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Abstract- We invent a novel algorithm and solve the Fibonacci prime conjecture by an interaction
between proof and algorithm. From the entire set of natural numbers successively deleting the
residue class 0 mod a prime, we retain this prime and possibly delete another one prime retained,
then we invent a recursive sieve method, a modulo algorithm on finite sets of natural numbers, for
indices of Fibonacci primes. The sifting process mechanically yields a sequence of sets of natural
numbers, which converges to the index set of all Fibonacci primes. The corresponding cardinal
sequence is strictly increasing. The algorithm reveals a structure of particular order topology of the
index set of all Fibonacci primes, then we readily prove that the index set of all Fibonacci primes is
an infinite set based on the existing theory of the structure. Some mysteries of primes are hidden in
second order arithmetics.
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Introduction

Fibonacci numbers Fx are defined by the recursive formula
F1 = 1,
F2 = 1,
Fx+1 = Fx + Fx−1 .
The first few Fibonacci numbers are:
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584,
4181, 6765, 10946, 17711, 28657, 46368, ... (OEIS A005478)
A Fibonacci prime is a Fibonacci number that is prime.
The first few Fibonacci primes are:
2, 3, 5, 13, 89, 233, 1597, 28657, 514229, 433494437, 2971215073, ... .
(OEIS A005478).
The first few indices x, which give Fibonacci primes are:
3, 4, 5, 7, 11, 13, 17, 23, 29, 43,47, 83, 131, 137, 359, 431, 433, 449, 509,
569, 571, 2971, 4723, 5387, ... (OEIS A001605).
Author: Zhe Jiang University, alumnus, China. e-mail address: fensliu@126.com
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II.

A Sifting Process for Primes

For expressing a recursive sieve method by well-formed formulas, we
extend both operations addition and multiplication +, × into finite sets of
natural numbers. We introduce several definitions and notations.
We use small letters a, x, t to denote natural numbers and capital letters
A, X, T sets of natural numbers except for Fx .
For arbitrary both finite sets of natural numbers A, B we write
A = ha1 , a2 , . . . , ai , . . . , an i, a1 < a2 < · · · < ai < · · · < an ,
B = hb1 , b2 , . . . , bj , . . . , bm i, b1 < b2 < · · · < bj < · · · < bm .
We define
A + B = ha1 + b1 , a2 + b1 , . . . , ai + bj . . . , an−1 + bm , an + bm i,
AB = ha1 b1 , a2 b1 , . . . , ai bj . . . , an−1 bm , an bm i.
For example:
h1, 5i + h0, 6, 12, 18, 24i = h1, 5, 7, 11, 13, 17, 19, 23, 25, 29i,
h6ih0, 1, 2, 3, 4i = h0, 6, 12, 18, 24i.
For the empty set ∅ we define ∅ + B = ∅ and ∅B = ∅.
We write A \ B for the set difference of A and B.
Let
X ≡ A = ha1 , a2 , . . . , ai , . . . , an i mod a,
be several residue classes mod a.
We define the solution of the system of congruences
X ≡ A = ha1 , a2 , . . . , ai , . . . , an i mod a,
X ≡ B = hb1 , b2 , . . . , bj , . . . , bm i mod b
© 2020 Global Journals
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The study of Fibonacci primes has a long history. At present, Fibonacci primes with thousands of digits have been found. For example, 33-th
Fibonacci prime is F81839 , with 17103 digits. We do not repeat those stories.
From the aspect of primality, like the Mersenne numbers [7], we have an
open problem and a conjecture.
There are infinitely many Fibonacci composites with prime indices.
There are infinitely many Fibonacci primes[12][1].
In another paper, we had discussed the open problem [7].
In this paper, we prove the Fibonacci prime conjecture by a recursive
sieve method or algorithm.
In order to be self-contained we repeat some contents in papers [7].
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to be
X ≡ D = hd11 , d21 , . . . , dij , . . . , dn−1m , dnm i mod ab,
where x ≡ dij mod ab is the solution of the system of congruences
x ≡ ai mod a,
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If gcd(a, b) = 1, the solution X ≡ D mod ab is computable and unique by
the Chinese remainder theorem.
For example, X ≡ D = h5, 25i mod 30 is the solution of the system of
congruences

31

X ≡ h1, 5i mod 6,
X ≡ h0i mod 5.
We known that the residue class ai mod a is the set of natural numbers
{x : x ≡ ai mod a}, several residue classes A mod a is the union of several
sets. Thus we may write the relation x ∈ A mod a and set operation B ∪(A
mod a).
Except extending +, × into finite sets of natural numbers, we continue
the traditional interpretation of the formal language 0, 1, +, ×, ∈. The reader
who is familiar with model theory may know, we have found a new model
or structure of the second order arithmetic by a two-sorted logic
hP (N ), N, +, ×, 0, 1, ∈i,
and we have found a formal system
hP (N ), N, +, ×, 0, 1, ∈i |= P A ∪ ZF,
where N is the set of all natural numbers, and P (N ) is the power set of N ;
P A is the Peano theory and ZF is the set theory.
We denote this model by P (N ).
In the traditional first order arithmetics N , we have computed out 33
Fibonacci primes, but the numerical evidence does not provide theoretically
information about infinitude.
In the second order arithmetics P (N ), we may construct a recursive
function on sets of natural numbers by arithmetical operations +, × and
set-theoretical operations ∪, ∩, \, its inputs and outputs are sets of natural numbers, it expresses our intuitable idea: we delete all indices of nonFibonacci primes and retain all indices of Fibonacci primes. Then we obtain
a sequence of sets of natural numbers (Ti0 ), which converges to the set Te of
all indices of Fibonacci primes. We reveal an exotic structure of the set Te
© 2020 Global Journals
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in second order arithmetics. The existing theory of those structures, order
topology, allows us to prove the conjecture.
First we repeat the recursively sifting process for primes.
Let pi be the i-th prime, p0 = 2. Let
mi+1 =

i
Y

pj .
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From the entire set of natural numbers we successively delete the residue
class 0 mod pi , i.e., the set of all numbers x such that the least prime factor
of x is pi . We leave the residue class Ti+1 mod mi+1 . Then the left residue
class Ti+1 mod mi+1 is the set of all numbers x such that x does not contain
any prime pj ≤ pi as a factor gcd(x, mi+1 ) = 1.
Let Ti+1 be the set of least nonnegative representatives of the residue
class Ti+1 mod mi+1 , the reduced residue system mod mi+1 . We design a
primitive recursive formula for the set Ti+1 and the prime pi+1 . This formula
expresses a recursive sieve method for primes.
T1 = h1i,
p1 = 3,
Ti+1 = (Ti + hmi ih0, 1, 2, . . . , pi − 1i) \ hpi iTi ,
pi+1 = g(Ti+1 ),

(2.1)

where X ≡ hpi iTi mod mi+1 is the solution of the system of congruences
X ≡ Ti mod mi ,
X ≡ h0i mod pi ,
and g(T ) is a projective function
g(T ) = g(ht1 , t2 , . . . , tn i) = t2 .
The cardinality of the set Ti+1 is
i
Y
|Ti+1 | =
(pj − 1).

(2.2)

0

For example:
T1 = h1i,
p1 = 3,
T2 = (h1i + h2ih0, 1, 2i) \ h3i = h1, 5i,
p2 = 5,
T3 = h1, 5i + h6ih0, 1, 2, 3, 4i) \ h5, 25i = h1, 7, 11, 13, 17, 19, 23, 29i.
p3 = 7.
© 2020 Global Journals
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III.

A Recursive Sieve for Fibonacci Primes

Based on the recursive sieve method for primes, formula (2.1), we successively delete all numbers x such that x contains the least prime factor pi ,
we delete all composites together with the prime pi . The sifting condition
or ‘sieve’ is
x ≡ 0 mod pi ∧ pi ≤ x.
We refine the sifting condition to be
x ≡ 0 mod pi ∧ pi < x.

(3.1)

According to this new sifting condition or ‘sieve’, we successively delete
the set Ci of all numbers x such that x is composite with the least prime

© 2020 Global Journals
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10. M. D. Sautoy, The Music of the Primes, HarperCollins Publishers,
(2003), p.6.
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It is easy to prove this primitive recursive formula by mathematical induction.
Look through a list of primes, the sequence of primes seems chaotic and
random. It offers no clues as to how to determine the next number.
Randomness and chaos are anathema to the mathematician [10].
Despite over two thousand years one pursues an order, pattern, structure,
and finds a formula that generates all primes exactly and without exception,
our endeavour is in vain.
In the second arithmetics the prime formula 2.1 reveals the recursive
structure of each primes. Now primes do not appear randomly. They are
computed one after the other by +, ×. They are governed by a recursive
rule. Recursion opens new theoretical windows onto our understanding of
the primes. It seems this is a prime conspiracy.
Gauss prime number theorem π(x) ≈ x/ ln x is an explicitly approximation for the recursive formula π(pi ) = i. The prime number theorem provides
a heuristic model. Due to parity problem, we ought to reflect whether or
not the heuristic model describes the sequence of primes enough accurately.
The prime formula is a reformulation of Eratosthenes sieve method.
In contrast with Eratosthenes sieve, which does not automatically yield
theoretical information, the recursive sieve method itself mechanically yields
a constructive proof that there are infinitely many primes[7].
We can not directly extend this constructive proof to Fibonacci primes.
Below we will refine and modify formula 2.1 to invent a recursive sieve
for Fibonacci primes. A recursive formula on the sets of naturel numbers
reveals a secret of the patterns of Fibonacci primes.
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factor pi ,
Ci = {x : x ∈ X ≡ Ti mod mi ∧ x ≡ 0 mod pi ∧ pi < x},
but save the prime pi as a survivor.
We delete all sets Cj of composites with 0 ≤ j < i from the entire set N
of natural numbers and leave the sifted set

2020

Li = N \

i−1
[

Cj .

0

Year

The end-sifted set, the set of all primes Te , is
Te = N \

61

∞
[

Ci .
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Let Ai be the set of all survivors less than pi ,
Ai = h2, 3, 5, 7, . . . , pi−1 i.
From the recursive formula (2.1), we deduce that the sifted set Li is the
union of the set Ai of survivors and the residue class Ti mod mi ,
[
Li = Ai (Ti mod mi )
(3.2)
We slightly modify the above sifting process for primes to invent a recursive sieve for indices of Fibonacci primes.
We know that the Fibonacci sequence is a divisibility sequence. In fact,
the Fibonacci sequence satisfies the stronger divisibility property[13]
gcd(Fm , Fn ) = Fgcd(m,n) .
In other words, for n ≥ 3, Fn divides Fm iff n divides m. It follows that
except for the case n = 4, F4 = 3, every Fibonacci prime have a prime index,
but not every prime is the index of a Fibonacci prime.
We discuss indices of Fibonacci primes and their infinitude in the set of
indices of all Fibonacci numbers.
If we only consider Fibonacci numbers as factors of Fibonacci numbers
within the Fibonacci divisibility system, then the set of all primes Te is
the set of indices of all Fibonacci primes except for F2 = 1, F4 = 3. But
some Fibonacci numbers with prime index contain normal prime factors
that are not Fibonacci numbers. For example F19 = 4181 = 37 × 113, F31 =
1346269 = 557 × 2417.
We must remove every prime index q such that Fq is a Fibonacci composite with a normal prime factor.
One uses the rank of a prime p to discuss prime factors of Fibonacci
composites with prime index.
© 2020 Global Journals
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Definition: The rank of a prime p, denoted α(p), is the least positive
integer k such that p|Fk .

5. Marc Renault, The Fibonacci Sequence Modulo
webspace.ship.edu/ msrenault/fibonacci/fib.htm.

m.

http://

(1) A prime number divides at most one Fibonacci number with prime
index due to the stronger divisibility property.
(2) If q > 4 is a prime, then every prime p that divides Fq is congruent
to 1 mod 4 [8].
(3) Let p > 5 be a prime, if p ≡ ±1 mod 10, then α(p)|p − 1; if p ≡
.
±3 mod 10, then α(p)|p + 1 [5]. We have α(p) ≤ p+1
2
(4) if p > 7 is a prime such that p ≡ 2, 4 mod 5, and 2p − 1 is also prime,
then 2p − 1|Fp [14].
It follows that we only need to modify the set Ai of survivors for each
prime pi to obtain a new set Ai+1 of survivors, such that if q ∈ Ai+1 then
Fq contains neither normal prime p ≤ pi nor Fibonacci prime Fp ≤ Fpi as a
factor except itself.
Given any prime pi > 5, suppose that we have a modified set Ai , then
we obtain the next set Ai+1 by the following rules.
If the prime pi is congruent to 1 mod 4, and if there is an odd prime
q ≤ pi2+1 in the set Ai such that
pi < Fq ∧ α(pi ) = q,
then Fq is a Fibonacci composite, which contains the least normal prime
factor pi . We add the prime pi into the set Ai and remove the prime q from
the set Ai ∪ hpi i to obtain the set Ai+1 .
Ai+1 = (Ai ∪ hpi i) \ hqi.
If there is no such a prime q, then for every number x in the sifted set Li
the Fibonacci number Fx does not contain the normal prime pi as a factor.
We add the prime pi into the set Ai
Ai+1 = Ai ∪ hpi i.
© 2020 Global Journals
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We exhibit some simple facts about normal prime factors of Fibonacci
composites with prime index.
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The first few ranks of primes are:
3, 4, 5, 8, 10, 7, 9, 18, 24, 14, 30, 19, 20, 44, 16, 27, 58, 15, 68, 70, 37,
78, 84, 11, 49, 50, 104,36, 27, 19, 128, 130, 69, 46, 37, 50, 79, 164, 168, 87,
178, 90, 190, 97, 99, 22, 42, 224, 228, 114, 13, 238, 120, 250, 129, 88, 67,
270, 139, 28, 284, 147, 44, 310,. . . . . . (sequence A001602 in the OEIS).
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Now for every number x in the sifted set Li+1 , the Fibonacci number Fx
does not contain Fibonacci number Mq , q ≤ pi as a factor, and does not
contain the normal prime pj ≤ pi as a factor except itself.
After modification the first few set Ai are
A5 = h3, 4, 5, 7.11i,
A8 = h3, 4, 5, 7.11, 13, 17, 19i,
2020

Year

A12 = h3, 4, 5, 7.11, 13, 17, 23, 29, 31, 37, 41i,
A13 = h3, 4, 5, 7.11, 13, 17, 23, 29, 31, 37, 41, 43i,

81

A14 = h3, 4, 5, 7.11, 13, 17, 23, 29, 31, 37, 41, 43, 47i.
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A11 = h3, 4, 5, 7.11, 13, 17, 23, 29, 31, 37i,

The sifting condition formula (3.1) is converted into
(x ≡ 0 mod pi ∧ pi < x) ∨ (Fx ≡ 0 mod pi ∧ pi < Fx ).

(3.3)

According to this sifting condition or ‘sieve’, we successively delete the
set Ci of all numbers x, such that Fx is composite with the least factor Fpi ,
or Fx is composite with the least normal prime factor pi > 5,
Ci = {x : x ∈ (Ai ∪ (X ≡ Ti mod mi )) ∧ ((Fx ≡ 0 mod pi ∧ pi < Fx )
∨(x ≡ 0 mod pi ∧ pi < x))},
but remain the survivor x if pi = x or pi = Fx .
We delete all sets Cj with 0 ≤ j < i from the set N of all indices of
Fibonacci numbers and leave a sifted set
Li = N \

i−1
[

Cj .

0

The sifted set Li is descending
L1 ⊃ L2 ⊃ · · · ⊃ Li ⊃ · · · · · · .
The end-sifted set, the set Te of all indices of Fibonacci primes, is
Te = N \

∞
[

Ci .

0

We easily verify that the primes 3,4,5,7.11,13,17,23,29,43,47 all are indices of Fibonacci primes by the above algorithm.
The set Ai of survivors is a set of indices of Fibonacci primes or probable
primes, the candidates.
Obviously, we have
|Ai | ≤ |Ai+1 |.
© 2020 Global Journals
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A3 = h3, 4, 5i.
T30 = h3, 4, 5i ∪ h1, 7, 11, 13, 17, 19, 23, 29i
= h3, 4, 5, 1, 7, 11, 13, 17, 19, 23, 29i.
Let |Ai | be the number of survivors less than pi . Then the number of
elements of the initial segment Ti0 is
|Ti0 | = |Ai | + |Ti |.

(3.6)

From formula (2.2) we deduce that the corresponding cardinal sequence
(|Ti0 |) is strictly increasing
0
|Ti0 | < |Ti+1
|.

Based on cardinal arithmetics we have
[
lim Ti0 =
Ti0 = ℵ0 .
Based on order topology we have
lim |Ti0 | = ℵ0 .

(3.7)

Next section we will prove that the set of all indices of Fibonacci primes is
an infinite set.
IV.

The Infinitude of Fibonacci Primes

We call an index of Fibonacci prime a F-index.
Let A0i be the subset of F-indices in the initial segment Ti0 ,
A0i = {x ∈ Ti0 : x is a F-index}.

(4.1)
© 2020 Global Journals
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Except remaining all survivors x less than pi in the initial segment Ti0 ,
both sets Ti0 and Ti are the same.
For example
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We intercept the initial segment Ti0 from the sifted set Li , which is the
union of the set Ai of survivors and the set Ti of least nonnegative representatives, then we obtain a new recursive formula
[
Ti0 = Ai Ti .
(3.5)

2020

From the recursive formula (2.1), we deduce that the sifted set Li is the
union of the set Ai of survivors and the residue class Ti mod mi .
[
Li = Ai (Ti mod mi ).
(3.4)
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For example:
A02 = h3, 4, 5i,
A03 = h3, 4, 5, 7.11, 13, 17, 23, 29i,
A04 = h3, 4, 5, 7, 11, 13, 17, 23, 29, 43, 47, 83, 131, 137i.

Year

2020

We consider the properties of both sequences of sets (Ti0 ) and (A0i ) to
prove the conjecture.

of its subsets

(A0i )

and the sequence
of F-indices both converge to the set of all F-indices Te .

First from set theory [2], next from order topology [6] we prove this
theorem.
Proof. For the convenience of the reader, we quote a definition of the settheoretic limit of a sequence of sets [2].
Let (Fn ) be a sequence of sets, we define lim supn=∞ Fn and lim inf n=∞ Fn
as follows
∞ [
∞
\
lim sup Fn =
Fn+i ,
n=∞

n=0 i=0

lim inf Fn =
n=∞

∞ \
∞
[

Fn+i .

n=0 i=0

It is easy to check that lim supn=∞ Fn is the set of those elements x which
belongs to Fn for infinitely many n. Analogously, x belongs to lim inf n=∞ Fn
if and only if it belongs to Fn for almost all n, that is it belongs to all but
a finite number of the Fn .
If
lim sup Fn = lim inf Fn ,
n=∞

n=∞

we say that the sequence of sets (Fn ) converges to the limit
lim Fn = lim sup Fn = lim inf Fn .
n=∞

n=∞

We know that the sequence of sifted sets (Li ) is descending
L1 ⊃ L2 ⊃ · · · ⊃ Li ⊃ · · · · · · .
According to the definition of the set-theoretic limit of a sequence of sets,
we obtain that the sequence of sifted sets (Li ) converges to the set Te
\
lim Li =
L i = Te .
The sequence of subsets (A0i ) of F-indices is ascending
A01 ⊂ A02 ⊂ · · · ⊂ A0i ⊂ · · · · · · ,
© 2020 Global Journals
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Theorem 4.1. The sequence of the initial segments

Ref

(Ti0 )
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we obtain that the sequence of subsets (A0i ) converges to the set Te ,
[
A0i = Te .
lim A0i =
The initial segment Ti0 locates between two sets A0i and Li

lim Ti0 = Te .

4. Jesper M. Møller, General Topology web, math.ku,dk (2005)20.

According to set theory, we have proved that both sequences of sets (Ti0 )
and (A0i ) converge to the set of all F-indices Te .
lim Ti0 = lim A0i = Te .
In general, for any sequence of finite sets (Gi ), if Gi locates between two
sets A0i and Li ,
A0i ⊂ Gi ⊂ Li ,
then we have
lim sup Gi ⊂ lim Li ,
lim inf Gi ⊃ lim A0i .
Thus
lim Gi = Te ,
Even Te = ∅ the limit of set theory is valid too.
We can not use analytic techniques for limits of set theory so that we
try to endow them with an order topology, and prove that both sequences
of sets (Ti0 ) and (A0i ) converge to the set of all F-indices Te .
We quote J.R.Munkres’s definition of the order topology [4][6].
Let X be a set with a linear order relation; assume X has more one
element. Let B be the collection of all sets of the following types:
(1) All open intervals (a, b) in X.
(2) All intervals of the form [a0 , b), where a0 is the smallest element (if
any) in X.
(3) All intervals of the form [a, b0 ), where b0 is the largest element (if
any) in X.
The collection B is a base of a topology on X, which is called the order
topology.
The empty or singleton is not a linear order < set. There is no order
topology on the empty set or sets with a single element. For example a
© 2020 Global Journals
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It is easy to prove that the sequence of the initial segments (Ti0 ) converges
to the set Te

1
11
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A0i ⊂ Ti0 ⊂ Li .
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Year

2020

constant function f (n) = 0 has a limit lim f (n) = 0 in real analysis, but it
has no limit in order topology, as n → ∞.
The recursively sifting process formula (3.5) produces both sequences of
sets together with the set-theoretic limit point Te .
T10 , T20 , . . . , Ti0 , . . . . . . ; Te ,

X2 :

A01 , A02 , . . . , A0i , . . . . . . ; Te .

N

We further consider the structures of sets X1 and X2 using the recursively sifting process (3.5) as an order relation
i < j → Ti0 < Tj0 , ∀i(Ti0 < Te ),

121
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X1 :

i < j → A0i < A0j , ∀i(A0i < Te ).
The set X1 has no repeated term. It is a well ordered set with the order
type ω + 1 using the recursively sifting process (3.5) as an order relation.
Thus the set X1 may be endowed an order topology.
In general, the set X2 may have no repeated term, or may have some
repeated terms, or may be a set with a single element X2 = {∅}.
We have computed out some patterns of the first few F-indices. The set
X2 contains more than one element, may be endowed with an order topology.
using the recursively sifting process (3.5) as an order relation.
Obviously, for every neighborhood (c, Te ] of Te , there is a natural number
i0 , for all i > i0 , we have Ti0 ∈ (c, Te ] and A0i ∈ (c, Te ], thus both sequences
of sets (Ti0 ) and (A0i ) converge to the set of all F-indices Te .
lim A0i = Te ,
lim Ti0 = Te .
According to the order topology, we have again proved that both sequences of sets (Ti0 ) and (A0i ) converge to the set of all F-indices Te . We also
have
lim Ti0 = lim A0i .

(4.2)

If Te = ∅, the set X2 = {∅} only has a single element, which has no
order topology. In this case formula (4.2) is not valid and we prove nothing
by the order topology.
Theorem (4.1) reveals a particular order topological structure of the set
of all F-indices built into the sequences of sets. Now we easily prove that
the cardinality of the set of all F-indices is infinite.

Theorem 4.2. The set of all F-indices is an infinite set.
© 2020 Global Journals
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lim |A0i | = lim |Ti0 |.
From formula (3.7) lim |Ti0 | = ℵ0 we have
lim |A0i | = ℵ0 .

(4.3)

Usually, let π(n) be the counting function, the number of F-indices less
than n. Normal sieve theory is unable to provide non-trivial lower bounds
of π(n) due to the parity problem. Let n be a natural number. Then the
number sequence (mi ) is a subsequence of the number sequence (n), we
obtain
lim π(n) = lim π(mi ).
By formula (4.1), the A0i is the set of all F-indices less than mi , and the
|A0i | is the number of all F-indices less than mi , thus π(mi ) = |A0i |. We have
lim π(mi ) = lim |A0i |.
From formula (4.3) we prove
lim π(n) = ℵ0 .

(4.4)

Next, we give another proof by the continuity of the cardinal function.
Proof. B. Let f : X → Y be the cardinal function from the order topological
space X to the order topological space Y such that f (T ) = |T |.
X :

T10 , T20 , . . . , Ti0 , . . . . . . ; Te ,

Y : |T10 |, |T20 |, . . . , |Ti0 |, . . . . . . ; ℵ0 .
It is easy to check that for every open set [|T10 |, |d|), (|c|, |d|), (|c|, ℵ0 ] in
Y the preimage [T10 , d), (c, d), (c, Te ] is also an open set in X. So that the
© 2020 Global Journals
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Proof. A. We consider the cardinalities |Ti0 | and |A0i | of sets on two sides
of the equality (4.2), and the order topological limits of cardinal sequences
(|Ti0 |) and (|A0i |) with the usual order relation ≤, as the sets Ti0 and A0i both
tend to Te .
From general topology, we know that if the limits of both cardinal sequences (|Ti0 |) and (|A0i |) on two sides of the equality (4.2) exist, then both
limits are equal; if lim |A0i | does not exist, then the condition for the existence of the limit lim |Ti0 | is not sufficient [3].
For F-indices, the set Te is nonempty Te 6= ∅, the formula (4.2) is valid,
obviously, the order topological limits lim |A0i | and lim |Ti0 | on two sides of
the equality (4.2) exist, thus both limits are equal
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We give two proofs.
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cardinal function |T | is continuous at Te with respect to the above particular
order topology.
Both order topological spaces are first countable, hence the cardinal function |T | is sequentially continuous. By a usual topological theorem [6] (Theorem 21.3, p130), the cardinal function |T | preserves limits

Year

2020

| lim Ti0 | = lim |Ti0 |.

Order topological spaces are Hausdorff spaces. In Hausdorff spaces the
limit point of the sequence of sets (Ti0 ) and the limit point of cardinal sequence (|Ti0 |) are unique.
We have proved theorem 4.1, lim Ti0 = Te , and formulas (3.7), lim |Ti0 | =
ℵ0 . Substitute, we obtain that the set of all F-indices an infinite set,
|Te | = ℵ0 .

(4.6)

Without any estimation or statistical data, without the Riemann hypothesis, with the recursive sieve, we well understand the recursive structure, set
theoretic structure and order topological structure of the set of all F-indices
on sequences of sets. The theory of those structures allows us obtain an
elementary proof of the conjecture.
We prove that the set of indices of all Fibonacci primes is a infinite set.
In other words we have proved the theorem

Theorem 4.3. There are infinitely many Fibonacci primes.
V.

Discussion

In general, we can not prove that the cardinal function on sequences of
sets is continuous. There is a counterexample, the Ross-Littwood paradox
[9] [11].
For example: consider the limit of the sequence of sets, which have no
pattern
Ti = hi + 1, i + 2, . . . , 10ii.
From set theory we know lim Ti = Te = ∅, thus |Te | = 0. But we also
have lim |Ti | = ∞ from real analysis. If the cardinal function is continuous,
then there is a contradiction in real analysis, the empty has an infinite
cardinality. In this case, one can only get up the continuity and says that
there is no relation between the cardinality of the end sifted set |Te | = 0
and the limit lim |Ti | = ∞.
© 2020 Global Journals
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(4.5)
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By the recursive sieve method, we have revealed that the set Te of all
F-indices has the structure of a particular order topology

lim Gi = Te .

Year
1
15

We try to endow all set-theoretical convergence lim Gi = Te with an order
topology using the recursively sifting process (3.5) as an order relation, then
construct a particular order topological space G.
Here we must be careful about the existence of order topological limits.
First according to the definition, there exists no order topology on the
empty set or sets with a single element[4] [6].
Next, we quote topologist L.D. Kudryavtsev’s ‘The existence of limits of
a function’ for lim |Gi |.
If the space X satisfies the first axiom of countability at the point Te and
the space Y is Hausdorff, then for the existence of the limit lim |Gi | of the
cardinal function |Gi | , it is necessary and sufficient that for any sequence
(Gi ) , such that lim Gi = Te , the limit lim |Gi | exists. If this condition holds,
the limit lim |Gi | does not depend on the choice of the sequence (Gi ) , and
the common value of these limits is the limit of (|Gi |) at Te [3].
If the end sifted set is empty Te = ∅. Since the sequence of subsets
is ascending, it converges to the set Te based on the recursively sifting
process (3.5), from set theory we know that the set of sets of patterns
X2 : A01 , A02 , . . . , A0i , . . . . . . , Te . only have a single element ∅ and the cardinal
set Y2 : |A01 |, |A02 |, . . . , |A0i |, . . . . . . , |Te |. only have a single element 0, both
sets have no order topology, both sequences(A0i ), (|A0i |) have no limit of order
topology.
(A0i )

Note, we consider the set sequences, the empty ∅ is as an element. If we
find out at least one prime pattern, then the set sequence (A0i ) has more
one element.
Only if the end sifted set is empty Te = ∅, the limits lim A0i and lim |A0i |
have no existence. The existence of all other limits lim |Gi | is not sufficient
from the above general topology. Thus at the point Te = ∅ there is no
© 2020 Global Journals
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So that we consider the conjecture in the particular order topological space,
which is generated naturally by the recursively sifting process (3.5), rather
than in real analysis, a metric space.
We consider all sequences of finite sets (Gi ), such that A0i ⊂ Gi ⊂ Li ,
and they converge to the end sifted set Te from set theory
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“continuous” or “non-continuous”. There is no contradiction. In this case,
one needs no order topology.
If the end sifted set is not empty Te 6= ∅, since the inclusion relation
Gi ⊃ A0i , the sequence (A0i ) has more one element, every sequence (Gi ) has
more one element, every limit of set theory lim Gi may be endowed with
an order topology. Every lim Gi has existence; every lim |Gi | has existence.
The condition of existence of lim |Ti0 |, lim Ti0 and lim |A0i |, lim A0i is sufficient.
Thus our proof of theorem 3.1 and 3.2 is correct.
In the formal system P (N ) we deal with the Ross-Littwood paradox and
find out a proof of the Fibonacci prime conjecture in the particular order
topological space.
The Ross-Littwood paradox shows that the restricted definition for order
topology, assume X has more one element, is necessary.
In fact, we consider the set of various prime patterns Te , in advance, we
have known at least one prime pattern, and in advance, we have known that
the end sifted set is not empty Te 6= ∅.
By the same paradigm, we may prove another prime conjecture, including
the twin prime conjecture.
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