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Absiract- Arithmetic subgroups are an important source of discrete groups acting freely on manifolds. We need to know
that there exist many torsion-free SL(2,Z) is an “arithmetic” subgroup of SL(2,R). The other arithmetic subgroups are
not as obvious, but they can be constructed by using quaternion algebras. Replacing the quaternion algebras with
larger division algebras yields many arithmetic subgroups of SL(n,R), with n > 2. In fact, a calculation of group
cohomology shows that the only other way to construct arithmetic subgroups of SL(n, R) is by using arithmetic groups.
In this paper justifies Commensurable groups, and some definitions and examples,R-forms of classical simple groups
over C, calculating the complexification of each classical group, Applications to manifolds. Let us start with SL(n, C).
This is already a complex Lie group, but we can think of it as a real Lie group of twice the dimension. As such, it has a
complexification.

Subject Areas: mathematical analysis, mathematical modern algebra and foundation of mathematics.
Keywords: lie group, commensurable groups, orthogonal group, symplectic group, subgroups, congruence
subgroup, arithmetic subgroups, cohomology, equivalence class, automorphism.

. [NTRODUCTION

In This paper we will give a quite explicit description of the arithmetic
subgroups of almost every classical Lie group G. (Recall that a simple Lie group Gis
“classical” if it is eithera special linear group, an orthogonal group, a unitary group, or a
symplectic group The key point is that all the Q-forms of Garealso classical, not
exceptional, so they are fairly easy to understand. However, there is an exception to
this rule, some 8-dimensional orthogonal groups have Q-forms of so-called triality type,
that are not classical and will not bediscussed in any detail here given G, which is a Lie
group over R, we would like to know all of itsQ-forms (because, by definition,
arithmetic groups are made from Q-forms) [1,2,3]. However, we will start with the
somewhat simpler problem that replaces the fields Qand Rwith the fields Rand C:
finding the R-forms of the classicalLie groups over C.In this paper we construct methods
by arithmetic groups. The associated symmetric space SL,(R) = S0, is the hyperbolic

plane HZ2. There are uncountably many lattices in SL,(R) (with theassociated locally
symmetric spaces being nothing other than Riemann surfaces), but only countably
many of them are arithmetic. But in higher rank Lie groups, there is the following truly
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remarkable theorem known as Margulis arithmeticity. Let G be a connected semi simple
Lie group with trivial centre and no compact factors, and assume that the real rank of

Gis at least two. Then every irreducible lattice I'c G is arithmetic [4, 5, 6]. These
groups play a fundamental role in number theory, and especially in the study of
automorphic forms, which can be viewed as complex valued functions on a symmetric
domain which are invariant under the action ofan arithmetic group. Appeared that
some arithmetic groups are the symmetry groups of several string theories. This is
probably why this survey fits into these proceedings|7].

[I. COMMENSURABLE GROUPS

Subgroups Hiand H; of a group are said to be commensurable if H; N H,is of
finiteindex in both H; and H,.The subgroups aZ and bZ of R are commensurable if and
only if % € Q. For example, 6Z and 4Zare commensurable because they intersect in 127,
but 1Z and V2Z are not commensurable because they intersect in {0}. More generally,
lattices Land L'in a realvector space Vare commensurable if and only if they generate

the same Q-subspace of V.Commensurability is an equivalence relation, it is reflexive
and symmetric, and if H;, H, and H,, H3 are commensurable, one shows easily that

H1 n H2 N H3 is offinite index in Hl,Hz and H3 [8,9]

a) Definition
Let H; and H, be subgroups of a group G. We say that H; and H, are
commensurable if [Hy: K], [Hy: K] < o, where K = H; N H,, [6,10]

b) Remark
“Being commensurable” is an equivalence relation [11].

¢) Examples

G finite: any two H; and H, are commensurable. G = Z: H; and H, are commensurable iff
they are isomorphic [13].

d) The geometry topology

Let H; and H, as fundamental groups.For instance, let 6 = PSL(2,C) acting on
H; and let H; and H, be lattices which are fundamental groups of hyperbolic
manifolds (or, more generally, or bifolds). if Hyand H,are commensurable X/H;and

Hihave a common finite cover. Since (orbifold) fundamental groups are defined as
2

subgroups of G only up to conjugacy, it is natural to allow subgroups to have a finite
index intersection only up to conjugacy|[5,4].

e) Definition

Let H; and H,; be subgroups of a group G. We say that Hjand H,
are weakly commensurable if there is a g in G suchthat [Hi:K],[H;: K] < oo, where
K="H n gH,g™'[9]

f) Remark
“Weak commensurability” is also an equivalence relation [13].
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g) The Geometry Topology in dimension 2

Let S, denote the fundamental group of the genus g close orientable surface.
of course S§; € S, for all g = 2. On the other hand one can find discrete surface groups
H; and H, inside G = PSL(2,R) which are not (weakly) commensurable[14].

h) Definition
Let H; and H, be groups. We say that H;and H, are abstractly commensurable if
there are subgroups K; of H;,i = 1,2, such that [Hy: K;],[H,: K>] < o and K; = K, [5].
[I1.  DEFINITIONS

Let G be an algebraic group over Q. Let p:G = GLy be a faithful representation
of Gona finite-dimensional vector space V, and let Lbe a lattice in V. Define

6@, =1{g € G(@Ip(g)L =L} (1)
Anarithmetic subgroup of G(Q) is any subgroup commensurable with G(Q);. For
an integer N > 1, the principal congruence subgroup of level N is:
I'(N), ={g9 € G(Q),|g actsas 1 on L/NL} (2)
In other words,.I'(N),is the kernel of

G(Q), - Aut (L/NL).

In particular, it is normal and of finite index in G(Q); congruence subgroup of

G(Q) is any subgroup containing some I'(N) as a subgroup of finite index, so congruence
subgroups are arithmetic subgroups [15].

a) Example
Let G = GL, with its standard representation on Q™ and its standard lattice
L =Z". Then G(Q), consists of the A = GL, (Q) such that
AZ" =7™. On applying A to ey, ...,e,, we see that this implies that A has entries in Z.
Since A™1Z™ = Z™, the same is true of A~1. Therefore, G(Q), is:
GL,(Z) = {A € My, (Z)|det(A) = +1} (3)

The arithmetic subgroups of GL,(Q) are those commensurable with GL, (Z)[16].
By definition,

I(N) = {4 € GL,(Z)| A = I mod N}
Which is the kernel of

GL,(Z) - GL,(Z/NZ).
b) Example
The group

spn@ ={accL,@ia(® Na=(° 1)} (5)
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is an arithmetic subgroup of Sp,,(Z), and all arithmetic subgroups are commensurable
with it [3].

[V. R-Forms ofF CrassicaL SIMPLE GROUPS OVER C

To set the stage, let us recall the classical result that almost all complex
simple groups are classical:
a) Theorem

All but finitely many of the simple Lie groups over Care isogenous to either
SL(n,C), SO(n,C), or Sp(2n,C), for some n, [15, 17]

b) Remark
Up to isogeny, there are exactly five simple Lie groups over Cthat are not
classical. They are the “exceptional” simple groups, and are called Eg, E7, Eg, F;, and G,.
We would like to describe the R-forms of each of the classical groups. For
example, finding all the R-forms of SL(n,C) would mean making a list of
the (simple) Lie groups G, such that the “complexification” of Gis SL(n,C).

This is not difficult, but we should perhaps begin by explaining more clearly
what it means. It has already been mentioned that, intuitively, the complexification of

Gis the complex Lie group that is obtained from Gby replacing real numbers with
complex numbers. For example, the complexification of SL(n,R) is
SL(n,C). In general, Gis (isogenous to) the set of real solutions of a certain
set of equations, and we let G¢ be the set of complex solutions of the same
set of equations [18]

¢) Notation of complex, semisimple
Assume G € SL(#,R), for some ¢. Since Gis almost Zariski closed, there is a
certain subset QofR[xy 1, ..., Xp,], such that G? = Var(Q)?. Let:

Ge = Varg(Q) = { g € SL(£,©)|Q(g) = 0, forall Q € Q). (6)
Then G¢ is a (complex, semisimple) Lie group.
d) Example
e SL(n,R)¢ = SL(n,C).
e SO(n)c=S0(n,C).
e SO(m,n)c=S0(m+n,C).
e) Definition
If G¢is isomorphic to H, then we say that

* His the complexification of G, and that

e (Gis an R-form of H

The following result lists the complexification of each classical group. It is not
difficult to memorize the correspondence. For example, it is obvious from the notation

that the complexification of Sp(m,n) should be symplectic.Indeed, the only case that
really requires memorization is the complexificationof SU(m,n) [19,2].
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f) Proposition
Here is the complexification of each classical Lie group.

Real forms of special linear group:
1 SL(n,R)¢ = SL(n,0),

2 SL(n,C)¢ = SL(n,C) X SL(n,C),
3 SL(n,H)¢ = SL(2n,0),

4 SU(m,n)¢ = SL(m +n,C).
Real forms of orthogonal groups:
1 So(m,n)c = SO0(m+n,C),

2 50(n,C)¢ =S0(n,C)xS50(n,C),
3 S0(n,H)c =S0(2n,C).

Real forms of symplectic groups:

1 Sp(n,R)¢ = Sp(n, ©),

2 Sp(n,C)¢ = Sp(n,C) x Sp(n,C),
3 Sp(m,n)c = Sp(2(m + n), C).

V. CALCULATING THE COMPLEXIFICATION OF CLASSICAL G

Here is justifies Proposition 4.6, by calculating the complexification of each
classical group. Let us start with SL(n,C). This is already a complex Lie group, but
wecan think of it as a real Lie group of twice the dimension. As such, it has a
complexification [20,6].

a) Lemma

The tensor product HQgC is isomorphic to Mat,y,(C).

Proof. Define an R-linear map ¢: H — Mat,,,(C) by

s =1d o0 =[; °]. e=1[" o ew=[ ] ™

It is straight forward to verify that ¢is an injective ring homomorphism.
Furthermore, ¢({1,i,j,k})is a C—basis of Matyy;(C). Therefore, the map
¢:H ® C > Mat,,,(C) defined by (v ® 1) = ¢p(v) Ais a ring isomorphism [1]

b) How to find the real forms of complex groups in C

Now, we will explain how to find all of the possible R —forms of
SL(n,C). We take an algebraic approach, based on Galois theory, and we first review
the most basic terminology from the theory of (nonabelian) group cohomology [1].
c¢) Definitions

Suppose a group Xacts (on the left) by automorphismson a group M. (For x €
Xand m €M, we write *mfor the image of munder x.) A function a:X - Misa

1-cocycle (or “crossed homomorphism”) if
alxy) = a(x) - *a(y)forallx; y € X.

Two 1l-cocycles a and fare equivalent (or “cohomologous’) if there is
some m € M, such that
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a(x)=m™-B(x) - *m forall x € X.

HI(X,M) is the set of equivalence classes of all 1 — cocycles. It is calledthe first
cohomology of X with coefficients in M. A 1 —cocycle is a coboundary if it is

cohomologoy us to the trivial 1 — cocycle defined by t(x) = efor all x € X [6].

d) Galoiscohomology

For convenience, let G¢ = SL(n, C). Suppose p: G¢ = SL(N,C) is an embedding,
such that p(Gc)is defined over R. We wish to find all the possibilities for
the group p(Gc)gr = p(Gc) NSL(N,R) that can be obtained by considering
all the possible choices ofp.Let odenote complex conjugation, the nontrivial Galois
automorphism of C'over R. Since R = {Z € C|o(Z) = Z}, we have

SL(N,R) = {g € SL(N,C)|a(g) = g}, (8)
where we apply 0 to a matrix by applying it to each of the matrix entries.Therefore

p(Gr = p(Gc) NSL(N,R) ={g € p(G¢)|o(g) = g} 9)

Since p(G ¢) is defined over R, we know that it is invariant under o, so wehave

p o p~1
Ge=p(G)-p(Ge) —Ge.

Let 6 = p~lop: G ¢ — G cbe the composition. Then the real form corresponding to p is

Gr=p ' (p(Go) NSLIN,R)) = {g € G¢|5(g) = g} (10)

To summarize, the obvious R-form of G ¢is the set of fixed points of the usual
complex conjugation, and any other R-form is the set of fixed points of some
other auto morphism of G ¢. Now let

a(o) =60"1:Gc— G. (11)
It is not difficult to see that
e (o) is an automorphism of G ¢(as an abstract group), and
e a(o) is holomorphic (since p~'and opotare holomorphic - in fact,
they can be represented by polynomials in local coordinates). So a(o) € Aut(G ¢).

Thus, by defining a(1) to be the trivial automorphism,we obtain a function
a: Gal(C/R) - Aut(G ¢). Let Gal(C/R) act on Aut(G ¢), by defining

%o = opo! forg € Aut(G ¢). (12)
Then a(o) = ¢ 1 %p,s0 a(o) - “a(c) = a(1) (since 62 = 1). This means thatais
1 —cocycle of group cohomology, and therefore defines an element of the

cohomology set H1Gal(C/R), Aut(G ¢). In fact: This construction provides a one-to-one
correspondence between H1Gal(C/R), Aut(G¢). and the set of R -forms of G ¢ [21,14,19].
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VI.  APPLICATIONS TO MANIFOLDS

7" is a discrete subset of ]R{"Z, i.e., every point of A hag an open
neighbourhood(for the real topology) containing no other point of Z", Therefore,

GL,(Z) is discrete in GL, (R) and it follows that every arithmetic subgroup I' of a group
Gis discrete in G(R)Let Gbe an algebraic group over Q. Then G(R)is a Lie group, and
for every compactsubgroup Kof G(R), M = G(R)/Kis a smooth manifold [22].

a) Torsion-free arithmetic groups
SL,(Z) is not torsion-free. For example, the following elements have finite order:

G D=9 G 9-G D07 w
b) Theorem

Every arithmetic group contains a torsion-free subgroup of finite index.For this,
it suffices to prove the following Lemma [12].
¢) Lemma
For any prime p € 3, the subgroup I'(p)/ of GL, (Z) is torsion-free.

Proof. If not, it will contain an element of order a prime ¢ and so we will have an
equation:

(1+pmA)f =1 (14)

with m = land Aa matrix in M, (Z) not divisible by p. Since I and A commute, we can
expand this using the binomial theorem, and obtain an equation:

f) p™ A (15)

" A= =3, (
In the case that £ # p, the exact power of pdividing the left hand side is p™, but
p?™ divides the right hand side, and so we have a contradiction. In the case that

£ =p,the exact power of pdividing the left hand side is p™*!, but, for 2<i<
p,p2m+1|(}z) p™ because p(}l?), and p?™*l|p™ because p >3. A gain we have a
contradiction [12].

d) Application to quadratic forms
Consider a binary quadratic form:

q(x,y) = ax? + bxy + cy?, a,b,c€R (16)

Assume q is positive definite, so that its discriminant A= b? — 4ac < 0. There are
many questions one can ask about such forms. For example, for which integers N is
there a solution to q(x,y) = N with x,y € Z For this, and other questions,the answer

depends only on the equivalence class of q, where two forms are said to be
equivalent if each can be obtained from the other by an integer change of variables.

More precisely, gand q are equivalent if there is a matrix A € SL,(Z) taking q into q by
thechange of variables,
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(;) y (;) (17)

In other words, the forms:
a@y) = @9.0.(;), d@»=6».q. () (18)

are equivalent if Q = A*.Q'. A for A € SL,(Z). Every positive-definite binary quadratic
form can be written uniquely:

qlx,y) =alx —wy)(x —wy)a€R, weH. (19)

If we let Q denote the set of such forms, there are commuting actions of R and
SL,(Z) on it, and

O/R =H
as SL,(Z) sets. We say that q is reduced if
ol >1and -3 < %R(w) <3,orlw| =1and - < R(w) < 0 (20)

More explicitly, q(x,y) = ax? + bxy + cy? is reduced if and only if either [9].
—a<b<a<cor0<b<a=c.

e) Applications of the classification of arithmetic groups

Consequences of the classification of F-forms. Suppose ['is an arithmetic
subgroup of SO(m,n), and m+n = 5is odd. Then there is a finite extension F of Q,
with ring of integers O, such that I'is commensurable to SO(4,0), for some invertible,
symmetric matrix A in Mat, v, (F).So G = SO(m,n). Restriction of scalars implies there
isa group Gthat is defined over an algebraic number field Fand has a simple factor that
is is ogenous to G, such that I' is commensurable to G,. By inspection, we see that a
group of the form SO(m,n) never appears at two places. However, we know that
m + nis odd, so the only possibility for Gpis SO(A,F). Therefore, I' is commensurable to
SO(4,0) [5, 1, 12].

VII. CONCLUSION

To state the conclusion in our applications, we can expand binomial and obtain
an equation. The coefficient group M is sometimesnon-abelian. In case, H! (X, M) is a set
with no obvious algebraic structure. However, if M is an abelian group (as is often
assumed ingroup cohomology), H (X, M) is an abelian group.The general principle: if Xis
an algebraic object that is defined over R, then H!Gal(C/R), Aut(X() is in one-to-one
correspondence with the set of R-isomorphism classes of R-defined objects whose C-
points are isomorphic to X¢. We will explain how to find all of the possible R-forms

of SL(n,C). The techniques can be used algebraic structure, but additional calculations
are needed.
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