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[. [NTRODUCTION

Frames were developed as a powerful tool in signal processing. the frame in a Hilbert
space was defined by Duffin and Schaeffer [12] for investigating non-harmonic Fourier
series. A discrete frame is a countable family of elements in a separable Hilbert space, which
allows stable and not necessarily unique decomposition of arbitrary elements in an expansion
of frame elements. In this paper, H refers to a Hilbert space over C and the closed unit ball of
H is denoted by H;.

Let (X, X, p)be a o-finite measure space. Then a mapping T from X into X is said to
be a measurable transformation if T™'(E)ey forevery E e X. A measurable transformation
T is said to be non-singular if p(T™'(E))=0 whenever w(E)=0. If T is non-singular then the
measure pT~' defined as pT™'(E) = (T '(E)) for every E in ¥ , is an absolutely continuous
measure on Y with respect to u.Since pis a o -finite measure, then by the Radon-Nikodym
theorem, there exists a non-negative function hy in L'(u) such that uT ()= [ hpdp for

every E e . The function hy is called the Radon-Nikodym derivative of pT™' With respect
to .

Every non- singular measurable transformation T from X into itself induces a linear
transformation C; on LP°(u)defined as C.f=foT for every f inL°(n). In case C, is
continuous from LP(u) into itself, then it is called a composition operator on L°(u) induced
by T. We restrict our study of the composition operators on L*(u) which has Hilbert space
structure. If u is an essentially bounded complex-valued measurable function on X, then the
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mapping M, on L*(n) defined by M, f=u-f, is a continuous operator with range in L?(p).
The operator M, is known as the multiplication operator induced by u.

A composite multiplication operator is linear transformation acting on a set of
complex valued 2 measurable functions f of the form

M 1 () =CrMy (f) =(ueT) (foT)

whereuis a complex valued, > measurable function. In case u=1 almost everywhere,
M, becomes a composition operator, denoted by C; .

In the study considered is the wusing conditional expectation of composite
multiplication operator on L’-spaces. For eachfel”(X, X,n), 1<p<co, there exists an
unique T™'(X )-measurable function E(f) such that

[gfdu=]gE(f)dp
A A

for every T7'(X )-measurable function g, for which the left integral exists. The function
E(f) is called the conditional expectation of f with respect to the subalgebra T™'( % ). As an
operator of L”(u), E is the projection onto the closure of range of T and E is the identity on
L"(n), p>1ifand only if T"'(X )=3 . Detailed discussion of E is found in [1, 2, 3, 4].

The study of weighted composition operators on L? spaces was initiated by R.K.Singh
and D.C.Kumar [5]. During the last thirty years, several authors have studied the properties of
various classes of weighted composition operator. Boundedness of the composition operators
in P (X ), (1<p<w)spaces, where the measure spaces are o -finite, appeared already in [6].
Also boundedness of weighted operators on C(X,E) has been studied in [7]. Recently
S.Senthil, P.Thangaraju and D.C.Kumar have proved several theorems on n-normal, n-quasi-
normal, k-paranormal, and (nk) paranormal of composite multiplication operators on L’
spaces [8, 9, 10, 11,17].

The theory of weighted translation pre-frame operators is the generalizations of the
theory of c-frames and c-Bessel mappings. The properties of c-frames and c-Bessel mappings
have been studied in [13]. The change of variable formula will be frequently used throughout
this paper and we remind it here as follows:

duoT_1

[ foTdu= [ fdueT = | f

du=[hyfdy, BeY ,feLll(X)
T7(B) T7'(B) T7(B) H B

In this paper we investigate composite multiplication pre-frame operators on L?(u)-
spaces.

1.1 Let L?(X,H) be the class of all measurable mappings :X — H such that

I£]; = S 2 du<oo

2020 Global Journals

0

(666T) 8ee-Toe dd ‘zgg1oa “yieN wojuo)) ‘seoeds - 7d omy

ueam)a(q siojersdo uoryisodwio)) pue uonedrduniy 3 ‘IYonoyox 2 H ‘rsee], L



For any f,gel?(X,H), based on the polar identity, we may conclude that the mapping
x —>(f(x),g(x)) of X to C, is measurable and it can be seen that L*(X,H) is a Hilbert
space with the inner product defined by

(f.g)2 = [ (£ 8() )du.
X
We shall write L?(X) when H=C
Notes

I1. COMPOSITE MULTIPLICATION PRE-FRAME OPERATOR

2.1 Let f:X— H be a mapping. We say that f is weakly measurable if for each heH, the
mapping x —(h,f(x)) of X to C is measurable.

2.2 Let f:X— H be weakly measurable. We say that f is a c-frame for H, if there exist
0< A< B<o such that

Aln P <] (hfe))|[*du< B|n |, heH.
X

If only the right hand inequality is satisfied, then we say that f is a c-Bessel mapping for H.
Let f:X — Hbe a c-Bessel for H. Let M, ¢ :L*(X)—Hbe defined by

(Myrs (@h)=] @T)(x) (2o T)X)( f(x),h)dux), heH, gel’(X).
X

It is obvious that M, r ; is well-defined and linear. For each geL?(x)and h e H, we have

” Myt (8) H =§:§‘ < My s (8).h >‘

[ (WeT)(x)(goT)(x) (f(x),h)dy
X

=Sup
heH

=Sup
heH

[ ((ug)°T)(x) { f(x),h )dp
X

! 1

<[ Hlwwen Pan | sunl e ) o
X

heHj\ X

1

=| [ E[(ug)eT)|*dn ]2 SUP(J|<f(X),h>|2dHJ2
X

heH|\ X

1 1

= th|u|2|g|2du ]2 Sup(j|<f(x),h>|2 dqu
X heH\ X

1 1
<B e, 1913

Consequently, M, tr1s bounded. We shall denoted
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My T ¢ :L2(X) > H, by Myrs(@=[(ueT)(geT)fdy, ge 1>(X) is called the composite
X

multiplication pre-frame operator of f.

For each gel?(X) and heH by an application of the conditional expectation properties and
the change of variable formula,

< & Myrr(h) > = < My 1¢(2).h >

= [ (WeT)(x)(geT) () ( f(x),h )du
X

=] ((ug)oT) () f(x),h)dp
X

= | E(((ug)eT) () ( f(x),h ) )du
X

= [ hyu(x) g(x)E(< f(x),h >)0T—1 du
X

=< e hy uE[<f,h>}T—1 >

Thus, M} 1¢(h)=hy uE {‘( EETJ oT!
Also, for each h € H, we have

M0 = (M M 0

=] < My 1r My1e(h), h >dM
X

The mapping M 1 :H—> L*(X)is called the composite multiplication analysis operator of f.
We define, S, 1 :H—>H by Sy1¢(h)=My1s My (h)

- MU,T’{ by E{‘(Eﬁ‘y‘}rl}

—[uleThyeT E{‘(Eﬁ‘y‘jf au
X

and it is called the composite multiplication frame operator of f.

Theorem 2.1. LetS,.1.; is composite multiplication frame operator of f. The mapping
Su1f:H—H and For each c-Bessel mapping f:X—H, Then S, 1 is invertible if and only if
M, 1 ¢ IS surjective.
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Proof. Since S, 1¢ is a self-adjoint operator on H then by [14, Theorem 9.2.1], we have

2
inf (Sy7¢h, h)=inf “ M} 1 (h) “ eSepc S, 1.¢, the spectrum of S, 15
heH; heHj

By hypothesis 0¢SpecS, 1, Hence, inf “ M; ¢ “ >0. It follows that
e heH; T

. * * . . .
hlgél” My 1¢ H" h|< ” My 1¢ H and so M, 1 is surjective.

Conversely, Let M, 1 ¢ is surjective. Then there exists K > 0 such that for each heH
|3 2
Mo |2 ]
* * 2 2
S0, (Syrs (), h) =<Mu,T,f My 1 (h), h >=“ My 1 “ > K|
For each heH, we have

(Sure 0. 1) =(Myre Mire (). b)

— () MG )T dy
X

=fJu?oT hroT E[‘(‘EHT] (f,h) dp
X

=]E(u?oT hpoT E{Tffﬁ}j (f,h)) du
X

=[u?oT hypoT E((fh)} E((f,h)) du

X
< )j(uon hyoT E(|<f,h> |2) du
_ )j((u2hT)oT [(£.h) ] dus1
<

“ (u’hp)oT “ B | h|’ for some B>0

Therefore K< S, 1< “ (u?hyp)eT “ B , Syt Is invertible.
0

Theorem 2.2. Let M, 1 is composite multiplication pre-frame operator of f. For each x e X,
the map x— (f(x), h) is T-!(Y )measurable. Thenf:X—H,is a c-frame for H if and only if
the operator M, 1 ¢ is a bounded and onto operator.

Proof. Let fbe c-frame by definition 2.2, it is clear that M, 1 1s bounded. We have to prove
only that M ¢ is onto.

Since (u?hy)oT>0 almost everywhere, Now we assume that (u’h)oT> & for some §>0.
Then, by using the change of variable formula, we get
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2

duoT™
g Notes

= Juhy |oT E[_(f,_ﬁ_)_] au
X
2 2
> 5 ] E{‘(f:i;;‘] du=5 z‘f‘ﬁ‘ﬂt au=51 | (n, £) du
X X X
> 5 A

Therefore, by [15, lemma 2.4.1], M, ¢ is onto.
Conversely, let M, ¢ is bounded and onto operator, by [15,Lemma 2.4.1], there exists a

2
constant ¢ > 0such that for each heH,c|h ||2 S” My 1.¢ (h) ” :

On the other hand, by the change of variable formula, we get

2
ol nf? <[ Mire | =]
X

uhy E{(f, h>] oT ™!

E[(f, h>J

<|whpyet| () an
© X

oT

= ‘UZhT
X

Since “ (uth)oT“ >0,wegetA [h|*< | [(h,f >|2du for some constant A>0.
® X

To proved is that f is c-Bessel, For this the change of variable formula and the properties of
the conditional expectation are essentially used to obtain by

o dp

[(h ) aw < 5) B[ (h £
X

IA
M e— Ho—

~~
c
=
—
N
o
—~
™
—
=
-
P
o,
=

[ (uhy) E‘(h, f>oT_1‘2duoT_1
X

[ (uhy) E‘(h, f)oT_l‘th du
X
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- ‘uhT E(h, f)oT™ ‘Zdu
X

2 2
=“MZ,T,f(h) ” < ”Mz,T,f ” [n]”
Hence | |(h, f)du<B|n[’ for some B>0
X

Theorem 2.3. Let K be a Hilbert space, f:X—H be a c-Bessel mapping for H and v:H—>Kbe

a bounded linear mapping. Then
(1) The mapping vf:X—>Kis a c-Bessel mapping for Kand vM 1 =M 1 ¢

(ii) For each xeX the map,x—(h,f(x))is T~'( )-measurable. Let f be a c-frame
for H. Thenvfis

Proof. (i).Since  Sup [ |(h,v(f(x)) >|2d;,t <||v|? sup | | {(h.f(x) >|2dp, vfis a c-Bessel mapping for
heH| X heH| X
K.

For each geL?(X),we have (M, 1r (2).k )= [ ueT(x) g T(x){ V(f(x)), k )du
X

=] (ug)OT(X)<f(X),V*(k)>dp
X

=(My1s(2) v (0)) =(VMy e (e k)
Hence My 1y =vM, 1.

(11). Suppose that v is surjective, by (1) it is clear that M, 1 ¢ s also surjective.
Hence by Theorem 2.2, vfis a c-frame for K.
Conversely, suppose that vf is a c-frame for K, then by Theorem 2.2, M 1 ,s1s surjective

and again by (i) v is clearly surjective.

[1I.  DuAL oF C-BESSEL MAPPING

3.1 Let f, g be c-Bessel mappings for heHwe say that f equals weakly to g whenever
My 1+ =My 14, Which is equivalent with (h,f)=(h,g)almost everywhere, for all heH.

Theorem 3.1. Let f, g be c-Bessel mappings for H. Then the following assertions are
equivalent,

(1). For each heH,h:Mu,T,f(< h, goT! >j
(2). For each keH, k=M [<k,foT’1 >)
TfoTiT,g
(3). Foreach h, keH, <h,k>= | uOT(x)<h,g(x)><f(x),k>dp,
X

(4). Foreach heH, |h|* = [ usT(x)(h,g(x)){ f(x),h )du
X
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(5). For each orthonormal bases { ¢; }._ for H

iel

<ei,yj>=>j'( ueT()(e;,2(x) ){ £(x), vj )du, iel, jeJ

(6). For each orthonormal bases | v }jej and { ¢; }._, for H
<ei,ej >:)j< uoT(X)<ei,g(x)><f(x), € >du, icl, jeJ Notes

Proof. (1) (2), choose h, k e H arbitrarily then

<h’k>:<Mu,T,f(<h,g°T71 >)k>

=>J'<uoT(x) [<h,goT*1 >)oT(x) (f(x),k )dp

= [ueT()(h,g(x)) {£(x)k )du

X

- ] W) (kG0 ) (g00.h)du
X

- <M_u_O_T_’T,g(<k,foT_l >j h>
:<h, MHOT’T7g[<k,f0T1 >j>

Hence k=M [<k,foT’1>)
lei‘i,T,g

(2) > (3)1s proved in a similar way and proof of the other implications refer[ 16, Theorem 3.4].

3.2Let £, g be c-Bessel mappings for H. we say that f, g is a dual pair if one of the assertions
of Theorem 3.1 is satisfied.

Note that:

|07 = usT(h, g(0) ){ £00.h )du
X
SI

1
( | (h, g(x)) Jz(f
X

1 1

( (b, g0) dujznuoanBzuhn

ueT(x)( h, g(x) )(f(x),h)| d

1
woT(x)( £(x),h ) |2dpj 2
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Hence g is a c-frame for H.

Theorem 3.2. For each x eXand heH, the map x —(h,f(x))is T '(Z )-measurable. Let f
be a c-frame for H. Then the following arguments hold.

(1). For each h e H, we find the following formulas h =M Tl (u hyp E(( h,f ))oT’l)
w4 u,T,f

and h = MuyT,f( uhy E(< Sy p (), f >)0T—1j
(2). In the formulah = MuvT,f( uhy E(< S;}T’f (h), f >j° Tf1)’

h= Mu,T,f( uhy E(< h,S, ¢ () >)o T’ljhas the least norm among all of the retrieval

formulas.

(3). Foreach heH, h= Mu’T,f< h,goT’1> if and only if there exists a c-Bessel mapping /e #
Such that go7~/ :Su_,]T,f f+1, where for each ke H,(k,1)e Ker(M, 1 ;).

(4). The map f has just one dual if and only if R(M}, 1¢)=L*(X).

Proof.(1).Since f is c-frame, then by Theorem 2.2 ,M, 1sis onto and hence S,r¢ is an
invertible operator. Consequently, for each h e H, we obtain that

4 4
h=S 1¢Surs)=S 1 Myrs My, ¢ (h)

- Mu,T,s;}T,f (u hy E((h,f))oT™! )

Now, we have h=S . . S, 1¢(h) =M, 1 My 71 (h) (s;}T’f)

=My 1f (UhT E( < Syip.e (), f >]°T_1) :

(2). Choose ¢1*(X) and h= M, 1¢(¢). Then for each geH, we have

()= M e B (5 e))or ) o

oy uoT(x)[uhT E(<S;}T’f(h),f>JoT—1)oT(x) (f, g )du

X

_ )j(uZ STy o T E( (87 (.1 )] {10, g

Similarly, we have

(hg)=(Myrs@), g)=[ueT()poT()(f(x),g)dn
X
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Therefore <h,g>—<h,g>=<Mu’T,fKuhT E[<S;}T,f(h),f>joT—l)—¢} g>

:)j(uoT(x)((uhT E(<SU}T’f(h),f>)oT1)—¢(x))oT(x)<f(x), g )du=0

My 1¢ (( uhy E[ < SN >)°T1j—¢j =0

Implies that ( uhy E( < Sy p (). >)0T—1j—¢ e Ker(My 1¢)

Since f'is a c-Bessel mapping for H, we obtain that ( uhy E[ < S;lT ¢ (), f >j° T_lje RMy1¢)
But L* (X) = ker(M,, 1.r) ® R(My 7 ¢ )

Consequently,

2 2

+

oI’ -

(uhT E(<S;,1T,f(h)af>j0T_lj_¢

[uhT E( (7 (f >)0T‘1j

and (2) is proved.
(3). Let g be a c-Bessel mapping for H. For each h e H, assume that h = Mu’T,f< h, goT™! >

Let goT~! ~S, 7/ =1 by Theorem 3.1, for each &,k < H we have
<Mu,T,f<k,1),h)=<Mu,T,f<k,goT—1>,h>—<MuI,f<k, S;]T’ff>, h>

=)j(uoT<k,goT*1>oT<f,h)du—)j(uoT<k, Sylref )oT(£.h)du

= [ueT(kg)( f,h)du—[uoT(k S FoT )(fh)du
X X o

=(k,h)-(kh)=0
Hence, for each ke H, (4,/) eR(M;’T’f)l :ker(Mu)T’f).

Now, let goT7! = Su_lr oS Then for each h e H,we have

JuoT( £ h ) kg )du=] uoT{ f.h){k. (S;lT,ff+l)oT>dy
X X

= [uoT(x) <f(x),h><k, (Su_})ff)oT>d,u+ fuoT(x) ( f(x)h )k, IoT)du
X X
:<k,h>+<Mu,T,f<k,l>,h>:<k,h>.
By Theorem 3.1, h:Mu,T’f<h, goT_1>.

(4). Let R(MZ1; )= 12(X) and Let 1< R, [ with 1] =1
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Consider the map k:X — L?(X)defined by k(x)=1oT(x)! For each teL*(X), the map X —>C,

defined by x —(t,k(x))is > -measurable and [|{7k(x) >|2du: [ |<t,IOT(x)l>|2du
X X

:);( [ 1er(0Pdu=] (1) <|¢]

Thus, k is a c-Bessel mapping for L*(X).let v:L?(X)—Hbe a mapping such that v/)=0.
Notes Then vk is c-Bessel mapping for H and S;}T’fﬂvk is a c-Bessel mapping for H.

Let heH, juoT(x)<h,S:T ff(x)+vk(x)><f(x),h>du
) :

- uoT(x)< h, Syl (F(x) >< £(x), b Ydp+ [ uoT(x) { h, vk(x) }{ f(x), h )dn
X X

=[] +< v*(h),l><Mu'T,f(l), n)=[ |

Therefore S, ', .f+vkis the dual of f.

This implies that, S’} . f+vkis not weakly equal to S’} .f

Conversely, Assume that L% (X) = R(MZ,T,f), Now, go7™! =S, . f+1 where for each k e H

(k1) eker(Mu,T,f)=R(M;T,f)i ={0}, =0 weakly, so fhas a dual.
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