-DR
features are removed from the input image using mathematical arithmetic operation
(MAO) and pixel replacement method (PRM). The third phase carries out the
segmentation on the preprocessed image to isolate the NPDR features like micro-
aneurysms, intra-retinal hemorrhages, and hard exudates on applying Gaussian kernel
prompted Fuzzy c¢ means method. The fourth phase comprises marking of the N
segmented features in the input image using a multi-class contour tracking (MCT)
algorithm to outline multiple regions of interests. The detailed executions of the
algorithm have been explained below.
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Fig. 4: Segmentation of NPDR features

ii. Preprocessing

Conventionally, the image data recorded or obtained through imaging systems
like satellites, digital cameras. Though the images captured by a high configured fundus
camera, there is a lack in contrast and brightness because of the illumination conditions.
These errors are improved using applicable mathematical models, which are either
definite or statistical models. This process has been termed as image preprocessing, and
it has been performed for enhancing image structures for consequent analysis or image
display. Image enhancement is the alteration of the pixel brightness values in an image
to improve its visible effect, which is suited for human or machine interpretation. The
enhancement process does not upturn the needed information in the data but just
emphasizes certain specified image features. Hence the preprocessing is done for making
the image more suitable for further processing. The enhancement techniques chosen for
DR feature detection is resizing, channel extraction, noise filtering.

To enhance the fundus image segmentation process, the preprocessing operations
are carried out using the green channel [37] of the RGB fundus image which project the
DR features (ROI) more prominent than the Blue and Red Channels and unlike the
other two channels (red, green), the green channel is neither lower illuminated nor over-
saturated.

G
9 = Ric+s (7)
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38. https://www.sciencedirect.com/topics/engineering /median-filtering.

The equation represents red channel (&), green channel (G), and blue channel
(B), respectively. The resulting image for the normalized green channel has been
denoted by g

The Median Filtering is a non-linear filtering technique [38] which removes noise
while preserving the edges to enhance the region of interest.

y[m, n] = median{x[i,j], (i,j) € W (8)

Where ti represents a neighborhood value, given by the user, which is centered
around the location [m, n] in the image.

The extended-minima transform (SMT) is a Thresholding technique which
segments the fovea region. It is the local minima of h-minima transform. The regional
transform replaces the pixel values to zero. The h-minima transform subdues all the
minima in the intensity image whose depth is less than or equal to a predefined
threshold value [39].

EMy) = t(L,T) (9)

Where, t is minima transform function

I denotes image

T is a threshold value
iii. Segmentation

The segmentation process is the significant difficulty in image processing, which

is performed to dissect the ROIs. It subdivides the preprocessed image into some parts
or objects until the object of interests is isolated, e.g. initially, dissection of the
background from the image, then the foreground is segmented. Segmentation of images
involves not only the discrimination between regions of interest and the unwanted
portions but also the separation of more than one object of interest. One of the methods
for such separation is known as FCM segmentation algorithm as follows;

Gaussian Kernel- based fuzzy clustering algorithm:
The kernel-based fuzzy clustering [40] introduced the kernel method into the

FCM algorithm, which overcomes FCM's shortcomings in terms of insufficiency caused
by data distribution characteristics to clustering results. Define a nonlinear map as

¢ : x> dX)EF, wherex €X, X (10)

X denotes the data space, and F is the transformed feature space with a higher or even
infinite dimension [41]. The objective function of KFCM has been defined as

C n 2
Jkrem = zo2 w I (%) = (vi) (11)
Where
” (I) (X])—(IJ (Vi) ”2= K (X]',Xj)‘l‘ K (Vi,Vi)— 2K (Xj,Vi) (12)
We adopt the Gaussian function [42] as a kernel function,
ie K(xv) = exp[_ix;z")z ],K(x,x) =1 (13)
o

Where o is Gaussian kernel with multiple parameters, according to Eq.(12),
Eq.(11) can be rewritten as:
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Jok rem (U, V) = 2122'1 él Th [1—K(x;vi)] (14)

Minimizing Eq. (14) under the constraint of pij.

L= (1—K(x]-, vi)
o ~-1/(m-1)
ZiC=1<1—K(xj, vi)) "

>—1/(m—1)

Spef K (x5 vi)

n m
j=1 M Kixp vi)

iv. Post-processing

The post-process has been performed for marking the segmented ROI in the
input image. The segmented NPDR features are marked in the original input image
using Contour-Base Object Tracking Algorithm [43]. Object tracking is considered to be
an essential task in the computer vision field. The state of the contour, which shows the
position of the segmented object, is defined using the centroid points. In the proposed
work, six different segmented features have been pointed so the multi-class contour
tracking algorithm is applied to mark the multiple areas of interest in the fundus input
image.

¢) Results
i. Evaluation Metrics
For internal and external evaluation of the proposed segmentation techniques,
validation measures like Partition Coefficient Index (PCI), Partition Entropy Index
(PEI), and Disc similarity Coefficient (DSC) have been calculated.
Partition Coefficient is the index value that determines the cluster partitions of
two different techniques. The index value ranges between 0.894-0.9160.

1M N
PCI = ﬁzpzl Zizl ule (17)

Partition Entropy is the index value that determines the entropy of cluster
partitions of two different techniques. The index value ranges between 0.1989-0.2703.

1M N
PEI =¥ 1 Ximg uirlogz (im) (18)

Dice Similarity Coefficient is a performance analysis method based on the spatial
overlap between two different segmentation processes of the same image. It is the same
as f-score, considered as an accuracy measure that counts all the true positives, false
positives and true negatives.

2.TP
DSC = 2.TP +FP +FN (19)

Where TP, FP, TN, FN are True Positive, False Positive, True Negative, and
False Negative, which have been defined as the number of pixels classified correctly and
incorrectly in abnormal existence and normal image by the proposed method.
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Notes

Table 1: Performance measures of NPDR Features Segmentation

Methods PCI PEI DSC
MK FCM 0.90 0.23 0.78%
] 0.91 0.48 0.89%
LK_FCM 0.94 0.79 0.98%
Proposed GK_FCM
ii. Implementation QOutcome
Backg Post
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ct-ion
S Non-
h Non-DR Detection DR NPDR Fegtures
remov Detection
Resized | Green | Median al MCT
Image |channel | filter GK ECM
BCT: | BINI: |[exMT:| MAO -
BV oD FV &
PRM MA IRH | HEXU

3 “A )

Fig. 4: NPDR features Segmentation

iii. Discussions

NPDR stage is the sign of leaking blood vessels that drop out blood, fatty
deposits, and fluids on the retina. Segmentation of NPDR features is a necessary process
to support the expert in the analysis of disease to obstruct its severity as earlier as
possible. At first, the acquired inputs have been standardized by resizing it to 512 X
512 dimensions, as portrayed in fig.3, column 2. The purpose of resizing is to make
images more receptive to accomplishing further processing and for complete visibility on
screens of different devices. Then the resized images undergo the preprocessing
operation using green scale conversion as it enhances the fundus image; it is done by
extracting the green channel of the color fundus image, which projects the DR features
more noticeable than the Blue and Red Channels. Then median filtering is performed
on the green scale image to suppress the noise present in the inputs that have been
represented in fig.2, column 3.1, and column 3.2.

This green Channel image is applied with the background subtraction process
using numerous image processing techniques to detect and remove the unwanted Non-
DR features like Blood Vessel, Optic Disc, and Fovea so that the NPDR features are
more projective. The first feature Blood Vessel is detected using the binarized contour
tracing (BCT) method and the second feature Optic disc is segmented using BINI
Thresholding are shown in columns 3.3 and 3.4, which has been already done, and
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described in the previous work [36]. The proposed work: detected the third feature
called Fovea feature using extended minima transform method, as shown in column 3.5.
Then these three detected features are removed from the input image using the
mathematical arithmetic operation (MAOQO) and pixel replacement method (PRM) in
column 4. Further, this image is given as input for the segmentation process for
segmenting the NPDR features like MA, IRH, and HEXU using Gaussian kernel-based
fuzzy ¢ mean algorithm, which have been shown in column 5.1, 5.2, 5.3. Finally, the
segmented features are plotted in the fundus input image using a multi-class contour
tracking (MCT) algorithm and the result have been shown in column 6.

The first algorithm [30] in table 1 called Mercer-Kernel induced Fuzzy C Means,
where clustering is done by FCM integrating with Mercer function to cluster the data
points. The mercer function is the kernel method used in the segmentation algorithms
to segment the ROI that is unlabeled, and it is suitable for a cluster with spherical ring
shape by default. Also the function needs prior information of the cluster shape. If the
cluster shape is not specified priory, and ROI outline have not been fixed with default
cluster shape, then a grouping of data points in segmentation process flops. The second
algorithm [24] in table 1 is Laplacian-kernel based Fuzzy C Means, which uses the
kernel with Cauchy distribution to deploy more frequency components which overlook
the noises present in the image. But this distribution is not time adaptive in handling
the large dataset since it uses a single parameter. The fourth algorithm in table 1 is the
proposed Gaussian-kernel based Fuzzy C Means, and this algorithm carries normal
distribution of pixels to handle the noise present in the image that makes a grouping of
identical pixels more contented. Here the kernel is employed with multi-parameters,
which is suitable for handling large datasets with less time and also performs better in
multiple ROI segmentation. Hence, the proposed GK'FCM method has given better
results than the existing fuzzy C means algorithms for segmenting multiple ROI and
achieved accuracy of 98.21%.

The validation measures of the proposed segmentation algorithms have been
evaluated in terms of PCI and PEI. The values are 0.89 and 0.51 for FCM, 0.90 and
0.23 for MKFCM, 0.91 and 0.48 for LKFCM, 0.98 and 0.79 for GK'FCM. The
performance analysis of NPDR feature segmentation using FCM gives 91.95% accuracy,
MKFCM gives 78.0% accuracy, LKFCM gives 90.88% accuracy, and the GK'FCM
algorithm gives 98.21% accuracy. The evaluation results have been shown in table 1,
and the graph for the resulted values have been given in Fig 4. The results show that
the proposed method GK'FCM gives a better result.

1.2 -
1 - HFCM
0.8 -
0.6 = MK_FCM
0.4 - LK_FCM
0.2 -
0 M Proposed
GK_FCM
PCI PEI DSC

Fig. 3: Comparison of accuracy of NPDR feature segmentation algorithms
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Notes

V. CONCLUSION AND FUTURE WORK

The earlier identification of the diabetic retinopathy and its features is more
necessary to avoid the precarious condition. So, the segmentation of NPDR features
using Fuzzy based algorithm in the fundus images has been implemented by resizing the
input image using a bi-cubic interpolation method. Then preprocessing techniques like
green channel extraction and median filter have been used for highlighting the image
features for subsequent exploration. Further background subtraction have been done,
which applies algorithms like binary contour tracing, BINI Thresholding, extended
minima transform, mathematical arithmetic operation, and pixel replacement for
detecting and removing unwanted features like blood vessels, the optic disc which
ignores the false positives and enhances the area of interest to be segmented. For
segmenting the ROI so-called NPDR features like micro-aneurysms, intra-retinal
hemorrhages, and hard exudates, Gaussian kernel-based Fuzzy C means algorithm have
been applied. In this segmentation algorithm, the Gaussian function identifies all the
pixels with equal distribution also filter has been set, which improves the features
detection process more efficient and accurate. The proposed work has achieved 98.21%
accuracy. Future work focuses on feature extraction of Diabetic retinopathy fundus
images with improved performance.
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Search for a Mathematical Model of the
Kinetics of Saccharomyces Cerevisiae Yeast
Cultivation with Oxygen Deficiency

[Touck MaTeMaTn4ecKOi MOJIEIIH KHHETUKU PA3BUTHS JPOKIKEN
Saccharomyces cerevisiae npu He0CTaTKE KUCIOPO/Ia

V. B. Tishin * & I. A. Shomrina °

Abstract- This article presents research data of the kinetics of Saccharomyces cerevisiae yeasts aerobic cultivation
without forced air supply to the cultivator. Oxygen penetrates into the culture medium through its free surface and
spreads throughout the liquid volume only due to molecular diffusion. Culture medium mixing occurs with pop-up
bubbles of carbon dioxide and thermal energy released by the cells during their development.

The result of the research was a generalized mathematical model of the kinetics of the yeast cells
development, composed of two special models - the growth of biomass and carbohydrate consumption. The

combination of the two models was carried out by introducing the relative specific velocity ,, = / 7, into the

mathematical model. There are specific rates of biomass growth and carbohydrate consumption in this equation.

The obtained generalized mathematical model allows us to take into account the effect on the biological
process of the initial values of biomass concentrations in the inoculation and the initial concentration of carbohydrates in
the culture fluid, and to predict its progress outside the boundaries of the experiment.

Experimental studies have confirmed the validity of this approach to the search for mathematical models of the
kinetics of the development of yeast cells.

Keywords: kinetics, mathematical model, specific rate, biomass.

Annomayus’ B 1aHHOH cTaThbe NPUBOASITCHA JaHHbIE MCCIeI0BAHMI KHHETHKH a3POOHOr0 KyJHLTHBUPOBAHMSA IPOXKeil
Saccharomyces cerevisiae 6e3 npuHyIMTeJbHOIl Mofa4u Bo3ayxa B KyiabruBarop. Kuciopox Bosayxa npoHukaer B
KYJbTYPAJbHYI0 Cpefy 4epe3 eé CBOOOJAHYI0O MOBEPXHOCTb U PACIPOCTPAHSETCS MO 00bEMY KUIKOCTH TOJIBKO 32 CYET
MoJleKyasapHol nupdys3un. IlepememnBanne cpeabl NPOUCXOAHUT BCILIBIBAIOIIUMHY IY3bIPbKAMH JMOKCHIA YIIepoaa U
TeNnJI0BOM 3Heprneifl, Bbl1€JIIEMBIMU KJIETKaMM B IIpoLecce X pasBUTHSA.

PeSyJ’leaTOM HCCJ’IeI[OBaHI(Iﬁ craja Oﬁoﬁllléﬂl-laﬂ MaTeMaTH4YeCcKass MOA€/JIb KHHETUKH PasBUTHUA NOIMYJIALMH
PO AKEBBIX KJIETOK, COCTABJECHHAS U3 JBYX YaCTHBIX MoJeJiell - mpupocta O0MOMacchl M NOTPedJICHUS YIJIEBOJOB.
Oﬁbennﬂe}me ABYX Moneneﬁ NMPOU3BOANJIOCH l'[yTéM BB€/ICHUA B MaTeMaTH4Y€CKYI0 MOJAeJIb OTHOCHTEJIbHOMI y;[em,ﬂoﬁ

ckopocru Y1, =Y / Y rae Y u Y yaelbHble CKOPOCTH IPUPOCTA GHOMACCHI U IIOTPedICHHs YIIEBOOB.

Honyyennast 0600mENHAsE MaTeMaTHYecKasi MoJe/Ib NMO3BOJIsIeT Y4ecTh BJMsIHHe Ha OMOJI0rHYecKuii mpouece
HAYaJbHbIX 3HAYECHHIl KOHLEHTPaNuii 6MOMACChI B 32CEBHOM MaTepHajie M YIJIeBOJOB B KyJbTYPAJIbHON KHIKOCTH, H
NMPOrHO3MPOBATH €r0 XOJ 3a NpeeJaMH IPAHMI IKCIIEPUMEHTA.

IIpaBoMepHOCTh TAaKOro MOAX0AA K MOHMCKY MaTeMATHYeCKHX Mojeeill KHHeTHKHM Pa3sBUTHS IPOX:KeBbIX
KJIETOK MOATBEP:KAeHA IKCIICPUMEHTAIbHBLIMHI UCCJIECA0BAHUAMM.

Kniouegvie crnoea: Kunemuxa, MamemMamuieckdas Mooeiy, Y0enbHas cKopocms, buomacca.
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. Bgenenne

[Tonck mMaTeMaTM4eCKUX MOJENEN KUHETHYECKUX 3aKOHOMEPHOCTEH PA3BUTHUS KJIETOK
MHUKPOOPIaHU3MOB — OJIHa M3 CIOKHEHIMX 3amad MukpoOuosoruu. OCHOBHAs CIOXHOCTb
3aKJIIOYAeTCs BO MHOXKECTBE CBA3AHHBIX MEXIY c000il (akTOpoB, BIUSIOUIMX HA CKOPOCTH
MPOTEKAaHUs OHOJIOTHYECKUX TIPOIECCOB B JIIOOON OMOJIOTMYECKOM cHUCTeMEe. OJTy CBs3b H
JIOJIKHA YCTAaHOBUTH MaTeMaThyeckas Mojieib. MHOropakTOpHOCTh ONPENEIISIETCS COCTOSTHUEM
cpenbl (Temmneparypa, pH), B KOTOpO#l KJIIETKH Pa3BUBAIOTCSI, COCTOSSHUEM CaMUX KJIETOK, BUIOM
MHUKPOOPIraHnu3Ma, THAPOJMHAMUYECKON 00CTaHOBKOM B KYJIBTUBATOPE U T.II.

B naHHO#l craThe paccMaTpuBaeTCs HECKOJIBKO YIPOHIEHHAs 3ajada a’dpoOHOro
KyJbTHBUPOBAHUSl OMNpPEACIEHHOrO INTaMMa Jpoxoked Saccharomyces cerevisiae, 06e3
NPUHYIUTETPHOW  [MOJAaYM  BO3JAyXa B  KyJbTHBAaTOp M OTCYTCTBHHM  KaKoro-iubo
MePEMENINBAIOIIETO YCTPOMCTBA MPH IMOCTOSTHHOM TeMreparype u pH.

Kucnopon Bo3ayxa mNpoHHMKAeT B KyJIbTYpallbHYyIO cpely uepe3 €€ CBOOOIHYIO
MOBEPXHOCTh W PACHPOCTpaHseTCs MO O00BbEMY KMJIKOCTH TOJBKO 32 CUET MOJEKYJISAPHOU
maddy3un. CkazaTh, 4YTO TMeEepeMelIMBaHHE BOOOIIE OTCYTCTBYeT, OyAeT HE BEpHO.
Bo3MoXHBIMU HMCTOYHMKaMH 00pa30BaHUS KOHBEKTUBHBIX TOKOB B CpeI€ MOTYT ObITh
BCIUIBIBAIOIINME MY3BIPhKU JUOKCUJA YTIEPOJa U TEIUIOBAsl YHEPTHUs, BbIJIEISEMbIE KIIETKAMU B
IIPOLIECCE UX PA3ZBUTHS.

B npakTrke nepuoauueckoe KyJbTUBUPOBAHUE MUKPOOPTraHU3MOB 0€3 MPUHYIUTETbHON
Mojiayl BO3JyXa B KyJIbTHUBATOp M 0Oe€3 mepeMenInMBaHUs BcTpeudaeTcss penko. Bumumo 3To
SBJIETCS MPUUMHOM TOTO, YTO CBEJEHUIN 00 MCCIIEJOBAHUSX HA 3Ty TEMY, K TOMY ke elé U C
LIEJIBI0 TIOMCKA MAaTEMATHYECKUX MOJIENIe OMOIOTHYECKUX MPOIIECCOB, KpaitHe Maio. [Tomors B
PacKpBITHH TIPOOJIeM, 3aTPOHYTHIX B JAHHOW CTaThe MOXKHO HaWTH B padotax [1, 2, 3, 4, 5].

B onpenenénnoii Mepe, 3TOT BapuaHT B IMPOU3BOACTBEHHBIX YCJIOBUSAX UMEET MECTO Ha
Pa3NUYHBIX CTAAUAX KYJIbTUBHUPOBAHUS YHCTHIX KYJIbTYp JIPOXOKEH, Koraa Bo3ayX JTu60 BoooIe
He 1oaaéTcst, 100 ero pacxo He BEJHK. J[pyrumM npumMepoM MOKET CIYXKHUTh Pa3BUTHE TUBHBIX
JPO>XOKEH MpH cOpaXKMBaHUU NMHUBHOTO Cycia B OTKPBITHIX EMKOCTSX [6, 7].

B nenom npuBenéHHble IpUMEPHl pa3BUTH APOACKEH B YCIOBHX JePUIIUTA KUCIOPOIa
HE SIBJISIIOTCS JTUMUTHPYIOIIMMU B OOIIEM IMKJIE IMPOU3BOJICTBA KOHEYHOTO MPOJYKTa, HO
MIPEACTABISIIOT OOIICHAYYHBI WHTEpPEC, W MCCICIOBAHUS B 3TOM 00JacTH TO3BOJAT Oosiee
riIyOOKO TOHSTH BIIMSHUE Pa3IMYHBIX (PAKTOPOB HAa CKOPOCTU MPOTEKAHUS OMOJIIOTMYECKUX
npoueccoB. B uacTHocTH, B AajbHEHIIEM OHM MOTYT IOMOYb B IOMCKE MaTeMaTHYEeCKUX
MoOJIeJIell KMHETUKU a’3pOOHOr0 pPa3BUTHUS MHUKPOOPTraHM3MOB B YCIOBHSIX NPHUHYAUTEIBHOM
MoJauu BO3/1yXa B KyJIbTUBATOP.

B uccnenoBaHusX MCMONB30BANCA IITaMM XJyeOomnekapHbix apoxokeit JI-12. OmnbITbl
npooawinck npu temneparype 7 =31-32°C Ha MenaccHBIX pPACTBOPAX C KPAaTHOCTBIO
pasbasienus K, = 4; 8 u 12, 4T0 COOTBETCTBYET HAYAIbLHOMY COJACPKAHHIO YITIEBOIOB

(caxapa) B KyJbTypallbHOM cpefie B MaccoBbIX pomsx S, =0.115 S, =0.0575 un S, =0.0383
IIPY IIECTH HAYAJIBHBIX 3HAYCHUAX KOHILICHTpalui apoxoken: x, = 0.925; 2.5; 4.73; 7.5 u 12,5

krACB/M° (ACB — abcomoTHO cyxas 6buomacca); pH-cpensl mognepxuBaiocs Ha ypoBHe 4,2 —
4.6.
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Lenbp uccnenoBaHuil — BO-NIEPBBIX, U3YyYEHHE KUHETHKU MPOTEKAHUS OHOJIOTHYECKOIro
mpolecca Ha pa3iMYHbIX CTAAUSIX KyJIbTUBUPOBAHUS MHUKPOOPTaHM3MOB M MPU Pa3IUYHBIX
HaYaJbHBIX 3HAYEHUSIX KOHLIEHTPALUNA IPOAOKEBBIX KIETOK B 3aCEBHON KYJIbTYPE U YIJIEBOJIOB B
MUTATENBHOMN CPEAE;

BO-BTOPbBIX, IMOHUCK ypaBHeHI/Iﬁ MaTEMATHYCCKUX MOHeHeﬁ, AZICKBATHO OTpaXarouinx
Pa3sBUTHUC 6I/IOHOFI/I‘IGCKI/IX mponeccoB, MO3BOJIAOMIMX IMPOTrHO3UPOBATH HUX TCUCHUC 3a
npeaciiaMm JSKCIICPUMCHTA U PACCUUTBIBATH OCpe,Z[HéHHBIe Mo BPEMCHHU KYJIbTHUBUPOBAHUA
yACIBbHBIC CKOPOCTH MPUPOCTA OMOMACCHI | MOTPEOJICHUs CyOCTpara.

KynbTuBHpoBaHuE MPOBOAMUIN B T€YEHHE BOCBMU — JEBSTH 4acoB. Uepe3 KakIblil yac
OoTOMpanuch MpoObI Ha MPEeIMET ONPEIEIICHNs KOHIIEHTPAIMH JIOKATbHBIX 3HAUCHUN TPOAOKEN X
u yraeBoZoB S. 3a HavambHOe Bpems oTcuéra Opanm Bpemsas 7; =0. DTomMy BpeMeHH
COOTBETCTBOBAIM HaYaJIbHbIE 3HAUEHHs KOHLIEHTPALUH JPOXoKel x, U cyocTpara S .

. Kunernka pupocra Onomaccer.

B kauectBe mnpumepa Ha puc.l NpencTaBIEHbl PE3YNbTAThl SKCIEPUMEHTAIBHBIX
MCCIIEIOBAaHNM KMHETUKU KyJIbTHBHPOBaHUA Apoxoked npu S, = 0.115. IIpu npyrux snauenus

S, TpaUKH BBITIAAAT aHAJIOTHYHBIM 00Pa3oM.

AHanyu3 MHOTOYMCICHHBIX MaTeMaThueckux mopened [1, 3, 4, 8] mokaszan, 4To s
OINMCAHUs ONBITHBIX JaHHBIX MOKHO NMPUHATH MPOCTYIO, TaK HA3bIBAEMYIO MOJENb CTEIEHHOIO
Buga (1) [8], mocTaTOYHO TOYHO OTPAXKAMOIIYIO XapakTep MPOTEKAaHUS OUOIOTHYECKOTO
npouecca Bo BpeMeHU. KpoMe Toro oHa Aa€r HEIIOXYIO CXOJUMOCTb OIBITHBIX M PACYETHBIX
3HAYeHUH KOHLIEHTPAIMii OMOMacChl B KYJIbTYPaJIbHOM cpejie B IIMPOKOM JAHAara3oHe W3MEHEHHS
BPEMCHU KYJIbTUBUPOBAHHUSA:

x, =1+ ()", 1)

rae x, = x/x, - 6e3pa3smMepHOE 3HAUEHHE MACCOBOM TEKYILEHl KOHLIEHTpauuu 6MOMAacChl
X B enuHHIE 00BEMA KYIbTYPAIbHON CPEbl; ¥ - yICNbHAs CTETIEHHAs JIOKAIbHAs CKOPOCTH (B
OTJIMYHUE OT yIEeNbHOM Jorapudmuyeckoit ckopoctu K [1, 2]) mpupocra 6uomaccsl, 1/Bpems.
W3 ypaBuenus (1) cinenyer, yTto OTHOIIEHHWE 1/y uMMeeT BIOJIHE OMpeneiEHHBIN (pU3MKO-
OMOJOTMYECKHI CMBICI - BpeMsl YABOCHUS OMOMACCHI, MapaMeTp, BEIMYMHA KOTOPOTO MMEET
00JbIIOE 3HAUEHHE B TEXHOJOTMYECKUX pacuéTax W B Mpoliecce KyJIbTUBUPOBAHUS, MO CYTH,
OCTaETCA MOCTOSHHOM.

[Tokazarensp cremeHW 71 - BENIWYWHA Oe3pa3MepHasi, OMpeeNiseT TEeMIT MPOTEKaHUs
OMOJIOTMYECKOTO TpoIlecca, WM HHBIMU CIOBAMH, XapaKTEepH3yeT H3MEHEHHE CKOPOCTH €ro
IIPOTEKAHUS BO BpPEMEHH.

Crenyer paznuuaTh JOKaJbHbIC 3HAUEHUS YACIbHBIX CKOPOCTEH MpUpocTa OHOMAcChl U
HNOTPEOJICHUS YIIIEBOAOB ¥ M ¥, M X OCPEIHEHHBIE B IPOMEKYTKE BPEMEHH KyJIbTHBUPOBaHHUS
BeJIMYMHBl ¥ U J,. JlokanbHble 3HAa4YeHUS OyIyT M3MEHATHCS BO BpPEMEHH, T.K. OyIyT
U3MEHSThCSI KOHILIEHTpAIMU OMoMacchl, cyocTpaTa M IpOAYKTOB MeTabonn3Ma B KyJlIbTypalbHOM
cpene. OcpenHEHHBIE 3HAYEHHSI OCTAIOTCS TOCTOSTHHBIMU B MpeZieNiax BPEMEHH OCPEAHEHHUSI, HO
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MCHAIOTC B ClIydac H3MCHCHHUS X, H SO' B nmanHOI cTaTbe MBI 6y)1€M HUMCTh O€JI0 C
OCpe)IHéHHI)IMI/I BCIIMYHMHAMH.

JanpHelmas 3axada OyIeT 3aKII04YaThCsl B TOM, YTOOBI HA OCHOBE MOTYYEHHBIX JTaHHBIX

HO)IO6paTI) YpaBHCHHUA MAaTECMAaTUUCCKHUX MOJIGJ'IGfI, AACKBATHO OTpaXaromue HW3MCHCHUC

HpupocTa GHOMAcChl BO BPEMEHU M YCTAaHABIUBAIOIINE (DYHKIMOHANBHYIO CBSI3b, ¥ Y M N C
Sy ¥ X,.
VpaBHeHHEe KHMHETHKU MPUPOCTa OMOMACCHI, BBIPAXKEHHOE 4Yepe3 ) , BBIMVIIUT TaK K€,

Kak ¥ ypaBHeHue (1), c 3aMeHOlN B HEM ¥ Ha ) .

xba10t(t)
[N N N N ]
xb4104q0
XXX
xb418t(t)
xb41840
+ + +
sba30t(7) 14

1.6

xb4304q0
o oo

xb450t(t) 12

0 2 4 6 g

q
0.000, 1,tcng,T,teng, T,teng, T,tcng, T,tcno, T,tcng

Puc. 1: I3MeHeHHEe KOHLEHTPALKK GHOMACCh B IIpoLiecce KyapTuBHpoBanus mpu S, = 0,115.
VpasH.: (1)-(7): == X, =0.925; eee X =2.5;
—X, =4.73; m—@m—X =7.5;—Xx;=12.5
B nanpHeWmmMX HamMX pacCyKICHUSX B TMOMCKaX MaTEeMaTHYECKUX MoJenen
paccMaTpuBaEMOro BapuaHTa KyJIbTHBUPOBAaHUS Mbl, B OCHOBHOM, OyIUM OMNHpAThCA Ha

OKCIICPUMCHTAJIbHBIC NAHHBIC, IMPEACTABJIICHHBIC Ha PHUC. 1. HOI[pO6HBII>i AHAJIN3 PC3yJIbTAaTOB
OKCIICPUMCHTOB IIPHU UHBIX 3HAYCHHUAX SO HC IIPUBOAUTCA, T.K. OHU aHAJIOTUYHBI PUCYHKY 1n

nux OCO6eHHOCTI/I 6y)1yT OTPAXXCHBI B MATCMATUYICCKUX MOJCIIAX.
. Ocpennénnas Crenennas Y nensnas CxopocTs.

B pe3ynbpTaTre KOMIBIOTEPHOU 00paOOTKM AKCIIEPUMEHTAIIBHBIX TAaHHBIX M3 HECKOIBKUX
IPEAJIOKEHHBIX MOJeNIel Obuln BhIOpaHbI cleAyrolue (yHKIMOHAIbHbBIE 3aBUCUMOCTH (X))

u n(x,):
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y=a—-bx,, 2
== 3

B paBencrBax (2) u (3) smnupudeckuii ko3dpGuuueHT d u npousBeneHHe bx,, TAKKe
Kak U J , UMeloT pa3MepHocTb 1/y. IlockonbKy mokas3aTenb CTENEHH 71 Oe3pa3MepeH, TO U
BeJIMYMHA (y JOJDKHA OBITH Ge3pa3sMepHOH, a KodGGuuueHT b UMETh TaKyio Xe pPa3MepHOCTb,
kak U Xo. Kospduumentsr - 5 =0.0075 MY/(kT ), b =2.2 oxa3anuch NOCTOSHHBIMH, a

K09(QGUIMEHTEl d M G -3aBHCUMBIMU OT HA4aJIbHOTO COJACPIKAHHUS YIIEBOLOB - Sg. [t ux

pacuéra BeIOpaHbI CIIEYIOIINE YPaBHEHUS:

a=012(1-e %), (4)
_ 03
4 = R (5)

C yuérom pasercts (4) u (5) u koapunuentos b u b, ypasuenus (2) u (3) mpumyT BUx:
7 =0.12(1-e %) ~0.0075x,, (6)

0.3

S +D) )

rie b, =2.2/x, .

Jlnst HarnmagHoCcTH, cucteMa ypaBHeHu# (2), (3), (4), (5) npencrapiena B rpadguaeckom
BHJIC Ha puC. 2a u 20.

[To ypaBuenusim (2) - (7) u pucyHkam 2 ciemyeT clenaTh HECKOJIbKO KOMMEHTAapHUEB.
IlepBoe, 4TO MpUBIEKAET BHUMAHUE - OJIM3Kas K JIMHEHHON 3aBUCUMOCTL ) OT X, . [Ipumannoit
TOMY sIBIsIeTCs ciabasi 3aBUCUMOCTb ) OT S,, YTO OTPaXEHO B ypaBHEHUH (0), B KOTOPOM
BBIPAKEHUE B CKOOKaX B IIUPOKOM JUANa30He U3MEHEHUs S, OIM3KO K €IUHHULIE.

3nech BO3HUKaeT Apyroid Bompoc. [IpaBwibHO i ypaBHeHHE (2) BOOOIIE OTpaxkaer
U3MECHEHHE ) 3a NpeAelaMH 3KCIEpPUMEHTAIbHBIX HccienoBaHui? PaccMoTpuMm BapuaHT

X, = 0. B aToM ciiyuae 7 — const = a , 4ero B peaqbHOCTU OBITh HE MOXKET, T.K. 0€3 BHECEHHUSI

B KYJIbTYPAJIbHYIO JKUJIKOCTb UYHUCTOW KYJIbTYpbl HEUYeMy HE OYyJeT pa3BUBAThCS, MO3TOMY
ocpeaHEHHAs yAeabHask CKOPOCTh ¥ JOJKHA OBITh paBHA HYIIIO.

PaccmoTtpum npyroil kpaiHuMid ciydail - x, — oo. B 2TOM cilydae mpu onpenenéHHbIX
3HAYEHHAX X, YJENbHAss CKOPOCTh CTAHOBHMTCS OTpHLATeNbHOW. IIpumare Takomy BapuaHTy

pa3BUTHUA OWOJIOTMYECKOTO TMpolecca KaKOW-TO (PU3UKO-OMONOTMYECKUA CMBICI BpSI U
ynactcsa. Ckopee BCero, pU x, —> o 7 OyJeT TakXkKe CTPEMHUThCA K HYIIO.
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[TpuumHBI CHMKEHUS YJAEIBbHOW CKOPOCTH C YBEIMYEHUEM KOHIIEHTpPAIMH OMOMAacChl B
KyJbTYpallbHOW Cpefe pPa3Iu4Hbl U OOBACHEHHS ASTOMY HMEITcs B Jjuteparype [3, 8.

Vpasuenue (6) MUIIb KOHKPETU3UPYET CBA3b YAEILHOM CKOPOCTH ) € mapamerpaMu X, u So

TOJIBKO JIJISl YCIIOBHI SKCTIEPUMEHTA.
[Mpoananu3upyeM Temepb BIMSHHE KOHIICHTPAIlMKA  YIJICBOJAOB HAa  pa3BUTHE
Ouonoruueckux npoueccos. CornacHo ypaBHenuto (4) npu S, =0 xoddduruenre a =0, u u3

ypaBHeHUsa (2) cienyeT, 4YTO 7 CTaHOBUTCS BEJIMYMHON OTpHUIATEIbHOW TMpH J1I0O00M
HIOJIO’KUTEIIBHOM 3Ha4€HUH X, . OZHAKO BBILIE YK€ MI0KAa3aHA COMHHUTEIBHOCTh TAKOW CHTYalUH.
Pa3BuTHEe KIETOK B OTCYTCTBHM YIJIEBOJIOB OBITH HE MOXKET, 3HAuuT npu S, — 0 7 IOIKHO

CTPEMUTCA K HYIIIO. Hao6op0T, 3dCCSAHHBIC B KYJIbTYPAJIbHYIO JXUIKOCTH APOXKIKCBLIC KIICTKH
CTaHyT FI/I6HyTB. MO)KHO, KOHCYHO, IMPCAIIOJIOKHUTL, YTO OTPULATCIIbHBIC 3HAYCHUA }7 6y,HYT

KaKHUM-TO 00pa3oM XapaKTepH30BaTh CKOPOCTh TMOENN KJIETOK, HO 3TO TpedyeT CcepbE&3HOro
OKCIICPUMCHTAJIBHOT'O MMOATBCPKACHUA.

Ipu S, > 1 (S He Moxer ObITh OOIbIIE €IUHHIIBI), H3 YpaBHEHHS (4) clemyer, 4To
K03((ULHMEHT d CTPEeMUTCS K IOCTOSIHHOM MaKCUMalbHOH BENWYMHE a, , 3aBHCALIEH OT S, U
omuskoif x 0.12 (cm. puc.2a). B srom cnyyae, nmpumepHo, Hpu x, =16 kr/m°, cormacuo
ypaBHeHuto (6) y=0 wu npu pganbHelieM yBEIMUEHMH X CTAHOBUTLCA BEIMYUHOM
orpunarensHoi. To, uro mpu S, >1 y — 0, HUYEro yAMBUTEIBHOTO HET, TAK KaK IpU

ONpEeIeIEHHON KOHIEHTPALMH YIVIEBObl HAUUHAOT IIPOSIBIIATE KOHCEPBUPYIOIIME CBOWCTBA, U
KJICTKH MUKPOOPTaHU3MOB IIEPECTAIOT Pa3BUBATHCSL.
Taxum obpaszom, ¥ — 0 nmpu x, >0 u S, — 0, a Takke u npu x, - ou S; — 1. Ecn

9TO TakK, TO QyHKUUA 7 (X,) IPHU ONPENEIEHHBIX 3HAYECHUSX X, U S, HOJKHA MIMETh MAKCHMYM.

Onnako MareMaTtuyeckass MOJIeNb, MOCTPOEHHAs TOJIBKO HAa OCHOBE OCPEAHEHHBIX 3HAUYECHMSIX
YIIEIBHOM CKOPOCTH MPUPOCTa OMOMACCHI TAKOTO BBIBOJIA HE TTOITBEP/IHIIA.
[TpuunHON CHUXKEHUS 7 € POCTOM X, B pacCMaTpHMBAEMOM BapUaHTE KyJIbTHBUPOBAHUS

MOKET OBITh TIAJICHUE KOHIICHTPAIMH KUCIOPO/Ia, KOTOPHIM HAXOAUTCS B PAaCTBOPEHHOM BHUJIC B
UCXOJHOW KyIbTypaJIbHOH cpene. Ero paBHOBeCHas KOHIICHTpAIUs B IKUJAKOCTH Oyjer
OTIpeACTATHCS € PU3NISCKUMU CBOMCTBAMU, U3MEHSIOIUMUCS B TIPOIECCE KYIbTHBUPOBAHUSI.
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10. Tumms B. I'.A., Tamazsu, B.I'.,Orannaucsa B.I'., T.B. Menenuna T.B. Biusiaue xucinopoaa

XpaHeHue u

Ha KHHETUKY OWOJIOTMYECKHX MPOIECCOB IMPHU COpaXKMBAHWH CYCIIA.

nepepaboTka cenbxo3chipbs, Ned, 2010 r., ¢. 29-32.

[
)

Y n12

0.1

0.08

0.06

0.04

0.02

0 5 10 15

Puc. 2: 3aBUCUMOCTb ¥ ¥ N OT X,. JIuann: ypas. (2): ==S, =0,115;
eee S, =0,0575; = =5, =0.0383;

B MOMeHT BHeceHHusl B KyJIbTypaJIbHYIO KHJKOCTh 3aCE€BHOM KYJIbTYpbl KOHLIEHTPALUs
pPacTBOPEHHOIO KHCIOpoJa OyleT MakCUMalbHOW M YCIOBHS A Pa3sBUTHs KJIETOK OyayT
MaKCUMaJIbHO OsaronpusTHeIMU. OJHAKO B NPOLIECCE Pa3sMHOXKEHUS KIIETOK KOHLIEHTpPALUH
kuciaopoaa Oyner maaatk. IlpuumHOi TOMy MoryT ObITh 1Ba 0OCTOATENBCTBA. Bo-mepBbIx,
notrpeOJeHne KHUCIOpPOAa CaMUMH KJIETKaMH M, BO-BTOPBIX, HapyllIEHHE pPaBHOBECHOTO
COCTOSIHUSI CHCTEMBI M3-3a BBIJCJICHUS KJIETKaMH B KUIKYIO Cpeqy IPOJYKTOB MeTa0oIH3Ma.
Ho, Tak kak CKOpPOCTb CHMKEHHUS KHUCIOpOZAAa, KaK IpaBWJIO, BBIIIE, YEM CKOPOCTb €r0
MOJIEKYJISIpHON U (Py3un B KyJIbTypaJIbHYIO JKMIKOCTH Yepe3 CBOOOIHYIO MOBEPXHOCTb, TO
KOHIIEHTpaLUsl KHCIOpOoJa B Cpelle pe3KO IMOJAaeT. YCJIOBUS JKU3HEAEATENBHOCTU KIIETOK
YXYILIAIOTCA, YTO MOXKET CIIYKUTh JONOIHUTEIBHON MPUYUHON CHUKEHHUS YAEIbHON CKOPOCTH
npupocta 6uomaccel. K coxanenuto, aBTOpsl pabOThl [5] KMHETHKY CHUXEHUS KOHIICHTPAIMH
KHCJIOPOAA B KyJIbTYpalbHON Cpezie B Ipoliecce KyJIbTUBUPOBAHUN HE CHUMAIIH.

[TomoGHBIE Hccne0BaHUS IPOBOAMIINCH IPU KYJITUBUPOBAHUM YaifHOTO Tpubda [9], u ¢
NUBHBIMU JIpOXOKaMU B mporecce Opoxkenust cycna [10]. HecmoTps Ha pasnuuue BHIOB
UCCIIEyeMbIX MUKPOOPTraHM3MOB, KHHETUYECKHE 3aKOHOMEPHOCTH MOTPEOJICHHUS KUCIOpOJa Y
aBTOpOB paboT [9, 10] okazanuch cXx0KUMHU. BriosHe BO3MOXHO, YTO U MPH KYJIbTUBUPOBAHUH
XJICOONEKapHBIX JApO’OKEH 0€3 NPUHYAUTENBbHOM a’paluu KUHETHYECKHE 3aKOHOMEPHOCTH
M3MEHEHMsI KOHIIEHTPALUU KUCIOpoia OyIyT TAKUMH XKe€.

IToka3aTtens creneHu 71, Ha3BaHHBIM TEMIIOM MPUPOCTa OMOMACChI, KaK yXe CKa3aHO
paHee, XapaKTepu3yeT U3MEHEHHE CKOPOCTH IPUPOCTa OMOMAcChl BO BPEMEHH, SBISIOIIEHCS
npon3BogHON GyHKIMHU (1)
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x,')zj—x:}7"nr”_l. (8)

Bun ¢ynxuun (8) Gymer 3aBucers or 3HaueHus 7. Ilpu n =1 ynmenbnas ckopocTsb
OyzeTr MOCTOSHHOM - X, =¥, QyHkuus (1) mpuMeT NUHEWHBIA XapakTep, U Ha puc. 1 JuHUK

cTanyT npsMbIMU. [lpu 72> nuauu OyayT UMETh BUJ BOCXOMASAIINX KPUBBIX.

Bapuant ¢ n <1 npeacrasnen Ha puc. 1. CorsacHo ypaBHEHHIO (8), CKOPOCTh MPUPOCTA
O6uoMaccel B IIpoliecce KyIbTHBHUpOBaHUS Majaer. s HarnisgHocTu mnpousBoaHas (8) B
rpaduyecKkoM BHJI€ IPEJICTaBIeHA Ha puc.3.

[=]
—
(=]
[
~
L
=
-
-]

Puc. 3: I3MeHeHHne CKOPOCTH MPUPOCTa OMOMACCHI BO BPEMsI KYJIbTUBUPOBAHUS
npu S =0,115; mnnn: X,=0.925 =—;
X,=4.73 000, X =12.5 mm

U3 puc. 3 BHIHO, Y4TO CKOPOCTh MPHPOCTA GHOMACCH X), PE3KO NAjAET YKe B MEPBBIE
MUHYTBHl KyJIbTUBUpOBaHMA. [IpuuéMm, yem BbIllIe HayalbHAs KOHLEHTpAIMs OHOMAacChl, TeM
pe3ue majgeHue CKOPOCTH BO BpeMeHH. B 00IIemM-TO, 3TO MOHITHO — MPOUCXOAMUT OBICTPOE
norpedieHne cyocTpaTa KIeTKaMu U npu 7 —> o0 x, — 0. Ho ¢ apyroil cropoHsl, corimacHo

!
TOro e ypapHenus (1), mpu 7 — 0 X; —> 00, 4TO HEBO3MOXHO B INPHHIHMIE. DTO O3HAYACT,
YTO MCXOJHOE CTENeHHOe ypaBHeHHe (1) He TOCTaTOYHO TOYHO OTPAXKAET XOJ OMOIOTUYECKOTO
rpoiiecca B HaYaJIbHBIA NEPHO]I (HauYadbHbIE MUHYTHI, @ TO U CEKYH]Ibl) BpeMeHU. B mpuHIune,

MOXHO NOm00parh 0Ooliee CIIOKHBIA SABHBIM BHJ yPaBHEHHs (YHKIHH X, (r), xoropoe
yIOBJIETBOPsIO OBl ycioBuio - 7 — 0 x, — const . OJHAKO IPOBEPHUTH ITO HKCIEPHUMEHTAIBHO

JIOBOJIBHO CJIOXHO.
CHOXHOCTbh TNPOBEJCHUS IKCIEPUMEHTANBHBIX HCCIEIOBAaHUNA HpPUPOCTa OMOMAacchl B
NIEPBBIA Yac KYJIbTUBUPOBAHMS 3aKIHOYAETCS B TOM, YTO JJI YCTAHOBJIEHHUS 3aKOHOMEPHOCTH
pa3BUTHS MUKPOOPTaHU3MOB B YKa3aHHOE BpeMsl, HEOOXOAUMO B3sTh, IO KpaiiHel Mepe, YeThIpe
npoObl. Cenarh WX MOJHOICHHBIA aHAINW3 B TEYCHUE OJIHOTO 4aca, y aBTOPOB paboThI [5] He
OBbUIO MPOCTO TEXHMYECKOM BO3MOXKHOCTU. BbIXOA ocTaBajics OAMH — MOA0OpaTh Takue
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Notes

YpaBHEHUsI MaTEMaTHYECKUX MOJeNiel, KOTOphIe MO3BONIMIN Obl OMHCATh KUHETUKY MPUPOCTa
O6roMacchl, Kak B Ipe/iesiaX BpeMEHH 3KCIepUMEHTa, TaK U 33 €ro IpeeIaMu.

V. Kuneruxa Ilorpe6nenns ¥Yraesomos.

Bo Bpemst KynbTHBHPOBaHHS CyOCTpaT IMOCTOSIHHO IOTpPEONsSeTcs, W KOHIIEHTPAIUsS
YTJICBOAOB 6y,Z[GT IIOCTOSIHHO maaarthb. N3menenue KOHICHTpaluu YIrJICBOAOB OHpC,Z[GHéHHBIM
o0pa3zom OyzieT cka3bIBaThCS Ha XOJIe Mpoliecca KyJIbTUBUPOBAHUS B 11€710M. UTOOBI OTBETUTH Ha
BOIIPOC, KaK CKa3bIBAThCS, HEOOXOAMMO MPEXKIE YCTAHOBUTH 3aKOHOMEPHOCTH IMOTPEOICHHUS
KJIETKaMH caxapa B Ipolecce KyJIbTHBHPOBAHUS HAa OCHOBE JKCIIEPUMEHTAIBHBIX IaHHBIX,
NPEJCTaBICHHBIX Ha puC. 4 (ONMBITHBIE [aHHBIE OOO3HAYCHHI 3HAKAMH) TP HAYAIbHOM
KoHIeHTpauuu cyocrpara S,= 0,115. Ilpu S,= 0,0575 u S,= 0,0383 xapakrep H3MEHEHUs

CoJiepKaHusl CaxapoB B CPEJIe BO BPEMEHU TaKOH Ke.

Ha pucyHke 4 mnpencraBleHO HW3MEHEHHE BO BPEMEHU KOHILIEHTpAallMM YIJIEBOAOB B
KyJIbTYPaJIbHOW HMJKOCTH, BBIpa)KCHHOW B OespasmepHoM Buzae S, =S/S,. W3 pucynka
HarJsIIHO BUIHO TMAJICHUE KOJIMYecTBa CyOcTpaTa B KyJbTYpaJbHOM Cpele Mo Mepe pa3BUTHSA

NOMYJSIUK KJIeTOK. [IpndyéM KpyTH3HA HAaKJIOHA KPUBBIX 3aBUCUT KaK OT HA4aJbHOTO 3aceBa
JPOOKEH, TaK U OT HAYAIBHOTO COZIEpKaHMsI CyOCTpaTa B KyJIbTYpaJIbHOM cpefe.

0 2 4 4] B

T, 9

Puc. 4: I3MeHeHHe KOHLEHTPALMH YITIEBOIOB B IPoLecce KyIbTuBHpoBanus mpu S, = 0,115.
JIunuu COOTBETCTBYIOT ypaBHEHHUAM (9)-(1.6):== X, = 0.925; @@@ X =2.5; mm ==X,

=4.73 ;0= X, =7.5;;— X =12.5 kr ACB/™’
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MOXHO TpPEeArnonoKNUTh, YTO U3MEHEHUE KOHLEHTPALMU YIJIEBOJAOB B KYJIbTYpPalIbHOU
CpeJie ONbITHBIC JaHHbIE OYAYT MOJUUHSITHCS YPaBHECHUEM CTEIIEHHOTo Bua [8]

1

e K

B ypasnenun (9) emunna 1/ y ¢ MIMEET BIIOJIHE ONPENEIEHHBIA ONOIOTMIECKMI CMBICII.

9T0 BpEMS CHUIKCHHA KOHICHTPALUU cy6CTpaTa B JIBa pasa.
B pe3yibTare o6pa60T1<1/1 OKCIICPUMCHTAJIBHBIX JaHHBIX ObLIH HO,Z[O6paHBI

o

OMIIUPHUYCCKUC YpPaBHCHHSA, IMO3BOJUBIINEC YCTAHOBHUTH q)yHKHI/IOHaJ'II)HyI-O 3aBUCHUMOCTH 77S n

nS OT Ha4yaJIbHOT'O 3aC€Ba U HaYaJlbHOMU KOHIOCHTpAallun CY6CTpaTa, CJICAyromero Byuaa:

Ha pucynkax oOpamaer Ha ce0si BHMMAaHHE CpPaBHUTEIbHO OOJBIIOE OTKIOHEHHE
OTBITHBIX 3HAYEHUH ) U 7 OT PACCUMTAHHBIX 1Mo ypaBHeHUAM (13) — (16). B 3oHe Mambix
3HaueHui Xy Gynkmun  y (x,) u n (X,) HMEIOT OKCTPEMYMBI - C YBEIMYEHHEM X
HaOJIOZaeTCs WX MMaJIeHHue, 3aTeM pe3kui moabeM. MMmeet nu AToT dakT Kakor-mubo (hu3mKo-
OMOJIOTMYECKUI CMBICI, WJIM 3TO OLIMOKA 3KCIEPUMEHTa, cKa3aTb TpyAHO. YpaBHeHus (10) u
(13) nmonmyuens! 6e3 yuéra oOHapyKEHHBIX 3(PPEKTOB.

e

_ b <

Vs = dsXg * (10) g%

S s

a, =0.111-0.54S5, (11) S <

5 o

=

b, =0.425—(3.625,)** 12 3z

w 2

n :a4b4x0xOcs (13) % 2

3 )

z <

a3 = 3.6-3.74851% 14 gz
\®)

= =

by =0.99-1.6155% 15 =B

<3

1 = 3

¢, =4.29-1.076°0 53084 (16) =8
(NS

- =

Ha puc. 5a u 56 mano rpaduueckoe n300pakeHWE W3MEHEHHUS YACIbHOW CKOPOCTH :g =

notpebnenus cybcTpaTa ), W TOKa3aTens CTENEHM 71, THPU PA3IMYHBIX KOHIIEHTPAIHUAX g &

OHOMAacChl U YIrIIEBOJOB. 'B =

S =

@D

A

>

o

=

S

o

@)

=

=z

a2

=

>
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Puc. 5. 3aBUCUIMOCTb }/SI/I 6140&75)60 JIunum: ypas. (2): =S, =0115;
'——S =0.0383;

HecMoTpst Ha HEKOTOpbIE HETOYHOCTH U HESACHOCTU BCE KE MOXKHO MPUHSTH CUCTEMY
ypaBHenur (9) - (16) B kadecTBe MaTeMaTHYeCKOW MOJEIM TOTPEOICHHs] YIIEBOIOB

oooS

JIPOXKEBBIMU KJIETKaMU B TpeAeNiax YCIOBUH OKcnepuMmeHTa. PucyHoxk 4 HariasgHO
JEMOHCTPUPYET  YAOBICTBOPUTEIBHYIO CXOAMMOCTh ONBITHBIX 3HAYCHUH KOHIICHTPAIMH
YTJIEBOJIOB ¥ BBIYUCIICHHBIX C IIOMOIIBI0 MAaTEMAaTUUECKOW MOJICITH.

Vka3aHHblE MOJENM  pa3lielbHO HE  PACKPHIBAIOT  OCOOEHHOCTH  Pa3BUTHS
MHUKPOOPTaHHW3MOB B Pa3MYHbIE MOMEHTHI BPEMEHH, B YaCTHOCTU OT MOMEHTA 3aceBa YUCTOU
KYJIbTYPBl JI0 BpeMEHU OTOOpa mepBoil mpoObl. B 3T0 Bpems, cormacHo puc. 3, B TE€YCHHE
MOJIYTOPA - IBYX YaCOB MPOUCXOMAST CaMble HHTEPECHBIE COOBITHSI.

YacTuyHO, yKa3aHHBIX HEIOCTAaTKOB, MOXKHO M30€KaTh, 00bEMHUB BE MOJEIHU B OJIHY,

IIOJIO’)KMB B OCHOBY OTHOIICHHEC OIIBITHBIX 3HAYECHHUH JTOKaIbHBIX nmapaMeTpoB ]7 n 7S’ BBCAsA

HOBBIN ITAPAMETP 7, .

V. O606meénnas Mogens Kunetuxu Kynsrusuposanus Jpoxoxeit

Takum oOpa3oM, Ha OCHOBE HOJYYEHHBIX ABYX Mojesnell HEOOXOIUMO CO3/aTh OAHY
€IMHYI0 MaTeMaTH4YEeCKyl0 MOJEb, KOTOpas aJeKBaTHO oOTpaxkaja Obl IpPOLEcC pPa3BUTHS
IPOXOKEBBIX KIETOK C Y4YETOM MOTPEeOJCHHUS UMM YIJIEBOAOB M PA3IMYHBIX HaYaJbHBIX
KOHIICHTpAllUK KJIETOK B 3aCEBHOM KyJbType. IIOCKOJIBKY I7IaBHOM Hamed 3ajayeil sBIseTcs
MOJIy4eHruEe OMOMACCHI JPOAIKEH, TO B OCHOBY OOOOIIEHHON MAaTEMAaTHYECKON MOJIEH KHHETUKH
npupocTa OMOMACCHI CIIeyeT NOJOXKHUTh ypaBHeHHE (1).

[TapameTp 7, MOXHO HaifTu nByMs crniocobamu. IlepBblif — neneHuem ypaBHeHus (2) Ha

ypaBHenue(10):
Vo =717, (17)
C yuérom ypasaenus (17) ypaBaenue (1) mpumer Bun
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xb :1+(7o'7s./z—)n'

(18)

BTOpOfI MCTOH 3aKIIIOYAaCTCsA B HAXOXKIACHUU YPABHCHUSA JIA pacqéTa yI[CJ'IBHOﬁ

CKOPOCTHU HCIIOCPCACTBCHHO Ha OCHOBC JSKCIICPUMCHTAJIBHBIX JdHHBIX, 06pa60TKa KOTOPBIX

IoKasaja, 4YTO OTHOCHUTCIIbHAA YACIIbHAsA CKOPOCTh UMCCT CJIOKHYIO 3aBUCUMOCTL OT XO n SO .

MaremaTH4eCcKH 3Ta 3aBUCUMOCTh 6yz[eT BBIITIACTD CICAYIOIIUM O6p330MZ

19

Yo
7/10
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[ =]
in

Vio =

a4 =2.455-5,"°,

a,X,

1-b,x, + (Csxo)2 .

neneHreM ypaBHeHus (2) Ha ypaBHeHue (10).

00paTHyI0 X(. 1 MX pacdy€ra ImOIyd€eHbl SMIIUPUIECKUE (POPMYJIbL:

b4 =0.85, c3

0321

= o 0265
S

= o L TR TRV Ty

RO

L

-
-‘

=]

4

X0

6

g 10 12

Puc. 6: 3aBUCUMOCTb ¥, U }/1, OT X mpu Sy

= - 0.115; eeee - 0.0575; == == - 0.0383

(19)

B ypaBuenuu (19) xosbduunentsr a,, b, U c¢; 3aBUCAT OT S, U UMEIOT Pa3MEPHOCTh

(19a)

B rpaduueckom Bune bynkuus j, (x,) - (19) usobpaxkena puc. 6 4€pHBIMU JTUHUSIMU.

Jnst cpaBHEHUS Ha HEM K€ IBETHBIMU JIMHUAMH NOKa3aHa QyHKuus 7, (x,) - (17), nomydeHnas

Kak BuIHO 1O pHCYHKY, coriacHo ypasHenuto (17) mpu xg —>0 y, — o0, uro He

COOTBETCTBYET pealibHO JelicTBUTENbHOCTU. Y paBHeHus (19) B OobIell CTeNeH: coriacyercs

C OINBITHBIMHW AOaHHBIMU W COIJIACHO MM IIpU .XO = O ]710 = O n 3TOT q)aKT COOTBETCTBYCT
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Ref

2. backanpsn U.A., MensuukoBa B.A. Ilepuogmueckoe KyIbTUBUPOBaHHME KaK OCHOBa

KYJIbTUBUPOBAHUS

aCIIeKTOB HENPEPBIBHOTO

HEKOTOPBIX

MPOTHO3UPOBAHHUA

MUKpPOOPTraHu3MoB. — M.: Mukpo6uonorus, 1. 5, BUHUTU, 1976, c. 76-91.

neficTBUTENBHOCTH. [Ipy BBICOKMX 3HadeHMsX X (mpuMepHo mpu X =4 KI/M°) ypaBHEHHs
(17) u (19) naror 61M3KKE 3HAYEHUS },, U V1, -
OtTBeTuTh HAa BOIPOC — [OYEMY IPHU IIOCTOSHHOM 3HAYCHHH S yICIbHAs CKOPOCTH

BHAYaJIC PC3KO YBCIIMYUBACTCS C pOCTOM XO U OOCTUTHYB MakKCMMYyMa PE3KO HAYMHACT MalaThb,

JIOBOJIBHO cI0KHO. CKOpee BCEro, 3TO CBSA3aHO C TEMU K€ MPUUYUHAMH, O KOTOPBIX TOBOPHUTCS B
paborax [2, 3, 8] mpu OOCYXIACHUU BIUSHUS KOHIICHTPAIMM KJIETOK HAa WX pPa3BUTHE —
KOHKYpPEHIIUS 3a cyOcTpaT, HaKOIUIEHHE MPOIYKTOB MeTabonu3ma u T.I. BunuMo mpu manbix
KOJMYECTBAaX 3aCEBHOr0 MaTepualla KOHKYpEHIUs 3a cyOcTpaTr, CKOPOCTh HAaKOIUICHUS

IPOJYKTOB METab0/IU3Ma HE BEJMKU U yBEIMYEHHME X(, O ONPEAENEHHOIO INpe/eNa, MOXKET
NPUBOJMTEL K POCTY yJEIbHOM CKOPOCTM HpUpocTa Ouomaccel. JlanpHeiilee yBenudeHHE X

MPUBOJIUT K OBICTPOMY CHMKEHHIO KOHLIEHTPALUU YIJIEBOJOB M, COOTBETCTBEHHO, K POCTY
CKOPOCTH HAKOIIEHUS MPOAYKTOB MeTaboin3Ma, U BIEYET, KOHEYHOM HUTOre, K PE3KOMY

najieHuio ¥y, . B onpenenénnoii Mepe 3t coobpaxkeHus coriacyrorcs ¢ paboroit Kono T, Ha
KOTOPYIO CCBUIAIOTCS aBTOPBI padoTHI [2].
C yuéroM BHOBH BBEJEHHOTO MapameTpa )7, ypaBHeHHe (1) mpeicTaBUM CIEyIOIIUM

o0OpazoM:

xb:1+(7710'77s'r)n (20)

IIpaBoMepHOCTDH TUIIOTE3, BHICKA3aHHBIX HAa OCHOBE, ypaBHeHUH (19) moareepknaercsa u
pUCYHKOM 7, Ha KOTOpoM BUIHO, uro Mozaenu (1) — (7) m (19) — (20) nmaroT He MIOXYIO
CXOAMMOCTD OIBITHBIX U TEOPETUUECKUX JAAHHBIX 10 KUHETUKE KYJIbTUBUPOBAHUS.

Xp

7,4

Puc. 7: Kunerrka kynstusuposanmst mpu S = 0.115. Yépnerit nser ypasuenuii (1) - (7),

rosneroserii — (19) — (20): == x5 =0.925; eee xy =4.73; == =—x, =12.5.
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TakuM 00pa3oM, Ha OCHOBE JBYX YAaCTHBIX MOJEJICH - KMHETUKH KYIbTHBUPOBAHUS
ouomaccsl (1) — (7) u motpednenus cyocrpata (9) — (16) mocrpoena obo0aromias moaens (19)
— (20).B ocHOBY MOjenu MojoKeHa CTeNneHHas 3aBUCUMOCTH (1) ¢ 3aMeHOW B HEH yIeNbHOU
CKOPOCTH ) HPHPOCTa OMOMACChl Ha MPOU3BEAEHHUE - 1, * ¥/, O3BOISIOIIEE YUECTh BIUSIHHE
Ha KHHETHKY HPUPOCTa GHoMaccsl Xy U S(, KaK B Ipeaesax IPaHMI] SKCICPHMEHTa, TaK U 3
UX MpeeiaMu.

Ko BceMy cKka3aHHOMY MOXHO J00aBHTb, YTO MapameTp )y, SBIAETCS CBOEOOPA3HBIM
KpUTEpUEM TOAO0OUS, XapaKTePU3YIOIIMM B3aWMMHOE BIUSHUE HA KHHETHKY pa3BUTHA
OHMOJIOTMYECKOTr0 TPOoIecca YBEIMYCHHE KOHIICHTPAlMK KJICTOK B KYJIbTYypalbHOW cpele Hu
CHW)KCHHME KOHIICHTPAIIUHU YTIIIEBOIOB.

3acnyKMBalOIIMM BHUMaHUE SBISIETCS TO OOCTOATENbCTBO, 4TO GyHKIuu (19)
IPEATNONaraeT Pe3Koe N3MEHEHUE KPUTepHs )y, OT Hylsd 0 HEKOr0 MaKCHMaJbHOTO 3HAYEHHS
V1om TPH M3MEHEHMH X OT Hyls JO €ro KPUTHYECKOrO 3HAYEHUS Xg; , IOCIE YEro
HaunHaercs cnag u yq, —> 0 mpu x5 — 0.

MOXHO MPEIIONOKUTh, YTO TOM00HAS 3aBUCHMOCTH OyneT HaOMI0IaTbCs U MEKITY
JIOKAJIbHBIMU 3HAYCHUAMH )1, U X B IIPOLECCE KyJIbTHBUPOBAHUS NP NOCTOSHHBIX 3HAYCHUAX
Xy u Sy. Bce BbickasaHHbIE THIOTE3bI TPEOYIOT OTAEIBHOIO IKCIEPHMEHTAIBHOTO
TIOJITBEPKICHUSI.

VI. BrBomsr

Maremaruueckue Mmomenu (1) — (7) u (9) — (16) orpaHWyYeHBI B BO3MOXKHOCTSX
MOJIETHPOBAHHS GHOIOTHYECKUX IIPOLECCOB B IIMPOKHUX AHANAa30HAX U3MEHEHUS Xy U S U3-

3a HETOYHOCTEH B pacuérax 3HayeHuil ¥ u y.

Takux HemocTaTkoB JmiIeHa 0000menHas moxens (10) m (19) - (20). Moaens, Bo-
NEPBBIX, AJCKBATHO OTPAXKACT BIMSHUE HA Pa3BUTHE JPOAOKEBBIX KIETOK BO BPEMEHHM HX
HayaJIbHBIX KOHLEHTpPAalUUN B 3aCEBHOM KyJBTYpEe, M HAYaJbHBIX 3HAYECHHM KOHIICHTPALMN
VIJIEBOJIOB B KYyJbTypaldbHOW Cpe/l€ B JAMANa30HE M3MEHEHUS BPEMEHU KYJIbTHUBUPOBAHUS OT
7 =0 10 BpeMeHHM OKOHYAHHS MPoLIECca Ky IbTUBUPOBAHHS;

BO-BTOPBIX, PAaCKpbIBAET HEKOTOpPblE KHHETUYECKUE 3aKOHOMEPHOCTH pa3BUTHUSA
HOMYJISIIUH TPOXIKEBBIX KJIETOK B YCIOBUSAX e(HUIIMTA KUCIOPOIa, TPEICTABICHHBIX HA pUC. 6.

Beenénneiii B ypapuenue (20) mapamerp 7, MOXKHO IIPUHATH B Ka4€CTBE KPUTEPHs MOROOMS,

XapaKTEpPU3YIOIIET0 B3aMMHOE BIMSHUE Ha KUHETHKY Pa3BUTHS OMOJOTMYECKOro Ipolecca
YBEIUYCHUE KOHLICHTPALUHM KJIETOK B KYJIbTYPalIbHOM Cpele M CHUKEHUE KOHLECHTPALMHU
YIJIEBOJOB.

Ilomy4yeHnHass maremaTudecKkas MOJEIb JAET BO3MOXKHOCTb, IPU 3aJaHHBIX 3HAYCHUAX
TeMIIepaTypbl KyJIbTUBHUpPOBaHUs, PH cpeabl, HadaabHONW KOHIIEHTPAIIMK OMOMAcChl M YIJIEBOIOB
B KYJIbTYPaJbHON >XHUAKOCTH, OIPEACIATH 3HAYCHUsSI CPEJHUX 3a BpEMS KYJIbTUBUPOBAHUS
yIEeNbHBIX CKOpPOCTEM mpupocTa OHOMacchl M NOTPeOJEHHs YIJIEBOAOB, HEOOXOAMMBIX B
TEXHOJIOTMYECKUX pacyETax.

2019 Global Journals

Notes



Notes

10.

JIuteparypa

backanpsan U.A., buprokoB B.A., KpeuioB KO.M. Marematnueckoe onucaHue OCHOBHBIX
KMHETUYECKUX 3aKOHOMEPHOCTEH IIpolecca KyJIbTUBUPOBAHUS MHKPOOPTaHU3MOB.— M.:
Muxkpoobuomnorus, T. 5, BUHUTU, 1976, c. 5-75.

backanpssH W.A., MenbHukoBa B.A. Ilepuonnueckoe KylIbTUBUPOBAaHHME KaK OCHOBA
IIPOrHO3UPOBAHUS HEKOTOPBIX acCIIEKTOB HEIPEPBIBHOIO KYJIbTUBUPOBaHUS
MHUKPOOpPranu3MoB. — M.: MukpoOuonorus, T. 5, BUHUTH, 1976, c. 76-91.

Bacuieee H.H., AwmOpocoB B.A., CkmagaeB A.A. MouenupoBaHue MPOIECCOB
MHUKpoOHooruaeckoro cuateza.— M.: JlecH. mpom., 1975. — 341

Pybun A. b., buodusuka. U3a. 2 - M.: MI'Y, 1997

Tumun WU.b., Menenuna T.B., T'onoBunckas O.B. O BbiOOpe mMaTeMaTHYECKUX MoOJEeH
KUHETHKH KyJIbTUBUPOBaHMA JApoxoked Saccharomyces cerevisiae B ycioBusix aeduiuta
KHciaoposna. - BecTHuk BOpOHEXCKOro rocyJapCTBEHHOTO YHMBEPCUTETA WHKEHEPHBIX
texHomnoruit - 2015. - Ne 3(65). - C. 32-37

IIneBako YV.A. Texnonorus apoxokeit. — M.: [Inmesas npom-cts, 1970. — 300 c.
Cemuxaroa H.M., Jlozenko H.®., byxanosa B.M. u ap. IlpousBoactBo xjedonexkapHbIX
nposxokeit. — M Iumesast mpom-cth, 1978. — 193 c.

Tishin V.B., Ismailova Y.N. Mathematical Models of the Kinetics of the Cultivation of
Microorganisms. Biophysics, 2018, V 63, Ne2, pp. 197-200.

Hcmannosa 1O.H., Tummn B.b. ®opmupoBaHue KHCIOTHOIO COCTaBa KyJIbTYPalbHOMN
KUJKOCTH yaiftHoro rpuba Medusomyces gisevi./ B cOopauke: AnbMaHax Hay4yHbIX paboT
Monoabix yueHbix YHuBepcurera UTMO, 2016, T 5, c. 242-245.

Tumwun B. I'.A., Tamazsan, B.I'.,Orannucsn B.I'., T.B. Menenuna T.B. Bausinue kuciopoaa
Ha KHUHETUKY OHMOJOrMYECKMX MpPOIECCOB IpH COpaXMBaHUU cycla. XpaHEHUEe U
nepepadboTka cenbXxo3chipbs, Ned4, 2010 1., ¢. 29-32.

© 2019 Global Journals

Global Journal of Science Frontier Research (F) Volume XIX Issue V Version I E Year 2019



Global Journal of Science Frontier Research (F) Volume XIX Issue V Version I E Year 2019

SEARCH FOR A MATHEMATICAL MODEL OF THE KINETICS OF SACCHAROMYCES CEREVISIAE YEAST CULTIVATION WITH
OXYGEN DEFICIENCY

This page is intentionally left blank

© 2019 Global Journals



\VZ GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH: F
el ek MATHEMATICS AND DECISION SCIENCES
Volume 19 Issue 5 Version 1.0 Year 2019
Type : Double Blind Peer Reviewed International Research Journal

Publisher: Global Journals
Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Solitary Wave Solutions of Chafee-Infante Equation and (2+1)-
Dimensional Breaking Soliton Equation by the Improved
Kudryashov Method

By Umme Habiba, Md. Abdus Salam, Md. Babul Hossain & Mousumi Datta

Abstract- In this paper, we apply the improved Kudryashov method for finding exact solution and
then solitary wave solutions of the Chafee-Infante equation and (2+1)-dimensional breaking
soliton equation, where mathematical software Maple-13 is used as an important mathematical
tool for removing calculation complexity, justification of the solutions and its graphical
representations.

Keywords. improved kudryashov method, chafee-infante equation,; (2+1) dimensional breaking
soliton equation, solitary wave solutions.

GJSFR-F Classification: MSC 2010: 35L05

DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

Strictly as per the compliance and regulations of:

© 2019. Umme Habiba, Md. Abdus Salam, Md. Babul Hossain & Mousumi Datta. This is a research/review paper, distributed
under the terms of the Creative Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org
/licenses/by-nc/3.0/), permitting all non commercial use, distribution, and reproduction in any medium, provided the original work
is properly cited.



o e p a p er : ;“ .
: y ; open L .
Print Journal standard

Ref

4. Chun C.Soliton and periodic solutions for the fifth-order KDV equation with the
Exp - function method. Physics Letters A 2008; 372: 2760 -2766.

Solitary Wave Solutions of Chafee-Infante
Equation and (2+1)-Dimensional Breaking
Soliton Equation by the Improved
Kudryashov Method

Umme Habiba ¢, Md. Abdus Salam °, Md. Babul Hossain ? & Mousumi Datta ©

Absiract- In this paper, we apply the improved Kudryashov method for finding exact solution and then solitary wave
solutions of the Chafee-Infante equation and (2+1)-dimensional breaking soliton equation, where mathematical
software Maple-13 is used as an important mathematical tool for removing calculation complexity, justification of the
solutions and its graphical representations.

Keywords: improved kudryashov method; chafee-infante equation; (2+1) dimensional breaking soliton

equation; solitary wave solutions.
[ [NTRODUCTION

Nonlinear partial differential equations (NPDEs) describe many complex physical
phenomena in different fields of science and engineering especially in fluid mechanics,
plasma physics, chemical kinematics, chemical physics and geochemistry. It is important
to note that many equations contain empirical parameters or empirical functions. Exact
solutions allow us to determine these parameters or functions by using various
techniques. So many techniques of obtaining exact and then solitary wave solutions
have been explored and developed, such as exp (®(¢))-expansion[l], Exp-function
method|[2]-[4], F-expansion method[5], modified Kudryashov method[6], modified Simple
equation method[7]-[9], the extended tan-method[10], simplest equation method[11] and
so on. The objective of this paper is to apply improved Kudryashov method [12] and to
explore new exact solutions of nonlinear partial differential equations. This paper is
organized as follows: in section 2, we give the description of the improved Kudryashov
method. In section 3, we use this method to find the solitary wave solutions of nonlinear
partial differential equations pointed out above. In section 4, we try to write the results
and future directions. Last of all in section 5 conclusion is given.

1. DESCRIPTION OF THE IMPROVED KUDRYASHOV METHOD

The algorithm of the improved Kudryashov method for finding exact solutions of
nonlinear partial differential equations is given below

Author e o p @ Department of Mathematics, Mawlana Bhashani Science and Technology University, Santosh, Tangail-1902, Bangladesh.
e-mail: mahinspr@gmail.com
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Step-1: Suppose the nonlinear PDE in the following form:

p(u, Upy Uy, Uy, Ugey Unp, Uy Uy ov oo oos ~)=0 (2.1)

Now we use the traveling wave variable
u(x,t) =u(é), & = kx —ct [for (141)-dimensional equations] (2.2)

ulx,y,t) =u(é), ¢ = kx +wy — ct [for (2+1)-dimensional equations]
Then eq. (2.1) can be converted to nonlinear ordinary differential equation
(ODE) by using eq.(2.2)

p(u,—cu’u\,u’,c?u’,—cu'u”, ) =0 (2.3)

Step-2: We seek for the exact solution of eq. (2.3) in the following form:

u(®) = 2209 0 — 0@ (2.4)

2§V:0 ijj ’
where a;, b;,i = 1,2,3, ... ... Mandj = 1,23, .. .. N are unknown constants and Q(§) are

the following functions:  Q(§) = 1/yJ1+ cie¥ or, Q&) =—1/\/A+ c1e?(2.5)

Above functions satisfy to the first order differential equation

aQ

= =M *-Q (2.6)
To calculate the necessary number of derivatives of function u(§), equation (2.6)

is necessary. We can obtain the positive integers A/ and /N by considering the

homogeneous balance between the highest order derivatives and nonlinear terms

appearing in eq. (2.3).

Step-3: Substitute u(¢) and its various derivatives in eq. (2.3) and then we collect all

terms with the same powers of function Q(¢) and equate the resulting expression to
zero. Then we obtain a system of algebraic equations. Solving this system, we get values
for the unknown parameters.

Step-4: We put these values of unknown parameters and use the solutions of eq. (2.6) to
construct the exact solutions of the eq. (2.1). And finally particular choices of arbitrary
constants in exact solutions give many solitary wave solutions.

[1I.  APPLICATIONS

Now we will apply the improved Kudryashov method described in section 2 to
find thesolitary wave solutions of nonlinear partial differential equations.

Example-1: Chafee-Infante equation
Here the improved Kudryashov method is used for finding the solitary wave
solutions of the Chafee-Infante equation|[13]

U — Uy = au(l—u?) =0 (3.1)

Where a is an arbitrary constant. The parameter a adjust the relative balance of
the diffusion term and the nonlinear term.

Applying the travelling wave variable { = kx — ct we obtain the following ODE
—cu =k +a@d-u) =0 (3.2)
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Notes

where the prime denotes the differentiation with respect to ¢.
We suppose that eq. (3.2) has the travelling wave solution of the form

u(©) = °;‘ Z.0=00® (33)

Considering the homogeneous balance between 3 and 3 in eq. (3.2),we obtain

M = N + 2. Suppose N = 1and then M = 3.
Thus the exact travelling wave solution takes the following form:

_ (1.0-|-(1.1Q-|-(1.2Q2-|-(13Q3 4
u(p) = “wteagres (3.0

where a,, a,, a,, azand by, b; are unknown constants. Substituting eq. (3.4) into eq. (3.2)
and taking into account relations eq. (2.6), we get a polynomial of Q(&). Collecting all
the terms with the same power of Q(§) together and equating each coefficient to zero,

we can obtain a system of algebraic equations. Solving the resulting system by using
Maple, we get the following sets of values of unknown constants.

Case-1: ¢ =

-le

,k +%f ayg = Oa1=0,a2=a2,a3=ib1/1,b0=i61—2,b1=b1

A -1
E T Ei
A+cie P A+cie 2* 2"

And for example, two of the solitary wave solutions and their corresponding
graphs respectively are:

The exact solution of eq. (3.1) is: u(x,t) = (3.5)

u(x,t) = — - when1=1,¢; = land a = 2.

u(x,t) = — when A = —10,¢; = —6and a = 2.

5
5+43ex ~3t

1.0
0.9—

0.7
0.6—

uxt) 0_5_-
0.4
0.3—_
0.2—_
U.l—_
a
Fig. 1(3d plot): Kink type wave profile Fig. 2(3d plot): Kink type wave profile
when')\.=1,cl=1,cr.=2. whenA_:—lll Cl =—f, o.=2.
B 3 1 |a ar
C&SG-Q-C = —Z(l,k = iz\/;,ao /1 , A1 = +b1, 2 = Qy,43 = +b1/1 b = _T'bl = b1
. . A A
The exact solution of eq. (3.1) is: u(x,t) =1———+—or —-1+—————— (3.6
a 3 a 3
l+cle\/;x+7at A+c1e‘/;x+7at
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SOLITARY WAVE SOLUTIONS OF CHAFEE-INFANTE EQUATION AND (2+1)-DIMENSIONAL BREAKING SOLITON EQUATION BY
THE IMPROVED KUDRYASHOV METHOD

And for example, two of the solitary wave solutions and their corresponding

graphs respectively are:

u(x,t) = 1—1

1
_|_ex+ 3t

when A =1,¢c; =1landa = 2.

u(lx,t) = -1 +ﬁ when A = —-10,¢c; = —6and a = 2.

Fig. 3(3d plot): Kink type wave proflle
whenh =1, Cl=1,0'.=2

Global Journal of Science Frontier Research (F) Volume XIX Issue V Version I E Year 2019

Now, we will investigate explicit solitary wave solutions of the following (2+41)-

™ dimensional breaking soliton equations

U + Alyyy, + 4a(uv),

uy=

© 2019 Global Journals
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Fig. 4(2d plot): Eink type wave profile
whenh =—110, £ =—f, ®=2.

Justification of the solutions of Chafee-Infante equation by Maple-13

Example 2: The (2+1)-dimensional Breaking Soliton (BS) equation

Notes



Where a is a nonzero constant. Equation (3.7) and eq. (3.8) describe the (2 + 1)-
dimensional interaction of a Riemann wave propagation along the jy-axis with a long
wave propagated along the x-axis.

If we follow the similar solution procedure of example-1, we get the following sets
of constants and corresponding exact solutions.

Case-1: Values of constants

N " Cc = 4‘“, apg = 0, a = 0, a, = 6b0,a3 = 6b1,a4 = —6b0,a5 = —6b1,b0 = bO’bl = bl
otes
The exact solution of eq. (3.7) and (3.8) are:
6 6
'U,(x, y: t) = U(x, y: t) = A+C162(x+y—4at) - [/1+C162(x+y—4at)]2 (39)

And for example, a solitary wave solution and its graphs is:

6 6

u=v

T 1+ 2G| [ e2GrHAD ]2

Fig. 5(3d plot): Kink Types wave profile at x—0
when =1, e, =1, s=—1

Case-2: Values of constants
c = —4‘Of, ag = —bo,al = —bl,az = 6b0,a3 = 6b1,a4 = —6b0,a5 = —6b1,b0 = bo,bl = bl
The exact solution of eq. (3.7) and (3.8) are:

6 6
/1+Clez(x+y+4at) - [A+Clez(x+y+4at)]2

u=v=-1+ (3.10)

And for example, a solitary wave solution and its graphs is:

6 6
1+ 262680 |1 + 2e2(x—80]2

u=v=-1+

o
b
J

i

o
JII

0=

14|:|,rlllf

1

Fiz S5(3d ploit): Kinlk type wane profile at xy—0
whernn A = 1, =y = 2, o= —2
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IV. REsULTS AND FUTURE DIRECTIONS

In example-1 of section 3, we find the exact sloutions of Chafee-Infante equation
by improved Kudryashov method. From fig. 1-fig.4 we get kink type wave profile for
different particular values of parameters choosing in eq.(3.5) and eq.(3.6). These graphs
increase or fall down from one asymptotic state to another. The kink solution
approaches a constant at infinity. In example-2, using this method wesolve the (2+1)-
dimensional breaking soliton equations and get also kink type wave profile. From fig.
5(3d plot) and fig.6(3d plot) give its graphyical representations. In future, various
partial differential equations of higher order can be solved by using the improved
Kudryashov method. Besides, obtained results can be used for practical applications in
later research.

V. CONCLUSION AND FUTURE RESEARCH

We have properly applied the improved Kudryashov method to establish exact
solutions and then solitary wave solutions of the Chafee-Infante equation and the
(2+1)-dimensional breaking soliton equation. The result discover that nonlinear partial
differential equations can be easily handled by the improved Kudryashov method and
that the performance of this method is authentic and efficient. The method is short and
straightforward, and we can also apply this to other nonlinear problems. Also,
thephysical interpretation of these solutions and actual applications in reality will be
investigated in future papers.
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Abstract- This paper compares the performances of Gini Mean, Clements and Box- Cox transformation methods for
estimating process capability Indices when the distribution of the process data is (skewed) non-normal. The use of
Process Performance Index (PPI) is implored for process capability analysis (PCA) using Weibull distribution. Simulation
of data was also carried out using R software using a decision interval (target point) of 1.0 and 1.5. Performance
assessment was carried out using Boxplots, descriptive statistics and the root mean square deviation. The following
were the findings from the results. The Gini mean difference based process capability indices performs best in
estimating the process capability indices closest to a set target for varying distribution parameters at different sample
sizes, followed by Clements and lastly, the Box-Cox transformation method [10, 19].

Keywords: process control, capability indices, performance index, standard error, skewed.

. [NTRODUCTION

Statistical Process Control is the application of statistical tools and techniques in
monitoring variation in a continuous process in order to detect variations that are of
assignable causes, and therefore make recommendations for corrective check on the
process. Control charts are used to monitor processes in order to detect assignable
cause(s) that change the process parameters. [6, 7] emphasized the importance of
identification of assignable cause. When the distribution of the output quality of the
process variable is continuous, the combination of two control charts such as an X -
chart and an R-chart are usually required to monitor both the process mean and the
process variance [14]. However, recently [17] have shown that the two combined charts
are not always reliable in identifying the nature of the change.

Measuring a process performance and acting upon the assessments based on the
measurements are critical elements of any continuous quality improvement efforts [15],
however, companies make assessments of process performance based on different
indicators. Most common of these indicators can be described in terms of process yield,
process expected loss and capability indices of a particular process characteristic [4].
Among these indicators, Process Capability Indices (PCIs) have gained substantial
attention both in academic community and several types of manufacturing industries
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since 1980s [13]. The first process capability index proposed in the literature more than
three decades ago is the C,index, which is defined as:

USL—LSL
C= —% (1)

where USL and LSL denote the upper and lower specification limits respectively and o
is the standard deviation of the process characteristic of interest [2]. In order to
overcome this problem, a second generation PCI, the Cpk index, is introduced. The Cpk
is defined as:

Co = min [528, £5H] @)
where p and ¢ are the mean and the standard deviation of the quality characteristic
studied, respectively. The mean of the process characteristic has an influence on the C,
index and therefore it is more sensitive to departures from centrality than the Cp index
1, 11].
Pp and Ppk are measures of process performance from a customer perspective [4, 12].
Non-normally distributed processes are not uncommon in practice. Combining
this fact with the misleading results of applying basic PCIs to non-normal processes
while treating them as normal distributions forced academicians and practitioners to
investigate the characteristics of process capability indices with non-normal data [10,
16, 20].
There two approaches adopted in estimating PCI for non-normal process
situation include:
(1) Data Transformation Approach: Data transformation approach is aimed at
transforming the non-normal process data into normal process data [3, 5, 10].
(2) Distribution Fitting Method for Empirical Data: Distribution fitting methods use
the empirical process data, of which the distribution is unknown [10]. These methods
later fit the empirical data set with a non-normal distribution based on the

parameters of the empirical distribution. Clements’ Method is one of the most
popular distribution approaches. Therefore, the percentile-based Cp is obtained by:

USL—-LSL

S — (3)

$0.99865 —$0.00135

where &; g6 and & 013; denote the upper and lower 0.135th percentiles of the process
distribution, respectively.
Following the same logic, the Cpkindex can be obtained using a percentile approach:

USL - {05 0.5~ LSL
4
€0.99865 =05 50.5—50.00135] ( )

C,x = min |

where &5 is the median of the process distribution, which is used instead of the process
mean, because the process mean is not indicative of the centrality of a non-normal
distribution specially when skewness of the distribution is taken into account [1].

The mean difference is independent of any central measure of localization, which
can be seen from its definition.

M= [ ("% — y|dF (x)dF () (5)

When the random variable X is discrete (a case more often considered) the
formula has the form
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Notes

M=YZrE YT — yipips (6)

The analytic investigation of the discussed characteristic is made difficult
because of the absolute value occurring in the formula. However, it facilitates the
computations on numerical data, which also concerns, as is well known, the mean
deviation.

This paper therefore compares the performances of Gini Mean, Clements and
Box- Cox transformation methods for estimating process capability Indices for a non-
normal case.

[I. METHODOLOGY

a) Process Capability Indices
The process capability index, the Cp index, which is defined as:

USL—LSL
Cp=—— (7)
The Cpk can be defined as:
. [USL—u u—LSL
min [=528, 45] ®)

where USL and LSL denote the upper and lower specification limits, respectively, and o
is the standard deviation of the process characteristic of interest.
Process Capability relative to one sided specification limit

C,.= Lk process Capability relative to Upper specification limit
C,= % Process Capability relative to lower specification limit
P,= UZI; 2 Process performance relative to Upper specification limit

-LSL . e .
P,= “3— Process performance relative to lower specification limit
(o)

b) Clements Method (CM)

For non-normal Pearsonian distribution (which includes a wide class of
“populations” with non-normal characteristics), [3,18] proposed a method of non-normal
percentiles to calculate process capability Cp and process capability for off center
process Cpk indices based on the mean, standard deviation, skewness and kurtosis.
Clements utilized the table of the family of Pearson curves as a function of skewness
and kurtosis [8, 9].

Clements replaced 6a by (Up - Lp) in the below equation,

USL—-LSL
= (9)

where, U, is the 99.865 percentile and L, isthe 0.135 percentile, For Cpk, the process

Cp =

mean u is estimated by median M, and thetwo 305 are estimated by (U, — M) and
(M—L;) respectively,

USL—-M M—LSL]

Cpk = min [UP_M ML

(10)

i. Algorithm for calculating PCIs using Clements method
(1) Obtain the specification limits USL and LSL for a given quality characteristic
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(2) Estimate sample statistics for the given sample data: sample size, mean, standard
deviation, skewness and kurtosis Calculate estimated 0.135percentile Lp

(3) Calculate estimated 99.865 percentile Up
(4) Calculate estimated median M
(5) Calculate non-normal process capability indices using equations.

USL—LSL
Cp= = (11)

USL-M M-LSL
Up—M’ M—Lp

USL- M

Cpu = TP (12)
M-LSL

Cpl = T (13)

¢) Box-Cox power Transformation (BCT)
The Box-Cox transformation was proposed by Box and Cox in 1964 and used for

transforming non-normal data [9]. The Box-Cox transformation uses the parameter 1. In
order to transform the data as closely as possible to normality, the best possible

transformation should be performed by selecting the most appropriate value of 1. In

order to obtain the optimal A value, Box-Cox transformation method requires
maximization of a log-likelihood function. After the transformation, process capability
can be evaluated. They proposed a useful family of power transformations on the
necessarily positive response variable X.

xt—1
X(A) D ,fOT'/1 =0
InX,forA=0

(14)

where the variable X takes positive values. If the variable X takes negative values, then
a constant value will be added in order to make the values positive. This continuous

family depends on a single parameter Athat can be estimated by using maximum
likelihood estimation.

Firstly, a value of A from a pre-assigned range is collected. Then L, is
computed as in

Lmar = —36% + InJ(4,X) = =562 + (A— D) T, In X, (15)

For all 4,](4, X)is evaluated as in Equation

JAX) = T30 = T X (16)
Inj(2,X) = (A= DEi, InX, (17)

For fixed 1,07 is estimated by using S(1), which is the residual sum of squares of

X® . g2 is estimated by the formula in the equation below [15].

52 =4 (18)

n
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d) Gini’s Mean Difference (GM)

The Gini’s mean difference for a set of n ordered observations, {x, x,..x,}, of a
random variable X is defined as:

2
Gn = n(—1) ;r'L=1 Z?=1|xi - le (18)
2
= n(n-1) ?:1[(?51' —x1) + (g —x) + o+ (x5 — x21)] (19)
2 .
n= a0 i=1(2i; = n — Dxg, (20)

If the random variable X follows normal distribution with mean P and variance

o’, then [21] suggests a possible unbiased estimator of standard deviation (o) as:

L Xq[Q@i—n-1x]
s ¢ allion o1

where ¢ = +/m = 1.77245,6* = 0.8862 G, is an unbiased measure of variability. Gini’s
mean difference can be rewritten as:

Gn = n(n2—1) i=1(2i —n—Dxg (23)
If we write this as
Gn = n(nz_l) =1l — 1) — (n— Dlxg (24)
Gn = ﬁ [ (i — Dxgy — Xy (n — D] (25)
Gn = - (nz_l) [U - V] (26)

where U= and V=
The unbiased estimator of Gini Mean difference for Weibull distribution is

1 _1) F(l +%)

E(Gn) = (2 -2 F — = Ogw (27)
The Weibull probability density function is given as:
f(X) — Aﬁ(/lx)BOOOOO—le—(Ax)ﬁ (28)

To compute Cp and Cpk using Gini’s mean difference as a measure of variability
when the data follow a Weibull distribution

USL—LSL

Copg = 5.31720 4y (29)
c _ min (USL —m,m — LSL)
mpkg = 2.65860,,
USL-m
Crpug = 2.65860,, (30)
m—LSL
Covtg = Tesaoagy (31
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e) Performance Comparison of the Clements, Box-Cox transformation and the Gini
Methods

The performance comparison is carried out by generating Weibull data through
simulation and for this reason, process performance indices (PPIs) are executed for
computing process capability rather than process capability indices (PCIs).

Weibull distribution is used or modeling most industrial processes especially in
reliability field which is concerned with the failure of a product or the time to failure of
the product. Only one sided (USL) process performance index Pp,is considered. The
USL is computed from the equation below using a targeted Ppu of 1.0 and 1.5. The
targeted Ppu of 1.0 is indicating the process is marginally capable of meeting the
specifications and the Ppu of 1.5 is indicating the process is good and very capable of
meeting the specification limits [14].

Box plots, descriptive statistics, the root-mean-square deviation (RMSD), which
is used as a measure of error, are utilized for evaluating the performances of the
methods. In addition, the bias of the estimated values is important as the efficiency
measured by the mean square error.

f) The Root-Mean-Square Deviation (RMSD)

The root-mean-square deviation (RMSD) is used to measure the differences
between the targeted Ppu values and the estimates obtained by BCT, Clements and
Gini mean difference based methods.

Yi_,(Estimated Ppu;—Targeted Ppu;)?

RMSD = \/ (32)

r

where r is the number of data sets generated randomly for each Weibull distribution
with specified parameters. The RMSD serves to aggregate the magnitudes of the errors
in the predictions for various times into a single measure of predictive power and a
measure of accuracy [8].

[1I. RESULT AND DATA ANALYSIS

a) The Descriptive Statistics

The tables below show the corresponding quantiles, mean, median along with
skewness and kurtosis based on the specified parameter values of Weibull distribution.
Kurtosis gives information about the relative concentration of values in the center of
the distribution as compared to the tails.

Table 1: Summary statistics of Weibull distribution at ¢ = 1 and f = 1 for different
sample sizes

Weibull(a,) Xigses Median = Xg 5, Skewness Kurtosis
n=25 Weibull(1,1) 3.8939 0.7469 1.0296 1.5138 2.7650
n=>50 Weibull(1,1) 4.3501 0.6915 0.9989 1.6654 3.2510
n="75 Weibull(1,1) 4.8491 0.6803 0.9733 1.8448 4.7940
n=100 | Weibull(1,1) 5.1722 0.7167 1.0130 1.8384 4.6222
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Table 2: Summary statistics of Weibull distribution at « = 1 and f = 2 for different
sample sizes

Weibull(a,B) X 90865 Median = X, , Mean Skewness Kurtosis
n=25 Weibull(1,2) 8.4542 1.4737 2.0537 1.7316 3.9214
n=>50 Weibull(1,2) 8.9368 1.4228 2.0194 1.6610 3.7344
n="75 Weibull(1,2) 9.5834 1.3896 2.0026 1.7548 4.1068
N otes n=100 Weibull(1,2) 10.2353 1.4067 2.0281 1.7980 4.2492

Table 3: Summary statistics of Weibull distribution at @ = 2 and f = 1 for different
sample sizes

Weibull(a,p) X 90865 Median= X, Skewness Kurtosis
n=25 Weibull(2,1) 1.9352 0.8284 0.8743 0.5722 0.3388
n=>50 Weibull(2,1) 2.0577 0.8495 0.8916 0.5426 0.0124
n="75 Weibull(2,1) 2.0978 0.8295 0.8774 0.5650 0.0292
n=100 Weibull(2,1) 2.2503 0.8158 0.8719 0.6686 0.3788

Table 4: Summary statistics of Weibull distribution at ¢ = 2 and f = 2 for different
sample sizes

Weibull(a,p) X 00865 Median = X, Skewness Kurtosis
n=25 Weibull(2,2) 1.6916 17779 1.7770 0.5108 0.1892
n=50 Weibull(2,2) 1717 1.5458 1.7537 0.5820 0.1896
n="75 Weibull(2,2) 4.2828 1.6516 1.7703 0.5638 -0.0554
n=100 Weibull(2,2) 4.4739 1.6662 1.7733 0.5898 0.1090

The distribution plot of Weibull distribution for various shape and scale
parameter is shown below.

Distribution Plot
Weibull (Shape, Scale)

Shape Scale

1.0
— 1 1
C N WA 2
— 2 1
0.8 A -2 2
N
= o.d$‘ ‘
‘S IR
<
S ] 3
o ] f§
0.4 .
1 [
1 f
1 B wan
0.% !I ’ ----"----------- -------
{
o 2 a 6 8 10
X

Figure 1: Distribution plot of Weibull distribution using different shape and scale
parameters

From the distribution plot in Figure 1, the distribution plots are positively
skewed (non-normal) for the combinations of the shape and scale parameters with
Weibull (1, 1) the most peaked.
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b) Process Capability Analysis

i. Gini Mean Difference based Process Capability Analysis
The table of parameter estimation is given below using the generated data from
Weibull distribution with varying shape and scale parameters of (1,1), (1,2) (2,1) and
(2,2) at different sample sizes of n = 25, 50,75 and 100.

Table 5: Gini’s Estimated USL obtained from the data

GMD c USL FOR GINI
g Notes

n=25 n=>50 n=75 n=100

. 1.0 3.4055 3.3501 3.3389 3.3753
Weibull( 1,1)

1.5 4.7348 4.6794 4.6682 4.7046

) 1.0 3.8298 3.7789 3.7457 3.7629
Weibull( 1,2)

1.5 5.0079 4.9570 4.9238 4.9409

1.0 2.2086 2.2297 2.2096 2.1960
Weibull (2,1)

1.5 2.8986 2.9198 2.8997 2.8861

. 1.0 3.1118 3.0668 3.0633 3.0778
Weibull (2,2)

1.5 3.8176 3.7726 3.7691 3.7837

Table 6: Clements’s Mean Difference based Process Capability Analysis

cA C USL FOR CLEMENTS ANALYSIS
s n=25 n=50 n=75 n=100
1.0 3.8939 4.3501 4.8491 5.1722
Weibull 1,1
1.5 5.4674 6.1794 6.9335 7.3999
1.0 8.4542 8.9368 9.5834 10.2353
Weibull 1,2
1.5 11.9445 | 12.6937 13.6802 14.6495
1.0 1.9352 2.0577 2.0978 2.2503
Weibull 2,1
1.5 2.4886 2.6618 2.7319 2.9675
1.0 1.6916 1.7177 4.2828 4.4739
Weibull 2,2
1.5 1.6484 1.8036 5.5983 5.8777

Table 7- Box - Cox’s Mean Difference based Process Capability Analysis

USL FOR BCT
BCT Crpug n=25 | n=50 n=75 n=100
_ 1 2.6180 | 2.3984 2.0027 1.8314
Weibull 1,1 15 3.7938 | 3.4562 2.7452 2.3774
_ 1 3.4239 | 3.0202 2.5266 2.1994
Weibull 1,2 15 4.7835 | 4.1252 3.3355 2.8110
. 1 1.6913 | 1.6490 1.6384 1.6528
Weibull 2,1 1.5 2.2016 | 2.1041 2.0553 2.0790
, 1 2.6310 | 2.3786 2.3879 2.3661
Weibull 2,2 1.5 3.3380 | 2.9853 2.9895 2.9084
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PERFORMANCE ASSESSMENT OF MEAN METHODS IN ESTIMATING PROCESS CAPABILITY FOR NON-NORMAL PROCESS FOR

Notes

WEIBULL FAMILY LIFE DISTRIBUTION

¢) Graphical Comparison of the computed Process Capabilities

In order to compare the process capability methods graphically at each targeted
Ppu (1.0 and 1.5), box plot or whisker plot is used to show the shape of the
distribution, its central value (0.50), variability (0.75 — 0.25) and outliers by star
symbol if it exists. The position of the median line in a box plot indicates the location
of the values. The figures below shows the comparison

Weibull(1,1) Weibull(1,1)
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From the boxplots, the results show that for different distribution parameters at

different sample sizes, GMD methods is the best of the three methods for computing
process capability for when the process is non-normal.

d) Mean and Standard deviation of Computed Capability Indices

To confirm the result shown from the boxplots above, the mean values and the

standard deviation (which shows how concentrated the data are around the mean) of
the computed process capabilities are computed in the tables below.

Table 5: Descriptive statistics for CA, BCT, and GMD methods when n = 25

n =25
Target L . . . .
Ppu | Statistics | Method Weibull(1,1) Weibull(1,2) Weibull(2,1) Weibull(2,2)
CA 1.1230 1.1930 1.0702 1.1163
Mean BCT 1.1314 1.0663 1.0125 1.1055
1 GMD 1.0000 1.0000 0.9999 1.0000
CA 0.4235 0.5112 0.3542 0.4386
Standard
Deviation BCT 0.3097 0.2478 0.2126 0.3483
GMD 0.0758 0.1706 0.0832 0.1696
CA 1.6849 1.7897 1.6191 1.6774
Mean BCT 1.7820 1.6351 1.5815 1.6583
15 GMD 1.5000 1.5000 1.5000 1.5000
. CA 0.6275 0.7665 0.5182 0.6465
Standard
Deviation BCT 0.6087 0.4404 0.3048 0.4828
GMD 0.0758 0.1706 0.0832 0.1696
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Table 9: Descriptive statistics for CA, BCT, and GMD methods when n = 50

n = 50
Target
Ppu | Statistics | Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)

CA 1.0577 1.1384 1.0262 1.0616
Mean BCT 1.2337 1.1833 0.9929 1.0356
1.0 GMD 1.0000 1.0000 1.0000 1.0000
CA 0.2644 0.3955 0.1658 0.2691

Standard
Deviation | BCT 0.4849 0.5377 0.1333 0.1778
GMD 0.0525 0.1204 0.0603 0.1172
CA 1.5856 1.7068 1.5418 1.5930
Mean BCT 1.9822 1.8171 1.5461 1.5546
15 GMD 1.5000 1.5000 1.5000 1.5000
CA 0.3907 1.5000 0.2517 0.4002

Standard
Doviation | BCT 0.9365 0.8660 0.1953 0.2396
GMD 0.0525 0.1204 0.0603 0.1172

Table 10: Descriptive statistics for CA, BCT, and GMD methods when n = 75

n==75
Target
Ppu | Statistics | Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)

CA 1.1044 1.0783 1.0396 1.0223
Mean BCT 1.2484 1.3056 0.9957 1.0203
1 GMD 1.0000 1.0762 1.0000 1.0000
CA 0.3418 0.3200 0.2112 0.1540

Standard
Deviation BCT 0.3859 0.5790 0.0945 0.1513
GMD 0.0459 0.3183 0.0523 0.1025
CA 1.6550 1.6168 1.5589 1.5345
Mean BCT 2.0129 2.0084 1.5295 1.5439
L5 GMD 1.5000 1.5000 1.5000 1.5055
’ CA 0.5053 0.4764 0.3071 0.2295

Standard
Deviation BCT 0.7514 0.9211 0.1434 0.2088
GMD 0.0459 0.0965 0.0523 0.1025

Table 11: Descriptive statistics for CA, BCT, and GMD methods when n = 100

n = 100
Target
Ppu Statistics | Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)
CA 1.0627 1.0552 1.0311 1.0287
Mean BCT 1.1825 1.2099 0.9890 1.0056
) GMD 1.0000 1.0000 1.0000 1.0000
CA 0.2580 0.2305 0.1834 0.1856
Standard
Deviation BCT 0.3095 0.3763 0.0844 0.0865
GMD 0.0394 0.0707 0.0436 0.0859
1.5 Mean CA 1.5936 1.5829 1.5476 1.5428
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BCT 1.8554 1.8531 1.5156 1.5081

GMD 1.5000 1.5000 1.5000 1.5000

Standard CA 0.3850 0.3449 0.2776 0.2700
andar

Doviation | BCT 0.5458 0.5991 0.1000 0.1215

GMD 0.0394 0.0707 0.0436 0.0859

At Weibull (1, 1) and Weibull (1, 2) at sample size of 25, 50, 75 and 100, the
Gini Mean Difference based process capability estimates approximately the the target
Ppu of 1.0 and 1.5, the Clements method estimates is also close to the target Ppu while
the Box-Cox transformation method is at deviance from the target (overestimated) the
Ppu of 1.0 and1.5 as the sample size increases.

At Weibull (2,1) and Weibull (2,2) which indicate low symmetry and at sample
size of 25, 50, 75 and 100, the three method estimates are all approximately target Ppu
of 1.0 and 1.5 with the Gini Mean Difference based process capability estimates the best
(closest).

e) The Root-Mean-Square Deviation (RMSD)

The root-mean-square deviation (RMSD) is used to measure the differences
between the targeted Ppu values and the estimates obtained by Box-Cox
Transformation, Clements and Gini mean difference based methods.

The tables below summaries the result obtained for each of the distribution
parameter at different sample sizes

Table 12: The root-mean-square deviations for CA, BCT, and GMD methods when

n =25
n=25
Target
Ppu Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)

CA 0.4369 0.5416 0.3576 0.4495
1 BCT 0.4794 0.2541 0.2108 0.3606
GMD 0.0750 0.1688 0.0824 0.1679
CA 0.6482 0.8122 0.5266 0.6641
1.5 BCT 0.6653 0.4564 0.3125 0.5035
GMD 0.0750 0.1688 0.0824 0.1679

Table 13:The root-mean-square deviations for CA, BCT, and GMD methods when

n = 50
n = 50
Target . . . .
Ppu Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)

CA 0.3749 0.4153 0.1662 0.2734
1 BCT 0.5339 0.5629 0.1321 0.1795
GMD 0.0525 0.1192 0.0597 0.1160
CA 0.3961 0.6173 0.2526 0.4069
1.5 BCT 1.0048 0.9141 0.1988 0.2434
GMD 0.0525 0.1192 0.0597 0.1160
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Table 14: The root-mean-square deviations for CA, BCT, and GMD methods when

n=~75
n=75
Target
Ppu | Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)
CA 0.3541 0.3263 0.2128 0.1540
1 BCT 0.4557 0.6496 0.0937 0.1512
GMD 0.0455 0.0956 0.0518 0.1015
CA 0.5237 0.4859 0.3097 0.2298
1.5 BCT 0.9036 1.0440 0.1450 0.2113
GMD 0.0455 0.0956 0.0518 0.1016
Tablel5: The root-mean-square deviations for CA, BCT, and GMD methods when
n = 100
n = 100
Target . . . .
Ppu Method | Weibull(1,1) | Weibull(1,2) | Weibull(2,1) | Weibull(2,2)

CA 0.2630 0.2348 0.1841 0.1860
1 BCT 0.3566 0.4276 0.0843 0.0858
GMD 0.0390 0.0700 0.0432 0.0850
CA 0.3925 0.3514 0.2789 0.2707
1.5 BCT 0.6467 0.6902 0.1002 0.1205
GMD 0.0390 0.0700 0.0432 0.0850

Results from the root-mean-square deviation (RMSD) in Table 12 to Table 15

shows that the GMD methods have the lowest RMSDs across all the different
distribution parameters and sample sizes

I[V. CONCLUSION

In order to examine the impact of non-normal data, the parameter values of
Weibull distribution were specified as (1, 1), (1, 2), (2, 1), and (2, 2) corresponding to
(shape, scale) at different sample sizes of 25, 50, 75 and 100. These parameters of
Weibull distributions are specified such that the effects of the tail behaviour on process
capability could be examined. When the Weibull shape parameter is equal to 1, Weibull
distribution reduces to Exponential distribution. Hence, this study covers all the
Exponential family distributions as well.

Conclusively, from our results and findings, the Gini Mean difference based
approach is the best among three methods in estimating process capability in skewed
(non-normal) situations. In general, methods involving transformation seem more
burdensome in terms of calculation, though it provide estimates of PCls that truly
reflect the capability of the process when there is low symmetry as in Weibull (2, 2).
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. [NTRODUCTION

Functional calculus for thesequence of operators 4; on a Banach space X is a
“method” of associating a closed sequence of operators f;(4;) to allf, = fi(z) taken
from a Set of functions in such a way that formulae valid for the functions turn into
valid formulae for the operators upon replacing the independent variables Z; by A4;. A
common way to establish such a calculus is to start with an algebra of “good” functions
f;i where definitions of f;(4;) as bounded sequence of operators are more or less
straightforward, and then extend this “primary” or “elementary calculus” by means of
multiplicative in[l,Chapter 1] and [2]. It is then natural to ask which of the so
constructed closed sequence of operators fj(4;) are actually bounded, a question
particularly relevant in applications, e.g., to evolution equations,see, [3,4].

The latter question links functional calculus theory to the theory of vector-valued
singular integrals, best seen in the theory of sectorial operators with a bounded H® -
calculus, see, [5]. It appears there that in order to obtain nontrivial results the
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underlying Banach space must allow for singular integrals to converge, i.e., be a UMD
space. Furthermore, even if the Banach space is a Hilbert space, it turns out that
simple resolvent estimates are not enough for the boundedness of an H* -calculus.
However, some of the central positive results in that theory — show that the
presence of a Cy-group of operators does warrant the boundedness of certain H* -calculi.
In [6], the underlying structure of these results was brought to light, namely a

transference principle, a factorization of the sequence of operators f;(4;) in terms of

vector-valued Fourier multiplier operators. Finally, in [7], it was shown that C; -
semigroups also allow for such transference principles.

Markus Haase and Jan Rozendaal [8] developed this approach further. They
apply the general form of the transference principle for semigroups given in [9] to obtain

bounded functional calculi for the sequence of generators of C; -semigroups. These
results, in theorems 3.3, 3.7, and 4.3,are proved for general Banach spaces. However,

they make use of the analytic L'*¢(R; X) Fourier multiplier algebra, and hence are
useful only if the underlying Banach space has a geometry that allows for nontrivial
Fourier multiplier operators. In case X = H is a Hilbert space one, obtains particularly
nice results, which want to summarize here.

Theorem 1.1: Let —A; be the sequence of generators of bounded Cj—semigroups
(TV () er . on a Hilbert space H with M:= sup;eg, . Then the following assertions hold.

(a) For w;<0 and f;€H”(R,,) one has f; (A)T/ (14€) € L (H ) with

—~
—_
~—

D H@E)T Aol <c+em Y |f lie (v, )
j ) ]

where ¢(1+& ) = O(Jlog(1+€)]) as(1 +€) VO, and c(1+¢€) = O(1) as (1 + &) — <.
(b) For w;<0<f+ ¢ and A € C with Re A;<0 there is £ = -1 such that

2. 5@ @& =N <@+ am? ) gl g, ) ?
j J J

For all f,€H”(R,,;). In particular, dom(Aj[Hg) CSdom(f; (4;)).
(¢) 4 has strong m-bounded H® -calculus of type 0 for each m € N.

When X is a UMD space, one can derive similar results, we extend the Hilbert
space results to general Banach spaces by replacing the assumption of boundedness of

the semigroup by its y; -boundedness, a concept strongly put forward by Kalton and
Weis [9]. In particular, Theorem 1.1 holds true for y; -bounded semigroups on arbitrary
Banach spaces with M being the y; -bound of the semigroups.

Stress the fact that in contrast to [1], where sectorial operators and, accordingly,
functional calculi on sectors, were considered, deals with general sequence of semigroup
generators and with functional calculi on half-planes. The abstract theory of
(holomorphic) functional calculi on half-planes can be found in [2 corollaries 6.5and 7.1]
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The starting point of the present work was the article [10] by Hans Zwart. There

is shown that one has an estimate (1) with c(1+¢&)=0((1+¢&)"?) as (1+¢) N 0.
(The case f+¢&>1/2) in (2) is an immediate consequence, however, that case is
essentially trivial)

In [7] and its sequal paper [11], the functional calculus for a semigroup generator
is constructed in a rather unconventional way using ideas from systems theory.
However, a closer inspection reveals that transference is present there as well, hidden in
the very construction of the functional calculus.

a) Notation and terminology
Write N:= {1, 2, . . .} for the natural numbers and R, := [0, ) for the
nonnegative reals.The letters X and Y are used to denote Banach spaces over the

complex number field. The space of bounded linear operators on X is denoted by £(X).

For a closed sequence of operatorsd; on X their domainsare denoted by dom(4;) and

their ranges by ran(4;). The spectrums of 4; are 0(4;) and the resolvent sets p(4;): =
C “ o(4;). For all z€p(4;) the operatorsR(Z;, 4;) := (z — A;)"'€ L (X) is the resolvents
of 4; at z.

For ¢ > 1, L'*® (R; X) is the Bochner space of equivalence classes of X - valued

(14+¢) —Lebesgue integrable functions on R.The Hlder conjugate of (1+4-¢) is (:i) The

norm on L'*¢(R, X)is usually denoted by/||-|l;4¢-

For w;€ R and z€C, let e, (z) := e“/%. By M(R) (resp. M(R, )), denote the
space of complex-valued Borel measures on R (resp. R, ) with the total variation norm,
and writeM,, (R, ) for the distributions @ on R, of the form w/ (ds) = e“ v/ (ds) for

some v/ € M(R,). Then M,;(R.) is a Banach algebra under convolution with the series

of norms
Z“Mj ”ij (Ry) - Z ||e_wf'uj ||M(R+)
Ji ]

For e M,, (R,), let supp(u/) be the topological support of €_w, W, functions g/
such that e_,, g/ €L} (R,) are usually identified with its associated measures /€ M, (R,)

given by p/(ds) =g/ (s) ds. Functions and measures defined on R, are identified with
their extensions to R by setting them equal to zero outside R,.

For an open subset Q # @ of C, let H*(Q) be the space of bounded holomorphic
functions on Q, until Banach algebra concerning to the series of norms

Dl = D 1l ey = suPsen D @] € H (@)
J J J

Consider the case where Q is equal to a right half-planes
Ry, = {Z]- € (C|Re(zj) > wj}
for some w;€ R (we write C, for Ry).
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For convenience abbreviate the coordinate functions Z; v z simply by the
letters z,. Under this convention, f; = f; (z) for functions f; defined on some domain
Qcc.

The Fourier transform of an X-valued tempered distribution ® on R is denoted
by FO. If W eM(R) then F,;€L” (R) are given by

D FO= Y et wEs  Een
j R J

For w;€ R and p/€ M, (R, ), let WEH(R,,) N C(Ry,)),

> () =fmze-zf'5uf(ds) (5 €R,)
) 0 J

Be the Laplace—Stieltjes transforms of u/.

[I.  FOURIER MULTIPLIERS AND FUNCTIONAL CALCULUS

Discuss some of the concepts that will be used in what follows (see,e.g., [8]).

a) Fourier multipliers
Fix a Banach space X and let m €L*(R; £(X)) and € = 0. Then m is a bounded
L'*¢(R; X)-Fourier multiplier if there exists € >-1 such that

Th(g) =F (mFg) e @ 0 and > i (0|l =a+2) llgyll,,,
J 1+e J

for each X-valued Schwartz functions¢;. In this case, the mappings T,{l extends
uniquely to bounded sequence of operators on L1*¢(R; X) if e < © and on Cy(R; X) if
e = . Let ||m||M(1+g)(X) be the norms of the operators T,fl and let My,.(X) be the
unital Banach algebra of all bounded L'*¢(R; X)-Fourier multipliers, endowed with the
norm [l ., 00

For w€R and € = 0, we let

AME,, (ij) = {]; € H® (ij) If (w; + i) € MHS(X)} (3)

be the analytic L"(1+4¢€)(R; X)-Fourier multiplier algebras on R'(w’j ), endowed the
series of norms

Z”ﬁ ||AJ'M{(+£ - Z”ﬁ ||AJ'M€(1+£)(ij) - Z”E (w] * .)”M(l"'f)(x)
] ] ]

Here f; (w; + i) EL”(R) denotes the trace of the holomorphic functions f; on the
boundary 3Ra,}. = w; + iR. By classical Hardy space theories,
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Notes

f; (wj +is) = limg o, fi (a’)j + is) (4)

Exists for almost all s € R, with Z]-”ﬁ- (wj +1i -)||L00 (R):Zj”f} ||H00(Rw').
J

Remark 2.1: (Important!). To simplify notation sometimes omit the reference to the

Banach space X and write 4; M; (Rw].) instead of 4; M (Rw].), whenever it is convenient.
The spaces 4; M., (ij) are until Banach algebra, constructively embedded

in H® (ij), and A4; M (ij): A; MZ (ij) are contractively embedded in 4; M., (ij)

for alle > 0,

Need two lemmas about the analytic multiplier algebra.

Lemma 2.2: For every Banach space X, all (0 < & < ),

ZA]-M{(H (ij) ={f eH” (ij) | sups, o, z”ﬁ(d)j iy <
J J

With
Z”fj- ||A]_M{(+£(ij) = Supcb}->wj Z”f} (d)} +1i ')||M(1+S)(X)
] ]

for all f; € A4M{, . (Ra,)

Proof. Let w;€R, ;€ AiM;, . (R, ). For all @;>w; and s ER,

J

A N fi(w; —ir)

The right-hand side is the series of the convolutions of ]j-(wj —i') and the
Poisson kernel

b — w;

Py _, (1) = L
o0 ) = 20T @ — w)D)

_1,

Since ): || P, =
2, | LA(R)

(@j—wj)

Zﬁ(d’j +1i) = Z”ﬁ(‘“f' AL =Z”ﬁ”A,-Mza+ )Ra))
. j j ) w}
j ]

M1+ X) J

The converse follows from (4) m
For p/ EM(R) and € > 0, let L#]-EIZ(L“"g (R; X)),

Li(f)=wxf, (fiel* R X)), (5)
be the convolution sequence of operators associated with u’.
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Lemma 2.3: For each w;€R the Laplace transform induces an isometric algebra
isomorphism from M, (R.) onto 4; M{C(ij): A M{ (R,). Moreover,

j
le“j”AjMi&g Ra)) z
]

J

L

o]
“ Nl aroxy)

for all u/ eM,;(R,), €20

Proof: The mappings u +— Ly w and fi— fi(- +w;) are isometric algebra

isomorphisms M,, (R,) — M(R,) and 4 My4.(R,;) — AiM14.(C,), respectively. Hence it

suffices to letw;= 0.The Fourier transform induces an isometric isomorphism from M(R)

onto My(X). If W/ eM(R,) and f; = @ € H*(C,) then fi(i) = Fu € My(X) with
. . ] - —_— . j

Z]”]j (i )||M1(X) ZJ”# ”M(]R+) Moreover, for € = 0,

D5 o = D supa,., < IFGEIF D, = suppy,, <o ) 10 8., = D ol gy,
j j Jj

J
If f; € AM(C,) then f;(i-) = Fu/ for some p/ € M(R). An application of
Liouville’s theorem shows that supp(u/) € R., hence fi :[[j_ [ ]

b) Functional Calculus
Assume that we are familiar with the basic notions and results of the theory of

Co-semigroups as developed, e.g., in [5]
All Cy—semigroups T/ = (T/ (t))ter, on a Banach space X has the type (M, wj)
for some M = 1 and w; € R, which means that ||Z]- T/ (t) || <MY, e®"® for all t = 0.

The generators of T/ are the uniqueclosed sequence of operators —A4; such that

D 0+ 4) = f Y et @xdt (xeX)
J 0o J

for Re(4;) large. The Hille—Phillips (functional) calculus for A; are defined as follows.
Fix M =0 and (wj)o € R such that T/ has types(M,—(wj)O). For u/ EM(w],)O(IR{+)
defines Tlf]- € L(X) by

Z T, x = f T (Oxd (dt), (x € X) (6)
Jj 0o J

For f; = I € A M, (R(“’J')o) sets fj(4;):= T:j. The mappings f; +— fj(4;) is an
algebra homomorphism. In a second stepthe definitions of f;(4;) is extended to a larger
class of functions via regularization, i.e.,

fi (4) =el4) " €f)4)
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Ref

2. C.Batty.M.Haase, J.Mubeen: The Holomorphic functional calculus approach to

operator semigroups. Acta Sci.Math. (Szeged)79 (2013) 289-323.

If there exists e EAle(R(wj) ) such that e(4;) 1is injective and
0
ef; € A M (R(wj) ) Then fj(4;) is closed and unbounded operator on X and the
0
definition of f;(4;) are independents of the choice of regularize. The following lemma

shows in particular that for w; <(w;)o the sequence of operators f;(4;) are defined for all
f; € H*(R,,;) by virtue of the regularizes e(z) = (Z = 4)™"

where Re(4;) <w;.
Lemma2.4:Let,b’+£> 4 € Cand w; , (wj)o € R, & = 0.Then
fi (z)(z — /1]-)_(!”'5) € AM, (R, ) - for all f; € H*R,

Proof: After shifting suppose that w; = 0. Sets hi(z):=f; (z)(z — %) ~¢*9 for
z € C4. Then h;(i-) € L*(R) with

fillye
Zhj(i. f Z |f(152(|ﬁ+8) f Z” ”M (;C(;+g)
]

2 |is —

Hence h; = gl for some g/ € [3(R,). Then e—(wj)ogj € L'(R,) ande_, g (z) = h
(z + (w;)o ) for z; € C; . Lemma 2.3 yields h; € A M R, y, With

Zn Bl Znh( D] Z le-onotll 1o,

The Hille—Phillips calculus is an extension of the holomorphic functional calculus
for the sequence of operators of half-plane type discussed in [2]. The sequence operators

of A; are of the half-plane types (w;)o € R if 0(4;) € R(w;), with

supecvng, an 40| < o0,

for all >0

One can associate the sequence of operators fj(4;) € L(X) to certain elementary
functions via Cauchy integrals and regularize as above to extend the definitions to all
fi € H” (R,;). If —=A; generates C, -semigroups of types (M, —=(w;)o ) then 4; are of half-
plane types(w;)o, for w; <(wj)o,& >0 andf; € H* (ij) the definitions of f; (4;) via the

Hille—Phillips calculus and the half-plane calculus coincide.

Lemma 2.5: (Convergence Lemma). Let A; be densely defined sequence of operators of
half-plane types(w;)o € R on a Banach space X. Let w; <(w;)o and (fj);e; € H” (ij)
be satisfying the following conditions:

1) sup{|(f);(%)|| 7 € Ry, jET} < o0
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(2) (f);(4)) € L(X) for all j € J and sup; ¢ || (f); (4) || < o3
(3) fi(z):= Limjg; f; (2 )exists for all z € Ry,
Then f; € H®(R,,), fi(4;) € L(X), (f;);(4;) — f; (4;) strongly and

Notes

Let A; be the sequence of operators of half-plane types (w;)o and w; <(wj)o. For
a Banach algebra F of functions continuously embedded in H® (Ra,]_), say that A; has
bounded F -calculus if there exists a constant & >-1 such that f; (4;) € L(X) with

Y| =a+a)lfl, foraf er (7)

The sequence of operators —4; generates a Cy-semigroups (T’ (t))ter, of types

(M, wy) if and only if - (4; + w;) generates the semigroups sequence of (e~ T () er .
of types (M, 0). The functional calculi for Ajand 4; + w; are linked by the simple

composition rules “f; (4; + w;) = f;(w; + % )(4;)". Henceforth we shall mainly consider
bounded semigroups; all results carry over to general semigroups by shifting.

[II. FUNCTINAL CALCULUS FOR SEMIGROUP (GENERATORS

Define the function n : (0, ) X (0, «) X [1, ] - R, by
1@ +et1+e) = inf {ul,, loilliclty <o = e ey onle o) ®)

The set on the right-hand side is not empty: choose for instance
1
l/)] = 1[0,t]e—(ﬁ+s) and Y = ?3_([;4_8). By Lemma A].,

nB+et,1+¢)=0(Jlog((B+ &)t) as (B + &)t — 0,for e > 0.

For the following result recall the definitions of the operators L ; from (5) and Tlf ;
from (6).

Proposition 3.1: Let (T (t))cer, be Co-semigroup of type (M, 0) on a Banach space X.
Lete 2 0, 1+¢, w;> 0 and / € M_,, (R,) with supp(W ) € [1+€, ). Then

Lew}- H‘J

ZTij SMZUZ(wj,1+£,1+£)
j j

> L(X) L(L1+s (X))

Proof: Factorizes Td ; as Td ;j=Po Ly, wol where
]

!

a) 1: X — L'%(R; X) is given by
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Y; (=T (=s)x if s<0,

€ X
0 ifs>o0, &%

t(x)(s) = {

b) P : L'*¢(R; X) — X is given by

Y P = [ Y oOr @ ¢ e R D)
Ref ] Lie ]

c) Y; € L'**(R,) and ¢; € L= (R,) are such that y; * ¢; = e_w; on [1+&, ).
This is deduced that W = (W) = (pj)ewj /. Holder’s inequality then implies

>l Y lwll,,,
J

- Lewj U}

loj 1o
J ) ¢

L(L1+E(X)

and taking the infimum over all such ; and ¢; yields (9). |
Define, for a Banach space X, w; € R, and &> -1, the spaces

AM{te)a+e) (Ro)) = {15' € AM{ie (ij) 5 (z) = 0(9_(1+£)Re(z")) as |z | - °°}

end owed with the norms of 4 M{,, (ij).

Lemma 3.2: For every Banach space X, w; ER,1<&e<o,and , €-1

AME L 5 e (ij) = 4M{i, (ij) Ne_(14e)H” (ij) = e_ (44 MLy ) (ij) (10)
. X . .
In particular, 4;M(14 ¢y (14¢) (Rw,) are closed ideal in 4; M(’§+ o) (Rw))-

Proof:  The first equality in (10) is «clear, and so are the inclusions
e_1+e)4 M1+ 5)(ij) C 4 M()gJr £),(1+¢) (ij ). Conversely, if  f; €AMqyy S)(ij n

e_+e)H” (R, ) then ey f; € AiM(14 ¢y (R,,), since

Z”e(lﬂ)(wﬁi')ﬁ (o +i -)||M(1+8)(X) N Ze(1+£)wj 15 (o + i.)||M(1+s)(X)
7 ]

Suppose that ((f;)n)nen € A Ma+ o) 1+e) (Rw].) converges to f; € AiM S)(ij).
The Maximum Principle implies

Z||e(1+e)(ﬁ)n”f1°°(zew.) - Z et ”(ﬁ)n””w("’wﬂ '
j S

J

Global ]()urna| of Science Frontier Research (F) Volume XIX Issue V Version I E Year 2019

hence (e(14¢)(fj)n)nen is Cauchy in H® (Ra,}_). Since it converges pointwise to e f;,

(].O) 1mphes f} S A} M(1+ €),(1+¢) (Rw}_). |
To prove the main result [8] of this section. Note that the union of the ideals

8. M.Haase, J.Rozendaal: Functional calculus for the of semigroup generators via
transference.

A Mgflﬂ)’(lﬂ)(ij) for e> -1 is densest in A M()L_ ¢)(Ry;) with respect to pointwise and
bounded convergence of sequences. If there was a single constant independent of € > —1
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bounding the A]-M(X1 +e),1+e)(Ry;) - calculus for all, the Convergence Lemma would

imply that A; has bounded A4; M(Xl +e) (ij) -calculus, but this is known to be false in
general [1, Corollary 9.1.8].

Theorem 3.3: For each 0 < & < oo, there exists a constant c¢;,, =0 such that the

following holds. Let —A; the sequence of generates C; -semigroups (T () ¢er . of type
(M, 0) on a Banach space X and let(1 + €), w;> 0. Then f;(4;) € L(X) and

. . 1 £
(C(1+2)MZZ|10g (wj(1+ &) ||]j-||Ang(l+£) ifw (1+ &) < min (1+ o’ 1+£)
Zﬁ(Aj) = 2] (1+¢) 1 £
- —w;(1+e . . ] ,
7 | 2M Ze j ||]j||Ang(1+s),sz](1+ e)>mm<1+g, 1+s)

J

for all f; € AjM()gH),(HS)(R_w],). In particular, 4; has bounded AjM(X1+g),(1+g)(R—wj) -
calculus.

Proof: First consider f; € AjMy 4 g)(R_wj). Let O(14¢) € M_w],(]R+) be the unit point
mass at &> —1. By Lemmas 3.2 and 2.3 there exists w/ €eM_, (R,) such that
fi = ecqrop! =6a4q*pl. SinceSuyox i € M, (R,) with supp (84 *1/)E
[1+¢, =), Proposition 3.1 and Lemma 2.3 yield

Zﬁ )| < MznZ(‘“ﬁ(l +e),(+ 9) 10 .. )
i J

Suppose f; € AiM(1y )14+ (ij) are arbitrary. For ¢ ; 0,k € N and z € R_,,

and (]j-)ke(zj) = ]j(zj + e)g{;(zj + 6). Lemma 2.4 yields
i ke € AiMy (14 g)(R_w],), hence, by what have shown,

Set s g{c,(zj)::

D Ere @ <M Y @1+ 81+ Nkell
J J

The inclusions 4; Ml(R_w]_) CAM,,, (R_w]_) are contractive, so Lemma 2.3 implies
that g}, € A My, (R—w,) with

Zg{{ = Z”g{c”Ale = klle—kllir,y =1
j j

X
AjMy ¢

Combining this with Lemma 2.2 yields

> e
J

< z”]‘]'( +6)||Ang(1+£)”g£{(' +6)||Ang(1+£) < Z||ﬁ||AjM{1+s)
7 J

X
AjM{14 ¢
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In particular, supy .

the proof. m

Remark 3.4: Because A;M;(R_,) = AMs(R_,;) are contructively embedded in
A M(1+£)(R_a,j) Theorem 3.3 also holds for e = 0. However, 4; trivially has abounded

A; M;-calculus bylimma 2.3 and the Hille-Phillips calculus.

Note that the exponential decays of Z]-| f; (Zj)l are only required as the real parts
of z tends to infinity. If Zjl f; (Z]-)l decays exponentially as |Z]| — oo the result is not

interesting by lemma 2.4.

Equivalently formulate Theorem 3.3 as a statement about composition with

sequence semigroupoperators.

Corollary 3.5: Under the assumptions of Theorem 3.3,f; (4;)T/ (14 ¢ ) € L(X) and

Z;;- AT (1+ &)
j

1
I cr,eM? Y Jlog (wy L+ DI, o, i+ ) < min (e
j

. i 1 £
L 2MZZ||;;||AjM{(+E,lf w1+ &) > min(——,——)
J

For all f; € A M{,, (R-w,)-

1+ &’'1+ ¢

<

Proof. Note that Y; f; (A]-)Tj 1+ o)=2; (e_(1+ g)];)(Aj) and Zjlle_(lJre)jj- ||

- z ewj(1+s)||ﬁ||AjM{+£ -
j

X
AjMgyq

a) Additional results

As the first corollary of Theorem 3.3 we obtain a sufficient condition for a

semigroupgenerator to have a bounded A; My .- calculus (see,e.g.,[8]).

Corollary 3.6: Let —A; be the sequence of generates bounded C; -semigroups (T

(t)cer, S L(X) with

U Zran(Tj 1+ &))=X

e>=1 j

Then A; has bounded 4; M., (ij)—calculus for all w;j 0, &= 0.

&

(7, || <0 and supie [Z;(f)ke )] < oo The
Convergence Lemma 2.5 implies that f;(4;) € £L(X) satisfies (11). Lemma A.1 concludes

)

Global ]()urnal of Science Frontier Research (F) Volume XIX Issue V Version I E Year 2019

Proof: Using Corollary 3.5 note that f;(4;)T/ (1 + ¢) € £L(X) implies ran (T/(1+ ¢)) S O

dom(f; (4;)). An application of the Closed Graph Theorem (using the Convergence

Lemma) yields (7). m
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Theorem 3.7: Let 0 <& <oo, , w;> 0 andB+¢, 4 €C with Re(4;) < 0 < Re(B +¢).
There exists a constant C = C(1+¢, B+¢, 4, w;) =0 such that the following holds.
Let —A; be the sequence of generates Co— semigroups(T” (t))ieg,of type (M,0) on a

Banach space X. Then dom ((4; — 4)®*9)) cdom (f;(4;)) and

ZE(A])(A] _ /1]_)_(B+€) < (1'|'<€)1\422.||f]"||14].1\,1{(_'_‘g N
- 7 otes

for all f; € A Mf(+g(R_wj).
Proof: ‘First note that —(4;-4;) generates the exponentially stable semigroups
(eM*(T7 ())rer, - Hence to write

1 «° .
E A — 2) By = —f t(B+e)-1 E eMNtT) () xdt  (x€X

Fix fj € AiMy, . (R, ) and set a:= i min {ﬁ = } . By Corollary 3.5,

)
J w; 1+ ¢

f ehe@ )t Rt | 6 ()T (00| de < A+ M2 D [, e Il < o0
0 - - J €
J J

for all x € X, where

a [ee}
C = C1+sf tRe(ﬁ+s)—1Z|log(wj t)l e(Re(/lj)+wj)tdt + ZJ tRe(ﬁ+g)—1z e(Re(/lj))tdt
0 - a -
J J

are independents of f;, M, and x. Since fj(4;) are closed operators, this implies
that(4, — 4)~®*9maps into dom f; (4;) with

1 ® .
Z_E(Aj) =47 s ), “’””‘1]26%3 (4)7 0yt

as a strong integral. [ ]

Remark 3.8: Theorem 3.7 shows that for all analytic multiplier functions f;  the
domainsdom (f; (4;
(X,dom(4;))g,1+¢) and the complex interpolation spaces [X, dom(Aj)] g for all

0 € (0,1)and € > 0.

)) are relatively large, it contains the real interpolation spaces

Remark 3.9: Describe the ranges of f(4)(4 —24) %®*9in Theorem 3.7. More
explicitly. In fact

ran(ﬁ' (4)(4 - ’11')_(“8)) ¢ dom(4, - )"

for all Re(B)< Re(B + ¢). Indeed, this follows if show that
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) ¢ dom ((A,- —3) ;;(Aj))impnes

ran( (4 = 3) "
dom ((4; = %) f;(4)) = dom(f; (4)) n dom ([(z — %) £;(5)1(4))
The inclusion ran ((4; = 4)" ") & dom(f; (4))) follows from Theorem 3.7. Since
Noe  1@=25@]@)4 =57 =1 -4)"55)]4) = 4 —4)

The same holds for the inclusion ran((Aj — /1]-)_([“—8)) C dom ([(z] — /1])[{]3 (zj)](Aj))

b) Semigroups on Hilbert spaces

If X = H is a Hilbert space, Plancherel’s Theorem implies 4; M= H® with
equality of norms. Hence the theory above specializes to the following result, implying E
(a) and (b) of Theorem (1.1),

Year 2019

Corollary 3.10: Let —A;be the sequence ofgenerates bounded Cy-semigroups (TV (£))er .

of type (M, 0) on aHilbert space H. Then the following assertions hold.

(a) There exists a universal constant c¢>0 such that the following holds.
Let 1+ ¢, w;>0. Thenf;(4;) € L(H) and

[ssue V Version I

j

1
JCMZZ log(ey L+ D, i oy(1+2) <3

Volume XIX

Zﬁ(Aj) = 1
- | ZMZZe—wJ(1+£)”ﬁ_”m if o (1+¢) >

\ ,.

for all f; € e_14,H* (R_,;). Moreover, f; (A)T (1+¢) € L(H) with

(e tog(e 1 + ) SIS if w1+ 6) <2
AT (1+9) < J .
JZ 2 YA, if e t+e) >
)
for all f; € H°°(R_wj),
(b) If

U Zran(Tf(1+s)) =H

e>—=1 j

Global Journal of Science Frontier Research (F)

then 4; has bounded H* (R, )-calculus for all w;<0.

(c) For wj<0 andf + ¢, 4; € C with Re(4;) <0 < Re(B + ¢) there is C = C(B + ¢, 4, w;)
such that

o
> 5 — el <em gl
) )
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for all f; € H*(R,,;). In particular, dom(Aerg) € dom(f; (4;)).

Note: We can deduce that:

(1+¢)
Yl === Ny,
j J

From Theorem 3.7 and Corollary 3.10 Part (c).
Part (c) shows that, even though the sequence of semigroup generators on

Hilbert spaces do not have abounded H®-calculus in general, each functions f; that
decays with polynomial rate & > 0 at infinity yields bounded sequence of

operators f; (4;). For g + £>% this is already covered by Lemma 2.4, but for § + € €(0, %]

it appears to be new.

Remark 3.11: Part (c) of Corollary 3.10 yields a statement about stability of numerical
methods. Let —A; be the sequence generates an exponentially stable

semigroups (T/ (t)),s on a Hilbert space,
Let r € H*(C,) be such that |||y ,) <1, and let § + &, h;>0. Then

sup {”r(hJ-Aj)nx”ln EN,x € dom(AfJ“E)} < (12)

Follows from (c) in Corollary 3.10 after shifting the generator. Elements of the
form 7(h; A;)" x are often used in numerical methods to approximate the solution of the

abstract Cauchy problem associated to —A; with initial value x, and (12) shows that
such approximations are stable whenever x € dom(Af +€).

[V. M-BouNDED FuncTiONAL CALCULUS

Describe another transference principle for semigroups, one that provides
estimates for the norms of the sequence ofoperators of the form ]Z.(m)(Aj) for f; analytic
multiplier functions and };(m)i‘cs m-th derivatives, m € N. Moreover, recall our
notational simplifications 4; My, (R, ):= 4; Mmf,, (Rw;) (Remark 2.1).

Let wj<(wj)o be real numbers. The sequence operators of A; of half-plane
types (w;)o a Banach space X, has an m-bounded AjM{(+g (ij )-calculus if there

exists € = -1, such that fj(m)(Aj) € L(X) with

Yrmw@lsa+a s lyy,  forailfy €AMELR,)
;i 7

This is well defined since the Cauchy integral formula implies that ];.(m)is

bounded on every half-planes Rd,j with @;>w;.
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Say that A; has a strongm-bounded A4; M{,, -calculus of types (wj)o if A; has an
m-bounded 4; M., (ij) -calculus for every w;< (w;)o such that for some € = 0 one has

DI ARl ”)]Z sl LR (13)

J
for all f; € AjMf(Jrg (R )and w; i(w;)o-

Lemma 4.1: Let A; be the sequence of operators of half-plane types (w;)o € R on a
Banach space X, and let0 <& < o, and me€ N. If 4, has a strong m-bounded
A; M{,. -calculus of types(w;)o, then A; has a strong n-bounded A4; M{,. -calculus of
types(w;)o for all n, &> 0,

Proof: Let w;< B +e<(wj)o.fj € A]-MH_S(RQ,].) and n € N. Then

() . (n)! fi((B+e) +ir)
ZE B+is)=om fz((ﬁ+s)+ir)—(ﬁ+is)"+1dr

_ !

T 2m!

3 2 (FB+ 195 (=)™ D)®
j
For some s € R, by the Cauchy Integral formula. Hence, using lemma 2.2,

PNACETD

J

Ol
<ol =i 1||L1(R>Z||z;(<ﬂ+s>+z Mcg 00

M1e)(X)

- C
<o 2l
J

for some C = C(n) =0 independents of f; , B, f + ¢ and w;. Letting f + € tend to w;
yields

Z ];(n)

J

PNARICEED

J

< Cz (ﬂ n ”]; ”A M(Hg)(ij) (14)

AjM( 1) (Rp) M(1+e)X)

Let € > 0. Applying (14) with n —m in place of n shows that f(n ™ e AiMyy, (Rg)
with

n ' 1 n—-m
PNAED SC}ZW—_W”E( )”Aij(Rﬁ)

j
<cc'y : 51
- (@) = B™(B — w)r ™ " 1AM o) (Ro )

Finally, letting £+ ¢ = %((wj +(w;)o),
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S| <Y s lIf
7 b - ((@)o — @) T4 Ma e Ra )

for some C* > 0 independents of f; and w;. =

For the transference principle in Proposition 3.1 it is essential that the support of
woe M, (R,) are contained in some interval [1+ &, ©) with &> -1. One cannot expect
to find such a transference principle for arbitraries W/, as this would allow one to prove
that the sequence of semigroup generators has a bounded analytic multiplier calculus.
However, if we let ty/ be given by (tw/)(dt):= t/ (dt) then we can deduce the following
transference principle. Use the conventions 1/00:= 0, 00%: = 1.

Proposition 4.2: Let —A; be the sequence of generators of a Cy —semigroups (T (©)rer+
of type (M, 0) On a Banach space X. Let 0 <& <o, w;j0and @/ €M, (R,). Then

T’] Mzz| |(1+£) )(1+s) (1%)
W

L

J
ol gt ey

J

Proof:- Factorizes TJ as Tt] j= PoL, o
@j

Proposition 3.1 with 1/)j,<pj = 1g, e,,. Since (; * ¢; )e_mjuf =t /. Then

ZTfjll] < MZZ || 1+£

- Y a0 () (1%)

o 1, where 1 and P are as in the proof of

Jj €w; ||
e‘“’j“ A | Fp

LLME00)

L

o
el e o
by Holder’s inequality. [

To prove our main result m - bounded functional calculus, a generalization of
theorem 7.1 in [2] to arbitrary Banach spaces.

Theorem 4.3: Let A; be densely defined sequence of operators of half-plane type 0 on a
Banach space X.Then the following assertions are equivalent:

(i) —4; is the sequence of generators of bounded C, -semigroup on X.

(ii) A; has a strong m-bounded AjMf(Jrg -calculus of type 0 for some/all € > 0and
some/allm € N.

If —A; be the sequence of generates bounded C; -semigroup then A; has an
m-bounded 4; M., (ij)—calculus for all w;< 0, € = 0 and me N.

Proof. (i) = (ii) By Lemma 4.1 it suffices to let m = 1. Proceed along the same lines as
the proof of Theorem 3.3. Let (T/ (t))¢er, S £(X) be the sequence semigroups generated
by —-4; and fix wj< 0,6 =0and f; € A M;,, (Ra,]_). Define the functions (f;)ie:= f;
(4 e)g{c (+ +€) for k €N ande> 0, where g{c(zj): = i for z €R,,. Then

Zj—a)]-+k
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ke € A-Ml(Ra,j) by Lemma 2.4, and Lemma 2.3 yields (u/);. € M, (R,) with
(i dke= My - Then

f Neelz +h)— (relz
Z(ﬂ')k,e(zj) = limhj_mz(ﬁ)k' (5 + ]h) (Fire(Z)
g ]

)
. - e_(zf+h1')t —e
= llmh]._,ofz n
0 J J
== ) )

j
for z € Rw , by the Dominated Convergence Theorem. Hence (f ) (A )— —T] , and
Pr0p031t10n 4 2 and Lemma 2.3 imply

Z(ﬂ)ke(x‘l) <(1+¢&) (1+s) <1+£) (%)MZZ

e .
J

—Z]'t

(Wi == [ D e (@0
0o J

||(ﬁ)k E”A M{(+s
||

.the(fj)i, are uniformly bounded. By the

Furthermore, SUPk,e”Zj(ﬁ)k,e”A,Mx
j M 1+e .
Cauchy Cauchy integral formula, so are the derivatives (f;)r. on every smaller half-
plane. Since (]j)ke(z )—> (]j z;) for all z € Rw as k — o, € — 0, the Convergence
Lemma yields f (4;) € L(X) with

ZE(A W<+ e (1 : 8) () MzZ”f' |||A 1|v11

which is (4.1) for m = 1.
For (ii) = (i) assume that A; has a strong m-bounded A; M, .-calculus of type 0
for some € > 0 and some m € N. Then

e € Ale (ij) < AjM1+s(ij)

for all t > 0 and w;< 0, with

< = —tw;
Ze_t —Z”e—tllAle(ij) Ze

/ AjM1+£(ij) J g

Then, (e_,)™ = (—t)™ e_,implies

1
tm z e—tAj S CZ — e—t(l)j
j j |wj |
Letting w;:= — % ] yields the required statement [
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If X = H is a Hilbert space then Plancherel’s theorem yields the following result.

Corollary 4.4: Let A; be densely defined sequence of operators of half-plane type 0 on a
Hilbert space H. Then the following assertions are equivalent:

(i) —4; is the sequence of generators of a bounded Cj -semigroup on H.

(i) 4; has strong m-bounded H* -calculus of type 0 for some/all m € N.

In particular, if —4; be the sequence of generates bounded Cy-semigroup then 4;
has m-bounded H”(R,,, )-calculus for all w;j< 0 and m € N.

V. SEMIGrRouUPS ON UMD SPACES

A Banach space X is a UMD space if the function t + sgn(t) is a bounded
L?(X)-Fourier multiplier. For w; €R, let

HE (Ry,) = {f; € H* Ru)|(Z — w)f.(z) € H*(R,))]

be the analytic Mikhlin algebras on Ra,]_, a Banach algebra endowed with the series of
norms

DMl = 2 Wil ) = sPsers, D15 GI+ D15 = 0)f ()1 (5 € 7 (R, )
J J J j
Lemma 2.2 yield the continuous inclusion

Hy’ (wa) & A ML (ij)

For each ¢ > 0,if X is a UMD space. Combining this with Theorems 3.3 and 4.3
and Corollaries 3.5 and 3.6 proves the following theorem (see ,e.g., [8]).

Theorem 5.1: Let —A;be the sequence of generates Cy-semigroups (T/ (t))cer, of type (M,
0) on a UMD space X. Then the following assertions hold.

(a) For each & >0, there exists a constant c,;; = c(14+¢, X)>0 such that the
following holds.

2 . _ 1 £
Ceq1M Z|log(wj 1+ e))| ||]j ”Hi"’ if wj(1+¢&)<min {1_—|-£'1_-I-e}
J

AIE .
7 I( 2¢.4 M? Z e i ||f ”Hf° if (1+e)> min{l +e' 1+ s}
J

for all fi € H"(R—s,,) N e_q4eyH” (R-,,), and fj (4)T/ (1 +¢) € L(X) with
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(ADT (1+¢)

1
(cosm? leog(w(1+s))| e Of o if 0 (142 < minf—e

IA

1+¢’ 1+£}

\
for all f; € HY” (R—;).
(b) If

2c, 41 M? Z”]j”HfQ if wi(1+¢)> min{
j

U Z ran(TV(1+¢)) =X

e>—-1j

then 4; has bounded Hy°(R,;) -calculus for all w;< 0.
(c) A; has a strong m-bounded Hy” -calculus of type 0 for all m € N.

Remark 5.2: Theorem 3.7 yields the domain inclusions dom (A]ﬁ ™) € dom( fi(4;)) for
all B+¢€Ci,wj<0and f; € H (Ra,j), on a UMD space X. However, this inclusion in
fact, holds true on a general Banach space X. Indeed, for 4 € C with Re(4;) < 0,

fj(zj)
W €AM, (C,), hence
fi(4)( — A)"P*) € L(X) and dom(AerE) C dom(fj (4;)). Series estimates

Bernstein’'s Lemma [12, Proposition 8.2.3] implies

Z];.(A,) A — A <1+ e)leﬁllH;o(Ra,g
i J :

then follows from an application of the Closed Graph Theorem and the Convergence
Lemma.

Remark 5.3: To apply Theorem 5.1 one can use the continuous inclusion
H? (R, U (S,, +@)) € HY (R, (15)

J

For bj>w;, a € R and ¢; ( ,7|. Here R, U (S(p],+ a) are the union of Ry, and
the translated sectors Sy 0] + a, Where

Sp, = {7 € C|larg @) < o;}
Indeed, to derive (15) it suffices to let a = 0, yields the desired result.

VI. Y — BOUNDED SEMIGROUPS

The geometry of the underlying Banach space X played an essential role in the
results of properties of the analytic multiplier algebras A; M{,.. To wit, in to identify
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nontrivial functions in A4; M{,, one needs a geometric assumption on X, for instance that

it is a Hilbert or a UMD space. Take a different approach and make additional
assumptions on the semigroup instead of the underlying space. Show that if the

semigroups in questions arey; -bounded then one can recover the Hilbert space results
on an arbitrary Banach space X.

Assume to be familiar with the basics of the theory of y; -radonifying sequence
of operators and y; -boundedness as collected in the survey article by van Neerven[13].

Let H be a Hilbert space and X a Banach space. The linear sequence of Notes

operators T/ : H — X is Y; —summing if

2 1/2

DI, =supe ) (B[ > opn,Tm|| | <o,
J

j hJEF X

Where the supremum is taken over all finite orthonormal systems F € H and
((yj)hj)hjep is an independent collection of complex-valued standard Gaussian random

variables on some probability space. Endow
) (H; X):=-T : H— X | TV arey; -summing}
with the norms ”'”V,- and let the spacesy; (H ; X) of all y; -radonifying sequence of
operators be the closure in (¥;)o (H ; X) of the finite-rank sequence of operators H ® X.
For a measure spaces (Q, p/) let y;(Q; X) (resp. (¥j)w(Q; X)) be the space of all

weakly L?—functions fi+ Q — X for which the integration sequence of operators of

Dy, P(Q) = X,
Z(I)fj(g") = f Zg" Sdw (@ e ()
7 a g

Is y; -radonifying (y;—summing), and endow it with the norms”]j- ||y = ” (])fj ” .
J Vj

Collections 77/ € L(X) are y; -bounded if there exists a constant C = 0 such that

o 1/2 2 1/2

E[> D 0T <c ) E|[ D) opwrn
J - J -

T/ eTI T/eTi

for all finite subsets T3 € T J | sequences () i) pie 7+ € X and independent complex-
valued standard Gaussian random variables ((¥j)7)) - The smallest such C is the y;
-bound of 77and is denoted by.[[Tj ]]yj Every y; -bounded collections are uniformly
bounded with supremum boundless than orequal to the y; -bound, and the converse
holds if X is a Hilbert space.

An important result involving y/ -boundedness is the multiplier theorem. State a
version that is tailored to the purposes. Given a Banach space Y, a function g/: R - Y
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is piecewise W1® if g e W'(R “ {a; , . . ., a,}; Y) for some finite set
{a;,...,a, } SR

Theorem 6.1 (Multiplier Theorem): Let X and Y be Banach spaces and

TV : R — L(X, Y) a strongly measurable mappings such that
T=-T/ (s) | s € R}

are y; -bounded. Suppose furthermore that there exists a dense subset D € X such that
s +— T/ (s)x is piecewise W1l®for all x € D. Then the multiplication sequence of
operators

My F(R) @ X - LA(R;Y), My (®x)=f (T ()x
Extends uniquely to boundedsequence of operators
My v (L (R); X) — ¥, (L (R); Y)

with

ZMTJ' SZ[[Tj]]Yj

Proof: That M,; extends uniquely to bounded sequence of operators into
()/]-)OO(LZ(]R);Y) with |3 M| < Zj[[Tj]]yj. To see that in facts ran(M ;) €¥;(R; Y),
employ a density argument. For x € D let a; , . . ., a, € R be such that s — T/ (s)x
EWM (R “{ay ,...,a, }; Y), and set ag:= =00, ay4q1:= . Let f; € C, (R) be given

and note that

joY

1l 2, 17 (50 s < o

aj+1
j

for all j € {1, . .., n}. Furthermore,

ay | |
f_w2||f7'||Lz(_w,s) 177 (s) x||ds < oo
]

yields (1(q;,q; ., /] YT ()x €y;(R; Y) for all 0 < j < n, hence f;(1)TV (-)x €y (R; Y).
Since C.(R) ® D is dense in L*(R) ® X, which in turn is dense iny; (L?(R); X), theresult

follows. ]

To prove a generalization of part (a) of Corollary 3.10, recall that
e_a4eyH” (Ry, ) ={ f €H” (Ry, ) | £ (z) = O (e 0+ REas 7| — =}

for e> -1,w; € R.
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Theorem 6.2: There exists a universal constant c¢= 0 such that the following holds.
Let—A;be sequence of generatesy;- bounded Cy-semigroups (TV (t))¢er ,with M::[[Tj ]]yj on
Banach space X, and let 14 &, w;> 0. Then f;(4;) € L(X) with

for all f; € e_(14-H” (R_wj).

In particular, A4; has a bounded e_(14 oH® (R_w], )-calculus.

1
(32 Y loglay L+ NN, iF i+ o <2

< J

1
2M2 ) eI |Ip]| - if o1+ &) >3
e ’ 2 Notes

J

ZE(AJ)

Proof: Only need to show that the estimate (9) in Proposition 3.1 can be refined to

T
J

for u/ € M_,, (R, ) with suppy/ € [1+ €, ). Then one uses that

Z Lew,-uf = Z ”e/‘“J\“J ||H°°(<C+) - Z”ﬁj”Hm(R“”f)
)

J LyjRX)

Lewj#j|

(16)

< MznZ(wj, 1+¢2)
Jj

£(r; (X))

by the ideal properties of y; (L? (R); X) [13, Theorem 6.2], and proceeds as in the proof
of Theorem 3.3 to deduce the desired result.

To obtain (16) we factorizes Tp{f as T:j: PeL, —,°t, where u X— ;(R; X) and
P: y;(R; X) — X are given by ]

x(s):=P; (-9)T/ (-s)x (x € X, s €R),
Zpgj =J Z(pj(t)Tj Og®dt (g €y (R X))
j ©
for 1, ¢; € I2(R,) such that ; * ¢; = ey, on [1 + &, ©). Show that the maps 1 and P

are well-defined and bounded. To this end, first note that s — T/ (-s)x is piecewise W1*
for all x in the dense subset dom(4;) € X and that

Y (=) ® x € L*(==, 0) ® X ¥ (L*(R); X).
Therefore Theorem 6.1 yields 1x € y; (R, X) with
D= ||| s v o@xl, =My g, el
] . ] . ] ]
v vj

As for P, write
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8. M.Haase, J.Rozendaal: Functional calculus for the of semigroup generators via
transference.

PN IYCICLICEICLE WARICY
j J !

And use Theorem 6.1 once again to see that T/g/ € y;(R; X). Hence

508 = Sl Wl =Yl JE1,
7 j J

X

Finally, estimating the norms of T/ ; through this factorization and taking the
infimum over all y;and ¢; yields (16).m

Note: In putting p/ by t u/ in the proof of Theorem 6.2 we have,

g_(l‘g?)
2.l 4y 80) Z| a+o ()

J
Corollary 6.3: Corollary 3.10 generalizes to y; —bounded semigroups on arbitrary

J
e“’j“ L(L1+€(X))

Banach spaces upon replacing the uniform bound M of T/ by[[Tf ]]yj .
Theorem 4.3 can be extended in an almost identical manner to yj—Vversions
(see,e.g., [8]).

Theorem 6.4: Let —A;be the sequence generates y; -bounded Cp-semigroup on a Banach
X. Then 4; has a strongm-bounded H%-calculus of type 0 for all m € N.

Appendix A. Growth estimates
In this appendix we examine the function n: (0, <) x (0, ) x [1, ©] — R, from (3.1):

1B +ent+e) =inf vl oy« 0 = e oo on [t}
&

Use the notation f; < g/ for real-valued functions fis g/: Z — R on some set Z
to indicate that there exists a constant ¢ > 0 such that f; (z) <cg/(z) for all z € Z.

Lemma A.1: For each € > 0 there exist constants cy4,,d;4, = 0 such that
disellogffi(B + ))|<n(B + &t 1+ ¢) < ¢4, |logf(B + e)t)| (A.1)

If (B + &)t <min {141_ 1+£} If (B+¢e)t>min {11 }then
eIt < (B +et,1+¢) < 2e o (A.2)

Proof: First note that N(f +e¢, t, 1+¢e)=n((f+e)t, 1, 1+¢) =n(l, (B+e)t, 1+¢),
1+

for all PB+4+e t andl+e Indeed, for oy € LM(R,.), ¢; €L« (R,) with
W) @) = e_puey on [L, o) defines (1)), () = Ey; (D) and (), (s) = ¢ Ty (s/0)

for some s = 0. Then
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Zw),)t*(go]) (r)—wa, o ()2 =w-

J

for all r >0, so (;); * ()¢ = e_(g+) On [t, ). Moreover,

D= [ Yl QI F= [ Xwer as= Yl
J 0 J 0 Jj J

and similarly Z]-”((pj)t”ﬁ: Zj”goj ||ise - Hence n(B + ¢, t,1+¢) < n((B+ et 1,1+ ¢)).
Considering () 1,1 and (®i)ase yiélds NB+e t, 1+e) =n((B+e)t, 1, 1+¢). The
other equality follows immediately. Hence, to prove all of the inequalities in (A.1) or
(A.2), assume either that f + & = 1 or that t = 1 (but not both).

For the left-hand inequalities, assume that f + & = 1 and firshgonsider the left-

hand inequality of (A.1). Let t < 1 and ¥; € L'** (R,), ¢; € L= (R,) such that
Yj *@; = e_q on [t, ). Then

1

llog()] = — log(t) = f—<ef == f b &S

t t t

N

1
ef [ 2=l loolars
t 0 J
effz'*”f“ dsly; () dr
0

r

IA

IA

(el en
=effz LOASES LS ASE| s+r] derS—Sin(n/l+£)Z”¢j”1+£”(pj”1¥
0 0 J j

where used Hilbert’s absolute inequality [14, Theorem 5.10.1]. It follows that

sin(t/1+ €)

For the left-hand inequality of (A.2), assume that f+¢& = 1 and let t > 0 be
arbitrary. Then

=W = [ Y ue-9llo©lds <l ol
j 0 7 j ¢

By Holder's inequality, hence e™* < n(1,t,1 + ¢).

For the right-hand inequalities in (A.1) and (A.2), assume that t = 1 and first
consider the right-hand inequality in (A.1) for f + & < min { ! T } In the proof of
Lemma A.1, it is shown that

(W0 * (@)0)(s) = {51 "S 65[2’11)
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for

Z(ll)j)o = Zﬁj 1,41 and (¢;)o = Zﬁ} 1+
7 j=0 j=0

p (L
where (8;); and (f;); are sequences of positive scalars such that f; :O((l +j) (1+£)) and

g = o(a+)NE)as j = oo Let i e oo and = e_gan(@)o.
Then ¥; * ¢;= e_(g4¢) on [1,00) and

1+e 1+e o j+1 o
- ) e—(ﬁ2+ﬂ(1+e)+e)j
lej = Z e—(g+e) o = Z,Bj ¢ f e~ (114 gs < Z T+

J 1+¢ J 1+¢ j=0 j j=0

< —(B2+B(1+e)+e)s < s

<1 +j ¢ ds = 1 + e(B*+8(+e)+e) f s
1+s s
0 aq

The constant in the first inequality depends only on 1 + . Since (B2 + (e +1)+&) <1,

e S

ds

S S

1+¢ 1 0
-s
Z Y| S 1+ (POt ° ds+ j
j lte (B+e)(1+¢) 1

1
<1+ J 1 ds + e(ﬁz+ﬁ(1+€)+s)J e Sds
S
B+e)(1+e) 1

= 1= log(% + B(1L+ &) +) + (971 < log (o ; 5)+2

Moreover, u;lTs) > 14 &> 1 hence log (ﬁ) >log(1+¢)>0
and
log (57) + 2 = (1 + i) g (752)
Therefore
1
1 \I+e 1
Dol swe(gas)  =les@ o
j

1+¢

For a constant depending only on 1 + €. Similarly deduce
(7%
Yol stog@+elE
j Lte
&
for a constant depending only on % (and thus on 1+¢). This yields (A.1).
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For the right-hand side of (A.2) we assume that t = 1 and, without loss of
. . 1+e 1
generality (Since(B +¢,t,1+¢) =n(B +¢&t, -, that p+e> = let 9 = 1paiepiae
2
and 1), = (B*+B (1+e)+e)

e (B2+B(1+e)+e)

1]R+ e_(/;+g) . Then

1
B2+ B +e)+e) _ _ _
z¢f 95 (1) = —Graror 1 eWraEe (T ds = e=rer

J 0 Notes

For r = 1. Hence
1B +e 11+ < Dl o e
- &
j
(%)

) 1
_ (.32 +B(1+e)+e) f e—(ﬁz+ﬁ(1+5)+e)s ds f e([f+s)((£)(1‘aj)s)ds
0

(%)

T eBPHB+e)+e) — 1
0

5 (L) 1 (lg?) 1
_ B+ B(1+e)+e)\lte J. o (BE+B(+e)+e)s 4o | — (e(ﬁ2+ﬁ(1+e)+e) _ 1)—(m)
0

eB2+B(1+e)+e) — 1

1
< 2(TF)e=6B+e) < pe-GB+e)

Where haveused the assumption (B2+pB(1+¢&)+¢€)>1in the penultimate
inequality. m

Note: Deduce that:

Oz wll,,, < Mg, Zj”‘pjnlgi

2) e < [yl Nlosllie <267+
When f+e=1,6>0

Proof. (1) Since

S| <loges+ e (@
J 1+e¢

And
Yol| < nogs+ o)) )
T e

&

Divide we have
E ¥ < Mg, E o) | 1+¢
" " &
J 1+¢ J
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1-¢
Where we have Mp . = [log(f + g)|(m)
(2)From (A.2), we can get

e < ) Iyl oy llise ©
J

1 1
2 V]
2 2 ~
<[ Dl ) [ Dol | =il ol <2650
J j
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Numerical Methods

Numerical methods used should be transparent and, where appropriate, supported by references.

Abbreviations

Authors must list all the abbreviations used in the paper at the end of the paper or in a separate table before using them.
Formulas and equations

Authors are advised to submit any mathematical equation using either MathJax, KaTeX, or LaTeX, or in a very high-quality
image.

Tables, Figures, and Figure Legends

Tables: Tables should be cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g., Table 4, a self-explanatory caption, and be on a separate sheet. Authors must submit tables in an editable
format and not as images. References to these tables (if any) must be mentioned accurately.
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Figures
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color fee after acceptance of the paper.
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several questions of yourself, like "Will | be able to carry out a search in this area? Will | find all necessary resources to
accomplish the search? Will | be able to find all information in this field area?" If the answer to this type of question is
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you might have to do a lot of work to find all the rises and falls of the various data on that subject. Sometimes, detailed
information plays a vital role, instead of short information. Evaluators are human: The first thing to remember is that
evaluators are also human beings. They are not only meant for rejecting a paper. They are here to evaluate your paper. So
present your best aspect.

2. Think like evaluators: If you are in confusion or getting demotivated because your paper may not be accepted by the
evaluators, then think, and try to evaluate your paper like an evaluator. Try to understand what an evaluator wants in your
research paper, and you will automatically have your answer. Make blueprints of paper: The outline is the plan or
framework that will help you to arrange your thoughts. It will make your paper logical. But remember that all points of your
outline must be related to the topic you have chosen.

3. Ask your guides: If you are having any difficulty with your research, then do not hesitate to share your difficulty with
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of essential readings.

4. Use of computer is recommended: As you are doing research in the field of science frontier then this point is quite
obvious. Use right software: Always use good quality software packages. If you are not capable of judging good software,
then you can lose the quality of your paper unknowingly. There are various programs available to help you which you can
get through the internet.

5. Use the internet for help: An excellent start for your paper is using Google. It is a wondrous search engine, where you
can have your doubts resolved. You may also read some answers for the frequent question of how to write your research
paper or find a model research paper. You can download books from the internet. If you have all the required books, place
importance on reading, selecting, and analyzing the specified information. Then sketch out your research paper. Use big
pictures: You may use encyclopedias like Wikipedia to get pictures with the best resolution. At Global Journals, you should
strictly follow here.
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6. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right? It is a good habit
which helps to not lose your continuity. You should always use bookmarks while searching on the internet also, which will
make your search easier.

7. Revise what you wrote: When you write anything, always read it, summarize it, and then finalize it.

8. Make every effort: Make every effort to mention what you are going to write in your paper. That means always have a
good start. Try to mention everything in the introduction—what is the need for a particular research paper. Polish your
work with good writing skills and always give an evaluator what he wants. Make backups: When you are going to do any
important thing like making a research paper, you should always have backup copies of it either on your computer or on
paper. This protects you from losing any portion of your important data.

9. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality.
Using several unnecessary diagrams will degrade the quality of your paper by creating a hodgepodge. So always try to
include diagrams which were made by you to improve the readability of your paper. Use of direct quotes: When you do
research relevant to literature, history, or current affairs, then use of quotes becomes essential, but if the study is relevant
to science, use of quotes is not preferable.

10. Use proper verb tense: Use proper verb tenses in your paper. Use past tense to present those events that have
happened. Use present tense to indicate events that are going on. Use future tense to indicate events that will happen in
the future. Use of wrong tenses will confuse the evaluator. Avoid sentences that are incomplete.

11. Pick a good study spot: Always try to pick a spot for your research which is quiet. Not every spot is good for studying.

12. Know what you know: Always try to know what you know by making objectives, otherwise you will be confused and
unable to achieve your target.

13. Use good grammar: Always use good grammar and words that will have a positive impact on the evaluator; use of
good vocabulary does not mean using tough words which the evaluator has to find in a dictionary. Do not fragment
sentences. Eliminate one-word sentences. Do not ever use a big word when a smaller one would suffice.

Verbs have to be in agreement with their subjects. In a research paper, do not start sentences with conjunctions or finish
them with prepositions. When writing formally, it is advisable to never split an infinitive because someone will (wrongly)
complain. Avoid clichés like a disease. Always shun irritating alliteration. Use language which is simple and straightforward.
Put together a neat summary.

14. Arrangement of information: Each section of the main body should start with an opening sentence, and there should
be a changeover at the end of the section. Give only valid and powerful arguments for your topic. You may also maintain
your arguments with records.

15. Never start at the last minute: Always allow enough time for research work. Leaving everything to the last minute will
degrade your paper and spoil your work.

16. Multitasking in research is not good: Doing several things at the same time is a bad habit in the case of research
activity. Research is an area where everything has a particular time slot. Divide your research work into parts, and do a
particular part in a particular time slot.

17. Never copy others' work: Never copy others' work and give it your name because if the evaluator has seen it anywhere,
you will be in trouble. Take proper rest and food: No matter how many hours you spend on your research activity, if you
are not taking care of your health, then all your efforts will have been in vain. For quality research, take proper rest and
food.

18. Go to seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.

19. Refresh your mind dafter intervals: Try to give your mind a rest by listening to soft music or sleeping in intervals. This
will also improve your memory. Acquire colleagues: Always try to acquire colleagues. No matter how sharp you are, if you
acquire colleagues, they can give you ideas which will be helpful to your research.
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20. Think technically: Always think technically. If anything happens, search for its reasons, benefits, and demerits. Think
and then print: When you go to print your paper, check that tables are not split, headings are not detached from their
descriptions, and page sequence is maintained.

21. Adding unnecessary information: Do not add unnecessary information like "I have used MS Excel to draw graphs."
Irrelevant and inappropriate material is superfluous. Foreign terminology and phrases are not apropos. One should never
take a broad view. Analogy is like feathers on a snake. Use words properly, regardless of how others use them. Remove
guotations. Puns are for kids, not grunt readers. Never oversimplify: When adding material to your research paper, never
go for oversimplification; this will definitely irritate the evaluator. Be specific. Never use rhythmic redundancies.
Contractions shouldn't be used in a research paper. Comparisons are as terrible as clichés. Give up ampersands,
abbreviations, and so on. Remove commas that are not necessary. Parenthetical words should be between brackets or
commas. Understatement is always the best way to put forward earth-shaking thoughts. Give a detailed literary review.

22. Report concluded results: Use concluded results. From raw data, filter the results, and then conclude your studies
based on measurements and observations taken. An appropriate number of decimal places should be used. Parenthetical
remarks are prohibited here. Proofread carefully at the final stage. At the end, give an outline to your arguments. Spot
perspectives of further study of the subject. Justify your conclusion at the bottom sufficiently, which will probably include
examples.

23. Upon conclusion: Once you have concluded your research, the next most important step is to present your findings.
Presentation is extremely important as it is the definite medium though which your research is going to be in print for the
rest of the crowd. Care should be taken to categorize your thoughts well and present them in a logical and neat manner. A
good quality research paper format is essential because it serves to highlight your research paper and bring to light all
necessary aspects of your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING
Key points to remember:

e Submit all work in its final form.
e Write your paper in the form which is presented in the guidelines using the template.
e Please note the criteria peer reviewers will use for grading the final paper.

Final points:

One purpose of organizing a research paper is to let people interpret your efforts selectively. The journal requires the
following sections, submitted in the order listed, with each section starting on a new page:

The introduction: This will be compiled from reference matter and reflect the design processes or outline of basis that
directed you to make a study. As you carry out the process of study, the method and process section will be constructed
like that. The results segment will show related statistics in nearly sequential order and direct reviewers to similar
intellectual paths throughout the data that you gathered to carry out your study.

The discussion section:

This will provide understanding of the data and projections as to the implications of the results. The use of good quality
references throughout the paper will give the effort trustworthiness by representing an alertness to prior workings.

Writing a research paper is not an easy job, no matter how trouble-free the actual research or concept. Practice, excellent
preparation, and controlled record-keeping are the only means to make straightforward progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general
guidelines.

To make a paper clear: Adhere to recommended page limits.
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Mistakes to avoid:

e Insertion of a title at the foot of a page with subsequent text on the next page.

e Separating a table, chart, or figure—confine each to a single page.

e Submitting a manuscript with pages out of sequence.

e In every section of your document, use standard writing style, including articles ("a" and "the").
e Keep paying attention to the topic of the paper.

e Use paragraphs to split each significant point (excluding the abstract).

e  Align the primary line of each section.

e  Present your points in sound order.

e Use present tense to report well-accepted matters.

e Use past tense to describe specific results.

e Do not use familiar wording; don't address the reviewer directly. Don't use slang or superlatives.
e Avoid use of extra pictures—include only those figures essential to presenting results.

Title page:

Choose a revealing title. It should be short and include the name(s) and address(es) of all authors. It should not have
acronyms or abbreviations or exceed two printed lines.

Abstract: This summary should be two hundred words or less. It should clearly and briefly explain the key findings reported
in the manuscript and must have precise statistics. It should not have acronyms or abbreviations. It should be logical in
itself. Do not cite references at this point.

An abstract is a brief, distinct paragraph summary of finished work or work in development. In a minute or less, a reviewer
can be taught the foundation behind the study, common approaches to the problem, relevant results, and significant
conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet
written? Wealth of terminology is very essential in abstract. Use comprehensive sentences, and do not sacrifice readability
for brevity; you can maintain it succinctly by phrasing sentences so that they provide more than a lone rationale. The
author can at this moment go straight to shortening the outcome. Sum up the study with the subsequent elements in any
summary. Try to limit the initial two items to no more than one line each.

Reason for writing the article—theory, overall issue, purpose.

e Fundamental goal.

e To-the-point depiction of the research.

e Consequences, including definite statistics—if the consequences are quantitative in nature, account for this; results of
any numerical analysis should be reported. Significant conclusions or questions that emerge from the research.

Approach:

0 Single section and succinct.

An outline of the job done is always written in past tense.

Concentrate on shortening results—limit background information to a verdict or two.

Exact spelling, clarity of sentences and phrases, and appropriate reporting of quantities (proper units, important
statistics) are just as significant in an abstract as they are anywhere else.

(ol olNe]

Introduction:

The introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background
information to be capable of comprehending and calculating the purpose of your study without having to refer to other
works. The basis for the study should be offered. Give the most important references, but avoid making a comprehensive
appraisal of the topic. Describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the
reviewer will give no attention to your results. Speak in common terms about techniques used to explain the problem, if
needed, but do not present any particulars about the protocols here.
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The following approach can create a valuable beginning:

0 Explain the value (significance) of the study.

0 Defend the model—why did you employ this particular system or method? What is its compensation? Remark upon
its appropriateness from an abstract point of view as well as pointing out sensible reasons for using it.

0 Present a justification. State your particular theory(-ies) or aim(s), and describe the logic that led you to choose
them.

O Briefly explain the study's tentative purpose and how it meets the declared objectives.

Approach:

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job
is done. Sort out your thoughts; manufacture one key point for every section. If you make the four points listed above, you
will need at least four paragraphs. Present surrounding information only when it is necessary to support a situation. The
reviewer does not desire to read everything you know about a topic. Shape the theory specifically—do not take a broad
view.

As always, give awareness to spelling, simplicity, and correctness of sentences and phrases.
Procedures (methods and materials):

This part is supposed to be the easiest to carve if you have good skills. A soundly written procedures segment allows a
capable scientist to replicate your results. Present precise information about your supplies. The suppliers and clarity of
reagents can be helpful bits of information. Present methods in sequential order, but linked methodologies can be grouped
as a segment. Be concise when relating the protocols. Attempt to give the least amount of information that would permit
another capable scientist to replicate your outcome, but be cautious that vital information is integrated. The use of
subheadings is suggested and ought to be synchronized with the results section.

When a technique is used that has been well-described in another section, mention the specific item describing the way,
but draw the basic principle while stating the situation. The purpose is to show all particular resources and broad
procedures so that another person may use some or all of the methods in one more study or referee the scientific value of
your work. It is not to be a step-by-step report of the whole thing you did, nor is a methods section a set of orders.

Materials:
Materials may be reported in part of a section or else they may be recognized along with your measures.
Methods:

O Report the method and not the particulars of each process that engaged the same methodology.

0 Describe the method entirely.

0 To be succinct, present methods under headings dedicated to specific dealings or groups of measures.

0 Simplify—detail how procedures were completed, not how they were performed on a particular day.

0 If well-known procedures were used, account for the procedure by name, possibly with a reference, and that's all.
Approach:

It is embarrassing to use vigorous voice when documenting methods without using first person, which would focus the
reviewer's interest on the researcher rather than the job. As a result, when writing up the methods, most authors use third
person passive voice.

Use standard style in this and every other part of the paper—avoid familiar lists, and use full sentences.
What to keep away from:

O Resources and methods are not a set of information.
O Skip all descriptive information and surroundings—save it for the argument.
O Leave out information that is immaterial to a third party.

. © Copyright by Global Journals | Guidelines Handbook

XVI



Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part as entirely objective
details of the outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Use statistics and tables, if suitable, to
present consequences most efficiently.

You must clearly differentiate material which would usually be incorporated in a study editorial from any unprocessed data
or additional appendix matter that would not be available. In fact, such matters should not be submitted at all except if
requested by the instructor.

Content:

0 Sum up your conclusions in text and demonstrate them, if suitable, with figures and tables.

0 Inthe manuscript, explain each of your consequences, and point the reader to remarks that are most appropriate.

0 Present a background, such as by describing the question that was addressed by creation of an exacting study.

0 Explain results of control experiments and give remarks that are not accessible in a prescribed figure or table, if
appropriate.

0 Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or
manuscript.

What to stay away from:

0 Do not discuss or infer your outcome, report surrounding information, or try to explain anything.

0 Do notinclude raw data or intermediate calculations in a research manuscript.
0 Do not present similar data more than once.
0 A manuscript should complement any figures or tables, not duplicate information.
0 Never confuse figures with tables—there is a difference.
Approach:

As always, use past tense when you submit your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report.

If you desire, you may place your figures and tables properly within the text of your results section.
Figures and tables:

If you put figures and tables at the end of some details, make certain that they are visibly distinguished from any attached
appendix materials, such as raw facts. Whatever the position, each table must be titled, numbered one after the other, and
include a heading. All figures and tables must be divided from the text.

Discussion:

The discussion is expected to be the trickiest segment to write. A lot of papers submitted to the journal are discarded
based on problems with the discussion. There is no rule for how long an argument should be.

Position your understanding of the outcome visibly to lead the reviewer through your conclusions, and then finish the
paper with a summing up of the implications of the study. The purpose here is to offer an understanding of your results
and support all of your conclusions, using facts from your research and generally accepted information, if suitable. The
implication of results should be fully described.

Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact, you must explain
mechanisms that may account for the observation. If your results vary from your prospect, make clear why that may have
happened. If your results agree, then explain the theory that the proof supported. It is never suitable to just state that the
data approved the prospect, and let it drop at that. Make a decision as to whether each premise is supported or discarded
or if you cannot make a conclusion with assurance. Do not just dismiss a study or part of a study as "uncertain."
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Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results
that you have, and take care of the study as a finished work.

0 You may propose future guidelines, such as how an experiment might be personalized to accomplish a new idea.

0 Give details of all of your remarks as much as possible, focusing on mechanisms.

0 Make a decision as to whether the tentative design sufficiently addressed the theory and whether or not it was
correctly restricted. Try to present substitute explanations if they are sensible alternatives.

0 One piece of research will not counter an overall question, so maintain the large picture in mind. Where do you go
next? The best studies unlock new avenues of study. What questions remain?

0 Recommendations for detailed papers will offer supplementary suggestions.

Approach:

When you refer to information, differentiate data generated by your own studies from other available information. Present
work done by specific persons (including you) in past tense.

Describe generally acknowledged facts and main beliefs in present tense.

THE ADMINISTRATION RULES
Administration Rules to Be Strictly Followed before Submitting Your Research Paper to Global Journals Inc.

Please read the following rules and regulations carefully before submitting your research paper to Global Journals Inc. to
avoid rejection.

Segment draft and final research paper: You have to strictly follow the template of a research paper, failing which your
paper may get rejected. You are expected to write each part of the paper wholly on your own. The peer reviewers need to
identify your own perspective of the concepts in your own terms. Please do not extract straight from any other source, and
do not rephrase someone else's analysis. Do not allow anyone else to proofread your manuscript.

Written material: You may discuss this with your guides and key sources. Do not copy anyone else's paper, even if this is
only imitation, otherwise it will be rejected on the grounds of plagiarism, which is illegal. Various methods to avoid
plagiarism are strictly applied by us to every paper, and, if found guilty, you may be blacklisted, which could affect your
career adversely. To guard yourself and others from possible illegal use, please do not permit anyone to use or even read
your paper and file.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS

decision of Paper. This report will be the property of Global Journals.

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XIX

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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