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Mixed Value Problem for a One-Dimensional
Nonlinear Nonstationary Twelve Moment
Boltzmmann's System Equations with the

Maxwell-Auzhan Boundary Conditions

Sh. Akimzhanova

AbefaCf— B pa60Te AO0KAa3aHO CylIeCTBOBAHHE H €AMHCTBEHHOCTb PpeEIICHUSA Haqanbﬂo-xpaenoﬁ 3agjaua it
HeCTALMOHAPHOI HeJIMHEelHOI 0JHOMEpPHOii ABeHAIATH MOMEHTHOM cucTeMbl ypaBHeHMii BosibiMaHa npu rpaHUYHBIX
ycaoBusax MakcBesuia-Ay:kaHa B IPOCTPaHCTBe (PYHKIUI, HelPePbIBHBIX 110 BpeMeHH U CYMMHPYeMBbIX B KBaJpaTte 1o
NPOCTPAHCTBEHHON MepeMeHHOi (PACCMOTpPEH CJIy4ail YHCTO 3ePKATILHOI0 OTPaKeHHsI OT TPAHMIbI).

Kiiouesvie c106a: 00HOPOOHOE 0OHOMEPHOE YPasHeHue O0TbYMAaHd, CUCeMAa MOMEHMHbIX YPasHeHul 60IbymMana,
MUKPOCKONUYECKOe cpaHUdHOe YClo8Ue MAKCBELIAd, MAKPOCKONUYeCKoe cpaHudnoe yCciloe6ue.

Abstract- It is proved existence and uniqueness of solution of the problem with initial and boundary conditions of
Maxwell-Auzhan (we consider pure specular reflection from the boundary) for the nonstationary nonlinear one-
dimensional Boltzmann’s twelve-moment system equations in space of functions continuous in time and summable in
square by spatial variable.

Keywords: Boltzmann's homogeneous one-dimensional equation, Boltzmann’s moment system equations,
Microscopic Maxwell boundary condition, Macroscopic, boundary conditions.

[. [NTRODUCTION

Many problems of the rarefied gas dynamics require the solution of one or
another problem for the Boltzmann equation.The prediction of aerodynamic
characteristics of aircraft at very high speeds and at high altitudes is an important
problem in aerospace engineering. It is impossible to determine the aerodynamic
characteristics of aircraft at high altitudes. The interaction of gas molecules with the
surfaces of real bodies has been little studied. The aerodynamic characteristics of
aircraft at very high speeds and at high altitudes can be determined by the methods of
the theory of a rarefied gas [1]. To analyze the aerodynamic characteristics of aircraft in
the transient regime, the complete integro-differential Boltzmann equation is used with
appropriate boundary conditions. The determination of the boundary conditions on the
surfaces that are streamlined with a rarefied gas is one of the most important questions
in the kinetic theory of gases. In high-altitude aerodynamics, the interaction of gas with
the surface of a streamlined body plays an important role [2]. The aerothermodynamic
characteristics of bodies to the gas flow are determined by the transfer of momentum
and energy to the surface of the body, that is, the connection between the velocities and
the energies of the molecules incident on the surface and the molecules reflected from it,
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which is the essence of the kinetic boundary conditions on the surface. Maxwell’s
boundary condition for solving specific problems more accurately describes the
interaction of gas molecules with the surface. One of the approximate methods for
solving the initial-boundary value problem for the Boltzmann equation is the moment
method. With the help of the moment method, it is possible to determine the
aerodynamic characteristics of aircraft, such as atmospheric parameters, flight speed,
geometric parameters, and the like. We note that in work [3] two new models of
boundary conditions were proposed: diffusive-moment and mirror-moment, generalizing
the known boundary conditions of Cherchinyani, and in [4] aerodynamic characteristics
of space vehicles were studied by the method of direct static modeling (Monte Carlo
method) and various model of the interaction of gas molecules with the surface and
their effect on aerodynamic characteristicc. Moment methods are different from each
other as sets of various systems of basic functions. For example, Grad in works [5] and
6] received moment system through decomposition of particles distribution function by
Hermitte polynomials near the local Maxwell's distributions. Grad used Cartesian
coordinates of velocities and Grad’s moment system contained unknown hydrodynamic
characteristics as density, temperature, average speed, etc. In [7] obtained the moment
system which differs from the system of equations of Grad. In this case was used the
spherical coordinates of velocity and distribution function is decomposed into a series by
the eigenfunctions of the linearized collision operator [1], [8], which is the product of the
Sonin polynomials and spherical functions. The expansion coefficients, the moments of
the distribution function are defined differently from Grad. The resulting system of
equations corresponding to the partial sum of the series, which was call the

Boltzmann’'s moment system equations, is nonlinear hyperbolic system relative to the
moments of the particles distribution function. Differential part of the resulting system
is linear and quadratic nonlinearity is shaped as moments of the distribution function.

Quadratic forms — the moments of the nonlinear collision integrals — are calculated in
[9] and are expressed in terms of coefficients Talmi [10] and Klebsh-Gordon [11].

In [12] - [13], moment systems for the spatially homogeneous Boltzmann equation
and the conditions for the representability of the solution of the spatially homogeneous
Boltzmann equation in the form of the Poincare series were obtained. The method
proposed in [12] (application of the Fourier transform with respect to the velocity
variable in the isotropic case) greatly simplified the collision integral and, hence, the
calculation of the moments from the collision integral. In [13] the result of [12] is
generalized for the case of anisotropic scattering.

In work [14] presented a systematic nonperturbative derivation of a hierarchy of
closed systems of moment equations corresponding to any classical theory. This paper is
fundamental work where closed systems of moment equations describe a transition
regime.

The Boltzmann equation is equivalent to an infinite system of differential
equations relative to the moments of the particle distribution function in the complete
system of eigenfunctions of linearized operator. As a rule, limited study to finite
moment system equations as solving the infinite system of equations does not seem to
be possible.

Finite system of moment equations for a specific task with a certain degree of
accuracy replaces the Boltzmann equation. It's necessary, also roughly, to replace the
boundary conditions for the particle distribution function by a number of macroscopic
conditions for the moments, i.e. there arises the problem of boundary conditions for a
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finite system of equations that approximate the microscopic boundary conditions for the
Boltzmann equation. The question of boundary conditions for a finite system of moment
equations can be divided into two parts: how many conditions must be imposed and
how they should be prepared. From microscopic boundary conditions for the Boltzmann
equation there can be obtained an infinite set of boundary conditions for each type of
decomposition. However, the number of boundary conditions is determined not by the
number of moment equations, i.e. it is impossible, for example, take as much boundary
conditions as equations, although the number of moment equations affects the number
of boundary conditions. In addition, the boundary conditions must be consistent with
the moment equations and the resulting problem must be correct.

Grad in [5] described the construction of an infinite sequence of boundary
conditions without the consent of the order of approximation for the decomposition of
the boundary conditions and the expansion of the Boltzmann equation. Boundary
conditions, even a one-dimensional Grad’s moment system equations is a very difficult
task, because Grad’s moment system of equations is a hyperbolic system and this
system of equations contains as coefficients unknown parameters like density,
temperature, average speed, etc. In such case the characteristic equation is also
dependent on the unknown parameters and thus appears to be very difficult to
formulate the boundary conditions for the moment system. In work [15] had been
discussed the boundary conditions for the 13-moment Grad system.

In work [7] had been shown approximation of the homogeneous boundary
condition for the particle distribution function and proved the correctness of the initial-
boundary value problem for nonstationary nonlinear Boltzmann's moment system
equations in a three-dimensional space. More precisely, was proved the existence of a
unique generalized solution of the initial-boundary value problem for the Boltzmann’s
moment system equations in the space of functions that are continuous in time and
square summablein the space of variables. In addition, the same study shows the
approximation of the microscopic boundary conditions for the Boltzmann equation. The
boundary condition can be formulated as follows: determine the mirrored half of the
distribution function from the known half, corresponding to the falling particles. The
boundary condition is specified as an integral relation between particles falling to the
boundary and particles reflected from the boundary (assuming that we know the
probability of an event that a particle falling to the boundary with velocity V, reflects
with velocity V, ).

In this article it is proved existence and uniqueness of solution of the problem
with initial and boundary conditions of Maxwell-Auzhan (we consider pure specular
reflection from the boundary) for the nonstationary nonlinear one-dimensional
Boltzmann’s twelve-moment system equations in space of functions continuous in time
and summable in square by spatial variable.

FEXxistence and uniqueness of the solutions of initial and boundary value problem for
twelve-moment one-dimensional Boltzmann's system of equations with boundary
conditions of Maxwell-Auzhan

In this section we prove existence and uniqueness of solutions of the initial and
boundary value problem for twelve-moment one-dimensional Boltzmann's system of
equations with boundary conditions of Maxwell-Auzhan in space of functionscontinuous
in time and summable in square by spatial variable. Theorem of existence of global in
time solution of the initial and boundary value problem for 3-dimensional nonlinear
Boltzmann equation with boundary conditions of Maxwell proved in work [16].
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Statement of the problem: Find the solution of initial-boundary value problem for a
homogeneous one-dimensional Boltzmann equation

of of v
E+|v|cos¢9&=\](f, f) te(0,T] xe(-a, a),veRY, (1)

fl_,=f(xv) (xv)e[-aa]xRy, (2)

f+(t’X1V1’V21Vs)=ﬂf(t’X’Vsz,—Vs)+(1—ﬁ)nexp(_%}

v, =Mcosd,(n, v) = (n, Mcosd)> 0, x=-a or x=a, (3)

where f = f (t,X,V) is a particle distribution function in space of velocity and time;

f °(x,v)is distribution of the particles at the initial time (fixed function);
J(f, f)= .[ [ (V) f(W)- f(v) f(w)]o(cosx)dwdvnonlinear collision operator, recorded

for Maxwell molecules, n is external unit normal vector of the boundary. Condition (3)
is a natural boundary condition for the Boltzmann equation, which makes it possible to
determine the reflected half of the distribution function £ if we know the half
corresponding to the falling particles. According to (3), some part of falling particles
reflected specularly, and other particles are absorbed into the wall and emitted with the
Maxwell distribution with corresponding wall temperature Ty.

Formula (3) refers to the case of a wall at rest; otherwise vmust be replaced by
V-U,, U, being the velocity of the wall. #, Ty, U, may vary from point to point and
with time [8].

For one-dimensional problems of the Eigen functions of linearized operator are

[1], [8]:
Jen(@+1) |7 ap]) gt < e
= 0
Gn(av) (2F(n+l+3/2) J2 R(cost),
2n+1=012,...
At | | | |
where S, 2 5 is Sonin polynomials, R(COSG) is Legendre polynomials, I" is

Gamma function.

To find an approximate solution of the problem (1) -(3) we apply the Galerkin
method. We define the approximate solution of one-dimensional problem (1)-(3) as
follows:

o(t,%,V)= an,tx g, ( (4)

2n+l=0

2020 Global Journals

suorjenbo  omeuUry]  ‘IS[UYOSIN 'S ‘9T Qhw

LI

"(0T0Z) 09L-61L ‘G o[nomwse] ‘e SNH [ op onbynusossoreuy
[[PMXeIA

Arepunoq

"SUOI}IPUOD



Ref

nonstationary Boltzmann’s moment system equations//Journal of mathematical

17. A. Sakabekov, Auzhani Y. Boundary conditions for the one dimensional nonlinear
physics,55,123507,(2014).

o o +hdeoso 22 a(1, )i (aviav=o,

2n+1=01..5 (t,x)e(0,T]x(-aa), (5)
IR; [fs(o’ X, V)_ f50(x1v)] fO(a|V|)gnl (O‘V)dv =0,
2n+1=01..5 xe(-aa), (6)

[ ) ) el ()l s (xv)g, (kv

e, ol oo

2(n+1)=0,24, x=-a orx=-a, (7)

where N= (0,0,1) with x=aand N= (0,0 - l) with x=-a
f, (a|\/|) is the global Maxwell distribution;

fo (t. %)= [ f5(t, x V)fo(aM)g, (av)av,

Ry

fe(x,v) = Z fo (X)gn (av)dv,

1260 = [, 120 v)ToleM)gn (av)av. ®

In the general case, the approximation of the boundary condition (3) depends on
the parity or oddness of the approximation of the Boltzmann’s moment system of
equations [17]. When approximating a microscopic boundary condition, we took into
account the approximation of the Boltzmann equation by moment equations
corresponding to the fifth approximation (the twelve moment system of equations).

Thus, the approximation orders for the expansion of the boundary condition and
the expansion of the Boltzmann equation are consistent. Macroscopic conditions (7)
were called Maxwell — Auzhan boundary conditions [17].

Boltzmann’s system of moment equations (5), corresponding to the
decomposition (4) can be written in expanded form

li| 2n+|+% 2An+1 . .
a Ox (2l M

@A) M @@ 4 D)

2n+|+/2
+1) nl+l —ll+l
2I+1 2I+3 2I+1 2I+3

2n+1 = (9)
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where the moments of the collision integral can be expressed in terms of coefficients
Talmi and Klebsh-Gordon as follows [6]

Ly = 3 (NgLgnly 1110100 1Y NLgnd, | [y, :1)(1,01,0/10)(0, = )f, Fo s

(NsLgnly:lIndinl, i1} is generalized Talmi coefficients, (1,01,0/10)is Klebsh-Gordon
coefficients.

If in (9)2n+ 1 is from 0 to 5, we get the system of equations, corresponding fifth
approximation of Boltzmann’s moment system equations or twelve-moment

0

Boltzmann's system equations.

The initial and boundary value problem for twelve-moment Boltzmann’s system
equations with boundary conditions of Maxwell-Auzhan (7) can be written in vector-

matrix form [18] (we consider pure specular reflection from the boundary g =1): %)

=

ML A J,(u, w) %3;

ot OX ij

ou ou =k

- i _ 10 =

S A J,(u, w),te(0, T], xe(-a, a), (10) i

o

U, =Up(X) W_,=w,(x) xe(-a, a) (1)

(@34

(Aw -Bu") =(Aw +Bu)  tefoT], (12) €
(AW+ + Bu*)xz :(AW‘ - Bu‘] ., telo, 7], (13)

where A’ is transpose matrix; uo(x):(fO%(X), fo(x), fo(x), fa(x), f3(x), fz%(x)),,
Wo(x):(foi(x)’ foos(x)’ fo%(x)' flg(x)’ f
u:(foo’ foz' fo4' flO’ f12! fzo)’ W:(fov f03, f05' fll’ f13’ le)’

Jl(u’v) :(0’ |o4’ 0, |12’ |20)’ Jz(u’V) :(O’ |03’ |05’ |11’ |13’ |21)’

0 0 0 0
242

- 0 0

N

0

2(x), fz(i(x))' are given initial vector functions,

Noﬁdmp

5

o wlw, o

3
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RN N A I T SR S O
3 105 J3 W21 2415
2 26 2 1
R T A
2 26 4 5 13 1
g1 | Vs 3/70 72 3/3 245 247
ar| 1 T R - 3 .o
V3 33 2 V14 2,10
1 2 13 3 34 232
J21 V7 J245s J1a 712 43
1 1 1 5 232 15
215 25 27  2J10 4/35 2

The matrices A and B are degenerated. Required to find a solution to the system
of equations (10) satisfying the initial condition (11) and boundary conditions (12) and
(13).Before we prove the existence and uniqueness of the solution of the problem (10) -
(13).

For the problem (10) -(13) following theorem takes place.

Theorem: 1f U, = (Uy(X),W, (X)) € L* [— a, a], then problem (10)-(13) has unique
solution in domain [-a,a]x[0,T] belonging to the space C([O,T]; L*[-a, a]), moreover

C|u

”U ||C([O,T];L2[—a,a]) E oflL2[-a,a] (14)

0flL2[-a, a])
Proof: LetU, e LZ[— a, a]. Let’s prove estimation (14). We multiple first equation of
system (10) by uz and second equation by w, and integrate from —a to a:

(R g | G Ry | I CRUNCRT S

24t :

where C, is constant independent from U = (u,w) andT ~0 (HU

After integration by parts we receive

1d J'[(u u)+ (W,W)hX-F(U_,AW_IX:a—(U_,AW_}X:_a = T[(Jl,u)+(J2,w)bX, (15)

20t ’

Taking into account boundary conditions (12)-(13) we rewrite equality (15) in
following form

2dtI[uu Ww}jx+(Bu u] (Bu‘,u‘}x_ ((AW Bu) )Xf_a+

+((Aw + Bu") = _[ [(3,(u, w),u)+ (3, (u, w), w)ix. (16)
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Let’s use spherical representation [19] of vectorU (t, X) = I‘(t )a)(t, X), where
alt,x) = (@,(t, %), @, (t, X)), r(t) = U ()] 2oy |0

Substituting the valuesU = r(t)a)l(t, X), W= r(t)a)z (t, X)into (17) we have that

L?[-a,a] -

% 'P(t) = r°Q(t) (17)

where
P(t) = (Ba)l_ L, ) Lt (Ba)l_ L0, ) Lot [(Aa)2+ L, 1 X:a+(Ba)l+ L, ) T
+ (BC‘)l+ ’ 501_ ) x=—a (Aa); ' a)l_ ) x=-a ]’

Q(t) = _T[(‘Jl(a)l' W, )’ wl)"' (JZ(a)l’ 0, )1 0, )}:IX

—-a

Let’s study equation (17) with initial condition

(0)=[Vo] = U

12[-a,a]" (18)

Solution of the problem (17) -(18) has following form

(t)= {exp[j; P(r)erhU—lOHj([Q(r)exp(jP(é)dfjdr}l.

0

If R(t) = JQ(T)EXP[—j P(g)ngdT <0,V then r(t)is bounded for V1 € [0,+OO).

0 0

Let R(t) > 0. We denote by T1 the moment of time at which
1 ¢ :

= Q(r)exp[— | P(g)dgjdf = 0.
Yol g

Then r(t) is bounded for Vte[0,T], where T <T,, moreover T, ~O(“UO||_1), since
integrand Q(T)eXp[_jP(f)d‘fj is bounded. Hence Vt e [O,T] takes place a priori estimation
(14). °

Now we prove the existence of a solution for (10) -(13) with help of Galerkin
method. Let us {V| (X)}Zlbe a basis in spacel,[-a,a] where dimension of vector v, (x)is
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equal to dimension of vector U. For each m we define an approximate solution Um of
(10)-(13) as follows:

U, = chm(t)vj (X)1 (19)
=

Tﬂ@; ) jdx f V(X)X i =1 m.t e (0,T] (20)

U m|t:0 = UOm(X)’ xeR,

(21)
+ +
(Aw. +Bu_] .. = (Aw; +Bu: ) ., (22)
where U, is the orthogonal projection in L%of functionU yon the subspace, spanned by

Vi, V.
J (um) = (Jl(um’wm)’ ‘]Z(um'wm))‘
We represent v;(x) in the form V (Vl Vi )1 where

V(l) (V111V12’V13) V() (V14’V15’VJ6)

The coefficients C jm(t)are determined from the equations

3 e (VR R NV

—-a

+ (Bvi‘(l),vj‘(l)} ot (Bvi‘(l) + vj‘(l)) ot ((Av}(z) +BvY ) vj‘(l)} o

(A @ By ) v+ (A 4 B @)y ) -

(2) (1)
oV ,V}] N [ A oV, ’VEZ)DdX} _
X OX

x=—a

(A -8 ), 1 [(A
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where O;,is £th component of Uy,

We multiply (21) by Cim(t) and sum over 7 from 7 to m:

i((a;m +A agxmj,umjdx = T(J (U, U, ix

—a

With help of above shown arguments now we prove that rm(t)is bounded in some time

interval [O, Tm] , where

Ut X) = 0 (6, X0, = U ) T = T,

||U || c(oT]L?[-aa]) = C2||U0||L2[—a,a]’ (25)

whereC,is constant and independent from m.Then solvability of system equations (19) -
(22) or (23) -(24) follows from estimation (25).

Thus, the sequence {U,} of approximate solutions of problem (10)-(13) is
uniformly bounded in function space C([O,T]; L?[-a, a]). Moreover, homogeneous system of

1
equations rE+—A¢& with respect to 7,& has only trivial solution. Then it follows from
a

results in [20] that U,—U is week inC(0T}L2[-aal)andJ(U,)—>IU)is week in

C([O,T]; LZ[—a,a])as m— oo. Further, it can be shown by standard methods that limit

element is a weak solution of the problem (10) -(13).
The theorem is proved.

[I. CONCLUSION

We prove the theorem of existence and uniqueness of the local solution of the
initial and boundary value problem for twelve-moment one-dimensional Boltzmann’s
system of equations with boundary conditions of Maxwell-Auzhan in space of
functionscontinuous in time and summable in square by spatial variable, because the
solution existence time depends on the norm of the initial vector function at the power
minus one. Therefore, the smaller the norm of the initial vector function, the longer the
solution existence time of the initial and boundary value problem for six-moment one-

dimensional Boltzmann’s system of equationsand vice versa.
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