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I. INTRODUCTION

he three quantities such as mass, spin and charge
Tare treated as fundamental quantity of black hole

physics to characterize the black holes [1]. There
are so many physicists and researchers who had done
their works in these fields whose contribution in these
directions are in the years given as: Oppenheiner
(1939), Bardeen et al. (1973), Hawking (1974. 1975),
Strominger & Vafa (1996), Florov et al. (1997),
Transchen (2000), t Hooft (2000) Wald(2001), Narayan
(2005), Carlip(2009) , Mahto et al.( 2014, 2016, 2017,
2018) [1-17]. The mass of the stellar bodies like black
holes ranging from 5 solar masses to 20 solar masses
are existing in XRBs[11] and from 10° solar masses to
10'° solar masses are existing in AGN [1]. The spin of
black holes ranging from +1 to -1 including zero for co-
rotating and counter rotating black holes respectively
are used to charaterise the nature of the black holes.
The zero spin is used to characterize the non-spinning
black holes [11]. The -1/2 and +1/2 are also possible to
charaterise the nature of the black holes. On the event
horizon, the mass is equal to the charge of black hole
(M=Q)[8], usually, the charge is neutralized by plasma
which surrounding the black holes[11]. In the present
research work, a well known relation (J=a*M?) between
mass(M), angular momentum(J) and spin parameter(a*)
have established by entirely new mathematical
operation using the model for first law of black hole
mechanics and the relation of mass, angular velocity

and angular momentum (2=M/72J),

II.  THEORETICAL DISCUSSION

The first law of black hole mechanics is simply
an identity relating the change in mass, angular
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momentum, horizon area and charge of a black hole
represented by the following relation [10, 11].

SM == SA+QSI-05Q ...... ... (1)
87

Where €= Angular velocity of the horizon. v =
difference in the electrostatic potential between infinity
and horizon.

The entropy and surface area of the black holes
are related by the following equation

The use of above equation into the equation (1)
gives the following equation

oM = X 5S4+ Q53 —05Q ... (@)
2

The equation(4) is also known as First law of
black hole mechanics representing the change in mass
due to change in entropy, angular momentum and
charge of black holes, where K is the surface gravity
given by the following equation called Kerr solution [13].

o (M4_Jf|)l/2
2M{M?+(M*-J2)"%

Actually an astronomical black hole is not likely
to have any significant electric charge, because it will
usually be rapidly neutralized by surrounding plasma
[11] and hence due to this reason substituting 6Q =0

in the egn (4), we have

M = SALQ8T 6)
8r
and
K
oM =—06S+ Q06 .................(7
2
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The above relation shows the change in mass
corresponding change in the angular momentum and
entropy of black holes.

In two dimensional parameter space, the mass,
angular momentum and angular velocity of spinning
black hole is related by the following equation [18].

The relation is satisfied for a continuous
sequence of stationary anti-symmetry, uniformly rotating
perfect fluid bodies with a cold matter and finite
baryonic mass can reach a Kerr black hole [19]. From
equation (8), we have

=M )

2J

2

The surface gravity (K) of the black holes on

the fluid side of transition line vanishes on the black hole
side of the transition line as V0 — —oo [19]. This leads

that the first term of the right side will be equal to zero
and gives the following relation.

M =83 )
2]
0J oM
or —=2—— (12)
J M

Now the both sides of the above equation is
integrated, we have

f;—‘]—::2J'f‘ﬂyl—+constant .............. (13)
J M
or
log, J =2log, M +log, a*
or 2
log, J =log, M +log, ax*
or
log, J =log,(a* M?)
or

J=a*M? (1)

The equation (14) is the final model relating the
mass, spin and angular momentum of black holes in
which the term a* is a proportionality constant having
values 0, +1, -1, +1/2 & -1/2. This constant denotes the
spin parameter of different test black holes. We know
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that the spinning parameters are a* =1 for co-rotation
and a*=-1 for counter rotation in the bosonic field of
black holes, while for non-spinning black holes a* =0.
[11]. The relation as in equation (14) can be obtained as
follows:

The angular momentum (J) of spinning black
holes is given by the following equation [11].

In the above equation, the symbols a*, G, M
and c are spin parameter, gravitational constant, mass
and velocity of light respectively. The gravitational
constant (G) and the velocity of light (c) are the universal
constant and for convenience, it is assumed that
G=c=1. Putting these values in equation (15), we
obtain exactly the same result as in the equation 14).
With the substitution of spin parameter (a*=0, +1 & -1),
the equation (14) becomes to

J=0 . (16)
J=+M?2. (17)
J|=M2Z i (18)

This also holds good a* =1/2 for co-rotation
and a*=-1/2 for counter rotation in fermionic field of
black holes. Hence the equation (14) becomes to

..(19)

Or i (20)

In the equation (17), the quantity angular
momentum is the characterizing parameter of the
extreme Kerr black hole limit of rotating perfect fluid
bodies in equilibrium to study quasi-stationary
transitions leading the black holes [20]. This category
belongs to bosonic character of extreme Kerr black
holes. In my opinion, there should be same explanation
of the equation (19) for fermionic character of extreme
Kerr black holes.

It is well known that the angular momentum (J)
is related to the moment of inertia as well as kinetic
energy. Hence the variation in angular momentum of
bosonic/Fermionic field of black holes affects the
moment of inertia and their kinetic energy. The model as
proposed in the present work shows that the angular
momentum, moment of inertia and kinetic energy
bosonic field of black holes (except zero spin) is always
greater than to that of fermionic field of black holes.

The whole situations from equation (16) to (20)
can be summarized in the following table.



Table 1: Angular Momentum of black holes (J)

Spinning Angular
S. No. parameters (a*) | Momentum (J) Category of black holes
’ 0 0 Non-spinning black holes/black holes of bosonic
' character of zero spin
1
2. +§ +M?/2 Black holes of Fermionic character of half spin
1 . .
3. _E -M?/2 Black holes of Fermionic character of half spin
4, +1 +M? Black holes of bosonic character of spin +1
5. -1 +M? black holes of bosonic character of spin -1

I[II.  PHYSICAL SIGNIFICANCE OF
PROPORTIONALITY CONSTANT (A*)

In equation (14), the proportionality constant
(@*) is the spin parameter and gives a lot of information
regarding the black holes. This parameter has very
important role to decide the black hole is either spinning
or non-spinning. This also shows the Bosonic and
Fermionic character of black holes depending on its
values. This value is different for bosonic and fermionic
character of black holes. The values of spin parameter
(@*) equal to 0, +1 or -1 representing bosonic field of
black holes and this category of black holes is non-
spinning for a*=0 and spinning for a*=+1 or -1, while
for a*=+1/2 or -1/2 representing bosonic field of
spinning black holes. The black holes for which the spin
parameter (a*) is positive known as co-rotating black
holes and negative values of the spin parameter (@*) is
known as counter rotating black holes.

IV. RESULT AND DisCuUssION

The research work is mainly concerned with the
relation between the mass, angular momentum and spin
parameter of black holes. In this work, the well known
relation between the mass, angular momentum and spin
parameter of black holes (J=a*M?) is established by
entirely new method using the first law of black hole

mechanics  sm :2£55+953_05Q (Bardeen et al.
T

1973) and the relation between angular velocity, mass
and angular momentum of black holes given by
Q=M/2J  (Meinel, 2006). With proper mathematical
operation by applying some limit/condition on stationary
anti-symmetry, uniformly rotating perfect fluid bodies of
cold matter and finite baryonic mass to be a Kerr black
hole, the required relation is obtained. From equation
(18) and (20), it is clear that the magnitude of the
angular momentum of bosonic field of black holes
except zero spin (@*=0) is twice to that of the
magnitude of the angular momentum of Fermionic field
of spinning black holes. Hence the moment of inertia of
bosonic field of black holes except zero spin (a*=0) is

twice to that of the magnitude of the moment of inertia of
the Fermionic field of spinning black holes, because the
angular momentum and moment of inertia is related by
J=1Q, where | represents moment of inertia of black
holes. This also shows that the kinetic energy of of
bosonic field of black holes except zero spin (a*=0) is
greater than to that of the kinetic energy of the Fermionic
field of spinning black holes.

We know that the mass, spin and charge are
the fundamental quantities used to characterize the
black holes. The angular momentum (J) is product of
spin parameter (a*) and square of its mass(M), i.e.
(J=a*M?). Hence the angular momentum may be used
as characterizing parameter of black hole in addition to
mass, spin and charge.

V. CONCLUSION

The following conclusions may be drawn from
the present research work.

1. The angular momentum may be used as additional
characterizing parameter of black holes.

2. The angular momentum, moment of inertia and
kinetic energy of of bosonic field of black holes
except zero spin (a*=0) is greater than to that of the
Fermionic field of spinning black holes.

VI.  FUTURE PLAN OF PRESENT RESEARCH
WORK

1. The calculation of angular momentum of different
test black holes in both categories of black holes
like XRBs and AGN.

2. The determination of angular momentum of black
holes may be used to calculate moment of inertia
and kinetic energy of the black holes and hence
temperature of the black holes.
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