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Absiract- We exhibit a polynomial time algorithm for the NP complete problem SBQR, size-bounded
quadratic residues. This establishes the equality of the complexity classes P and NP. Proof of NP
completeness was given in [3]. SBQR is the set of triples of the binary representations of the positive integers
a,b,c such that there exists a positive integer z satisfying 2°= a (mod b) and 2 < c¢. W.L.O.G. we impose a, ¢
< b. Polynomial time means determinisic Turing machine time log?"5.

[. [NTRODUCTION

We exhibit a polynomial time algorithm for the NP complete problem SBQR, size-
bounded quadratic residues. This establishes the equality of the complexity classes P
and NP. Proof of NP completeness was given in [3]. SBQR is the set of triples of the bi-
nary representations of the positive integers a, b, ¢ such that there exists a positive integer
x satisfying 22 = a (mod b) and z < c¢. W.L.O.G. we impose a,c < b. Polynomial time
means determinisic Turing machine time logo(l) b. We follow standard complexity class
terminology [1].

[I. A Sieve FOR SBQR
We reserve some notation.
e Unless otherwise indicated O() notation indicates an absolute constant.

e (z,y),[x,y], etc. denote real intervals, with a rounded bracket indicating the end-
point is not included.

e [z..y] is the set of integers z satisfying x < z < y.
e / is the least integer satisfying b? < 2¢.

e c. = |(c? —a)/b]. Note: 0 < ¢, <b.

e . is the positive branch of /—1.

7 = 1/2" +t, where t € [0,1] is a real variable. Note that any function of 7 is
obviously a function of ¢.

e e(z) = exp(mez). We regard 7 as represented by a rational but do not carry out the
associated error analysis.

JCSS, 16:168-184, 1978.
[ ]

e J(z) and R(z) are the imaginary and real parts of complex z. Where brackets are
unnecessary we will write Rz and z.

3. K. Manders and L. Adleman. NP-complete decision problems for binary quadratics.

® Tim.)(2) is the sum of the first m terms of the Taylor series for f(z).

Author: 6406 SE Tolman st. Portland OR 97206. e-mail: bruce.litow@gmail.com
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We will frequently work with an integral of the form

- /u "t 2)da

where ¢ € [0,1] and always g(t) is continuous. This means that max,cjo 1y [g(t)| exists.
Since [g(t)] < [ |f(t,2)|dz an upper bound O(x) on [ |f(t,2)|dz is an upper bound on
maxeoq] |9(t)]. We will write [g(t)| = O(u) rather than maxycp ) |9(t)] = O(u).

We define Q to be

1 oo Cx
/OZ n?r) Ze (a+ bj)t)dt (1)

n=1 7j=1
The infinite summation exists because (1) > 0.
The next lemma justifies calling €2 a sieve for SBQR.

Lemma 1 If there exists a positive integer n satisfying n < ¢ and n?> = a (mod b), then
Q> exp(—m), else Q= 0.

Proof:- For integer k,

! [ 0ifk#£0
/O e(k:t)dt_{ Lifk 0 (2)

Eq. 1 can be written as

o0 1
exp(—mn?/2%) - [ e((n® —a — bj)t)dt . (3)
‘ p( / J

j=1ln=

All summands of Eq. 3 are nonnegative. The SBQR condition is equivalent to the existence
of positive integers n < ¢ and j < ¢, such that n?=a+ bj. The lemma follows from this
equivalence, the value of £, Eq. 2 and Eq. 3.

Our polynomial time algorithm for SBQR amounts to computing €2 in polynomial time
such that

1 — Q) < exp(—7)/2. (4)
By Lemma 1 this solves SBQR in polynomial time.
[II. € IN TERMS OF A THETA FUNCTION

Define the Theta function ¥(7) to be

L+2) (=1)"e(n’r) . ()
n=1

From Eq. 5 we get

S (-1)re(ntn) = ML 0

n=1
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Lemma 2 Q) equals

Cx 1 .
> [y e+ biyar.

J=1

Proof: The expression for Q matches Eq. 1 term by term except that each term of
the infinite sum in Eq. 1 is multiplied by (—=1)"(=1)***. If n? = a + bj, then since
n =n? (mod 2), (—1)"(—1)**% = 1. Terms with n? # a+bj contribute 0 under integration
so the sign of (—1)"(—1)*% does not matter.

Lemma 2 suggests that the key to producing ) is a suitable polynomial time approxi-
mation of ¥(7). Our approximation of J(7) is based on

I(r) = —1 / et — L au (1)

oo sin(mu)

A derivation of Eq. 7 due to R. Puzio [4] is included in section ?.

Before proceeding to approximate ¥(7) we make an observation about a related Theta
function, namely

f(r) =1+2 i e(n’r) ,
n=1

which is defined for 37 > 0. Clearly, 0(7) is very similar to ¥(7). Let v be the matrix
z Yy
z w )’

where x,y, z, w are integers and zw — yz = 1. The action - 7 of v on 7 is defined by

T+ Y
2w

yeT=
For given t € [1, 3] and corresponding 7 there exists  such that
S(y-71)>V3/2.

Theorem 4.3 in Chap. II1.4 [2] shows that if 2z = 0 (mod 4), then 6(7) can be expressed
directly in terms of §(v - 7). Now, if 3(v-7) > v/3/2, then the series for §(v - 7) converges
very rapidly and series truncation leads to very good approximation of (7). However,
we do not know of an analogue of Eq. 7 for #(7) and in our situation 7 depends on ¢
which ranges over [0,2]. The choice of 7 for which (7 - 7) > v/3/2 depends on the order
of approximation of each value of ¢ by rationals. The constraint z = 0 (mod 4) further
complicates matters. These observations and Eq. 7 led us to work with 9(7).

IV.  APPROXIMATING V(T)

The approximation of ¥(7) will be carried out in three large steps. At some points in
these steps additional results will be used: the recovery method and technical auxiliary
lemmas. Proofs of the recovery method and auxiliary lemmas are in sections 5 and 6,
respectively. Before proceeding we introduce some new parameters. For the rest of the
paper the index j has range [0..3] and the index ¢ has range [1..3]. We introduce four roots
of unity: wo,...,ws as 1,e(9/16),e(2/3),e(4/3), respectively.
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Initial approximations will be carried out in Step 1. Much more detailed approximations
are presented in Step 2. The final approximation of ¥(7) is derived in Step 3 using the
recovery method.

a) Step 1
Let s(t) = —rexp(r/2%) exp(—t). Making the change of variable = u — ¢ and noting
7 =1/2" +t, Eq. 7 becomes

< exp(—ma?/2e(x2t) exp(—2mat)e(x /20!
o [ Sl e omrtelef2 5

Define B(t) to be

gt exp(—mz?/2%)e(x?t) exp(—27mat)e(x/2071)

0 [, sin(r(z + 1))

dz . (9)

Lemma 3 |9(r) — B(t)| = O(exp(—2")).

Proof-  We will show that the sum of the absolute values of the integral of Eq. 8 over
(—o0, —2+4] and [2%,00) is bounded above by O(exp(—2¢)). We do this by bounding
the absolute values of the integrand of Eq. 8 over these two half infinite ranges.

Now,
le(u?7)| = | exp(m/2%) exp(—ma? /2°) exp(—2mat)| .
Since | exp(7/29)| = O(1) it suffices to examine
| exp(—mx?/2°) exp(—2mat)]| . (10)

The behavior of Eq. 10 depends on the behavior of —mx2/2¢ — 27zt. By calculation, if
|z| > 26+4, then —7m2?/2¢ — 2mxt < —|z|. From this we see that if || > 24, then

le(u?7)| = O(exp(—|z)) - (11)
The lemma follows from Eq. 9, Eq. 11 and Eq. 64 of Lemma 8, section 6.
Define By (t) to be

{+4
2 1

—mz? /20 e(2?t) exp(—2nat)e(x /27 ) —————dx
() [ expl(oma? /2ol exp(~2ratle(a/2 ) s

and B_(t) to be

{44
2 1

—na? /2% e(2?t) exp(2nat)e(—x /20 —————dx
) [ explma 2 )ela’) exp(amatiel—a/ 2 ) s

Clearly, B(t) = By (t) + B_(t).
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By Eq. 65 of Lemma 8 of section 6 we can express By (t) as

ot+4 0o
exp(—ma? /2% e(x?t) exp(—2mat)e(z/2°71) Z exp(—2nk)e(2(k + 1)x)dx

—2us(t) /O >

and B_(t) as

(12)

2l+4 9]
exp(—mz? /2% e(x?t) exp(2nat)e(—z /2071 Z exp(—2nk)e(—2(k + 1)x)dx .

—2us(t) /0 >

B_(wjt) is defined from Eq. 13 under the substitution ¢ — w;t. Absorbing the —2: factor
redefine x(t) = —2exp(m/2%(—t).

(13)

Now we truncate the infinite sums in Eq. 12 and Eq. 13 to the first £+ 1 terms. Noting
Eq. 12 define B, () to be

2[+4
K(t) / exp(—mz? /2% e(x?t) exp(—2mat)e(x/27Y) exp(—27k)e(2(k + 1)x)dz  (14)
0
and noting Eq. 13 define B_ ;(t) to be
2£+4

m(t)/o exp(—7ra:2/2£)e(a:2t) exp(27r:r;t)e(—x/2ﬁ_1) exp(—2nk)e(—2(k + 1)x)dx . (15)

B_ i (wst) is defined by Eq. 15 in the obvious way.

Now we introduce the truncated versions of B, (t), B_(t) and B_(w;t). Define C(t) to
be

¢
> Bi(t) (16)
k=0
and C_(t) to be
¢
> B_(t) (17)
k=0
and C_(w;t) to be
J4
> B_p(wit) (18)
k=0

A useful upper bound on the absolute value of the integrand of the integral defining B (t)
can be obtained but this does not apply to the integrand of the integral defining B_(t).
It is possible to get useful bounds on the absolute value of the integrand of the integral
defining B_(w;t). Of course, B_(w;t) is quite different to B_(¢). We will use the recovery
method of section 5 to overcome this difficulty.
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The following definitions are of great importance.
o aj = —7/2" + imtw;.
o Bok = =27t +um(1/271 + 2(k + 1)), where k € N.
o Bi) = 2mtw; + uw(—1/271 — 2(k + 1)), where k € N.

Using these definitions and Eq. 12 we can express B, j(t) as

+4

() [ exp(=2mk) explana® + o) da (19)

and using Eq. 13 we can express B_ j(w;t) as

0+4
k(t) / exp(—27k) exp(a;z? + B; xx)dz . (20)
0
Lemma 4 |exp(a;z? + B;,x)| = O(1).
Proof- Tt suffices to show for > 0 that
3%(0@1‘2 + Bj,kx) <0.

This follows by inspection since #(c;) < 0 and R(B; ) = 2ntR(27tw;) < 0.
Note that
R(Bi k) = 2ntR(2mtw;) <0

is the reason for introducing w1, ws,ws. No satisfactory upper bound on
| exp(aia® + B )|
exists if we set the w; to 1.
By Eq. 16, noting the factor exp(—2k7) in Eq. 19 and Lemma 4 we get
B4 () = C4(8)] = O(02°+ exp(~2n0)) (21)
and similarly using Eq. 17 and Eq. 20,
|B_(wit) — C_(wit)| = 02+ exp(—2n0)) . (22)

b) Step 2
We break up the integration range [0..2¢74] into ’octaves’, Oy4. Let r be the least integer
satisfying ¢? < r.

° O() = [O,QT].

o for g€ [1.L+4—7], O, =[27T9~1 2r+9],

© 2020 Global Journals
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From this point we reserve the symbols g and r. O4_ and Oy denote the lower and
upper endpoints of O,. Integration restricted to ¢ € O, is denotes by fog. By kg(t) is

defined by Eq. 14 with integration restricted to € Oy and B_ j, 4() is defined by Eq. 15
with integration restricted to x € O,.

ith x € Og we have by calculation

N joja? + Byl = O(F%) (23)
otes
Define D ,o(t) to be

/ T4 .exp) (02” + Bopw)dw
Oop
and define D_ j, o(w;t) to be
/ T (p3-exp) (i” + Bi k) d
Oo

Using Op = [0..2"], the truncation error for the Taylor series for exp and Eq. 23 we get
for £ > 2exp(1) that

|Dy k0(t) — By ko(t] and |D_ g o(wit) — B_ jo(wit| = o224y . (24)

Now, x € O, for g > 0. Define v, to be

Vjk = Ozj$2 + ,Bj’k.%' . (25)
Clearly,
06| = O(2%) . (26)
From Eq. 25 we get
dv; k
de = ——2% 27
205 + /ijk (27)

We have, using |3; ;| = O(f) (reason for defining octaves):

maxzeo, |20;7 + B; k| _ Og+1£0(1/0)
T mingeco, 2057 + Bik] Oy 1£0O(1/4)

=2+0(1/0) < 3. (28)

Notice that the lower and upper bounds are independent of k. Using Eq. 28 and Lemma 9
of section 6, a polynomial R;(x) can be computed in polynomial time in m such that

1
2ajx + ,Bng B

| Rj(z)| < 1/2™. (29)

Next, we want to express Rj(x) by expressing x in terms of vj,. We do this by solving

Eq. 25 for x. The solutions are
/Bij + A /ﬁ?yk — 4ozjvj7k

20(j

xTr =
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By Eq. 25, at = 0, v;, = 0 so we take the negative branch,

Bk — /B3y — dajvjk

204j

xr=
Using Eq. 30 we can write R;(z) as

Bik — /By — dajvj
J

2aj

We can write Eq. 31 as
R (vjk) + Rj2(vjny/ BY ), — 4005k) |

where Ry j(z) and R;2(%) are polynomials.

(31)

(32)

Next, we approximate ,/ ﬁj? p — 4ajvjp by a polynomial Rj3(v;i). We first examine

ﬂik —4dajvjk. Let 2 = 5]2-’,6 — 4av;5 5. By inspection we get

S(ezjk) 2
= =0(1/¢
R = 0/
and
max [12; i _ 44001/
min |¢2; x| '

From the definition of 3;; one has
R(ezok) < 0and R(ez; ) > 0.
Let p1; = maxzeco, |2jk|- Note that
] < 2000
From Eq. 33, Eq. 34 and Eq. 35 one has

|M0 + 120k LZ k

| =3/4+0(1/2) < 4/5 and |‘”_T

)

| =3/4+0(1/0*) < 4/5.

Now,
mos = iy |1 — HO 2ok
Ho
and
P—
VZik = Vi [1 = %
(3

From these, Eq. 37 and the Taylor series for v/1 — { with

Mo+ tzok
Ho

(=1

© 2020 Global Journals
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and

(o MRk
i
we get
[VZoE = VAT (5 = I < - (4/5)" (38)
and
VR = V(T (5 =) < Vi (45)" (39)
respectively.

By Eq. 36 if h = 22 for ¢ sufficiently large the upper bounds in Eq. 38 and Eq. 39
can be replaced by 2%, Eq. 38 and Eq. 39 extend to approximating ,/zjr by us-
ing \/1Z;x = \/t\/Zjk- Denote the resulting approximation polynomials as Py(vg ) and
P;i(vi ). By Eq. 39, a single polynomial works for all ¢ but we retain the index so that we
can write P (v""") to cover all cases.

Recalling Eq. 32, define R;-’k(v%k) to be

Using h = 2¢? and the corresponding upper bound 2= in Eqg. 38 and Eq. 39 and standard
error estimations we obtain

|Rja(\/B2, — dajui) — Ry (vja)] < 27072 (40)
Recalling Eq. 31 define Q;(v;x) to be
Rj1(vjk) + R (vin) (41)

With j =0, Ey 1 4(t) and with j € [1..3], E_ 4(w;t) is defined by

[ ep(wQwdu (12)

g9

where Og arises from O, under the change of variable x to vj .

Define Dy 1 4(t) and D_  ,(w;t) by restricting the integrations to Oy in Eq. 19 and
Eq. 20, respectively. Note that

Dy it ZD+ kg(t) and D_ ZD Eg(wit)
and similarly for E, (t) and E_(w;t). From Lemma 4 and Eq. 42 we get
From the summations ), and ) @ the triangle inequality and Eq. 43 we get

|E,(t) — Dy (t)] = 0(f27%) and |E_(wit) — D_(w;t)| = O(£*272) . (44)
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By Lemma 10 the integration in Eq. 42 can be carried out exactly in polynomial time so
that the evaluation of the integral in Eq. 42 can be expressed as

exP(Vjik,g,+Wit) U kg, + (Wit) — exp(Vj k,g,—wjt) Up,g,— (wjt) (45)

where 7, . ¢ + and 7, 4 — are complex constants derived from O~gy+ and 097_, respectively
and Ujj g 1 (w;t) and Uy 4 —(w;t) are corresponding complex coefficient polynomials. For
j =0, Eq. 45 gives E 1 4(t) explicitly and for j € [1..3] it gives E_ i 4(w;t) explicitly.

Notes

Define
Ei(t)=) Y Erngt)
kg
and
E_(wit) =Y Y E_pg(wit) .
kg
c) Step 3

Via recovery, described in section 5 we will produce E_(t) from the E_(w;t) and 9(7) =
E. (t)+ E_(t) will be our approximation of ¥(7). From Eq. 45, the comments immediately
following, linearity of the recovery operator T and Eq. 63 of section 5 we can compute in
polynomial time E_(t) given by

T(E_’R(wlt), E_VR(LUQt), E_7R(W3t))+LT(E_7](LU1t), E_J(th), E_J(wgt)) .E_7R(wit)+LE_7[(wit) ]
(46)

It is clear that 19(7') can be computed in polynomial time since F(¢) can be computed in
polynomial time. Next, we determine an upper bound on |¢(7) — J(7)|.

Lemma 5 |9(t) —J(r)| = O(£22720).
Proof: By Eq. 44,
|EL(t) = D4(t)| = O(£227%) . (47)

By Eq. 21 and repeated triangle inequality using the fact that the summation range for &k
is O(¢),

D (1) — Cy. ()] = O(5) . (48)
From Eq. 47 and Eq. 48,
B (t) - O (t) = O(°27%) . (49)
Again by Eq. 44,
B (wit) — D—{wit)] = O(227%) . (50)

By Eq. 22 and repeated triangle inequality using the fact that the summation range for k
is O(Y),

|D_ (wit) — C_(wit)] = O(£272%) . (51)
From Eq. 50 and Eq. 51,

|E_(wit) — O_(wit)] = O(£227%) | (52)

© 2020 Global Journals



From Eq. 52, linearity of T and Lemma 7 of section 5,
|E_(t) — C_(t)| = O(*27%) .
Thus, we get, using 9(7) = E(t) + E_(t),
[0(7) = (C+(t) + C—(t)] = O(F*27) .
Notes The lemma follows from this, B(t) = C4(t) + C_(t) and Lemma 3.
V.  COMPUTING §)

Using 19(7') we are ready to compute QAand verify Eq. 4. As observed in section 1, Eq. 4
and polynomial time computability of ¥}(7) establishes that SBQR is in P.

Lemma 6

Q- Q] =027 . (53)
Proof- Noting Lemma. 2, define Q, = PR Q*J, where
Q)= /01(—1)“+qu§(7)2_1e(—(a+bj)t)dt. (54)
By Lemma 5 and |e(—(a + bj)t)| =1,
| /0 L1yt 19(7)2_19(—(a +bj))de — Q| = O(2272) . (55)

By Eq. 45 Q*jj can be exactly evaluated as an expression given by

()" exp(Cala+ b)) (<1 exp(C(a+ b)) 56)

¢ (a+bj)? ¢"(a+bj)?

where (, ¢/ and (_, " are constants arising from evaluations at the integration endpoints
1 and 0, respectively. Clearly, Eq. 56 can be written as

exp(CY(a+bj)  exp(¢”(a+ b))

Clat b Clatbi? o
where ¢! = (4 + 7.
Define €2 to be .
o,
j=1

Lemma 11 of section 6 (adjusted for endpoints other than powers of 2), the summation
range ¢, Eq. 55 and Eq. 57 give

Q-0 =027,

which is Eq. 53
For ¢ sufficiently large the bound O(¢£227¢) is less tha exp(—n)/2, which satisfies Eq. 4.
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VI. RECOVERY METHOD

We describe the recovery method. Let f(t) = > 7 fut"™, where the f, and ¢ are real.
Define ), to be
S e

n=i (mod 3)
We have, using the reality of f,,,

flwit) = 3o +w1 3og +wi 3o,
flant) =32 +wa 30y +ws 3y
flwst) =3 g +ws g +wa )y
Lot i = R(ws) and v = S(w;) and i, = R(w?). From Bq. 58 we get

R(f(wit)) = D20 Fr1 221 s Do
S(flwat) =X 4152 (59)
R(f (wat)) = D20 +aa Doy T2
Define X to be

I
0 Vo U3
L ps 2

It is a calculation that
DET(X) = —sin(n/3)(2 cos(m/3) — cos(9m/16) — cos(97/8)) # 0

so that X! exists. From Eq. 59 we get

220 R(f(wrt))
Yu | =X S(fwat) ] (60)
2 R(f(wst))
We recover f(t) through
R(f (wit))
f)=1L1,1)- X7 | S(fwat) | - (61)
R(f (wst))

For any 3 x 1 matrices u, v we have

(L,,1)- X' (u+v)=(1,1,1)- X Lou+(1,1,1)- X 1o, (62)

We refer to (1,1,1) - X! as the recovery operator Y and write its effect on the column
vector of Eq. 61 as Y(f(wit), (f(wst)), (f(wst))).

We give an extension to recovery and an error analysis. We need notation here. Let
g(2) =72, gnz" where both the g, and z may be complex. Define

o0 o0

gr(z) =Y R(gn)2" and gr(z) = > S(gn)2" .

© 2020 Global Journals
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Let t be real and let f(t) have complex coefficients f,,. Given fr(wit), fr(wat), fr(wst)
and fr(wit), fr(wat), fr(wst) it is clear that we can recover f(t) as

f(t) = Y(fr(wit), fr(wat), fr(wst)) + L (fr(wit), fi(wat), fr(wst)) . (63)
The decomposition f(w;t) = fr(wit) + tfr(w;t) is always possible if f(t) is given as a finite
sum where the decomposition can be applied term by term and also holds for absolutely

convergent infinite sums. This observation will apply to recovery applied to functions in
this paper.

Lemma 7 Assume t is real. If for w € {wy,ws, w3}, |f(wt)| <8, then |f(t)| = O(9).

Proof: For w € {wy,wq,ws} assume | f(wt)| < J. Since f(wt) = fr(wt)+ufr(wt) it follows
that

|fr(wt)| < d and |fr(wt)| <9 .
From these inequalities, Eq. 62 and Eq. 63 we get

LfO)] =Y (fr(wit), fr(wat), frR(Wst)) + ¢ - T(fr(wit), fr(wat), fr(wst))| < O(9) .

Here the O notation reflects the O(1) size of the entries of X 1.

VII.  AUXILIARY LEMMAS

Lemma 8 For real z,

1
|sin(7 (¢t + x))] =0 (64)
and
1 o0
ST —20) " exp(—2rk)e(2(k + 1)z) . (65)

k=0
Proof: Let z =7m(1 —wx). Note that

tz=m(t+x).

Using

exp(t - tz) = cos(tz) + tsin(tz)
and

exp(—t - tz) = cos(tz) — vsin(1z)
we get

exp(—2) = exp(z)
2

sin(m(¢ +x)) =

Item 1 follows from this last equation.

It also follows that

1 _ 2t (66)
sin(m(t +2))  exp(—2) —exp(z)
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The RHS of Eq. 66 can be written as

—21exp(—2z)
1 —exp(—2z)
Now
exp(—2z) = exp(—27) exp(2mLx) .
Thus, we can expand the RHS of Eq. 66 in geometric series as N otes

-2 Z exp(—2mk) exp(2(k + 1)mex) ,
k=0

which establishes item 2.

Lemma 9 Assume 0 < a <b and a < |z|> <b, where z € C.

h
!*— (2/6) D (b= [2P)/0)*| < (b/a)((b—a)/b)"
k=0

Proof:

z z

IR CFDE

ISR

From this we get
1

1 _
== T ey

IS

Now,
0<(b—|z)/b<(b—a)/b<1.

From this and summing a geometric series, we get

h
!*— (2/6) D (b= [2P)/0)*| < (b/a)((b— ) /)",
k=0

Lemma 9 assumes a simpler form when z is real.

Lemma 10 If v and v are real and o(t) is either cos(vt) or sin(vt), then for h € N,

1
U, = / th exp(yt)o(t)dt
0

can be computed in h°Y) time. If v = v = 0 this is trivial, otherwise Uy, is a polynomial
with general term

Qd(/ya l/)
(72 + I/2)d

)

where d € [0..h + 1] and Qq(x,y) is a bivariate polynomial.

Proof- Proof is by straightforward integration by parts.
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Lemma 11 Assume o > 0. Let A = Zf 9p 0'+f2’ where 0 < p < q are integers. A can
be computed in polynomial time in terms of o and q.

Proof:

q—p—12p+itl_1q

=2 2

j=0  f=2p+j

Next,
Notes o

o+ (2p+j+1 _ 1)2

ot (2)E 4.

1<

By Lemma 9,

o, T
can be computed in polynomial time in terms of ¢ and ¢. The lemma follows since
j€l0.q—p-—1].
VIII. DEerivAaTION OF EQ. 7
The following derivation of Eq. 7 is for a function denoted by ¥4(z|7). Our 9(7) is a special

case of ¥(z|7) with z = 0 and 7 = 2t + ¢/2°. The identity is only needed in a compact
domain of 7 for our purpose.

The derivation begins by rearranging the Fourier series of cos(ux), one obtains the series

m cos(ux N Z 5, cos(nx)
2u sin(mu) 2u2 u2 —n?

This equation which is valid for all real values of x such that —7m < x < 7« and all non-
integral complex values of u. By comparison with the convergent series > oo, 1/n?, it
follows that this series is absolutely convergent. Note that this series may be viewed as a
Mittag-Leffler partial fraction expansion.

Let y be a positive real number. Multiply both sides by 2ue~v"" and integrate.

i+00 —yu? i+00
7 cos(ux)e Y B g ,, COS m:)
[ —————dv = 2[ € 2U2 + g udu

oo sin(7mu) oo

Because of the exponential, the integrand decays rapidly as v — ¢ + oo provided that
$u > 0, and hence the integral converges absolutely. Make a change of variables v = u?

:/ Z 1, COS na;)] o
P v—n

n=1
The contour of integration P is a parabola in the complex v-plane, symmetric about the
real axis with vertex at v = —1, which encloses the real axis. Its equation is Rv+1 = 2(Swv)?

Let Sy, (m is an integer) be the straight line segment joining the points v = (i+m+1/2)?
and v = (i —m — 1/2)2. Along this line segment, we may bound the integrand in absolute
value as follows:
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o0

Z(—l COS

n=1

00
Z,v 2

where v,, = m?+m — 3/4 is the point of intersection of S, with the real axis. To proceed
further, we break up the last summation into two parts.

1

Since the squares closest in absolute value to vy, are m? and (m +1)? = m? +2m + 1, it
follows that |v,, — n?| > |m — 3/4] for all m,n. Hence, we have

2m Notes

e~ vy, — 2| — m—3/4

When n > 2m, we have n? > (2m +1)? = 4m? +4m +1 > 4m? 4+ 4m — 3 = 4v,,. Hence,
[n? — vy,| > 3n%/4 and

> 1 4 &S 1 41 2o
2 a3 2 mS3lmTy

n=2m+1 n=2m+1 n=1

Finally 1/(20m,) < 1/2 since vp, > 1 when m > 1. Also, |e7¥V| = e ¥RV — ¢=vom < ¢=ym?,
From these observations, we conclude that

s 2 2
/ Z ncos(na) dv|< e v (1484 / dv = (4m+2) (9 + T emym?
- v —n? 9 - 9

Note that this quantity approaches 0 in the limit m — oo.

Let P, be the arc of the parabola P bounded by the endpoints of S,,. Together, S,, and
P, form a closed contour which encloses poles of the integrand. Hence, by the residue
5, COs(n
3t Z )

theorem , we have
dv + / e v
Sm
m

o
27 Z(—l)” cos(nx)e_”Qy

n=1

COS
e D] -

Taking the limit m — oo we obtain

1 cos(nzx) 2
yv n _ . —_n-y
/ e % ~|—n§ 1(—1) 2 ] dv = 27i ( +n§ 1 " cos(nx)e )

Going back to the beginning of the proof, where the integral on the left hand side was
expressed as an integral with respect to u, we obtain

1400 —yu
cos(uz)e
/ % dv = 271 < g " cos(nz)e ”2y>
i—oo sin(mu)

Making a change of variables x = 2z,y = —i77T and tidying up some, we obtain
1+00 imTu?
COS(QU’Z)B n z7rn T _
/i_oo W (1 + 2 E COS(2nZ) = 7/194(2’7')
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Notes

Because of the initial assumption about the Fourier series, we only know that this formula
is valid when 7 is purely imaginary with strictly positive imaginary part and z is real and
m/2 < z < w/2. However, we can use analytic continuation to extend the domain of its
validity. On the one hand, the theta function on the right-hand side is analytic for all 2z
and all 7 such that &7 > 0.

On the other hand, I claim that the integral on the left hand side is also an analytic
function of z and 7 whenever &7 > 0. To validate this claim, we need to examine the
behaviour of the integrand as u — i+o00. The contribution of the denominator is bounded;

1

sinTu

for some constant ¢ whenever Su = 1. The absolute value of the cosine in the numerator
is easy to bound:

| cos(2uz)| < vl
To bound the remaining term, let us examine the argument of the exponential carefully:

2 2 BT 2 R 2
S(ru®) =2RT Ru +ST(Ru)” =S =97 [ (Ru+—~ ) —1— (=

ST ST
Therefore, if |[Ru| > 1+ 3|R7|/(S7), it will be the case that S(7u?) > 37 (Ru)?/9, and so

2 ]

—7(Tu?) < e—w%’r (Ru)?/9

ITTU
e

=e
Taken together, the estimates of the last paragraph imply that

/i+00 COS(QUZ)GM—TUQ
i

i+00 5
: <ec 62|u||z\f7r%‘r (Ru)?/9
+R sin(7u) i

+R

when R > 1+ 3|R7|/(37). If we impose the further conditions

180)z| , 180/
R R
- 3T > 3T

it will be the case that
2lul|z| — 7T (Ru)?/9 < 2Ru |z| + 2|z — 77T (Ru)?/9 <

(2Ru |2] — 737 (Ru)?/180) + (2|2] — 73T (Ru)?/180) — 737 (Ru)?/10 <

2
-7 (Ru)*/10,
and hence
i+00 inTu? i+00
/ COS(Q"U,Z)C dul < C/ 6—7737' (Ru)?/10 du < 5(5 Re—ﬂ'gTRZ/lo‘
i+R sin(mu) i+R T

Likewise, under the same restriction on R,

i—R imTu?
cos(2
/ (2uz)e du
A

i+oo X 2 5c X 2
: <c e~ TST (Ru)=/10 du < Refﬂ'\YTR /10.
oo sin(mu) i &

+R T3T
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Since the contour of integration is compact and the integrand is analytic in a neighbor-
hood of the contour,

/i+R COS(Quz)emTUQ
————du
i—R sin(mu)

will be an analytic function of z and 7. Suppose that z and 7 are restricted to bounded
regions of the complex plane and that, furthermore, I'm7 is positive and bounded away
from zero. Then the inequalities of the last paragraph imply that the integral converges
uniformly as R — oo, and hence

400 irTu?
cos(2uz)e

/ cos(2uz)e™™
3

oo sin(mu)

is an analytic function of u and z in the domain &7 > 0.

Thus, by the fundamental theorem of analytic continuation, we may conclude that

oo sin(7u)

1+00 9 irTu? 0 )
/ cos(2uz)e" dv =1 (1 +2 Z(—l)”e”n27 Cos(2nz)> = i04(z|T)
v n=1
throughout this domain.
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