
© 2020. S. Senthil, M. Nithya & D. C. Kumar. This is a research/review paper, distributed under the terms of the Creative 
Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org /licenses/by-nc/3.0/), permitting all non 
commercial use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Global Journal of Science Frontier Research: F 
Mathematics and Decision Sciences 
Volume 20  Issue 7 Version 1.0  Year  2020 
Type : Double Blind Peer Reviewed International Research Journal 
Publisher: Global Journals  
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
 
Composite Multiplication Pre-Frame Operatorson the Space of 
Vector-Valued Weakly Measurable Functions          

By S. Senthil, M. Nithya & D. C. Kumar 
Mother Teresa Women’s University  

Abstract- In this paper,we first characterize the boundedness of the condition under which 
composite multiplication pre-frame operators on L2 (μ) -space, namely Mu,T,f and its adjoint. Then, 
we identify the relation between the adjoint of Mu,T,f and the composite multiplication frame 
operators which is denoted by Su,T,f all the results have been obtained in terms of 
radonnikodymderivative hT. 

Keywords:  composite multiplication operator, expectation, composite multiplication preframe 
operator. 

GJSFR-F Classification: MSC 2010: 47B33, 47B20, 46C05 
 

CompositeMultiplicationPreFrameOperatorsontheSpaceofVectorValuedWeaklyMeasurableFunctions  

                                             

Strictly as per the compliance and regulations of:

 
 

 



 
 
 

Composite Multiplication Pre-Frame 
Operatorson the Space of Vector-Valued 

Weakly Measurable Functions 
S. Senthil α, M. Nithya σ & D. C. Kumar ρ 

   
    
    
  

 
 

  
      

   
  

  

I.

 

Introduction

 

     
 
 

 
 

     
 
 

 

 

 

     
 

  
  

   
 

 
     

Authorα: Department of Economics and Statistics, Government of Tamilnadu, DRDA, Dindigul, India.
Authorσ: Department of Mathematics, Vickram College of Engineering, Sivagangai, Enathi, Tamilnadu, India.
Authorρ: Department of Mathematics, Mother Teresa Women’s University, Kodaikanal, Tamilnadu, India.
e-mail: senthilsnc83@gmail.com

Frames were developed as a powerful tool in signal processing. the frame in a Hilbert 
space was defined by Duffin and Schaeffer [12] for investigating non-harmonic Fourier 
series. A discrete frame is a countable family of elements in a separable Hilbert space, which 
allows stable and not necessarily unique decomposition of arbitrary elements in an expansion 
of frame elements. In this paper, H refers to a Hilbert space over C and the closed unit ball of 
H is denoted by H1. 

Let ),,X(  be a  -finite measure space. Then a mapping T from X into X is said to 
be a measurable transformation if  )E(T 1 forevery E . A measurable transformation 
T is said to be non-singular if  0))E(T( 1   whenever 0)E(  . If T is non-singular then the 
measure 1T defined as ))E(T()E(T 11   for every E in  , is an absolutely continuous 
measure on  with respect to  .Since  is a  -finite measure, then by the Radon-Nikodym 
theorem, there exists a non-negative function Th in )(L1  such that   dh)E(T

E
T

1 for 
every E . The function Th is called the Radon-Nikodym derivative of 1T with respect 
to .

Every non- singular measurable transformation T from X into itself induces a linear 
transformation TC on )(Lp  defined as TffCT  for every f in )(Lp  . In case TC is 
continuous from )(Lp  into itself, then it is called a composition operator on )(Lp  induced 
by T. We restrict our study of the composition operators on )(L2  which has Hilbert space 
structure. If u is an essentially bounded complex-valued measurable function on X, then the 

Abstract- In this paper,we first characterize the boundedness of the condition under which composite multiplication 
pre-frame operators on L2 (𝛍𝛍) -space, namely Mu,T,f and its adjoint. Then, we identify the relation between the adjoint 
of Mu,T,f and the composite multiplication frame operators which is denoted by Su,T,f all the results have been 
obtained in terms of radonnikodymderivative hT.
Keywords: composite multiplication operator, expectation, composite multiplication preframe operator.
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mapping uM on )(L2  defined by fufMu  , is a continuous operator with range in )(L2  . 
The operator uM is known as the multiplication operator induced by u.

A composite multiplication operator is linear transformation acting on a set of 
complex valued  measurable functions f of the form

)Tf()Tu()f(MC)f(M uTT,u 

where u is a complex valued,  measurable function. In case 1u  almost everywhere, 
T,uM becomes a composition operator, denoted by TC .

In the study considered is the using conditional expectation of composite 
multiplication operator on 2L -spaces. For each ),,X(Lf p   ,  p1 , there exists an 
unique )(T 1


 -measurable function )f(E such that

  
A A

d)f(Egdfg

for every )(T 1


 -measurable function g , for which the left integral exists. The function 
)f(E is called the conditional expectation of f with respect to the subalgebra )(T 1


 . As an 

operator of )(Lp  , E is the projection onto the closure of range of T and E is the identity on 
)(Lp  , 1p  if and only if   )(T 1 . Detailed discussion of E is found in [1, 2, 3, 4].

The study of weighted composition operators on 2L spaces was initiated by R.K.Singh 
and D.C.Kumar [5]. During the last thirty years, several authors have studied the properties of 
various classes of weighted composition operator. Boundedness of the composition operators 
in )(Lp

 , )p1(  spaces, where the measure spaces are  -finite, appeared already in [6]. 
Also boundedness of weighted operators on )E,X(C has been studied in [7]. Recently 
S.Senthil, P.Thangaraju and D.C.Kumar have proved several theorems on n-normal, n-quasi-
normal, k-paranormal, and (n,k) paranormal of composite multiplication operators on 2L
spaces [8, 9, 10, 11,17].

The theory of weighted translation pre-frame operators is the generalizations of the 
theory of c-frames and c-Bessel mappings. The properties of c-frames and c-Bessel mappings 
have been studied in [13]. The change of variable formula will be frequently used throughout 
this paper and we remind it here as follows:

).(Lf,B,dfhd
d

Td
fTdfdTf 1

B
T

)B(1T

1

)B(1T

1

)B(1T
 




  














In this paper we investigate composite multiplication pre-frame operators on )(L2  -
spaces. 

1.1 Let )H,X(L2 be the class of all measurable mappings HX:f  such that 

 d)x(ff 2

X

2
2
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For any ),H,X(Lg,f 2 based on the polar identity, we may conclude that the mapping 
)x(g),x(fx  of X to C, is measurable and it can be seen that )H,X(L2 is a Hilbert 

space with the inner product defined by 

.d)x(g),x(fg,f
X

2L 

We shall write )X(L2 when CH 

2.1 Let HX:f  be a mapping. We say that f is weakly measurable if for each ,Hh the 
mapping )x(f,hx  of X to C is measurable.

2.2 Let HX:f  be weakly measurable. We say that f is a c-frame for H, if there exist 
 BA0 such that 

.Hh,hBd)x(f,hhA 22

X

2


If only the right hand inequality is satisfied, then we say that f is a c-Bessel mapping for H. 
Let HX:f  be a c-Bessel for H. Let H)X(L:M 2

f,T,u  be defined by 

).X(Lg,Hh),x(dh),x(f)x()Tg()x()Tu(h),g(M 2

X
f,T,u  

It is obvious that f,T,uM is well-defined and linear. For each )x(Lg 2 and ,Hh we have

h),g(MSup)g(M f,T,u
Hh

f,T,u







dh),x(f)x()Tg()x()Tu(Sup
XHh






dh),x(f)x()T)ug((Sup
XHh



2
1

X

2

1Hh

2
1

X

2 dh),x(fSupd)T)ug(( 


























 





2
1

X

2

1Hh

2
1

X

2 dh),x(fSupd)T)ug((E 


























 





2
1

X

2

1Hh

2
1

X

22
T dh),x(fSupdguh 



























 



2
1

2
2
1

JgB




Consequently, f,T,uM is bounded. We shall denoted 

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

II. Composite Multiplication Pre-Frame Operator
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,H)X(L:M 2
f,T,u  by )X(Lg,df)Tg()Tu()g(M

X

2
f,T,u    is called the composite 

multiplication pre-frame operator of f.
For each )X(Lg 2 and Hh by an application of the conditional expectation properties and 
the change of variable formula, 

h),g(M)h(M,g f,T,uf,T,u 

 dh),x(f)x()Tg()x()Tu(
X



 dh),x(f)x()T)ug((
X



   dh),x(f)x()T)ug((E
X



    dTh),x(fE)x(g)x(uh 1

X
T 

1
________

T Th,fEuh,g 














 

Thus, 1
________

Tf,T,u Th,fEuh)h(M 














 

Also, for each ,Hh we have

)h(M),h(M)h(M f,T,uf,T,u
2

f,T,u
 

  dh),h(MM
X

f,T,uf,T,u

 












  dTh,fEhu

2

X

1
________

T 

The mapping )X(LH:M 2
f,T,u  is called the composite multiplication analysis operator of f.

We define, HH:S f,T,u  by )h(MM)h(S f,T,uf,T,uf,T,u





























 1

________

Tf,T,u Th,fEuhM 















 dfh,fEThTu

________

T
X

2 

and it is called the composite multiplication frame operator of f.

Let f,T,uS is composite multiplication frame operator of f. The mapping 
HH:S f,T,u  and For each c-Bessel mapping ,HX:f  Then f,T,uS is invertible if and only if 

f,T,uM is surjective.

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

Theorem 2.1.
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 Since f,T,uS is a self-adjoint operator on H then by [14, Theorem 9.2.1], we have 

f,T,u
2

f,T,u
1Hh

f,T,u
1Hh

SSepc)h(Minfh,hSinf  


, the spectrum of f,T,uS . 

By hypothesis  f,T,uSSpec0 , Hence, 0Minf f,T,u
1Hh




. It follows that 




 f,T,uf,T,u1Hh

MhMinf and so f,T,uM is surjective.

Conversely, Let f,T,uM is surjective. Then there exists 0K  such that for each Hh

22
f,T,u hKM 

So, 22
f,T,uf,T,uf,T,uf,T,u hKMh),h(MMh),h(S  

For each  Hh , we have

h),h(MMh),h(S f,T,uf,T,uf,T,u


    dTMuh,f f,T,u
X

















 dh,fh,fEThTu

_______

X
T

2 















 d)h,fh,fEThTu(E

_______

X
T

2 

  













 dh,fEh,fEThTu

_______

X
T

2 









 dh,fEThTu

2

X
T

2 

1dh,fT)hu(
2

X
T

2  

2
T

2 hBT)hu(


  for some 0B 

Therefore BT)hu(SK T
2

f,T,u


  , f,T,uS is invertible.

Let f,T,uM is  composite multiplication pre-frame operator of f. For each ,Xx

the map h),x(fx is )(T 1


 measurable. Then ,HX:f  is a c-frame for H if and only if 
the operator f,T,uM is a bounded and onto operator.

Let f be c-frame by definition 2.2, it is clear that f,T,uM is bounded. We have to prove 
only that f,T,uM is onto.

Since 0T)hu( T
2  almost everywhere, Now we assume that T)hu( T

2  for some 0 .
Then, by using the change of variable formula, we get 

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

Proof. 

Theorem 2.2.
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1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
  
Is
s u

e 
  
  
  
er

sio
n 

I
V

V
II

Y
ea

r
20

20

5

  
 

(
F
)

© 2020 Global Journals

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

 












  dTh,fEhu)h(M

X

2
1

________

T
2

f,T,u 

 












  dTh,fEhu

X

2
1

________
2

T
2



1

X

2
1

________

T
2 TdTh,fEhu   













 

 












 dh,fEThTu

X

2________

T
2



 












 dh,fEThu

X

2________

T
2 

 












 df,hdh,fdh,fE

2

X

2________

XX

2________

2hA

Therefore, by [15, lemma 2.4.1], f,T,uM is onto.

Conversely, let f,T,uM is bounded and onto operator, by [15,Lemma 2.4.1], there exists a 

constant 0c  such that for each Hh ,
2

f,T,u
2 )h(Mhc  .

On the other hand, by the change of variable formula, we get

 












  dTh,fEhu)h(Mhc

X

2
1

________

T
2

f,T,u
2



 












 dh,fEThu

X

2________

T
2 




df,hT)hu(
2

X
T

2 

Since ,0T)hu( T
2 


 we get  df,hhA

2

X

2 for some constant 0A  .

To proved is that f is c-Bessel, For this the change of variable formula and the properties of 
the conditional expectation are essentially used to obtain by 

 df,hEdf,h
2

X

2

X

 df,hET)hu(
2

X
T

2 

121

X
T

2 TdTf,hE)hu(   

  dhTf,hE)hu( T
21

X
T

2 
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  dTf,hEhu
21

T
X



22
f,T,u

2
f,T,u hM)h(M  

Hence 22

X
hBdf,h  for some 0B 

Let K be a Hilbert space, HX:f  be a c-Bessel mapping for H and KH:v  be 
a bounded linear mapping. Then

(i) The mapping KX:fv  is a c-Bessel mapping for K and vf,T,uf,T,u MMv 

(ii) For each Xx the map, )x(f,hx is 
 )(T 1 measurable. Let f be a c-frame 

for H. Then fv is

 (i).Since ,d)x(f,hSupvd))x(f(v,hSup
2

X1Hh

22

X1Hh




fv is a c-Bessel mapping for 

K.

For each ),X(Lg 2 we have  dk)),x(f(v)x(Tg)x(Tuk),g(M
X

vf,T,u 

  d)k(v),x(f)x(T)ug(
X



)k(v),g(M f,T,u
 k),g(Mv f,T,u

Hence f,T,uvf,T,u MvM  .

(ii). Suppose that v is surjective, by (i) it is clear that vf,T,uM is also surjective.
Hence by Theorem 2.2, fv is a c-frame for K.
Conversely, suppose that fv is a c-frame for K, then by Theorem 2.2, vf,T,uM is surjective 
and again by (i) v is clearly surjective.

3.1 Let f, g be c-Bessel mappings for Hh we say that f equals weakly to g whenever
  g,T,uf,T,u MM , which is equivalent with g,hf,h  almost everywhere, for all Hh .

Let f, g be c-Bessel mappings for H. Then the following assertions are 
equivalent,

(1). For each Hh , 




 1

f,T,u Tg,hMh 

(2). For each Hk , 




 1

g,T,
____

Tu
Tf,kMk 



(3). For each Hk,h  ,  dk),x(f)x(g,h)x(Tuk,h
X



(4). For each Hh ,  dh),x(f)x(g,h)x(Tuh
X

2


Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

III. Dual of C-Bessel Mapping

Theorem 2.3.

Proof.

Theorem 3.1.
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(5). For each orthonormal bases   Iiie  for H

Jj,Ii,d),x(f)x(g,e)x(Tu,e j
X

iji  

(6). For each orthonormal bases  
Jjj 

 and   Iiie  for H

Jj,Ii,de),x(f)x(g,e)x(Tue,e j
X

iji  

)2()1(  , choose Hk,h  arbitrarily then

k,Tg,hMk,h 1
f,T,u 





 

 




  dk),x(f)x(TTg,h)x(Tu

X

1 

 dk),x(f)x(g,h)x(Tu
X



____________________________________

X

__________
dh),x(g)x(f,k)x(Tu  

____________________________________

1

g,T,
____

Tu
h,Tf,kM 





 








 1

g,T,
____

Tu
Tf,kM,h 



Hence 




 1

g,T,
____

Tu
Tf,kMk 



)3()2(  is proved in a similar way and proof of the other implications refer[16, Theorem 3.4].

3.2Let f, g be c-Bessel mappings for H. we say that f, g is a dual pair if one of the assertions 
of Theorem 3.1 is satisfied.

Note that:

 dh),x(f)x(g,h)x(Tuh
X

2


 dh),x(f)x(g,h)x(Tu
X



2
1

X

22
1

X

2
dh),x(f)x(Tud)x(g,h 



























 

hBTud)x(g,h 2
1

2
1

X

2














 

 

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

Proof.

© 2020 Global Journals

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
  
Is
s u

e 
  
  
  
er

sio
n 

I
V

V
II

Y
ea

r
20

20

8

  
 

(
F
)

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(1). For each ,Hh we find the following formulas   1
T1

f,T,uS,T,u
Tf,hEhuMh 

 

and 












  11

f,T,uTf,T,u Tf),h(SEhuMh 

(2). In the formula 












  11

f,T,uTf,T,u Tf),h(SEhuMh  ,














  11

f,T,uTf,T,u T)f(S,hEhuMh  has the least norm among all of the retrieval     

formulas.

(3). For each Hh , 1
f,T,u Tg,hMh   if and only if there exists a c-Bessel mapping Hl 

      Such that lfSTg 1
f,T,u

1   , where for each ).M(Kerl,k,Hk f,T,u

(4). The map f has just one dual if and only if )X(L)M(R 2
f,T,u  .

Proof.(1).Since f is c-frame, then by Theorem 2.2 , f,T,uM is onto and hence f,T,uS is an 
invertible operator. Consequently, for each Hh , we obtain that 

)h(MMS)h(SSh f,T,uf,T,u
1

f,T,uf,T,u
1

f,T,u
 

  1
T1

f,T,uS,T,u
Tf,hEhuM 

 

Now, we have  1
f,T,uf,T,uf,T,uf,T,u

1
f,T,u S)h(MM)h(SSh  














  11

f,T,uTf,T,u Tf),h(SEhuM  .

(2). Choose )X(L2 and ).(Mh f,T,u  Then for each ,Hg we have 

g,Tf),h(SEhuMg,h 11
f,T,uTf,T,u 













  

 












  dg,f)x(TTf),h(SEhu)x(Tu

X

11
f,T,uT 

 




  dg),x(ff),h(SE)x(Th)x(Tu

X

1
f,T,uT

2 

Similarly, we have 

  dg),x(f)x(T)x(Tug),(Mg,h
X

f,T,u 

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

Hence g is a c-frame for H.

For each Xx  and Hh , the map )x(f,hx  is 
 )(T 1 measurable. Let f 

be a c-frame for H. Then the following arguments hold.
Theorem 3.2.
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Consequently,

2
11

f,T,uT

2
11

f,T,uT
2 Tf),h(SEhuTf),h(SEhu 



























  

and (2) is proved.

(3). Let g be a c-Bessel mapping for H. For each Hh , assume that 1
f,T,u Tg,hMh  

Let lfSTg 1
f,T,u

1   by Theorem 3.1, for each Hk,h  we have 

h,fS,kMh,Tg,kMh,l,kM 1
f,T,uf,T,u

1
f,T,uf,T,u

  

  dh,fTfS,kTudh,fTTg,kTu
X

1
f,T,u

X

1 

  dh,fTfS,kTudh,fg,kTu
X

1
f,T,u

X


0h,kh,k 

Hence, for each Hk ,    f,T,uf,T,u MkerMRl,k 
 .

Now, let lfSTg f,T,u   11 , Then for each Hh ,we have

   dTlfS,kh,fTudg,kh,fTu f,T,u
XX

 
1

   dTl,kh),x(f)x(TudTfS,kh),x(f)x(Tu
X

f,T,u
X

  1

.h,kh,l,kMh,k f,T,u 

By Theorem 3.1, 1
f,T,u Tg,hMh   .

(4). Let   )X(LMR 2
f,T,u  and Let   f,T,uMRl with 1l

Composite Multiplication Pre-Frame Operatorson the Space of Vector-Valued Weakly Measurable Functions

Therefore g,Tf),h(SEhuMg,hg,h 11
f,T,uTf,T,u 






















  

0dg),x(f)x(T)x(Tf),h(SEhu)x(Tu
X

11
f,T,uT  






















  

0Tf),h(SEhuM 11
f,T,uTf,T,u 






















  

Implies that )M(KerTf),h(SEhu f,T,u
11

f,T,uT 












  

Since f is a c-Bessel mapping for H, we obtain that )M(RTf),h(SEhu f,T,u
11

f,T,uT
 













 

But )M(R)Mker()X(L f,T,uf,T,u
2 

© 2020 Global Journals
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The equation )l(v),l(v)x(Tl)l(v)x(Tl),l(v)x(vk),l(v
________
 

This implies that, vkfS 1
f,T,u  is not weakly equal to fS 1

f,T,u


Conversely, Assume that   f,T,u
2 MR)X(L , Now, lfSTg f,T,u   11 where for each Hk 

     0


f,T,uf,T,u MRMkerl,k , 0l weakly, so f has a dual.
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Let  Hh ,   dh),x(f)x(vk)x(fS,h)x(Tu
X

1
f,T,u

  dh),x(f)x(vk,h)x(Tudh),x(f)x(fS,h)x(Tu
XX

1
f,T,u 

  dh),x(f)x(Tl)x(Tul),h(vh
X

________


2

22 hh),l(Ml),h(vh f,T,u  

Therefore vkfS 1
f,T,u  is the dual of f.

Consider the map )X(LX:k 2 defined by l)x(Tl)x(k  .For each )X(Lt 2 , the map CX  , 

defined by )x(k,tx  is  -measurable and  dl)x(Tl,td)x(k,t
XX

22


2222
tl,td)x(Tll,t

X
 

Thus, k is a c-Bessel mapping for ).X(L2 let H)X(L:v 2  be a mapping such that 0.)l(v

Then vk is c-Bessel mapping for H and vkfS 1
f,T,u  is a c-Bessel mapping for H.
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