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Solution of Integral Equation in Two-
Dimensional using Spectral Relationships 

F. M. Alharbi 

  Abstract-
 

This paper concerned using spectral relationships in the solution of the integral equation (IE) in two-
dimensional. To discuss that, the (IE) in two-dimensional under certain conditions was considered. The existence of at 
least one solution of the (IE) was

 
discussed by proving the continuity and compactness of an integral operators. 

Chebyshev polynomials of the first kind were used to transform the (IE) to a linear algebraic system. Many numerical 
results and estimating errors were calculated and plotted by

 
the Maple program in different cases.

 Keywords: Integral equation (IE)
 

in two-dimensional. Schauder fixed point theorem. Continuity and 
compactness of an integral operators.

 
Spectral relationships .Linear algebraic system.
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In recent years, the main theorem of spectral  relationships  plays an important role in 

many applications in various areas,  including models  of  nanotech nology  particles,  genetic 

engineering,  medicine,  mathematical chemistry, heat condition and physical phenomena,  see 

[1-4].

On the other side, many problems of mathematical physics, contact problems in elastic 

media, many applications in electronic engineering applications, and mathematical biology 

models lead to an (IEs) in smooth or singular forms. The references [5-7] discuss the methods 

for solving the (IEs) in smooth form antically. While the singular forms take a large aria in 

types of researches , see [8-11]. In[10], a spectral technique for solving two-dimensional 
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fractional integral equations with singular kernel was discussed by using Legendre and 

Chebyshev polynomials. Abdou and Salama in [12] obtained the spectral relationships for the 

Volterra-Fredholm integral equation (V-FIE) of the first kind. Abdou [13] discussed the 

spectral relationships that have many important applications in astrophysics, for the (F-VIE)

of the first kind, when the kernel of position takes a generalized potential form. The relation 

between the contact problems and the (F-VIE) in three dimensions were obtained by Abdou 

and Moustafa in [14]. Abdou and Nasr in [15] used Chebyshev polynomial to obtain the 

solution of (F-VIE) when the kernel takes a logarithmic form. The application of Orthogonal 

Author: Common First Year Deanship, Umm Al– Qura University, Makah, Saudi Arabia. e-mail: fmharbi@uqu.edu.sa

polynomials in spectral relationships of some kinds of singular contact problems is discussed

by Alharbi in [16].Abdou and Basseem in [17] used Chyebyshev polynomial, the main 

theorem of spectral relationships of (FIE) to obtain the solution of (F-VIE) of the second 
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kind numerically. Abdou and Alharbi in [18] derived a general main theorem of spectral 

relationships for a mixed integral equation of the first kind (MIE) in the space 𝐿2[−1,1] ×

𝐶[0, 𝑇].

Consider the integral equation,

𝜙(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) + 𝜆 ∫ ∫ 𝑘(𝑥, 𝑢, 𝑦, 𝑣)𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣

1

−1

1

−1

,                           (1)

Under the following conditions:

i. [ ∫ ∫ 𝑘2(𝑥, 𝑢, 𝑦, 𝑣)
1

−1

1

−1
𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣]

1 2⁄

≤ 𝑐,   𝑐 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.

ii. The function 𝑓(𝑥, 𝑦) with its partial derivatives with respect to 𝑥 and 𝑦 are continuous 

in 𝐿2[−1,1] × [−1,1] and its norm can be defined as,

‖𝑓(𝑥, 𝑦)‖ = [ ∫ ∫ 𝑓2(𝑥, 𝑦)

1

−1

1

−1

𝑑𝑥𝑑𝑦]

1 2⁄

≤ 𝑀   ,   𝑀 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.

iii. The unknown function 𝜙(𝑥, 𝑦) in the space 𝐿2[−1,1] × [−1,1] behaves as the given 

function 𝑓(𝑥, 𝑦).

The integral equation (1) has at least one solution under the previous condition(i)-(iii).

Define the integral operator forms:

𝑊𝜙 = 𝜆 ∫ ∫ 𝑘(𝑥, 𝑢, 𝑦, 𝑣)𝜙(𝑢, 𝑣)𝑑𝑢 𝑑𝑣                                          
                             (2)

1

−1

1

−1

Eq. (1) can be written in operator form as:

𝑊̅𝜙 = 𝑓 + 𝑊𝜙.                                                                                                                   (3)

The proof of theorem1 can be obtained automatically from the proofs of following 

lemmas.

The integral operator (3) under the conditions (i)-(iii) is bounded in the space

𝐿2[−1,1] × [−1,1].

II. The Existence of at Least one Solution of a Two Dimensional IE

Theorem 1

Lemma1
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Taking the norm of Eq.(3 ) we get

‖𝑊̅𝜙‖ ≤ ‖𝑓(𝑥, 𝑦)‖ + |𝜆| ‖ ∫ ∫ 𝑘(𝑥, 𝑢, 𝑦, 𝑣) 𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣

1

−1

1

−1

‖                                  (4)

Applying the Cauchy-Schwarz inequality, then using conditions (i)-(iii) to have

‖𝑊̅𝜙(𝑥, 𝑦)‖ ≤ 𝑀 + |𝜆|𝐶.                                                                                                 (5)

Eq.(5) means that the integral operator 𝑊̅ maps the ball 𝑆𝛼 into itself, where 𝛼 = 𝑀 + |𝜆|𝐶.

Also, in the second term of inequality (5), we deduce that the integral operator 𝑊𝜙(𝑥, 𝑦) is 

bounded in the space 𝐿2([−1,1] × [−1,1]). Therefore, 𝑊̅𝜙(𝑥, 𝑦) is also bounded.

The integral operator (3) under the conditions (i)-(iii) is continuous in the space 

𝐿2[−1,1] × [−1,1].

Let 𝜙1(𝑥, 𝑦), 𝜙2(𝑥, 𝑦) be any two functions in the space 𝐿2[−1,1] × [−1,1] then,

‖𝑊̅𝜙1(𝑥, 𝑦) − 𝑊̅𝜙2(𝑥, 𝑦)‖ ≤ |𝜆| ‖ ∫ ∫

1

−1

1

−1

|𝑘(𝑥, 𝑢, 𝑦, 𝑣)| |𝜙1(𝑥, 𝑦) − 𝜙2(𝑥, 𝑦)|‖

After applying Cauchy-Shwarz inequality then using the conditions(i)-(iii), the previous 

inequality becomes,

‖𝑊̅𝜙1(𝑥, 𝑦) − 𝑊̅𝜙2(𝑥, 𝑦)‖ ≤ |𝜆|𝑐‖𝜙1(𝑥, 𝑦) − 𝜙2(𝑥, 𝑦)‖                      
         

So,

‖𝑊̅‖ ≤ |𝜆|𝑐                                                                                                                     (6)

Inequality (6) implies the continuity of 𝑊̅ in the space 𝐿2[−1,1] × [−1,1].

Suppose that a sequence of continuous functions {𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)} such that,

 lim𝑛,𝑚→∞ [∫ ∫ ∫ ∫ |𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) − 𝑘(𝑥, 𝑢, 𝑦, 𝑣)|
2

𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣
1

−1

1

−1

1

−1

1

−1
]

1 2⁄

= 0.                 (7)

Then, there exist positive integers 𝑛0, 𝑚0 , such that, for 𝑛 > 𝑛0, 𝑚 > 𝑚0, in general 

𝑛 ≠ 𝑚 , after neglecting the very small constants, we have

Proof:

Lemma 2

Proof:

Lemma 3

Notes
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[ ∫ ∫ ∫ ∫|𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)|
2

𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣

1

−1

1

−1

1

−1

1

−1

]

1 2⁄

≤ 𝑐                  (8)

[ ∫ ∫ ∫ ∫|𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)|
2

𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣

1

−1

1

−1

1

−1

1

−1

]

1 2⁄

≤ [ ∫ ∫ ∫ ∫|𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) − 𝑘(𝑥, 𝑢, 𝑦, 𝑣)|
2

1

−1

1

−1

1

−1

1

−1

+ 2|𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) − 𝑘(𝑥, 𝑢, 𝑦, 𝑣)| |𝑘(𝑥, 𝑢, 𝑦, 𝑣)|

+ |𝑘(𝑥, 𝑢, 𝑦, 𝑣)|2) 𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣]

1 2⁄

Hence, for each 𝑛 > 𝑛0, 𝑚 > 𝑚0 using Eq.(7) and conditions(i), formula (8) is verified 

after neglected a small constant.

Suppose that {𝑊̅𝑛,𝑚(𝑥, 𝑦)} is a sequence of integral operators where the 

conditions(i)-(iii) are satisfied, then the sequence of operators

𝑊̅𝑛,𝑚(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) + 𝜆 ∫ ∫ 𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣                        (9) 

1

−1

1

−1

is the bounded and continuous sequence.

Taking the norm of Eq.(9) then using the conditions (i)-(iii) to get

‖𝑊̅𝑛,𝑚(𝑥, 𝑦)‖ ≤ 𝛼     ,      𝛼 = 𝑀 + |𝜆|𝑐                                                               (10)

Therefore 𝑊̅𝑛,𝑚 maps the largest ball 𝑆𝛼into itself.

Also to prove the continuity of 𝑊̅𝑛,𝑚 we choose any two functions 𝜙1(𝑥, 𝑦), 𝜙2(𝑥, 𝑦)

in 𝑆𝛼 then applying Cauchy-Schwarz inequality and the conditions (i)-(iii) we get

‖𝑊̅𝑛,𝑚𝜙1(𝑥, 𝑦) − 𝑊̅𝑛,𝑚𝜙2(𝑥, 𝑦)‖ ≤ |𝜆|𝑐     ∀ 𝑛 > 𝑛0 , 𝑚 > 𝑚0                   (11)

Proof:

Lemma 4

Proof: 

  Notes
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If conditions (i)-(iii) are verified then the 𝑊̅(𝑆𝛼) is compact.

‖𝑊̅𝑛,𝑚𝜙(𝑥, 𝑦) − 𝑊̅𝜙(𝑥, 𝑦)‖ =

|𝜆| ‖∫ ∫ (𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) − 𝑘(𝑥, 𝑢, 𝑦, 𝑣)) 𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣
1

−1

1

−1
‖ .

Hence, using condition(iii) yields

‖𝑊̅𝑛,𝑚𝜙(𝑥, 𝑦) − 𝑊̅𝜙(𝑥, 𝑦)‖

≤ |𝜆|𝐸 [ ∫ ∫ ∫ ∫|𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) − 𝑘(𝑥, 𝑢, 𝑦, 𝑣)|
2

𝑑𝑥𝑑𝑢𝑑𝑦𝑑𝑣

1

−1

1

−1

1

−1

1

−1

]

1 2⁄

Also, from Eq.(7) we have the following condition:

‖𝑊̅𝑛,𝑚𝜙(𝑥, 𝑦) − 𝑊̅𝜙(𝑥, 𝑦)‖ = 0,         𝑎𝑠 𝑛, 𝑚 → ∞ .                       (12)

To prove the compactness of 𝑊̅, we let {𝜙𝑛,𝑚(𝑥, 𝑦)} be any sequence in 𝑆𝛼. Then we 

can choose a subsequence{𝜙𝑛1,𝑚(𝑥, 𝑦)} such that {𝑊̅𝑛1,𝑚𝜙𝑛1,𝑚(𝑥, 𝑦)} converges. 

From  that  subsequence,  we  can extract a new  subsequence {𝜙𝑛1,𝑚1(𝑥, 𝑦)} in which 

{𝑊̅𝑛1,𝑚1𝜙𝑛1,𝑚1(𝑥, 𝑦)}converges, and so on.Thus, we obtain a chain of subsequences,

{𝜙𝑛,𝑚(𝑥, 𝑦)} ⊃ {𝜙𝑛1,𝑚(𝑥, 𝑦)} ⊃ {𝜙𝑛1,𝑚1(𝑥, 𝑦)} ⊃ ⋯ ⊃ {𝜙𝑛𝑖,𝑚𝑗(𝑥, 𝑦)} ⊃ ⋯

Such that the sequence {𝑊̅𝑛𝑖,𝑚𝑘𝜙𝑛𝑗,𝑚𝑙(𝑥, 𝑦)} converges for all 𝑖 = 1,2, … , 𝑗 𝑎𝑛𝑑 𝑘 =

1,2, … , 𝑙. Finally, we pick the sequence {𝜙𝑛𝑛,𝑚𝑚
(𝑥, 𝑦)} which is a subsequence of 

every 𝜙𝑛𝑖,𝑚𝑘
except for a finite number of elements, and clearly {𝑊̅𝑛𝑖,𝑚𝑘𝜙𝑛𝑛,𝑚𝑚(𝑥, 𝑦)}

converges for every 𝑖, 𝑘. Now, since 

‖𝑊̅𝑛𝑖,𝑚𝑘
𝜙

𝑛𝑛,𝑚𝑚
− 𝑊̅𝑛𝑖,𝑚𝑘

𝜙
𝑝𝑝,𝑞𝑞

‖ → 0   𝑎𝑠 𝑚, 𝑛, 𝑝, 𝑞 → 0 .

For large 𝑗, 𝑘, and from( ),we get

‖𝑊̅𝜙
𝑛𝑛,𝑚𝑚

− 𝑊̅𝜙
𝑝𝑝,𝑞𝑞

‖ ≤ 2𝜎,    ∀𝑛, 𝑝 > 𝑛0(𝜎) , 𝑚, 𝑞 > 𝑚0(𝜎).

Hence, {𝑊̅𝜙𝑛,𝑚} is a Cauchy sequence, so 𝑊̅(𝑆𝛼) is compact.

According to the previous lemmas, by Schauder fixed point theorem, see [19-20 ], 𝑊̅ has at 

least one fixed point in 𝑆𝛼  , and Theorem 1 is proved.

Lemma 5

Proof:

Notes
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Suppose the approximate kernel 𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) in the continuous case as,

𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) = ∑ ∑ 𝜓𝑛(𝑥)𝜒𝑛(𝑢)𝜔𝑚(𝑦)𝜂𝑚(𝑣)

𝑀

𝑚=0

𝑁

𝑛=0

                                             (12)

where it satisfies the condition in Eq.(7).

Therefore Eq.(1) reduce to the algebraic system form as,

𝜙𝑛,𝑚(𝑥, 𝑦) = 𝑓𝑛,𝑚(𝑥, 𝑦) − 𝜆 ∫ ∫ 𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)𝜙𝑛,𝑚(𝑢, 𝑣)𝑑𝑢𝑑𝑣 + 𝑅𝑛,𝑚

1

−1

1

−1

         (13)

where,

𝑅𝑛,𝑚 = |𝜙 − 𝜙𝑛,𝑚| → 0      𝑎𝑠  𝑛, 𝑚 → ∞                                                              14)

is the approximate error.

To use the spectral relationships, we write the kernel of Eq.(12) in the form

𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣) = ∑ ∑ 𝑇𝑛(𝑥)𝑇𝑛(𝑢)𝑇𝑚(𝑦)𝑇𝑚(𝑣)

𝑀

𝑚=0

𝑁

𝑛=0

                                                   (15)

where 𝑇𝑙(𝑧) is the Chybeshev polynomials of first kind and degree 𝑙 .         

Then Eq.(13) reduces to 

𝜙𝑛,𝑚(𝑥, 𝑦) − 𝜆 ∑ ∑ 𝑇𝑛(𝑥)𝑇𝑚(𝑦)

𝑀

𝑚=0

𝑁

𝑛=0

∫ ∫ 𝑇𝑛(𝑢)𝑇𝑚(𝑣)𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣 = 𝑓𝑛,𝑚(𝑥, 𝑦)       (16)

1

−1

1

−1

Such that,

𝜙𝑛,𝑚(𝑥, 𝑦) = ∑ ∑ 𝑎𝑛,𝑚𝑇𝑛(𝑥)𝑇𝑚(𝑦)                                                                (17)

𝑀

𝑚=0

𝑁

𝑛=0

Since,

∫ ∫ 𝑘𝑛,𝑚(𝑥, 𝑢, 𝑦, 𝑣)𝜙𝑛,𝑚(𝑢, 𝑣)𝑑𝑢𝑑𝑣 = 𝑇𝑛(𝑥)𝑇𝑚(𝑦) ∫ ∫ 𝑇𝑛(𝑢)𝑇𝑚(𝑣)𝑇𝑖(𝑢)𝑇𝑗(𝑣)𝑑𝑢𝑑𝑣

1

−1

1

−1

1

−1

1

−1

(18)

then by using the relation, see [21]

𝑇𝑛(𝑢)𝑇𝑖(𝑢) =
1

2
 [ 𝑇𝑛+𝑖(𝑢) + 𝑇|𝑛−𝑖|(𝑢)]                                         (19)

)

III. Chebyshev Polynomials and the System of the Integral Equation
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and,

∫ 𝑇𝑛(𝑢)𝑑𝑢 =  {

2

1−𝑛2      ,   𝑛=0,2,4,…

0 ,                 𝑛=1,3,5 ,…

1

−1

                                                                                  (20)

Eq.(18) reduce to

𝑇𝑛(𝑥)𝑇𝑚(𝑦) ∫ ∫ 𝑇𝑛(𝑢)𝑇𝑚(𝑣)𝑇𝑖(𝑢)𝑇𝑗(𝑣)𝑑𝑢𝑑𝑣

1

−1

1

−1

= [
1

1 − (𝑛 + 𝑖)2
+

1

1 − |𝑛 − 𝑖|2
] [

1

1 − (𝑚 + 𝑗)2
+

1

1 − |𝑚 − 𝑗|2
] 𝑇𝑛(𝑥)𝑇𝑚(𝑦) (21)

Then, Eq.(13) reduce to obtaining the following algebraic system,

(𝐼 − 𝜆𝜇𝑛,𝑚,𝑖,𝑗)𝑎𝑛,𝑚 = 𝑏𝑛,𝑚                                                                                       (22)

where,

𝜇𝑛,𝑚,𝑖,𝑗 = [
1

1 − (𝑛 + 𝑖)2
+

1

1 − |𝑛 − 𝑖|2
] [

1

1 − (𝑚 + 𝑗)2
+

1

1 − |𝑚 − 𝑗|2
]            (23)

𝑏𝑛,𝑚 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑇𝑛(𝑥)𝑇𝑚(𝑦)𝑑𝑥𝑑𝑦                                                                    24)

1

−1

1

−1

Consider the IE 

𝜙(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) + 𝜆 ∫ ∫(𝑥 + 𝑢2)𝑦2𝑣 𝜙(𝑢, 𝑣)𝑑𝑢𝑑𝑣                                        (25)

1

−1

1

−1

For fixed values of 𝑁 = 𝑀 = 100, we can graph the solution 𝜙(𝑥, 𝑦) at different 

values of 𝜆, and different shapes of surfaces 𝑓(𝑥, 𝑦), then we can graph the estimating errors 

𝑓(𝑥, 𝑦) = 𝑥𝑦  , 𝜆 = 0.04

)

IV. Application and Numerical Discussion

Notes
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The solution 𝜙𝑛,𝑚(𝑥, 𝑦) The estimating error𝐸100

𝑓(𝑥, 𝑦) = 𝑥𝑦  , 𝜆 = 0.1

The solution 𝜙𝑛,𝑚(𝑥, 𝑦) The estimating error E100

𝑓(𝑥, 𝑦) = 𝑥 + 𝑦, 𝜆 = 0.04

The solution 𝜙𝑛,𝑚(𝑥, 𝑦)
The estimating error𝐸100
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Figure(1)

Figure(2)

Figure(3)

Notes
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The solution 𝜙𝑛,𝑚(𝑥, 𝑦) The estimating error 𝐸100

𝑓(𝑥, 𝑦) = 𝑥 + 𝑦, 𝜆 = 0.1

Figure(4)
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