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Absorption Properties from Microwire
Composite and Films from Microwires and its
Application to the Safety Control of
Infrastructures

S. A. Baranov

Abstract- The properties of fims made of shielding from a
microwire composite and films made of shielding from parallel
array of microwires have been studied in the distant
diagnostics of dangerous deformations of critical infrastructure
objects are investigate. Natural ferromagnetic resonance in
glass-coated cast amorphous microwires reveals large
residual stresses appearing in the microwire core during
castingand external stresses. These stresses, together with
magnetostriction, determine the magnetoelastic anisotropy. A
correlation between the frequency of natural ferromagnetic
resonance (NFMR) (0,1 to 12 GHz), determined from the
dispersion of permeability, and alloy composition (or
magnetostriction between 1 and 40 ppm) of glass-coated
microwires has been systematically confirmed. Absorption of
composite (microwire pieces embedded in a polymer matrix)
screens has been experimentally investigated. Parallel
theoretical studies suggest that a significant fraction of the
absorption can be ascribed to a geometrical resonant effect,
while a concentration effect is expected for the thinnest
microwires. A wide absorption properties profile has been
measured from 0.1 to 12 GHz, the form of this profile is
ascribed to the presence of natural ferromagnetic resonance
(NFMR) in cast glass-coated amorphous magnetic microwires.
Keywords: amorphousmagnetic microwires;
ferromagnetic  resonance; natural  ferromagnetic
resonance microwires, radio-absorption shielding; high
frequency properties; films from  parallel array of
microwires.

[ INTRODUCTION

nterest in magnetic micro and nanowires has greatly
increased in the last few years mainly due to their
technological applications. Glass-coated amorphous
magnetic micro- and nanowires (GCAMNWSs) [1-4] are
attracting  particular  attention because of their
applicability for multifunctional radioabsorbing shielding
(important results published, for example in Refs.
[2-20]).
Cast GCAMNWSs are produced by the Taylor
Ulitovsky method (see in Ref. [1-4]) as depicted in Fig.1.

Author: Institute of Applied Physics, Academy of Sciences of Moldova,
5 Academia str. MD-2028, Chisinau, Republic of Moldova, Shevchenko
Pridnestrov’e State University, str. 25 Oktyabrya 128, Tiraspol, Republic
of Moldova. e-mail: sabaranovO7@mail.ru

The alloy is heated, in an inductor, up to the melting
point. The portion of the glass tube adjacent to melting
metal softens, enveloping the metal droplet.

Under suitable conditions, the molten metal fills
the glass capillary and a microwire is thus formed, with
the metal core completely covered by a glass shell.

The microstructure of GCAMNWSs depend
mainly upon the cooling rate, which can be controlled
when the metal-filled capillary enters a stream of cooling
liquid on its way to the receiving coil. Critical quenching
rates (105107 K/s) for fabrication of amorphous material
may be obtained.

Fig. 1: Process of casting glass-coated amorphous
magnetic microwires (see [4] and below).

1. Glass tube. 2. Drop of metal. 3. Inductor. 4. Water.
5. Glass-coated microwire. 6. Rotating support.

The glass coating of the cast GCAMNWSs, in
addition to protecting the metallic nucleus from
corrosion and providing electrical insulation, induces
large mechanical stresses in the nucleus. Coupled with
its magnetostriction, these determine its magnetoelastic
anisotropy, at the origin of a unique magnetic behaviour.
The residual stresses are the result of differences in the
coefficients of thermal expansion of the metal and of the
glass. A simple theory for the distribution of residual
stresses was presented in Refs. [2- 8].

© 2020 Global Journals
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The theory of residual stress is presented in Ref.
[4]. We will use results of this theory. Coupled with the
magnetostriction of the latter, these factors determine
the magnetoelastic anisotropy which is at the origin of a
unique magnetic behavior.

In cylindrical coordinates, the residual tension is
characterized by the axial,o,, radial,o;, and tangential,
o, components which are independent of the radial
coordinate. The value of these stresses depends on the
ratio of the radius, R,,, of the metallic kermnel to the total
microwire radius, R.:

2
x:(RCJ -1
Ra
Using the cylinder—shell model, we then obtain

a formula for stresses in the metallic kernel of the cast
GCAMNWS:

(M

. @)

N R 2y v ke 2() o

where Py~ ¢E, = o,~ 2 GPa is the maximum stress in
the metallic kernel; ¢is the difference between the
thermal expansion of the metallic core and that of the
glass shell with the expansion coefficients o, and a,:
(e = (ay—a)(T*=T)); E, is the Young modulus of the
metal core, T* is the solidification temperature of the
composite in the metal / glass contact region (T* ~
(800...1000) K), Tis the room temperature. The
technological parameter k is the ratio of Young's
modulus of the glass and the metal:

k = E,JE; —0.3...0.6 ;vis the Poisson ratio.
Let us consider the case where all the Poisson

ratios
v=1/3
in order to obtain
kx
P= , 4
PR kI3 1)x+ 473 @
o}:pﬁﬁﬂgfig. (5)
kx+1

For materials with positive magnetostriction, the
orientation of the microwire magnetization is parallel to
the maximal component of the stress tensor, which is
directed along the axis of the microwire. Therefore, cast
microwires with a positive magnetostriction show a
rectangular hysteresis loop with a single large
Barkhausen jump between two stable magnetization

© 2020 Global Journals

states and exhibit the phenomenon of NFMR.
Equations (1-5) adequately explain the experiments
concerning FMR and NFMR (see below).

We suggested a model in which the residual
stresses g, and o, in the GCAMNW monotonically
decrease towards the strand axis. This model differs
from the models of the standard theory (see Ref. [2-8]).

With additional longitudinal strain, which occurs
when the microwire is embedded in a solid matrix that
itself deforms under external influence, the following
term is added to the expression for the residual axial
tension:

R
Ou=""7"—71, (6)
S, (kx +1)

where P, is the force applied to the composite; S, is the
microwire cross-sectional area; k is the ratio of the
Young modulus of the shell to that of the microwire; x is
the ratio of the cross-sectional area of the shell to that of
the microwire.

For materials with positive magnetostriction, the
orientation of the microwire magnetization is parallel to
the maximal component of the stress tensor, which is
directed along the axis of the wire (see [2-8]). Therefore,
cast Fe—based microwires with positive magnetostriction
constant show a rectangular hysteresis loop with single
large  Barkhausen jump between two stable
magnetization states and exhibit the phenomenon of
natural ferromagnetic resonance (NFMR) (see [2-8]).

The ferromagnetic-resonance (FMR) method is
often used for investigation of amorphous magnetic
materials (ribbons, wires, thin films). Both macroscopic
and microscopic heterogeneity of amorphous materials
can be investigated by FMR. Residual stress is an
important parameters for amorphous materials which
can be studied by FMR (see [1-3]).

FMR is also used for diagnostics of the
uniformity of amorphous materials. Extrinsic broadening
of FMR lines due to fluctuations of the anisotropy,
magnetization, and exchange-interaction constant in
amorphous materials has also been investigated.
Microwave experiments are very useful for investigation
of spin-wave effects. In particular, microwave generation
and amplification are of great interest. Investigation of
structural relaxation of amorphous materials during heat
treatment, using FMR is also important. Differential FMR
curves combined with hysteresis curves can give
important information in this case.

In the present work, cast glass-coated
amorphous microwires with metallic cores and
diameters between 0.5 and 25 um are considered. The
amorphous structure of the core was investigated by X-
ray methods. The thickness of the glass casing varied
between 1 and 20 pm. Using microscopy, we have
chosen samples with the most ideal form, and with
lengths of about 3-5 mm, for investigation. Microwires



based on iron, cobalt, and nickel (doped with
manganese), with additions of boron, silicon, and
carbon, were studied. Microwires made from different
materials have diverse magnetostriction. We have
studied microwire from the same spool, whose glass
casing was removed by etching in hydrofluoric acid.

In  almost all cases, standard FMR
spectrometers from 2 to 32 GHz were used. The
magnetic field was measured using a Hall sensor (with
accuracy within 0.1 %). In addition, magnetometer
measurements determined the magnetization, needed
for calculation.

The basic measurements were made in a
longitudinal field configuration (external magnetic field
was directed along the microwire axis). In this case, a
signal of the correct form was obtained from good
samples. This gives the possibility of measuring
resonant-curve width.

For thick cores, skin effect must be taken into
account. In this case the resonant frequency was
described by the Kittel formula for a plane (with
longitudinal magnetization). The g factor was estimated
at two resonant frequencies as ~ 2.08 + 2.1 on
average. Our results are in good agreement with
literature data on the g factor for amorphous materials
(see Refs. [2-20]). In a transverse field (when the
external field is perpendicular to the microwire axis), the
signal was weak or not observed in samples with
negative magnetostriction. Obviously, the presence of
this signal is associated with non-uniformity of the high-
frequency demagnetizing factor.

II. NATURAL FERROMAGNETIC RESONANCE

A microwire was considered to be a
ferromagnetic cylinder with small radius r. For its
characterization we introduce following parameters:

1. The depth of the skin layer is:

8~ [o(upo) ] ~ (", (7)

(upo)e is the effective magnetic permeability, and ¥ is
the microwire electrical conductivity. In the case of our
magnetic microwires, with the relative permeability Iul
near resonance of the order 10, (o~ (8 + 10) GHz) &
changes from1 to 3 um.

2. The size of the domain wall (according to Landau-
Lifshits theory) is:

A~ (AIK)Z ~ (10 = 0,1) um, (8)

where A is the exchange constant and K is the
anisotropy energy of the microwire (K~A1g, where 1is the
magnetostriction constant and o is the effective
residual stress from the fabrication procedure (see Refs.
[2, 4] and Egs. (1-6))). The full theory gives A; ~ 0,Tum
for the size of the domain wall of glass-coated
microwires (see Ref. [4]).

3. The radius of a single domain (according to Brown
theory) is

a~A"?/Mg~ (0,1+ 0,01) um, )

where M, is the saturation magnetization of microwire.
According to Refs. [2-8] the frequency of the
NFMRis:

2
(ﬂj =(H, +21Mg)’ ~(2aMs ) exp{-28/r} , (10)
Y

where yis the gyromagnetic ratio (y ~ 3 MHz/Oeg). The
anisotropy field is H, ~ 3la/M,(for exact calculations of
anisotropy field, see below).

If r<é& , we have:

L _H,+27M,
Y

(11)

If r>0, the NFMR frequency is given by (see
Refs. [2 - 8]):

2
[Qj = H,(H,+4aMy). (12)

Y

The discovery of natural ferromagnetic
resonance (NFMR) in amorphous microwires [2] was
preceded by their study using standard FMR methods
[4-7]. Then, the shift in the resonant field, due to core
deformation of the microwire associated with fusing the
glass and core at the temperature of microwire
formation, was observed. The FMR line width is also of
interest because it characterizes, in particular, the
structural parameters [2-18].

Since the skin penetration depth of a microwave
field in a metallic wire is relatively small in comparison
with its diameter the resonant frequency of FMR can be
determined by means of Kittel formula (Eq. (12)). Taking
into account the magnetoelastic stress field [2, 3], for a
thin film magnetized parallel to the surface, we can
obtain:

(ﬂ] = [H +(Ny - N} )M +47M )]
V4

x (H +(Nz =Ny)Mg), (13)

where H is the FMR field; N;j, Ny, N, are

components of tensor of effective demagnetizing factors
in case of magnetoelastic stress:

N/ = 3|&|GI (cos2 o —%);

14
BTV (14)

where:

© 2020 Global Journals
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6, =6, =906, =0.

Components ¢; (see Egs.
stresses (see in Ref. [2, 3]). Then,

(1-6)) are residual

AP
2M2°

N, =N, =—

~ |/1|P (k+1)x+2

= ; (15)
Zo2M2 kx+1

Substituting the O values obtained in our
previous works [3-8] (see Egs. (1-6)), and taking into
account Egs. (13), (14), we can calculate conditions for
FMR:

2 (k+2j >
[QJ .+ P 3+477MS
7

Mg kx+l
5
@ilP) (k* ] 3
x| H+ (16)
Mgkl

If the glass is removed, the stress is completely
removed. Then the FMR resonant field of wire without
glass casing, H,, is determined from:

(17)

[QJZ = H, (H, +41My)

Y

We have shown (see Ref. [1-4, 6-8]) that these
relations quantitatively explain all of the basic features of
NFMR and FMR. Note that the value of Mg required
for the calculations was determined both by standard
methods on a vibration magnetometer and with the use
of interpolation formulas given here. The error relative to
tabular values for the given alloys is not greater than 5%.

For the frequency of NFMR under the simple
approximation taking &E ~ 2GPaand k— 0.4 this
formula can be written as:

0.4x V2
W(GH2) ~ (Oo(o 4X+1j

(Wo(GHz) zl,5(106/1)% - (18)

© 2020 Global Journals

As you can see, dependence for the frequency
of NFMR (Egs. (18), and Figs 2, 3, 4) is determined from
two typical values, x, A.

The basic contribution to the NFMR frequency and
NFMR line width is due to the effective magnetostriction and
parameter x (Egs. (18), and Figs. 2-4).The residual stress in
the microwire plays the dominant role in the formation of the
absorption line width, as it will be shown below(Figs 5, 6).

The NFMR frequency in the distant diagnostics

of dangerous deformations of critical infrastructure
objects can be written as
b
W(GHZ) ~ @o| 2¥* | e
0.4x+1 o, : (18a)
where
w(GHZ) ~1,5(10° 1)

These formulas allow you to determine stress in
the distant diagnostics of dangerous deformations of
critical infrastructure objects such as bridges, dams,
wind turbine towers, skyscrapers, stack-furnaces,
embankments, etc. To this end, fragments of magnetic
microwires will be embedded in the bulk of concrete
structures or on their surface during construction or after
it by means of coating with a special concrete-adhesive
plaster.

1 Cﬂf‘ml]

- T

I I I I I

0 2 4 6 8 10 X

Fig. 2: Theoretical curve of NFMR frequency as a
function of x (according to Egs. (16) — (18)) and
experimental data (see [2])
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alloy composition (Co, Fe,.,);(BSIiC),5 series cast glass-
coated amorphous magnetic microwires according to
Egs. (16) — (18), where y = Co/(Co+Fe) (see [2])
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Fig. 3b: Typical saturation magnetostriction A4 in the
amorphous Co —Fe alloys: o(Fe;,C0,)g(PC)z0;

¢ (Fe,,Co,);5(SiB),s(according to Ref. [2]).

When the penetration depth of the microwave
field in the metallic wire is small relative to the wire
diameter (on account of the skin effect), the resonant
frequency in FMR and NFMR may be determined by
means of Egs. (1-6).(The general theory of residual
tension is presented in Refs. [2, 4], but here it is enough
to use the simple theory from [3])

Substituting typical values of Aand xin Eq. (18)
we reach numerical values of NFMR in a range from 1 to
12 GHz. A systematic study on the NFMR frequency for
the alloy series (Co,Fe;q.)75(BSIC),s has been performed
as a function of the Co content (Fig.3). The
magnetostriction has then been evaluated using EQ.
(18). The result is plotted in Fig. 3a which shows good
agreement with the magnetostriction values as

determined through conventional techniques (Fig3b.).
Thus, the final theory quantitatively explains all the basic
features of NFMR and FMR. However the area of
experimental research in the case of small radius of a
metallic nucleus radius of a microwire remains vacant.

[1I. RADIO-ABSORPTION SHIELDING

The designs of composites from GCAMNWSs
have following configurations.

R A

______ — i—D

F
————,

Fig. 4a: Composite shielding for radio absorption
protection with GCAMNWSs where were maked in grating
form. We can consider two types of orientation of a
magnetic field: E and H

Fig. 4b: Diffraction grating with GCAMNWs
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Fig. 4b: Composite shielding for radio absorption
protection with GCAMNWSs where were made ina
stochastic mixture of microwires in the polymeric matrix

Natural ferromagnetic resonance (NFMR)occurs
when the sample is submitted to a microwave field
without application of any biasing field other than the
intrinsic anisotropy field of the microwire.

Near the natural ferromagnetic resonance
frequency, Q, the dispersion of permeability p. given by

o) = p' (o) + in' (o), (19)

exhibits a peak in p" and a zero crossing of p'.
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Fig. 5: Real and imaginary relative permeability

components around NFMR for CogFe sBi6Sii, (@) and
FegCsBisSiig (b) microwires (r~5um, x>8 (see [2, 5])
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Fig. 5¢: Frequency dispersion of the real and imaginary
parts of the relative permeability around the NFMR
frequency for the FegC,B;eSigMn, microwire (R, ~
5um, x ~ 5)(see [19]).

Figures 5a, 5b and 5c show resonance
frequencies of 4.4; 9.0 and 9.5 GHz, and resonance
widths of 1,5; 1 and 0.5 GHz. Near resonance, p' is
expected to be described by

W/ pge ~TQ/[(Q-0) 2 + T'7], (20)

where pg. is static magnetic permeability and I" is the
width of the resonant curve. Very near resonance,, when
I'> (Q- o), Eqg. (20) reduces to

W/ g ~ Q/T~ (10 + 109).

Note that in Fig. 5a the imaginary component is
rather symmetrically distributed around the resonance
frequency. This is due to the symmetric distribution of
the circular permeability in the near surface layer, within
the penetration depth. In contrast, in Figs. 5b, 5¢ the
imaginary component shows a non-symmetric feature
around the resonance frequency. This can be attributed
to the inhomogeneous character of the permeability in
the region close to the surface of the microwire where
metastable phases form, as demonstrated by X-ray
studies.

© 2020 Global Journals

Monitoring the geometry of the microwire (i.e.,
its diameter) and the magnetostriction through its
composition enables one the fabrication of microwires
with tailor able permeability dispersion and for creating
Radioabsorption materials:

1. Determining the resonant frequency in a range from
1 up to 12 GHz;

2. Controlling the maximum of the imaginary part of
magnetic permeability.

High-frequency properties, pieces of microwires
have been embedded in planar polymeric matrices to
form composite shielding for radio absorption
protection.  Experiments have been performed
employing commercial polymeric rubber around (2 + 3)
mm thick. Microwires are spatially randomly distributed
within the matrix before its solidification. Concentration
is kept below (8 + 10) g of microwire dipoles (1 = 3)mm
long) per 100g rubber [2, 6, 7]. A typical result obtained
in an anechoic chamber is shown in Fig. 6a for a screen
with embedded FegCyB,¢Sijmicrowires.

As observed, an absorption level of at least 10
dB is obtained in the frequency range from 8 to 12 GHz
with a maximum attenuation pick of 30 dB at around 10
GHz. In general, optimal absorption is obtained with
microwires with metallic nuclei of diameter 2r = (1+3)
pum (2R ~ 20um (x>10)) and length L = (1+3) mm.
Such pieces of microwires can be treated as dipoles
whose length, L, is comparable to the half value of the
effective wavelengths, A.,/2, of the absorbed field in the
composite material (i.e., in connection to a geometric
resonance).

Fig. 6a also shows how the frequency
absorption spectrum of shielding with FegCsB,sSiig
microwires changes when it is rotated (90° each
spectrum). We attribute the changing attenuation to the
lack of perfect angular distribution of microwires which
length not always fit within the shielding thickness.

Fower Absorption, dB
4 .
T

Frequency, GHz

Fig. 6a: Absorption characteristics of shielding by a
microwire composite with NFMR in the HF - field in the
range of frequencies 10-12 GHz. Curve 1 represents an
initial situation of the screen; then 2, 3, 4: the screen is
turned by 90° about a perpendicular axis each time



The effect doesn’t even have mirror symmetry.

(The measurement error was less than 10% for
the frequency, and while the spread of the attenuation
factor was 5 dB).

Small fluctuations in concentration of dipoles at
a concentration of dipoles near the percolation threshold
can lead to fluctuation of the absorption curve. Similar
results were presented in [2].

As observed, both frequency dependences
(Fig. 5b and 6) are similar except for the half-width value
of the permeability.

Although the design of absorption shielding can
be based on disposing the dipolar pieces in a
stochastic way, we consider, for simplicity, a theoretical
analysis for a diffraction grating (see Fig 6b) with
spacing between wires Q <A (A is wavelength of
absorbed field).(Another simple example is in Appendix
A).

The propagation of an electromagnetic wave
through absorption shielding with microwire-based
elements is characterized by transmittance, |T|, and
reflectance, |R,|, coefficients given by:

IT| = (& + B)/[(1+ o) >+ B7I;
IR|=1/[(1+ a)®+ B, (21)

wherea=2X/Z,, and B=2 Y/Z,, with Z,=120r/Q, and the
complex impedance Z= X, + iY.

The absorption function, G, is correlated with
the generalized high-frequency complex conductivity X
(or high-frequency impedance Z).

Here, we use the analogy between the case of a
conductor in a waveguide and that of a diffraction
grating. The absorption function, given by:

1G] =1-T|?- |R|?=2a/ [(1+ a)*+ B7],

Has a maximum,

(22)

|G [=0,52| G,
for simultaneous a=1, and A=0, for which
[T|?= |R/|?=0,25.

The minimum, |G|=0, occurs ata=0, g any
positive number).

Theoretical estimations taking into account only
the active résistance of microwires result in attenuation
within the range (5 + 15) dB being much lower than
experimental results, which for spacing of microwires
Q =102 m ranges between 18 and 15 dB, while for a
spacing Q = 10°m it increases up to 20 to 40 dB. Thus,
it becomes clear that shielding exhibit anomalously high
absorption factors, which cannot be explained solely by
the resistive properties of microwires.

The high-frequency conductivity, %, of a
stochastic mixture of microwires in the polymeric matrix
can be expressed as a function of the conductivities, X,
of non-conducting (polymeric matrix) and conducting

(microwire) elements, denoted by sub-indices 1 and 2,
respectively, as [2]:

T, =B+ (B2+ AL, )% (23)
where
B=1/2{[Z,(X;-AX;) +Z,(Xo-AX))];
X;is fractional volume:
X +Xo)=1;
A=1/(J;-1), with Ji~ (J+Y/X)

being the fractal dimension of the system (J is the
geometrical dimension of the system) and

Y/ X, ~ (i 5F.

Fig. 7 shows that in case of a thick microwire
(r >o~1um), the conductivity of the system becomes
very large, even in case of small microwire
concentration, indicating the case of an antenna
resonance as reported in [2].

relative conductivity . /%,
10

08—+

06—+

04+

02+

00 1 1 1 1
00 02 04 06 08 10

%

Fig. 7. Generalized conductivity calculated using formula
(23) forz, / =, ~ 10*
1 thin microwire (r<o~1um)dJd =2,Y =0
2 thin microwire (r<é~ 1 um) J =3,Y =0
3 thick microwire (r>&~1 um) J, =4, Y/X, = 1
Let us consider
function, (as in Eq. (22)):

|G'eff| - refoeff/ [(Qeff— Q)Z + Feffz]r

the effective absorption

(24)

wherel'«= T (see Eq. (12)) and Q ~ Q. =21C/A.
A microwave antenna will resonate when its

length, L, satisfies
L~ A/ 2(ner) ”. (25)

The maximum absorption (see Fig 6) occurs
for Qg ~10 GHz (A ~ 3 cm) and u 4 ~102, (according
to Fig. 5). This corresponds to:

L~ (1,5+2) mm, (26)
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when the microwire concentration((see Fig.7) X,<0,2) is
much less than the percolation threshold.. A greater
concentration of dipoles increases absorption, |G|,
but also increases reflectance, |R, |, which can be
simply evaluated to be [2]:

R | ~1-2V (Q/2r%,),

where Q/2n ~10""Hz.
The formula is applicable, and calculation of
small reflectance, |R.| is possible, only if

3, ~10"Hz,

@7)

for concentration below the percolation threshold (as
T,~ 10""Hz).

Thus, for very thin microwires (i.e., thinner than
1 um diameters) embedded in a composite matrix with
concentration larger than the percolation level X, ~ 0,2 a
noticeable absorption effect should be expected.

Atypical result obtained in an anechoic chamber
is shown in Fig. 8 for radio-absorbing shielding with
embedded FegC,B,6Si;oMn, microwires. As observed,
an absorption level of at least 10 dB is obtained in a
frequency range of (8...12) GHz with a maximum
attenuation peak of 30 dB at about 10 GHz. In general,
optimal absorption is obtained for microwires with
metallic kernels of diameter 2R,, ~10 um (x ~ 5) and
length L = (1...2) mm. These micro wire pieces can be
treated as dipoles whose length L is comparable to the
half value of the effective wave lengths A./2 of the
absorbed field in the composite material (i.e., in
connection to a geometric resonance). A similar result
has been received for radio-absorbing shielding with a
different GCAMNW (see Refs. [2-8]).

51
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@ 41'l'l N‘L‘P w
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2
g .25k
¢
30 -
235 -
10 " 1I2 13
Frequency, GHz
Fig. 8a: 1-Average absorption characteristics of a

shielding containing a microwire composite exhibiting
NFMR at microwave frequencies ranging from (10...12)
GHz for FegCyBigSi, Mn, microwires (R, ~ 5um,
X ~ B).

2 — Absorption curve in case of anexternal pressure.
(see Ref. [19])
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Fig. 8b: A — Average absorption characteristics of
diffraction grating with GCAMNWSs exhibiting NFMR at
microwave frequencies ranging from (1...10) GHz for
CogsFeoB5Siy, microwires (R, ~ 5 um, x ~ 5)

B — Absorption curve in case of anexternal pressure.
V. FINAL REMARKS

One of the important technological features of
the GCAMNWSsis the high rate of cooling and
solidification of the composite fibers drawn from the
molten alloy and consisting of a ferromagnetic metal
core and a glass coating. Significant differences
between the thermal expansion coefficients of the glass
and metal alloy lead to the appearance of large residual
stresses.

Particular attention has been paid to the
parameters determining the anisotropy of cast
GCAMNWSs. The continuous casting of GCAMNWSs
(Taylor-Ulitovsky  method) has some limitations,
determined by the physical properties of metal and
glass (see Ref. [2]).

We have presented simple analytical
expressions for the residual stresses in the metallic
kernel of the microwire, which clearly show their
dependence on the ratio of the external radius of the
microwire to the radius of the metal kernel and on the
ratio of Young's modules of glass and metal. Our
modeling based on the theory of thermoelastic
relaxation, shows that the residual stresses increase
from the axis of the microwire to the surface of its
metallic kernel, which is in accordance with the
previously obtained experimental data (see Ref. [2]).
Thus, in the manufacture of cast microwires with a glass
coating by the Taylor-Ulitovsky method, the residual
stresses reach maximum values on the surface of the
metal core (see Refs. [2-8]).

The cast GCAMNWSs  exhibit  natural
ferromagnetic resonance (NFMR), whose frequency
depends on the composition, geometrical

parametersand deformationof the microwire. The NFMR



phenomenon observed in glass-coated magnetic
microwires opens up the possibility of developing new
radio-absorbing materials with a wide range of
properties. An important feature of cast microwires with
an amorphous magnetic core is the dependence of the
NFMR frequency on the deformation (stress effect). In
this regard, the microwave response of a composite
consisting of segments of amorphous magnetic
microwires with a glass coating in a flat dielectric plate is
investigated when the plate is deformed in a microwave
field with a frequency in the range from (1...10) GHz. As
shown by calculations (see Equations (18), (18a)), the
shift of the NFMR frequency as a result of the stress
effect can reach 20% before the destruction of the
composite. Therefore, this effect can be used for
contactless diagnostics of deformations in distant
objects (including critical infrastructures) reinforced by
cast magnetic microwires with the stress effect of
NFMR. To this end, these objects are periodically
scanned with a floating-frequency radar to determine
the deviation of the initial NFMR frequency due to
potentially dangerous deformations of the monitored
object.

It is worth mentioning also another principle of
detecting mechanical strain which is examined in
Ref. [20]. This principle is based on the giant
magnetoimpedance (GMI) effect (see Figure 9),so that it
is different from that presented in Figure 8a.The GMI
effect demands external magnetization of the sample
which is not required in the NFMR method (see Refs. [2-

8]).
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Figure 9: Stress dependence of the transmission
coefficient for a single-layer composite sample
measured in the free-space near field (see Ref. [20])

According to the above, the proposed method
(based on the NFMReffect) is more technologically
advanced than the method based on the GMI effect.

V. CONCLUSION

The microwave electromagnetic response has
been analyzed for a composites consisting of dipoles

and diffraction grating of amorphous magnetic glass-
coated microwires in a dielectric. Thys materials can be
employed for radio absorbing screening. The
spontaneous NFMR phenomena observed in glass-
coated microwires has opened the possibility of
developing novel materials with broad-band of radio
absorbing materials.

The described studies provide the following
basic conclusions.

(A) We have derived simple analytical expressions for
residual and mechanical stresses in the metallic
core of the microwire, which clearly show their
dependence on the ratio of the external radius of the
microwire to the radius of the metal core and on the
ratio of Young's moduli of the glass and the metal.
Our modeling based on the theory of thermoelastic
relaxation shows that the residual stresses increase
from the axis of the microwire to the surface of the
microwire metallic core, which is in accordance with
the previously obtained experimental data (see [2]).
Thus, in the case of glass-coated cast microwires
prepared by the Taylor-Ulitovsky method, the
residual stresses achieve maximum values on the
surface of the metal core (see [2-8]).

(B) Cast GCAMNWSs exhibit NFMR, whose frequency
depends on the composition, geometrical
parameters, and deformation of the microwire. The
NFMR phenomenon observed in glass-coated
magnetic microwires opens up the possibility of
developing new radio-absorbing materials with a
wide range of properties. An important feature of
cast microwires with an amorphous magnetic core
is the dependence of the NFMR frequency on the
deformation (stress effect). The calculations have
shown (see (18), (18a)) that the shift of the NFMR
frequency caused by the stress effect bc an achieve
20% before the degradation of the composite.

This effect can be used for contactless diagnostics
of deformations in distant objects (including critical
infrastructures) reinforced by cast magnetic
microwires with the stress effect of NFMR. To this
end, these objects are periodically scanned with a
floating-frequency radar to determine the deviation
of the initial NFMR frequency due to potentially
dangerous deformations of the monitored object.

The overall technology of magnetic wire composites
is cost-effective and is suitable for large-scale
applications.

Here we have discussed the electromagnetic
properties of composites with magnetic wires showing
NFMR phenomena. A striking property of these
materials is that the spectra of the effective
electromagnetic parameters (permittivity and
permeability) can be actively tuned.
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Technology of glass coated amorphous and
nanocrystalline microwires allows the fabrication of
continuous wires

Appendix A.Scheme for measuring the radio-absorbing
properties

The material parameters in  microwaves
frequencies usually are found from the measurement of
the reflection and/or transmission coefficients from
which the complex permittivity (permeability) are
calculated.

The measurement methods can be divided in
two categories:

1) Transmission line methods (coaxial lines probes,
rectangular waveguides, cavity resonators ((see
Ref. [15]). Thus methods (in the first category)
require cutting a piece of a sample to be placed
inside the transmission line or cavity making a close
contact with the probe. The transmission line
methods work best for homogeneous materials that
can be precisely machined to fit inside the sample
holder.

2) Antennatechniques in free space (see below).

Absorbing
material

Figure A: A variant of the experimental scheme for microwave measurements

Source  Affenualor  Antenna

{ <

Sample Antenna  Delector
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Figure A1: Scheme for measuring the radio-absorbing properties of samples with EFMR (according [2, 6, 19])
under the influence of external mechanical stresses
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Figure A2: Scheme for measuring the radio-absorbing

properties of sampleswith GMI (according [20]) under the

influence of external mechanical stresses
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Let's examine the simple theory of
measurement of radio absorbing composition materials

It is well known, that the simple model of
contact of vacuum with the absorbing material gives the
following equations [2, 5, 19]

1+R =T, (A1)
(a+B)(1-R)=T,
that gives
Rr =%, (A 2)
andat p=0,a=1,wefind
R, =0. (A.3)

From these it is possible to obtain a simple
criterion for matching of vacuum with a radio absorbing
material:

o~ 20 / Q, (A. 4)

(where u,, is effective magnetic permeability of
composite). This condition cannot be satisfied for
composites containing amorphous magnetic wires. This
forces us to use other physical principles for creation of
radio absorbing materials presented above).

We note that similar results were obtained in
Refs. [2, 7, 8, 19].
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The Preliminary Results of the DC-Toroidal
Discharge Plasma with Axial Electric Field
in the Batorm

A. A. Talab ¢ & M. M. Masoud °

Abstract- A toroidal plasma system (Batorm) were designed,
constructed and developed in Egyptian Atomic Energy
Authority (EAEA) since 1998. The plasma parameters of this
device have been studied and obtained for the first
dimensions during PhD thesis 2003. The word “BATORM” is
an abbreviation to “Baby Toroidal of Masoud”. The main
feature of the system is a low-cost machine which can be
operated as a small toroidal plasma device. In this system, the
plasma is initiated by linear axial discharge between two
plates which create an applied axial field all over the
discharge device. This system could be provided rich
information on toroidal discharge physics which includes
small impurities. The design of the Batorm is upgraded by
change its dimensions, according that, the turns number of
toroidal, ohmic and vertical coils are increased. The discharge
current /; and total inductance of these three coils were (2 A)
and (934.4 pH) respectively. The experimental results have
been preliminary taken depending on measurment of electron
temperature (KT,) and ion density (n,) at each one cm from the
outer wall to the inner wall of the chamber. From these results,
it is found that the highest values of (KT,) and (n) arrived to 10
eV and 1.52 x10°%m?® (respectivelely) at distance 7 cm.
Besides, it has been seen that there are no plasma arrived to
the inner wall according to the toroidal confienment.
Keywords: toroidal plasma/aspect ratio/coils inductance/
electric circuit/ electron temperature and ion density.

[ INTRODUCTION

ATORM is the first toroidal plasma machine
Bdesigned and operated in our lab at EAEA [1]. It

was designed and built in 1998 depending on an
idea to produced plasma in two ranges. In beginning, a
low pressure DC glow plasma discharge is produced.
After that, the excited magnetic trap in toroidal chamber
are used to confine the energy and charged particles of
the plasma to produce toroidal plasma confinement (as
in the to kamaks devices [2]).

In this work, we are going to study and
investigate experimentally the different parameters of
the plasma of low pressure toroidal glow discharge in
radial magnetic field [3]. The magnetic field has two
orthogonal components: one that is created by a system
of current-carrying coils around the plasma (toroidal

Author a: Egyptian Atomic Energy Authority, Nuclear Research Center,
Plasma Physics Dept. - Cyclotron Facility.

e-mail: azza_talab@yahoo.com

Author o: Egyptian Atomic Energy Authority, Nuclear Research Center,
Plasma Physics Dept.

magnetic field (TF)) and the other is created by a
current that is induced in the plasma (poloidal magnetic
field (PF)). The resulting magnetic field lines spiral
around a set of nested toroidal flux surfaces, providing
an effective plasma-confinement system, which can
heat the plasma [4]. There is a weak vertical field is
added by two separate set of external coils parallel to
the Ohmic coil [5-7] provides additional stabilizing
forces which required to prevent the radial expansion of
the plasma column.

The Batorm is considered as one of the small
and low cost devices. The first one (from 1998 to 2003)
had aspect ratio (R/a) 1.68 with R = 6.125 cm and
a = 3.625 cm. The toroidal coil consisted of 48 turns
while the Ohmic coil had 22 turns and the vertical coil
had 5 turns. In that work, there are four electrical circuits
was designed and demonstrated to produce toroidal
plasma inside the vacuum and magnetic vessel. The
discharge energy was in the range between 45 J to
around 384 J. It was during discharge time around 0.68
msec to 1.6 msec. The plasma current was between 3.4
KA to 12.75 KA with electron temperature from 2.25 eV
to 9 eV by double electric probe [1].

Recently, updating Batorm configuration is
beginning to increase the plasma properties (current,
temperature and magnetic field). The new updating one
will be explained in details in next section. Our study
gives some preliminary results and makes complete
survey to the plasma properties from this system. Also, it
is considered as the first step to make use this plasma
in different industry applications in future plan.

[1. DESIGN AND OPERATION OF THE BATORM

The BATORM consists mainly of vacuum
chamber, vacuum system, magnetic vessel and electric
circuit [1]. The photographic view of the new Batorm is
illustrated in figure (1). The vacuum chamber consists of
two parallel aluminum plate electrodes, which is fixed at
Pyrex glass discharge chamber of 15 cm length, and 32
cm inner diameter. At the center of it there is another
glass tube of 15 cm length, and 10 cm outer diameter.
S0, the aspect ratio of this device R/a = 2. The working
gas pressure of helium is 9 x 10%Torr.
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A magnetic vessel is used to contain and
stabilize the plasma by Toroidal, Ohmic and Vertical
coils. The toroidal magnetic field (TF) is produced by an
external coil consisting of 75 turns wound directly on the
discharge chamber after insulating the two electrodes.
And the poloidal magnetic field is produced by 30 turns

The inductances of the toroidal, ohmic and
vertical coils are calculated from the following equations
(1) and (2) as [8]:

u.N?h ('
I-toroidal = 7 In (EJ (1)
Lsolinoid = ﬂonzhA @
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which generates large plasma current. These turns form
the cylindrical air solenoid for the OH transformer. The
weak vertical field is generated by two coils parallel to
the OH-coil, each coil has 6 turns. The schematic
diagram of the vacuum chamber and magnetic vessel
is shown in figure (2).

Fig. 1: Photographic view of the BATORM device
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Fig. 2: Schematic diagram of the plasma discharge chamber and magnetic vessel

1- Two parallel aluminum plate electrodes 6- Two (T) connections
2- Pyrex glass discharge chamber 7- Toroidal Coil

3- Glass tube 8- Ohmic caoil

4- Three small ports 9- Vertical coil

5- Two large ports

Where; u, is the permeability constant, n is the number of turns per unit length and A is the area of one turn.
Therefore,

Ltoroidal = 785 |JH, LOhmic = 284 IJH and Lvemcal = 121 IJH
So, the total inductance of the all coils: 934.4 puH.
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[1I. EVALUATION OF PLASMA PARAMETERS

a) The Electrical Circuit and Operation Conditions

In this section, the electrical Circuit in our
system has been investigated in figure (3). The plasma
is initiated by linear axial discharge between the two
plates which will apply an axial electric field all over the
discharge. So, first make pre ionization by connected
the two electrodes in series with DC power supply has 7

kV and 125 mA to get glow discharge plasma at 300
volts. Then to confine the plasma connected the
Torodia, Ohmic and Vertical coils with the electric circuit
which is illustrated in figure (3). It consists of three phase
electric tap has a neutral point, three diodes as rectifier,
three heater wire with different power values connected
in series with the tree coils To, Oh, V during an overload
150 A.

150 A
~ 3 KW To
R O O L1 N AANAN—TO O-—/Tgar\——
1 KW
S € B B o ol — ¥ T —o
500 W Y,
T—12 o >4 AMN—tO o
lego) |
t |
S = syslen
S i ~dopr
N

Fig. 3: Schematic diagram of the plasma discharge circuit. It has three parts () to produce plasma, (Il) to prepare
the coils to confinement the plasma and (Ill) as a trigger circuit to confinement the plasma.

The discharge period T and the discharge
current |y, can be calculated from equations (3) and (4)

as follows [1]:
T= 27[\/ LtotaIC (3)
_27CV @

Idis -

7
Where, C is the capacity of the capacitor bank.
Therefore, l4s= 2 A.

b) Double Probe Method

The double electric probe is a diagnostic tool to
measure the electron plasmatemperature and ion
density. It consists of two identical probes, normally
cylindrical configuration, biased with respect to each
other by an external source voltage (Ve With an
associated current (iy), but the entire system floats with
the plasma potential. Its technical data is illustrated in
table (1). The double probe has an advantage that it can
be used in plasma, with high space potential and it
could disturb the plasma only at its location [9, 10].

If the potential difference between the probes is
increased, then the relatively positive probe collects
more electrons, until at a certain potential it reaches
saturation.

© 2020 Global Journals

Table 1: The technical Data for Probe Designing

Probe material Tungsten
Tip length 4mm
Tip diameter 1.5mm
Tip area 9.87 mm?
Insulating material Glass
DC power supply | From0Vto 27V

THE EXPERIMENTAL RESULTS AND
DiscusioN

V.

The (I-V) characteristics of double Langmuir
probe at each cm of the length of the plasma inside the
BATORM are shown in figure (4). In this figure the (I-V)
characteristics for glow discharge drown by black
points, while for toroidal confinement by red points. This
figure illustrated that the confinement success to move
the plasma far from the inner wall of the BAtorm (r = 11
cm) more than the outer wall (r = 0 cm).



Table 2: The different values of electron temperature (KT,), ion density (n) and energy density at different distances

rcm) | KT,(ev) | n(cm®) x10° | (KT.xn) x 10°
0 2.5 1.6 3.99
1 2.5 1.89 4.7
2 3.5 1.28 4.48
3 55 1.02 5.61
4 6.25 1.44 8.98
5 6.25 0.72 4.5
6 8.75 0.81 7.1
7 10 1.52 15.2
8 7.5 1.75 13.1
9 2.5 1.06 2.7
10 2.5 0.38 0.947
11 0 0 0

Figure (5) shows the variation of plasma
temperature, plasma density and plasma energy
density at deferent distances from 0 to 11 cm. From the
results, it is clear that, the plasma has maximum
temperature and density at distance 7 cm from the
outer wall. Plasma is found around the minor axis but
there are run away electrons which escape in direction
of the outer wall. From knowing the energy density, the
biggest value of plasma kinetic pressure is 15.2 x
10%V/cm?®; at 7 cm from the outer wall.

V. CONCLUSION

BATORM is the first toroidal plasma machine
designed and operated in our lab at EAEA. This device
is the first step to build small and not expensive plasma
toroidal devices. The aim from them is to produce
plasma in different properties by using available
equipment and facilities. On condition, this plasma is in
high accuracy to useful in different applications. By this
way our lab will open contacts with the universities to
explain  experimentally and simply the plasma
technology for students. Adding to contact with any
destination need to use these sources of plasma in
different applications such as industry, archeology,
petroleum, medicine, agriculture, environment and etc.
according to plan will stomach for each application.
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The BATORM device consists mainly of vacuum
chamber & vacuum system, Toroidal, Ohmic & Vertical
coils and electrical circuit. The vacuum chamber
consists of two parallel aluminum plate electrodes,
which is fixed at Pyrex glass discharge chamber of 15
cm length, and 32 cm inner diameter. At the center of
this chamber there is another glass tube of 15 cm
length, and 10 cm outer diameter. From that, the aspect
ratio for this device is R/a = 2.

This is the first attempt to obtain DC plasma in
BATORM device. The double electric probe estimates
the electron temperature. The peak electron
temperature is 10 eV and peak ion density is 1.5 x 10°
cm®at 7 cm from the outer wall of the device.

It is clear that from the values of ion density, it
could be increased the dc glow discharge voltage in
future to give maximum values for n. Besides, it is
possible to connect more capacitor banks with ohmic
coil circuit to increase poloidal magnetic field. This work
has be considered as the first step to produce a good
view for Batorm system. This will be used as a sourse of
toroidal plasma machien which very useful in different
applications related to material science.
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Information Mechanics: The Dynamics of
‘It from Bit”

Dr. Zhi Gang Sha “ & Rulin Xiu °

Summary- John Wheeler proposed the idea “It from Bit,”
suggesting that information gives rise to physics.

However, the process of “It from Bit” remains to be
clarified. In this work, we propose /nformation Mechanics. We
suggest that information determines observed phenomena.
The interaction of the two basic elements making up
information creates everything we observe. We introduce
information space and time to be the basic elements. The
interaction of information space and time creates everything
we observe. Based on these assumptions, we derive an
action, the information action, and the information function.
The information action represents the maximum possibilities,
i.e., information, in a system. Information action appears to be
similar to the string action in string theory and superstring
theory but with a different meaning. The information function
calculates the possible states in a system. We demonstrate
that elementary particles and their wave-particle duality,
fundamental forces, dark matter, and dark energy can emerge
from the information function. We show that it is possible to
derive a value of the cosmological constant consistent with
astrophysical observation. We demonstrate that one may
derive the hierarchy between the weak scale and the Planck
scale. We point out that one may study what is inside a black
hole and deduce that the entropy of a black hole to an outside
observer is proportional to the area of the event horizon.
Based on the various problems Information Mechanics may
address, we suggest that it could lead to the grand unification
theory we seek.

Keywords: information mechanics, hierarchy problem,
cosmological constant problem, dark matter, dark
energy, black hole, it from bit, grand unification theory.

I. [NTRODUCTION

he principles and laws of creation are sought in
many disciplines, including sciences, philosophies,
and ideologies. Current cosmology suggests that
the creation of our universe is through a “big bang.”
However, the natural law that has led to the big bang
waits to be explored further.

John Wheeler proposed [Refs 1, 2, 3] the idea
“It from Bit.” He suggested that information sits at the
core of physics and every "it," whether a particle or field,
derives its existence from observations. To show how
everything comes to existence through observation,
John Wheeler acknowledged [Ref 3] that time played an
essential role, but this is not understood well enough.

Author a: Tao Academy, 30 Wertheim Court, Unit 27D, Richmond Hill,
Ontario L4B 1B9, Canada.

Author o: Hawaii Theoretical Physics Research Center, 16-266 E.
Kipimana St, Keaau, HI 96749, USA. e-mail: rulin@htprc.org

The Grand Unification Theory is an attempt to
use one mathematical formula to explain everything,
including all elementary particles, fundamental forces,
dark matter, dark energy, and the macro structure of the
universe, and to unify quantum physics with Einstein’s
general relativity theory about gravity. So far, string
theory is the only mathematically consistent theory that
can unify everything [Refs 4, 5]. However, current string
theory is still limited in its ability to make predictions.
Something is still missing.

In this paper, we propose Information
Mechanics, in which information determines and creates
everything we observe. We present the basic principles
and formula about how information underlies all
observed phenomena, including giving the emergence
to elementary particles, fundamental forces, dark matter,
dark energy, black holes, and the universe. We proffer
two basic laws governing Information Mechanics. The
First Law of Information Mechanics comes from
quantum physics, indicating the information contained in
our measurement determines the observed phenomena.
The Second Law of Information Mechanics comes from
the ancient Chinese wisdom about yin yang. It proposes
that two basic elements, yin and yang, make up
everything, including information, and that the
interaction of these two elements creates all the
observed physical phenomena. We will show that the
interaction of two pairs of yin yang elements: space-time
and exclusion-exclusion, create all elementary particles,
forces, dark matter, dark energy, and the universe we
observe.

We show that the laws of Information
Mechanics give rise to an information action. Information
action represents the maximum possibilities, i.e.,
information, in a system. Information action appears to
be similar to string action. From the information action,
one can define information function. Information function
calculates the possible states in a system. Information
function seems to be an extension of wave function in
guantum mechanics. With information action and
information function, we demonstrate that elementary
particles and their wave-particle duality emerge from the
Poincaré symmetry, fundamental forces come about
due to the diffeomorphism symmetry, and classical
equations of motion come from Weyl symmetry.
Observation of dark matter and dark energy at the large
scale of universe can be explained in Information
Mechanics. We find that it is possible to calculate the
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cosmological constant consistent with the current
astrophysical observation. The hierarchy problem
regarding cosmological constant can be possibly
explained and derived. We also demonstrate that it is
plausible to deduce the large hierarchy between the
weak symmetry breaking scale and Planck scale. We
find that information action and function provide a way
to study what is inside a black hole and also to derive
the entropy of a black hole as seen by an outside
observer to be proportional to the area of its event
horizon.

I1. BAsiC PRINCIPLES AND LAWS OF
[NFORMATION MECHANICS

a) First Law of Information Mechanics

The observed phenomenon is determined by
the information of the measurement.

The First Law of Information Mechanics comes
from quantum physics, which indicates that the process
of making a measurement determines the observed
phenomenon.

For instance, quantum physics shows us that
what detector we use and where we place the detector
determines what phenomenon we observe.

b) Second Law of Information Mechanics

Everything is made of two basic elements.
These two elements are opposite, relative, co-created,
inseparable, and co-dependent. The interaction of these
two elements creates everything.

The Second Law of Information Mechanics
originates from ancient Chinese wisdom about yin yang
[Ref 6, 7]. We keep the Chinese words here and call
these two basic elements that make up everything: yin
and yang.

These two basic elements, yin and yang, make
up the “Bit” of information. The Second Law of
Information Mechanics suggests the interaction of yin
and yang, the essential elements of information, creates
everything.

SPACE AND TIME AS THE FUNDAMENTAL
YIN-YANG PAIR

[11.

What are the basic yin yang elements that
create the observed elementary particles, forces, dark
matter, dark energy, and the universe?

We suggest that space and time are one of the
fundamental pairs of yin-yang elements that create
everything we observe.

We propose another meaning of space-time,
which we call information space and time. Information
space and time are related to two basic measurements
we conduct. Information time relates to the
measurement of movement and change. Information

© 2020 Global Journals

space relates to the measurement of stillness and
solidity. For instance, the flow of sand in an hourglass
and the movements of the sun and the moon have all
been used as measurements of time. The duration of a
day is based on the measurement of the rotation of the
earth. The measurements of space, such as the length,
height, and width of an object, are the measurement of
its fixedness and stillness.

Information space and time are a yin-yang pair.
They are opposite and relative. Change and stillness are
opposites and relative. Space and time are co-created
because whenever one measures change, one refers to

something unchanged. Whenever one measures
something as unchanged, one compares it with
something one considers changing. Therefore,

information space and time are inseparable and co-
dependent.

According to quantum physics, it takes energy
and momentum to measure time and space. How
accurately time and space can be measured depends
on the amount of energy and momentum used in the
measurement. More specifically, to measure the time of
duration Ar, it takes an energy ofAE ~ h/At. To measure
a space of size Ag, it takes the momentum Ap ~ h/Ac.

If one takes gravity into consideration,
according to general relativity, energy curves space-
time. When one measures time interval At, the energy
AE used for a time measurement will curve space-time.
It will create a black hole with the horizon on the order of
GAE/c*. When Ao is smaller than GAE/c*, no information
can escape. Therefore, the measurable causal region is:

No = GAE/c*.

Therefore, there exists the uncertainty relation
between the measurable space Ao and measurable
time Ar,

Ao At = | t,. (1)

Here |, is the Planck length and t is the Planck
time. This uncertainty relation suggests that information
space and time affect each other. They are not
independent. They are a yin-yang pair.

Next, we propose that inclusion and exclusion
are the other basic yin-yang pair in measurement. This is
because, when one makes a measurement, one needs
to give the information about what is included and what
is excluded.

We propound, all measurements are based on
these two basic yin-yang pairs: information space-time
measurement and inclusive-exclusive measurement. To
see this, one can examine all possible measurements,
such as measurement of velocity, acceleration, energy,
momentum, temperature, spin, electricity, magnetic
field, mass, charge, and force. One can see that these
measurements are various combinations of space and



time measurement and inclusive and exclusive

measurement.

[V. DERIVATION OF INFORMATION ACTION

If all measurement is made of two basic
measurements: space-time measurement and inclusion-
exclusion measurement, according to the first and
second laws of Information Mechanics, the interaction of
the space and time yin-yang pair and the interaction of
the inclusion and exclusion yin-yang pair should create
all observed phenomena.

The simplest action created by the interaction of
the information space time is:

A,=aJAtAc. )

Here the symbol o represents information
space and the symbol t represents information time.
The integral symbol | represents the summation over
information space and time, anda is a constant. From
the uncertainty relation between information space and
time (1), we get

a=1/(Lt,).

To introduce the second yin-yang pair into the
action, we need to include the inclusion and exclusion
elements. To do this, we realize that corresponding to
the inclusion and exclusion yin-yang pair, in nature there
exist two types of particles, fermions and bosons.
Fermions have half (1/2) spin. They repel each other.
They cannot be in the same state. Bosons have integer
spin. They tend to clump. The normal time and space
coordinates T and o are of bosonic nature. If we assume
each information space or time coordinate has both the
fermion (yang, repulsive) and boson (yin, clumping)
parts, each information time and space coordinate
become two elements:

T->(1, 0y 3)
o ->(o, 0). (4)

Here we use 8;and 0, to represent the fermion
part of information space and time coordinates ¢ and .
The 6s;and 6.can only take on the value of 0 or 1
because they are repulsive and refuse to stay at the
same place. The four elements of the two yin-yang pairs
are represented by o, 1, 65,and 6..

The simplest action created by these two yin-
yang pairs is:

A= [ATAGA B.A8,, (5)

We will call the action A, and A,the information action.

One can see that the action A, is basically the
action of bosonic string and the action A, is the action of
the super string[Ref 4, 5]. It is interesting to see that
from the basic laws of Information Mechanics we can
derive string action [Ref 4, 5].

There is a fundamental difference in the
meaning and function between information action and
string action. For instance, suppose the integration of t
and o is over (0, T) and (O, L). We can see that T and L
correspond to the time and space scale involved in our
measurement in Information Mechanics. They are
different in different measurements. If our measurement
and observation is the whole universe, T and L should
be the age and horizon length of the universe. This is
different from string theory, in which L is set to be the
string length and T is set to be infinite.

The information actions A, and A, in equations
(@) and (5) give the amount of the information in a
system with the observation scale (0, T) and (O, L).
Information action expresses the possible states that
can be observed in a system. Seth Lloyd derived a
similar result in his paper [Ref 8], viz. that the maximum
observable information in a system is represented by
(2).

V. Two TyPES OF SPACE-TIME

To derive the observable phenomena in
Information Mechanics, it is necessary to realize that
there exist two types of space time. One is the
information space time associated with the fundamental
yin-yang pair (t, o). It is related to the basic elements of
information. We call it information space and time. The
other is the physical measurement of space distance
and time duration or physical location of space time X*.
Let’s callX* physical space and time.

The physical space and time X*is a projection
from the information space and time (z, o),

X*: (t, 6) ->X* (1, ©).

Suppose in this projection, the total information

is unchanged. The action A, becomes:
A= a [ dvdo (—dethy) 6)
Here, hapy = 0,X40,X,.

In the following, for the sake of the simplicity of
illustration, we will work with the “bosonic string,”

A= afOT dt fOL do.

One can follow and extend the same discussion
to the general case of “superstring,”

A= [ dt [} dode.de,.
VI. DEFINITION OF INFORMATION FUNCTION
Now let’s define the information function W:
W=exp(i A). (7)

Here A is the information action. We can see
that the information function W is related to the amount
of information | in a system through the formula:
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| = A= -inw. 8)

Suppose the information function at t = 0 and
c =0is W, TheinformationWatt=Tandoc = Lis

W=exp(iA)¥, 9)

Here A= afOT dt fOL do or A= ochT dt fOL dode.de,.

Using the action A; in (6), the information
function at t = T and o = L now becomes

W=exp(iA,)W, = [ DX exp(id;) ¥,

Here A; = af, dr [ do (— dethy,)"/?,

Here [DX represents summing over all
possible X, similar to Feynman’s path integral definition
[Ref 9].

Compare to the wave function in quantum physics:

W(T) = DX exp(iS) W,

Here S = [ dt L(x(t), %(1).

One can see that the information function is a
natural extension of the wave function in quantum
physics. The action in Information Mechanics integrates
over both time and space while the action in quantum
physics integrates over time.

Information Mechanics is also different from
quantum field theory. The action of Information
Mechanics integrates over two-dimensional information
space and time, while in quantum field theory the action
integrates over four-dimensional physical space time.
The main task of quantum field theory is to calculate the
correlation function and scattering cross-sections. In
Information Mechanics, the correlation function and,
thus, scattering cross-section can be obtained through
the information function in the equation (9). Note that the
wavelength and frequency in quantum field theory are
now replaced with the measurement scales T and L in
Information  Mechanics. We will discuss the
correspondence between the calculations of Information
Mechanics with those of quantum field theory in more
detail in future work.

VII. EMERGENCE OF ELEMENTARY PARTICLES
AND FUNDAMENTAL FORCES

As discovered in particle physics, the basic
constituents of everything are elementary particles and
fundamental forces. It is found that elementary particles
have wave-particle duality, meaning that they behave
like a wave but each elementary particle has its own
specific mass and spin, no matter where and when one
makes the measurement. The wave-particle duality of
elementary particles and fundamental forces was
proposed by Einstein and Niels Bohr and indicated by
experiments [Ref10, 11]. However, it is never derived
from the first principle in theoretical physics.
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In the following, we show how the wave-particle
duality of elementary particles and fundamental force se
merge in Information Mechanics.

To do this, first notice, as shown in string theory
[Ref 4,5],it is possible to introduce a metric tensor y*
and rewrite the action A;in (6) in the form:

AL X, y] = a [ drdo (—detyg) /2y a,x40,%,. (10)

In Information Mechanics, the possibility to
introduce tensor y* is due to the relativity between the
yin yang, the information time and space (t, o).

The action A; is invariant under the following
three transformations:

1. D-dimensional Poincaré transformation
X'#(1r,0) = NX*(1,0) + a*
Y (1,0) = Vo (1, 0) (11)

2. Diffeomorphism transformation

X"(t,0) = X“(1,0)

dgcadt ;o
6;_'“6(07_'[’)/“1(’['0—) = ]/ab(T'U) (12)
3. Two-dimensional Weyl transformation
X'"(t,0) = X“(t,0)
V' (.0) = exp(2w(t,0)) Ve (r,0).  (13)

Information action has three symmetries:
Poincaré symmetry, diffeomorphism symmetry, and Wey!
symmetry.

VIII. EMERGENCE AND OBSERVATION OF
ELEMENTARY PARTICLES DUE TO POINCARE
SYMMETRY

In Information Mechanics, the observed world is
made of a certain amount of information, which
represents different possibilities in a system. The
observation of the same elementary particles regardless
of physical space and time is due to the Poincare
symmetry. The observed elementary constituents should
be invariants of Poincaré transformation. From group
theory, one knows that mass and spin are the two
invariants under Poincaré transformation. Because of
this, the basic constituents, elementary particles, are
specified by mass and spin.

The wave aspect of elementary particles is
represented by the information function. It comes from
the basic assumption that everything we observe comes
from information. Information represents different
possibilities. In this way, the wave-particle duality of



elementary particles and fundamental forces emerge in
Information Mechanics.

EMERGENCE OF GRAVITY AND GAUGE
FORCE DUE TO DIFFEOMORPHISM
SYMMETRY

[X.

In Information Mechanics, the emergence of
gravity and gauge interaction is due to diffeomorphism
symmetry (12). Diffeomorphism invariance(12) suggests
one can introduce the physical space-time metric tensor
G (X*)and anti-symmetric tensor B,, (X*) in the action
(10):

"

Al [X, Y, Gyv* Buv] =
1
a [drdo (—dety,)? (¥ Gy + € B, )0, X" 0,XY. (14)

The action A4j [X, v,G,, B, ]hasthe diffeo-

morphism invariance in physical space-timeX*:
ax«ox* .
ax axv O (X1 = G (X¥)

ax'@ax'p
ax'max'v

B,aﬁ (X"u) = Byv (XH)

The introduction of physical space-time tensor
metric G, (X*)and anti-symmetric tensor B,, (X*)can
induce gravity and gauge interaction in physical space-
time.

The fact that G, (X*) and B,, (X*) describe the
gravity and gauge interaction in physical space-time can
be further confiirmed by the equations of motion
associated withG,, (X*) and B,, (X*).In the following,
we will show that, from the Weyl invariance, one can
obtain the equations of motion regarding G,, and B, ,
which shows that G,, and B,, follow the equations of
motion associated with gravity and gauge force.

X.  WEYL INVARIANCE, HOLOGRAPHY, AND
CLassiCAL EQUATIONS OF MOTION

The Weyl invariance (13) is automatically
preserved at the first order in information action.
However, higher-order corrections could possibly violate
it. For instance, in [Refs 4, 5], it is shown that there are
the following second-order corrections to the information
action:

BCw=a R+ a/4 HpoH, '+ O(0?)
RBw= - a/4 VHue+ 0.

(15)
(16)

The preservation of Weyl Invariance at the
higher orders requires that:

BGuv: BBuv: 0.

Notice that B®,= O leads to the generalized
Einstein’s equation with the source terms from the anti-

symmetric tensor. The equation B®,=0 is the anti
symmetric generalization of Maxwell's equations.

We can see that requiring Weyl invariance, one
is able to obtain classical equations of motion including
Einstein’s general relativity and gauge interactions. In
this way, Information Mechanics includes classical
physics.

In Information Mechanics, all the physical
phenomena are projected from a two-dimensional
information  space time. The two-dimensional
information space time has Weyl invariance. This
means that the two-dimensional information space time
is a hologram from which all observed phenomena,
including physical space time, elementary particles,
gravity, and gauge interactions emerge. Classical
equations of motion come from the holographic nature,
the Weyl invariance of information space time.

EMERGENCE OF DARK ENERGY AND DARK
MATTER

XI.

The observed accelerated expansion and large
structure of our universe [Refs12, 13, 14, 15,
16]indicates an unknown source of energy, dark energy,
and an unknown source of matter, dark matter. There
are many proposals about the potential candidates for
dark matter and dark energy.

In the following, we will show that Information
Mechanics may explain the observation of dark energy
and dark matter. Dark matter and dark energy can
emerge from information function.

Dark energy and dark matter are phenomena
observed in the large structure of the universe. To see
what matter and energy emerges in the large structure
of universe, we need to study the information function:

w=exp(id; ) = [ DX exp(i 4] ).
Here
. 1
A =af] dt [} do (— detye)?(r® G + €% B, )0,X"0,X",

where T is the age of the universe and L is the length of
the horizon of the universe.

One may notice that in the information function
W, there exist vibrations in the energy state (n, m) with
the frequency v,= n/T and wavelength A, = L/m. The
frequency and wavelength of some of these vibrations
have a frequency and wavelength on the order of 1/T
and L. These vibrations are almost impossible to detect
at this moment. This is because, to observe them, it
takes a detector as large as the universe or it takes time
as long as the age of the universe. These vibrations are
very “dark” due to this innate difficulty to be observed by
detectors. They can only be observed on the large
structure of the universe. They are natural possible
candidates for dark matter and dark energy.
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CALCULATION OF COSMOLOGICAL
CONSTANT

XIL.

The cosmological constant is the simplest
possible form of dark energy. The current standard
model of cosmology, the Lambda-CDM model,
assumes a non-zero cosmological constant as the
source of dark energy. It is found that, in terms of the
Planck unit, and as a natural dimensionless value, the
cosmological constant is calculated to be on the order
of 107'%2 [Ref 15, 16]. The large discrepancy between
the natural energy scale, Planck scale, and the observed
value of 107" in terms of Planck scale is the so called
cosmology constant problem.

In the following, we will estimate the vacuum
energy of the information function. Surprisingly, we are
able to obtain a value for the cosmological constant
consistent with the observation.

To calculate the vacuum energy of the universe,
we use the fact that the energy at state (n, m) with the
frequency v,= n/T and wavelength A, = L/mis:

E.m = (0 + 12) B/T.

The lowest energy of the vacuum fluctuation is
Eonm = H/2T.

In Information Mechanics, with the space and
time measurement scale at T and L, the total number of
possible states N is:

N = TL/(L,t,).

If we assume each of the possible states can
contribute to vacuum fluctuation energy of E,,, = h/2T,
then the total vacuum energy is:

Ere=h/2TXTU/ 12 =0 /@2 12).

The vacuum energy density in three-

dimensional observed space is:
Prac= Euad/ (4 L°/3) = p,31.7/(8 mL?).
Here p, is the Planck energy density,
p, = Eo /1%,

and E, is the Planck energy E, = h/t, = 1.956 x 10°
Joule.
The cosmological constant A, is: A, = 8T p,,.. Therefore

A, = 8T o = 3p, 1,7/,
We know that:
|7/ =t7/t 2 =107

Here t, is the age of the universe. We use:
t, =13.799 billion years = 4.35 x 10" seconds.
From this, we obtain:

A =3x1071%2p, (17)
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According to results published by the Planck
Collaboration in 2018 [Refs 15,16], the cosmological
constant is 2.888 x 107'??in Planck units. The result in
(17), A = 3x107122p_ is consistent with the data from
the Planck Collaboration in 2018 [Refs 15, 16].

Information Mechanics seems to be able to
address the large hierarchy problem regarding the
cosmological constant.

XI11. EMERGENCE OF THE ELECTROWEAK SCALE
AND PLANCK SCALE HIERARCHY

There are two outstanding hierarchy problems
in physics. One is the cosmological constant problem.
The other is to derive the large difference between weak
force and gravity, or equivalently between Higgs mass
and Planck mass [Ref 17, 18, 19, 20]. We have shown
above that Information Mechanics may help address the
cosmological constant problem; next, we will explore
how it may help cope with the second hierarchy
problem.

To derive the weak scale and Higgs mass in
Information Mechanics, we study the information action
A, and write it in terms of complex coordinates, z, Z, 6,
and @[Ref 4, 5]:

A,= o’|dzdz d6 df = aJd’z d%6.

We introduce observable space-time X"(z, z, 6,
8) in superspace, which includes both bosonic
spacetime X*(Z, z) and its fermionic counterpart ¥* (Z,
Z) and Y*(z, 2):

X%z 2,0,8) = X"Z, 2) + 0yY* (Z, 2) + O4*(z, 2) + OBF X

The term F* is the auxiliary field, which can
usually be eliminated through equations of motion. We
suggest that bosonic space time X*(z, z) corresponds to
observable spacetime coordinates and the fermionic
spacetime y* (z, z) and Y%z, 2z) correspond to
elementary particles. In superspace X¥(z, z, 6, ), there
is supersymmetry, which is the invariance under the
transformation between space-time bosonic coordinates
and fermion coordinates. After integrating over fermion
coordinates (8, 8), the action A, including metric tensor

G,,and anti symmetric tensor B, becomes [Ref 4, 5]:
A, = afz[(G+ Bu) 0.X0:X + Guy(X) (v Dpy'+
PDT)+ ¥ RupaX y 55°]. (18)

Here, covariant derivatives are:
DA = 0; W'+ [TVpg(X) +3H po(X) ] 9,XPy°

D" = 20"+ [TV po(X) — sH po¥) 1 92XP G°.



Here I'Vpc(X) is the Christoffel connection. It is
related to the gravitational interaction. And vac(X) is
the anti-symmetric tensor field strength.

To see how the hierarchy between Higgs mass
and Planck mass emerges, we use the similarity
between Higgs mechanism and superconductivity. The
Higgs mechanism was originally suggested in 1962 by
Philip Anderson when he noticed the similarity between
electroweak symmetry breaking and superconductivity
[Ref 21, 22]. In the following, we show that in Information
Mechanics, one may use superconductor theory, BCS
theory, to induce the large hierarchy between Planck
mass and Higgs mass.

Notice the observable space-time coordinates
X*(Z, Z)consist of a series of vibrations. Similar to the
phonons in a superconductor interacting with fermions
through electromagnetic force, X"(Z, z) vibrations
interact with fermions, gravity, and gauge interactions,
as indicated in the information action (18) through the
interaction terms:

Vi = GO [T po(X) +3H" po(X) 1 Xy + Guu(X)
P pol) 5HpoX) 1 92XP §°

+ ¥ Rupo(X) 0" TP, (19)
As discovered in BCS theory, these interactions
can add a negative potential energy which leads to a
ground state with the formation of coherent fermion
pairs. This ground state energy results in a non-zero
gauge field, which breaks the gauge symmetry.
In the interaction terms (19), the gauge

interaction is proportional to 3, X? and a,XP. This

indicates that the ground state with the formation of
fermion pairs will not only break gauge symmetry but
also space-time translational symmetry. This means that
it can lead to space-time compactification and also
super symmetry breaking. This may be a natural non-
perturbative mechanism for gauge symmetry breaking,
space-time compactification, and super symmetry
breaking.

According to the BCS mechanism, the non-
perturbative ground state potential energy in the weak
interaction limit is on the order of [Ref 21, 22]:

W=- nchwexp[-ﬁ].

Here N is the state density and V is the
interaction potential. The energy termawcorresponds to
the energy of space-time vibration. It can be on the
order of the space-time compactification scale, which
may be of the same energy scale as the super
symmetry breaking. One can see that the Higgs mass is
exponentially smaller than the space-time compactifi-
cation scale.

Because of the exponential form of the non-
perturbative potential energy in the ground state, the
large hierarchy between Higgs mass and compactifica-
tion scale and thus Planck scale can be easily
generated. We will expand the detailled model,
calculation, and discussion of this possible scheme in
future work.

XIV. Brack HOLEs

Any fundamental physics theory including
gravity should be able to address what is happening
inside a black hole. Let’s take a look at how Information
Mechanics could help us study what is inside a black
hole.

A black hole is created when the gravity force
becomes stronger than the fermionic exclusion force,
and matter is collapsed by gravity to the point that all
matter including light is confined to a limited space and
time [Ref 23, 24]. Thus, we propose that a black hole is
related to physical space-time compactification in the
observable four-dimensional space-time.

In Information Mechanics, to study black holes,
we can start with the action (18):

A2 = 0'/622[(6/1\/—’— B/iv) azX#az_Xv—’— Gpv(x)(‘lfu Dz_wv—l— lTJuDZlTJV)
+ % R0y TP,

In the case of a black hole, G,, and Ry.(X)
become very large, and we assume this leads to
compactification of space-time in the observable four-
dimensional space-time. This means that:

X0= X + D°
X=X+D,i=123.

Inaction A,(18), this space-time
compactification will lead to a positive kinetic energy:

11
DH DY

(G, + B,) 0X'0.X'= (G, + B,) (19)

This additional kinetic energy term will balance
the negative potential energy from the gravity and gauge
interaction term:

GO [TV po(X) +3H" po(X) 1 9:XP17 + GO I po(X) -

Hp6(¥) 102XP T + 72 RNy y TG (20)

The balance between the kinetic energy in (19)
and the potential energy in (20) could lead to a new
stable ground state. It indicates that the internal
structure of a black hole is similar to a crystal, or liquid
crystal, or some other ordered and coherent state. The
action A, can enable us to study the detailed dynamics
inside a black hole with matter, space-time, gravity, and
gauge interactions all present in one formula. We will
defer the detailed calculation and discussion to future
work.
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To study the dynamics outside of the black
hole, the measurement scale L is larger than the horizon
of the black hole. For an observer outside a black hole,
a black hole appears as a particle with specific mass
and spin.

Like everything, a black hole carries information.
For an outside observer, the entropy of a black hole is
the unknown information or possibilities associated with
the black hole. Since the outside observer can’t receive
any information beyond the horizon of a black hole, the
information space scale, L, for the observation of a
black hole is the black hole’s horizon. The information
time scale associated with the external observation of a
black hole is L/c. According to the equation (2), the
maximum amount of unknown information associated
with the observation of a black hole for an outside
observer is:

S==
>
by

It's interesting that, in Information Mechanics,
one may derive the result that the entropy of a black
hole is proportional to the area of the event horizon in
units of Planck scale.

The holographic principle [Ref 25, 26,
27]emerges in Information Mechanics, but in a different
way. Here the maximum information is proportional to
the area covered by the information space-time, not the
physical space-time. In three-dimensional space, the
area covered by the physical space could be the same
as or proportional to the area of information space-time.
This coincidence only happens in four-dimensional
physical space-time.

XV. DiscussioN AND CONCLUSION

In  this paper we introduce Information
Mechanics and its two basic principles and laws. We
propose that information determines the observed
phenomena. The interaction of basic yin yang elements
making up information and everything creates the
observed phenomena. We derive the information action
and information function. We show that the observed
phenomena, such as physical space time, elementary
particles and their wave-particle duality, fundamental
forces, classical equations of motion, dark matter, and
dark energy, may emerge from the information action
and information function. We show how classical
physics, quantum physics, quantum field theory, and
string theory may emerge in information Mechanics. We
discover that it is possible to derive a value of the
cosmological constant consistent with astrophysical
observation. We suggest a plausible scheme to derive
the hierarchy between the weak scale and the Planck
scale using information action. We indicate that one can
study what is inside a black hole and deduce that the
entropy of a black hole to an outside observer is
proportional to the area of the event horizon.

© 2020 Global Journals

Information Mechanics appears to be promising
to address various challenging problems facing
theoretical physics. More detailed calculations and
further investigation are still needed. We welcome more
people to participate in this project.
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N. S. Gonchar

Abstract- The general method is proposed for constructing a family of martingale measures for a wide class
of evolution of risky assets. The sufficient conditions are formulated for the evolution of risky assets under
which the family of equivalent martingale measures to the original measure is a non-empty set. The set of
martingale measures is constructed from a set of strictly nonnegative random variables, satisfying certain
conditions. The inequalities are obtained for the non-negative random variables satisfying certain conditions.
Using these inequalities, a new simple proof of optional decomposition theorem for the nonnegative super-
martingale is proposed. The family of spot measures is introduced and the representation is found for them.
The conditions are found under which each martingale measure is an integral over the set of spot measures.
On the basis of nonlinear processes such as ARCH and GARCH, the parametric family of random processes
is introduced for which the interval of non-arbitrage prices are found. The formula is obtained for the fair price
of the contract with option of European type for the considered parametric processes. The parameters of the
introduced random processes are estimated and the estimate is found at which the fair price of contract with
option is the least.

Keywords: random process; spot set of measures; optional doob decomposition; super-
martingale; martingale, assessment of derivatives.

L. [NTRODUCTION

The study of non-arbitrage markets was begun for the first time in Bachelier’s work
[1]. Then, in the famous works of Black F. and Scholes M. [2] and Merton R. S. [3]
the formula was found for the fair price of the standard call option of European type.
The absence of arbitrage in the financial market has a very transparent economic
sense, since it can be considered reasonably arranged. The concept of non arbitrage
in financial market is associated with the fact that one cannot earn money without
risking, that is, to make money you need to invest in risky or risk-free assets. The
exact mathematical substantiation of the concept of non arbitrage was first made
in the papers [4], [5] for the finite probability space and in the general case in the
paper [6]. In the continuous time evolution of risky asset, the proof of absent of
arbitrage possibility see in [7]. The value of the established Theorems is that they
make it possible to value assets. They got a special name "The First and The
Second Fundamental Asset Pricing Theorems.” Generalizations of these Theorems
are contained in papers [8], [9], [10].

If the martingale measure is not the only one for a given evolution of a risky
asset, then a rather difficult problem of describing all martingale measures arises in
order to evaluate, for example, derivatives.

Assessment of risk in various systems was begun in papers [11], [12], [13], [14].

Statistical studies of the time series of the logarithm of the price ratio of risky
assets contain heavy tails in distributions with strong elongation in the central re-
gion. The temporal behavior of these quantities exhibits the property of clustering
and a strong dependence on the past. All this should be taken into account when
building models for the evolution of risky assets.

In this paper, we generalize the results of the papers [15], [16], [17] and construct
the evolution of risky assets for which we completely describe the set of equivalent
martingale measures.

The aim of this study is to describe the family of martingale measures for a
wide class of risky asset evolutions. The paper proposes the general concept for
constructing the family of martingale measures equivalent to a given measure for a
wide class of evolutions of risky assets. In particular, it also contains the description
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of the family of martingale measures for the evolution of risky assets given by the
ARCH [18] and GARCH [19], [20] models. In section 2, we formulate the conditions
relative to the evolution of risky assets and give the examples of risky asset evolution
satisfying these conditions. Section 3 contains the construction of measures by
recurrent relations. It is shown that under the conditions relative to the evolution
of risky assets such construction is meaningful. It is proved that the constructed set
of measures is equivalent to an initial measure. In theorem 1, we are proved that
under certain integrability conditions of risky asset evolution the set of constructed
measures is a set of martingale measures relative to this evolution of risky asset. In
Section 4 we prove the inequalities for the nonnegative random values very useful for
the proof of optional decomposition for the non negative super-martingales relative
to the set of all martingale measures.

First, we show an integral inequality for a nonnegative random variable under
the inequality for this nonnegative random variable with respect to the constructed
family of measures. Further, using this integral inequality for the non-negative
random variable, a pointwise system of inequalities is obtained for this non-negative
random variable for a particular case. After that, the pointwise system of inequalities
is obtained for the non-negative random variable in the general case. Then, using
the resulting pointwise system of inequalities, an inequality is established for this
non-negative random variable whose right-hand side is such that its conditional
mathematical expectation is equal to one.

On the basis of the results of Section 4, in Section 5, we prove the optional
decomposition for the non negative super-martingales. In Section 6, we introduce
the spot measures by the recurrent relations and find the representation for them.
Using these facts under certain conditions we prove integral representation for every
martingale measure over the set of spot measures.

First, the optional decomposition for diffusion processes super-martingale was
opened by by El Karoui N. and Quenez M. C. [21]. After that, Kramkov D. O.
and Follmer H. [22], [23] proved the optional decomposition for the nonnegative
bounded super-martingales. Folmer H. and Kabanov Yu. M. [24], [25] proved anal-
ogous result for an arbitrary super-martingale. Recently, Bouchard B. and Nutz
M. [26] considered a class of discrete models and proved the necessary and sufficient
conditions for the validity of the optional decomposition.

Section 7 contains applications of the results obtained. A class of random pro-
cesses is considered, which contains well-known processes of the type ARCH and
GARCH ones. Two types of random processes are considered, those for which the
price of an asset cannot go down to zero and those for which the price can go down
to zero during the period under consideration. The first class of processes describes
the evolution of well-managed assets. We will call these assets relatively stable. For
the evolution of relatively stable assets in the period under consideration, the family
of martingale measures is one and the same. The family of martingale measures
for the evolution of risky assets whose price can drop to zero is contained in the
family of martingale measures for the evolution of relatively stable assets. Each of
the martingale measures for the considered class of evolutions is an integral over the
set of spot martingale measures.

The interval of non-arbitrage prices is found for a wide class of payoff functions in
the case when evolution describes relatively unstable assets. This range is quite wide
for the payoff functions of standard put and call options. The fair price of the super
hedge is in this case the starting price of the underlying asset. The estimates are
found for the fair price of the super-hedge for the introduced class of evolutions with
respect to stable assets. The formulas are found for the fair price of contracts with
call and put options for the evolution of assets described by parametric processes.

The same formulas are found for Asian-type put and call options. A characteris-
tic feature of these estimates is that for the evolution of relatively stable assets the
fair price of the super hedge is less than the price of the underlying asset.

In Section 8, the estimates of the parameters of risky assets included in the
evolution are obtained. The formulas are found for the fair price of contracts with
call and put options for the obtained parameter estimates, and the interval of non-
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arbitrage prices for different statistics is found. The same results are obtained for
Asian-style call and put options.

[I.  EVOLUTIONS OF RiIsKY ASSETS

Let {Qn, Fn, Py} be a direct product of the probability spaces {Q?, F?, P?}, i =

N N N
LN, Qv = [19Y, Py = [I P, Fn = [I F?, where the o-algebra Fy is a min-
i=1 i=1 i=1

N
imal o-algebra, generated by the sets [[ G;, G; € F?. On the measurable space

i=1
{Qy, Fn}, under the filtration F,,, n =1, N, we understand the minimal o-algebra

N
generated by the sets [[ G;, G; € F?, where G; = QY for i > n. We also intro-
i=1

duce the probability spaces {Q,,, Fp, Pu},n =1, N, where Q, = [[ 0, F,, = [[ F?,
i=1

i=1

P, =[] P?. There is a one-to-one correspondence between the sets of the o-algebra
i=1
Fn, belonging to the introduced filtration, and the sets of the o-algebra F,, = [ F?
i=1
of the measurable space {Q,, F,},n = 1, N. Therefore, we don’t introduce new
denotation for the o-algebra F,, of the measurable space {Q,, F,}, since it always
will be clear the difference between the above introduced o-algebra F,, of filtration
on the measurable space {Qy, Fx} and the o-algebra F, of the measurable space

{Q,, Fn},n=1N.
N

We assume that the evolution of risky asset {S,},_,, given on the probabil-
ity space {Qx, Fn, Py}, is consistent with the filtration F,, that is, S, is a JF,-
measurable. Due to the above one-to-one correspondence between the sets of the
o-algebra F,,, belonging to the introduced filtration, and the sets of the o-algebra

F, of the measurable space {Q,, F,},n = 1, N, we give the evolution of risky assets
in the form {S, (w1, ...,w,)}N_,, where S, (wi,...,w,) is an F,-measurable random
variable, given on the measurable space {Q,, F,}. It is evident that such evolution
is consistent with the filtration F,, on the measurable space {Qy, Fy, Py}

Further, we assume that
P,((w1,... wn) € D, AS,, >0) >0,

Po((wiy. .. wy) €Qy, AS, <0)>0, n=1,N, (1)

where AS,, = S, (w1, ... ,wn) — Sp_1(wiy. .. wn1), n=1,N.
Let us introduce the denotations

Q) ={(wi,...,wp) € A, AS, <0}, QF ={(wy,...,w,) € A, AS, >0}, (2)

n

AS, = —ASnxq- (W1, -+ wa), AST = ASpxa+ (Wi, Wn), (3)

Vi(wi, . ooy W, Wi, w?) = AST (Wi, .oy Woe1, wl) + AST (wi, .oy wae1, wW3),
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(wh' e 7wn717w711) € wa (wl)- <y Wn—1, W ) € Q+ (4)

We use the following denotation Q¢ n=1, N, where a takes two values — and +.

Our assumption, in this paper, is that for Q%, a = —,+, the representations
Ny, Np,
Q; - U[A%k_ X Vnk—l]v Q: - U[A%k—‘r X Vrf—l]a Nn S e, (5)
k=1 k=1

are true, where

Np,
Q— U V'rf—l? A%k—, A%k+ e ]:7(3’ A%k— AO B+ QO
k=1
A?L’k_ N A%’H— = ®7 Vf—l N V’r{—l = @a k 7é ja Vyf—l S Fn—l- (6)

The number N,, may be finite or infinite. Since 2, U QT = Q,, Q- NQF = (), and
P,(Q2,) >0, P,(2}) > 0, we have

N,
D) =) BAAY ) PV,
k=1

Nnp
OF) = PUANN) P (V) PUAY )+ PUAM) =1 (7)

Further, in this paper, we assume that P2(A%~) > 0, PY(A%*) > 0, n =
1,N, k = 1,N,. We also assume some technical suppositions: there exist subsets
Bg’f_ e F), i=11, I, >1 and BM* € Y, s=1,5,, S, > 1, satisfying the
conditions

BY T ABYT =0, i, BMABMY=0,s#£1, k=1N,

P;Q(BSL;?*) >0, i=11, PABY")>0,s=1,8, k=1N,,

In
- =UBaT, A= U%?,:AW@ (8)
Below, we give the examples of evolutions {S,(wy,...,w,)}_; for which the

representations (5) are true.

Suppose that the random values a;(wy,...,w;), n;(w;) satisfy the inequalities
0 < aj(wg,...,w;) < 1, 14+ n(w;) >0, PP(mi(w;) < 0) > 0, P2(ni(w;) > 0) > 0,
i=1,N.If S,(wi,...,w,) is given by the formula

n

Sp(wi, .. wn) = So H(l +a;(wy, .. wi)ni(wg)), n=1,N, (9)

=1
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then
{wi €97, mi(w;) <0} =AD", {w; €90, mi(w;) >0} = AP,
Vi i =Q, Q = A?’l_ X Qi Qf = A?’H xQ_q, i=1,N. (10)

In general case, let us consider the evolution of risky asset {S, (w1, . ..,w,)}2_,, given
by the formula

Sp(wiy .. wy) =
n N;
So H(l + an(wi)xvik_l(wl, cwi)a(wr, . w), n=1,N, (11)
i=1 k=1
where the random values a¥(wy, ..., w;), n¥(w;) satisfy the inequalities

0 < af(wy,...,w) <1, 1+7Fw) >0, PP(nF(w;) < 0) >0, PO(nF(w;) > 0) > 0,

N;
i=1,N, k=1,N,,and U VF, =Q, 1, VF NVE, =0, k+#s. Then, if to put
k=1

{w; € Q0 nf(w) <0} =AY, {w; € Q) nf(wi) > 0} = AP,

we obtain
N-L' Ni
Q = A" xVvE] of =AM xVE)L i =T N (12)
k=1 k=1
ASn(wla"'awn—lawn)SOa (wla"wwn—lawn)EQ;M TL:1,N,
AS (Wi, wn1,wn) >0, (Wi, W, wn) €Y n=1N. (13)

[1I.  CONSTRUCTION OF THE SET OF MARTINGALE MEASURES

In this section, we present the construction of the set of measures on the ba-
sis of evolution of risky assets given by the formulas (9), (11) on the measur-
able space {Qy,Fy}. For this purpose, we use the set of nonnegative random
values a,({wi,...,w! | wih{w? ... w? [,w?}), given on the probability space
{Q, xQF F-x Ff P, x Pt} n=1,N, where F, = F,NQ., FIf=F,NQ".
The measure P, is a contraction of the measure P, on the o-algebra F, and the
measure P, is a contraction of the measure P, on the o-algebra F,’. After that, we
prove that this set of measures, defined the above set of random values, is equiv-
alent to the measure Py. At last, Theorem 1 gives the sufficient conditions under
that the constructed set of measures is a set of martingale measures for the con-
sidered evolution of risky assets. Sometimes, we use the abbreviated denotations

{w%v S 70")711/} = {w}}w {w%’ e ?wg} = {w}i

We assume that the set of random values a,({wi,...,wl};{w? ... ,w2}) =
an({w}hli{w}?), {wil;{w}?) € Q, x QF, n = 1, N, satisfies the following con-
ditions:
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Py x PH(({whni{whn) € @ x O an({w}i {why) > 0) =
Po(Q,) x Po(y), n=LN; (14)

/ XQ;(wi""7w7lz—17w711)XQi(w%v---7w72L—17w72z)x

Q0 xQ0
O‘n<{w%7 e Jwrlth wam}; {W%J tee 7wv2zflu wi}) X

ASH(wr, .y wne1, w2 AS (Wi, vy Wy, W
Vn(wb s 7wn—17w7117w721)

1
w) 4P () AP (2) < oo,

({w%, o ,w;_l}; {w%, . 7W2—1}) € Q1 X Q1

(wl, e ,wn_l) e, 1, n=1,N; (15)

1 1 1 2 2 2
/ Xon (wlv s 7wn717wn)XQ:{ (wh SR 7wn717wn)x
Q9 xQY

a”(‘{wi? cee 7w}L*17w’r1L}; {w%7 ce wn 1» n})d‘PO( )dpr?(wi) = 1)

<{w%7'"70'}711—1};{00%"--7(“)2—1}) €91 xXQyq, n=1N. (16)

n

In the next Lemma 1, we give the sufficient conditions under which the conditions
(14) - (16) are valid.

Lemma 1. Suppose that for Q% a = —,+, n = 1,N, the representations (5) are
true. If the conditions

inf PYAM\B)i")>0, i=11, I,>1, n=1LN,

1<k<N,

inf  PY(AY*\ BYT) >0, s=1,5, S.,>1, n=1N,

1<k<N,

inf PY(B)i7)>0, i=11, I,>1, n=1LN,

1<k<N,

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

inf P)BY¥) >0, s=1,58, S,>1, n=1N,

1<k<Np

[ /AS;(wl,...,wn_l,wn)dPN <oo, n=1,N, (17)

QN

are true, then the set of bounded random values o, ({w}}; {w}?), satisfying the con-
ditions (14) - (16), is a nonempty set.
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Proof. Let us put

Ny,

Oé:’L_ (WL . ’wwll) = Za;,k,i(w}l)XA%k’ (wn)Xfol(wla 7(")711—1)7
k=1
Ny

aZJr(wl? ,UJZ) = Z Z,k,s(wi)XA%k'* (wn)Xfo_l (wi 7w721—1)7
k=1

where

Xpor-(@n) X0k ok (wp)

—_|_ i — —,
PY(BYY) PY(AY\ BYY)

an,k,i(w}l) = (1 - 5?)

0<o'<1, i=11, k=1,N,,

X Bok+ (wy)  XALKEH gkt (wy)
: " ;
PO(Bra®) T PAAYT\ Buit)

a:,k,s(w'rzz) = (1 - H’g)

O<pur <1, s=15, k=1N,.

If to introduce the nonnegative set of real numbers

In,Sn
/Yi,s 2 07 1= ]-7-[717 s = 1757‘&7 E ’71',5 - 17 n = ]-7N7
1,8=1
then
1 1.1, 2 27\ _
a,({wy, . wp b {wy, .o wp}) =
1,,,Sn
i—r 1 1\ s+ 2 2 T
E VisCly (Wi .. wp)an (Wi, .. .,wy), n=1,N,
i,5=1

satisfies the condition (14) - (16).

(18)

(19)

(20)

(21)

Really, due to the Lemma 1 conditions, the random values a,({w}l; {w}?}),

n = 1, N, are strictly positive by construction. Therefore, the conditions (14) are

true.

Due to the boundedness of a,({w}l;{w}2}) < C, n=1,N, 0 < C < oo, the

inequalities

/ Xﬂg(w%a'--,wi—lvwiL)XQi(w%?"-vwi—bwi)x

Q0 xQ0

AST(wiy ey W1, W) AST (Wi, W1, W)

Vn(UJ1, cee 7wn—17wrlu w%)

APy (wy)dPy (wy) <
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C/ASg(wl, W1, wh)dPY(w)) < 0o, m=1,N, (22)
Q)

are true for almost everywhere (wy,...,w,_1) € Q,_1, n = 1, N, relative to the
measure P,_;, owing to the inequalities (17) and Foubini Theorem. This proves

the inequality (15). The equality (16) is also satisfied due to the construction of
an({w}l; {w}?). Lemma 1 is proved.

The values, which the random variables a, ({w}L; {w}2}), n = 1, N, constructed
in Lemma 1, take, are determined by the values at points w! € Q%= and w? € QO
for all (wy,...,wn1) € Q1.

On the basis of the set of random values o, ({w}}; {w}?), n =1, N, constructed
in Lemma 1, let us introduce into consideration the family of measure po(A) on the
measurable space {Qy, Fy} by the recurrent relations

Mg:;l,.u,wN—l)(A) = / ngj,(wlv e WN-1, W}V)XQK (Wi, .., WN_1, W) X
09, xQY;
ay({wi, . wy 1, wy ki {wr ey, wi ) X

|: AS]—\‘;(WI; e 7wN—17w]2v) (wl,...,wal,w]lv)<A)+

Vi (w1, .y wn_1, wh, w%) N
AS]:[<W17"‘7WN—1’W]1V) (W1, WN —1,0%) 0/, .1 0/, 2
T TN(A) | dPy(wy ) dPy(wy), 23
VN(W1,--.,wN—1,w]1V,w12v)MN ( ) N( N) N( N) ( )

Mf:.z_li‘..,wn—l)(A) = / X (W1 -+ W, wi))qm (Wi, -y Wn1, W2 X

Q9 xQ9

an({wb sy Wi, w'rly,}a {wla s >wn—17wi})x

ASH(wi, .. wpo1,w?) 1
n s y Wn—1, Wy (W1yeeeswWn—1,wp) A
|:Vn<w17"'7wn17wrlww12l>un ( )+

AST (wiy -y W, W)

(W1 5oy Wr—1,w2) A dP(] 1 dP() 2 _ m 24
Vn(wlv ces Wn—1, w}w wrzz),un ( ):| n(wn) n(wn); n L ( )

o(A) = / Yo ()Xo (@2)on (wh w?) x
Q9= Qf

AST(wW])
Vi(wi,w})"™

AST(w1) (w2

)
V(A
D+ ren o™

<A>] APV (W) APY(u2), (25)
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where we put
PN () = (o wnerawn), A€ Fy. (26)

Lemma 2. Suppose that the conditions of Lemma 1 are true. For the measure jto(A),
A € Fy, constructed by the recurrent relations (23) - (25), the representation

po(A) = /Hwn(wl,...,wn)XA(wl,...,wN)HdPZ-O(wi) (27)

is true and po(Qy) = 1, that is, the measure po(A) is a probability measure being
equivalent to the measure Py, where we put

(Wi, wn) = Xq- (W1, -+ W1, Wh ) Wi (W1, -+ oy wp )+
Xt (Wi, -y Wne 1, W W2 (W1, -y W), (28)
1/J711(W1, e Wh1,Wyy) =
/ng(wl, o Wa, W an({wr, W, wh B W, - W, w2 ) X
Q9
véii <“1 w_‘j;}jg) APY(w?), (Wi, swno1) € Quon, (29)
YW1y W1, W) =
/Xﬂn (Wi -y W1, wham({wi, - o w1, Wil {wr, o W, w2 ) X
Q9
12531 <°J1 w_‘j;;‘ig) APY(wh), (@i wn 1) € Q1. (30)

Proof. Due to Lemma 1 conditions, the set of the strictly positive bounded random
values o, ({w}; {w}?), n = 1, N, satisfying the conditions (14) - (16), is a non empty
set. We prove Lemma 2 by induction down. Let us denote

(Wl,---,WN—lawN)<A)

s — XAl wn). (31)

Then,

/1/)N(W17 e ,walyWN)/L%I’W’WN%MN)(A)dpz%(WN) =
QO
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/ Xay, (wi,... 7WN—1,WN>1/)11\/(W17 e WN-T, WN)M%JI"""UN_WN)(A)dpg(\)/(wzv)—f—
/ Xoog, (@1, N1, W)W (@i, @, W)l N (A)d PR (wy) =

W1,y WN — ,wl
/ Xom (@1, N1, Wh) BR (@1, - w1, Wil NN (A)dPY () +

W1y WN —1,W2
/ Yot (@1, oy )W @, o, W) R (A) AP (R (32)

N

Substituting ¢y (w1, ..., wy_1,wx), Vi (wi,...,wy_1,w%) into (32), we obtain

/I,DN(Wla e ,wN—l,WN)/Lg\U/JIWWthwN)(A)dpj%(WN) =

oy
/ XQX/(WI’ . ,WN—l,w]lv)XQ;(Wb o ,wN,l,w]zV)x
Q9% <Y
an({wr, - Wy, Wik {wr, - wnn, wR ) X
AS]—C(WI, . e ,(J.)N_l,(A)]Qv) (wl,...,wal,w]l\,)
T 2\ MN (A)+
Vn(wi, .. wy—1,Wh, W)
ASy(wi, ... wN—1 wi) (@1 rewn—1,02)
AR ’ T ’ A)| dP%(wi)dPY(w?) =
VN(Wlw'-aWN—l»W]lV’W]z\[)pJN ( ) N( N) N( N)
P (A), (33)

Suppose that we are proved that

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

,uglwl,...,wn,l,wn) (A) _

/ H Yi(wr, o wi)xalwr, ... wn) H dP(w;). (34)

. N i=n-+1 1=n-+1
[ o
i=n+1

Let us calculate
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/ Yalwr, -, W, w4 (A) AP (wn) =
0o

n

<y Wn—1, wn)lp;(wla <oy, Wn-1, wn>M£Lw1,...,wn,1,wn) (A)dpqg(wn)+

Qp,
/XQ; (Wi -y Wt W)W (W1 - s Wy, W )19 (A)d P (wy,) =
Q)
/XQn (wla -y Wn—1, w}z)lprlz(wla sy Wn1, wrlz)uﬁzW1r“7wn_l7w}L) (A)dPg(w}LH—
Qj
/XQi (wh <oy Wn—1; wi)#’?@(wl? ey Wn—1; wi)p&wh...,wnq,w%)(A)dpg(wi).
%o

- Wn_1,w?) into (35), we obtain

Substituting ¢! (wy, ..., we_1, W), V2 (wi, ..

/wn(wl, e Wh 1, wn)ug‘”’”"w”‘l’w")(A)dpg(wn) =
QO

/ XQg(wla'--7wn—17wrlz)XQj(wl7'"7wn—17w721)><
Q0 xQ0
an({wi, . wno,wi b {wr, o Wl w2 x
|: AS:(wla . 7wn—17wi) u(wl""’wnfl’w}”)(/l)—i—
Vn(UJ1, oo awn—lawrylmwrr%) "
AS (wiy ey wWno, W) (@11 02)
wren—190) (A) | dPY(wh)dP2(w?).
Ve lor ol wt) (A)| AP, (w,)d B, (wy,)

From the recurrent relations (23) - (25), we have

Mﬁﬂ""“’"—l)(A) = / Xz (W1 -+ W, w}z)xﬂz (Wi, vy Wno1, W)X
Q0 xQ0
an({wi, . wno, wi ki {wr, W, w2 ) X
[AS;LL(CUL <oy Wn—1,Wn-1, W%) (wl,...,wnfl,wrll)(A)_i_
Vn(wla"wwn—l?w'}zaw%) "

(35)
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AST (Wi W, W)

(remn1 ) (A) | dPY(wh)dPY(w?), n=T,N. (37
Vn(wl,...,wn_l’w}“w%)ﬂ ( ) ( ) n(wn); n , ( )

From the last equality, we have

Mﬁfl’ Hen=1) (A) = /¢n(w1, e Wt W )=o) (VAP (), m=1,N. (38)
o

Substituting into (38) the induction supposition (34), we obtain
i (A) =

/ l_Il/)Z Wiy e wi)XA(Wr, e, w HdPO w;)- (39)

HQO

To prove that po(2x) = 1, let us prove the equality

/lpn(wl, o wn)dPY (W) =1, (Wi, we1) € Qo n=1,N. (40)

We have
/lpn(wl, o wp)dPY(w,) =
0o
//Xﬂn(wl,...,wn_l,w}l)xﬂz(wl,...,wn_l,wi)x
Q0 00
an({wlw"7wn—17w711,};{w1a"'7wn—17wi})x
AST(wry .y wp1,w?)
Valwi, - wpo1, wk w?2)
AS‘(wl e, Wno1 ) 0 0/ 2
n \FL W dP, dP, =
Vn(wl,...,wn_l,wl w?) n(wn)AE, (w7)
//XQ;(wl,...,wn1,wi)xgx(w1,...,wn1,wi)x
Q0 Q0
an({wi, W, wh b {wr, w1, w2 AP (W) )dPY(w?) = 1. (41)

The last equality follows from the fact that the set of random values o, ({w1 }1; {w1 }2),
n = 1, N, satisfies the condition (16). The equalities (40) proves that every measure
(27), defined by the set of random values a,({wi, ..., wil;{w? ... w?}), n=1,N,
satisfying the conditions (14), (16), is a probability measure being equivalent to the
measure Py.
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This proves Lemma 2

Note 1. Due to the equality (40), the contraction of measure pg(A),A € Fn, on
the o-algebra F, of filtration we denote by pg. If A belongs to the o-algebra F,

N
of filtration, then A = B x [ Y, where B belongs to the o-algebra F,, of the
i=n+1
measurable space {Q,, F,}, therefore, for this contraction we obtain the formula

i (A) :/Hlpi(wl,...,wi)XB(wl,...,wn)HdPiO(wi), Be€F,. (42)
O =1 =1

Further, we also use the probability spaces {2, Fn, pi}, n =1, N, where under the
measure puy(B), B € F,,, we understand the measure, given by the formula

a, =1 =1

Note 2. Assume that for o,({wi,...,wl ;;wl}; {w? .. w2 | ,w?}), constructed in

Lemma 1, the inequalities
0<cp <ap({wi, ... ,w L wih{w] .. w2 Wi} <C, < oo,
are true. Suppose that the conditions
AS; (wiy . Wn1,wn) < By, <00, n=1N, (44)

are valid, where c,, C,, B, are constant, then the set of equivalent measures to the
measure Py, described in Lemma 2, is nonempty one.

Proof. Due to Lemma 2 conditions, the equality (14) is true. Further,

[ [ xartelie o o wx

Q0 QY
an({w%, s 70‘)711—17 w}z}; {wi ce 7(")721—1’ wi})x
AST(wyy ey W1, W) AS T (Wi, W1, W)
dPO 1 dPO 2 < B
Vn(wla---ywn—bw}pw%) n(wn) n(wn) — L3

Hwi,...,wr b w02 D) € ot X Dy, (Wi, oy W) € Qi

/ XQ;(wiv"')W}L—lawi)XQj(w%’"'7w121—1’wr2z)x
Q0 x Q9
O‘n({w}a s 7wrlz—1’ w}z}; {w%a s vwi—lv wi})dprg(w}JdPS(Wi) =1,
Hwi, .. wl  Fh{w? w2 ) €Dy X Q. (45)
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The last inequality and the equality (45) means that the conditions (14) - (16)
are satisfied. Note 2 is proved.

For the nonnegative random value o, ({wi,...,wl}; {w?, ..., w2}), given on the
measurable space {Q. x QF F- x Fr}, Fo=F,NQ,, Fr=F, N n=1N,
let us define the integral for the nonnegative random value fy(wi,...,wy) relative

to the measure po(A) using the recurrent relations

MJZJL(WM s 7wn71) =

/ XQ;(wla"'7wn—1aw111)XQ¢(wl7"'7wn—17w121>><

Q0 xQ9

an({wb sy Wno1, w};}a {wla cee >wn717w2})x

{ AST(wyy .y wWn1, w?)

IN (W, W, W)+
Vn(wla"'awn—l,(ﬂ}wwz>#n ( 1y »#n—1; n)

AS (Wi, Wne1, W) gy 5 —
URAELAR rn e Wi dP?(w})dPP(w? =1,N, (46
Vn(wl,---,wn—l,wé7wg>un (wh , W 17wn) n(wn> n(wn>7 n ) ( )
u{f_l(wl,...,w]v_l): / XQ;V(wl,...,wN_l,w]lV)XQx(wl,...,wN_l,w?V)x
Q% xQ
aN({wl,...,wN_l,w}V};{wl,...,wN_l,w?V})x
AS;{,(wl,...,wN_l,w]zv) 1
|:VN(w1’“.7wN_1’w]1V,w]2V)fN<w17"‘7wN—17wN)+
AS]TT(wla"wwN*l?w]lV) 2 0/ 1 0/ 2
b WN_1, dP dP . 47
VN(wla--->WN—17W]1v,w]2v)fN(W1 WN-1,Wy) (Wi )dPy (wy) (47)

From the formula (27) of Lemma 2, it follows that

=1

N N
EMOfN = / Hlpn(wl, Ce ,wn)fN(wl, Ce ,CUN_l,(UN) HdPZO(OJZ) (48)
Qn n=1

for every nonnegative Fy-measurable random value fy(wq,...,wy_1,wn).

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

Theorem 1. Suppose that the conditions of Lemma 1 are true. Then, the set of
nonnegative random values o, ({w}l; {w}?),n = 1, N, satisfying the conditions

EFIAS, (w1, Wne1,wn)| =

N N
/Hybi(wl,...,wmASn(wl, ey Wno1, Wh)| HdPiO(wi) <oo, n=1,N, (49)
i=1

o =1
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is a nonempty one and the convex linear span of the set of measures (27), defined
by the random values o, ({wi, ... ,wl}; {w?, ... ,w2}), n = 1, N, satisfying the con-
ditions (49), is a set of martingale measures being equivalent to the measure Py.

Proof. Taking into account the equality (40), the conditions (49) can be written in
the form

N
/H%wl,... DIAS(wr, - wn 1, wa)| [ dPP(w:) =

i=1

/Ht[}z Wt )AL, w1 wa)| [ AP (ws) =

=1

n—1
1 2
2 / H wla //XQ Wi, - '7wn—17wn>XQ:§(w17”'awn—lawn)x

=1

Qn—l - QO QO
an({wla s 7wn—17w711,}; {wla s 7wn—17wi})x
AST(wiy ey w1, W) AS (W, W1, W) "
Va(wi, -y wpo1, wl w?2)
AP (w})d P (w HdPO (w;)), n=1,N. (50)

Since the conditions of Lemma 1 are true, then the the set of bounded random
values a,({wl, ... ,wi}:{w? ..., w?}), n = 1, N, constructed in Lemma 1, satisfy
the conditions (14) (16).

From the equality (50) for the set of bounded random values a,,({w}l;{w}?),
n = 1, N, satisfying the conditions (14) - (16), we obtain the inequality

N
/1_[1,0Z Wiy .. wi) |AS, (wl,...,wn_l,wn)|HdPiO(wi) <

=1

C’/AS;(wl,...,wn_l,w}L)dPN <o, n=1N, (51)
QN

for a certain constant 0 < C' < co. This proves that the set of nonnegative random
values a,({wi,...,wi};{w? ..., w2}), n = 1, N, satisfying the conditions (49), is a
non empty set.

Let us prove that

/¢n(w17 s awn)ASn<w17 s 7wn)dp7g(w") = 0’

(wl, R ,wn,l) S anl, n = 1,N (52)
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Really,

/¢n(w1, ) AS W ) AP (w) =

//Xgn(wb e ,wn,l,w}l)xgz(wl, e Wno1,W2) X

Qp 93

an({wla sy Wi, w'rll}a {wla s >wn—17w72L})><

AST(wi, . W, w?)
_ n ) ) , W AS o )
|: Vn<wl,...7wn717w w2) (Wla , W 1,(.Un)—|—

AS_ (CL)l e, Wn )
n ) y W A + . PO PO 2y _
Vn<w1’ ey Who1, CU 0.12) S (le y Wn—1,W ) d ( )d n(wn) O, (53)

due to the condition (15).
To complete the proof of Theorem 1, let A belongs to the filtration F,,_1, then

A= Bx H QY where B belongs to the o-algebra F,_; of the measurable space
{1, Fn,l}. Taking into account the equality (41), (53), we have, due to Foubini
theorem,

N
/Hz/)i(wl,...,wi)XA(wl,...,wN)AS Wiy ee W HdPO w;)
i=1
/Hll}i(wl,...,wi)xB(wl,.. s Wno1)AS, (w1, ..., w HdPO w;)
g i=1
n—1 n—1
/Hzpi(wl,...,wi)XB(wl,...,wn_l)HdPio(oJi)X
anl =1 =1

/lpn(wl, o W) AS, (Wi . wy)dPY (w,) = 0. (54)

The last means that E#0{S, (w1,...,ws)|Fn-1} = Sn-1(w1,...,ws_1). Since every
measure, belonging to the convex linear span of the measures considered above, is
a finite sum of such measures, then it is a martingale measure being equivalent to
the measure Py. Theorem 1 is proved.

Our aim is to describe this convex span of martingale measures in particular
cases.
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[V. INEQUALITIES FOR THE NONNEGATIVE RANDOM VALUES

In this section, we prove some inequalities, which will be very useful for to prove
optional decomposition for super-martingale relative to all martingale measures.
First, we prove an integral inequality for a nonnegative random variable under the
fulfillment of the inequality for this nonnegative random variable with respect to
the constructed family of measures p(A). Further, using this integral inequality for
the non-negative random variable, a pointwise system of inequalities is obtained for
this non-negative random variable for a particular case. After that, the pointwise
system of inequalities is obtained for the non-negative random variable in the general
case. Then, using the resulting pointwise system of inequalities, the inequality is
established for this non-negative random variable whose right-hand side is such that
its conditional mathematical expectation is equal to one.

Definition 1. Let {Q,F1} be a measurable space. The decomposition A, g, n,k =
1,00, of the space §21 we call exhaustive one, if the following conditions are valid:
-Z) An,keJl—-l) An,kmAn,s:®7 k’#S, U An,k:Qla nzl,oo,

k=1
2) the (n + 1)-th decomposition is a sub-decomposition of the n-th one, that is, for
every j, Ap+1,; C Any for a certain k = k(j);
3) the minimal o-algebra containing all A, ., n,k = 1,00, coincides with F.

Lemma 3. Let {Q,F1} be a measurable space with a complete separable metric
space 0y and Borel o-algebra Fy on it. Then, {Q4, F1} has an exhaustive decompo-
sition.

The proof of Lemma 3 see, for example, in [15], [16].

For the proof of integral inequalities, we cannot require the fulfillment for the
random values a,({wi,...,wi};{w? ... w?}), n = 1, N, the condition (15) in the
Lemma 4.

Lemma 4. Suppose that Q° is a complete separable metric space, F° is a correspond-

ing Borel o-algebra on Q°, n =1, N, and the conditions of Lemma 1 are valid. If,
on the probability space {Q_1, Fp_1, g '}, for each B € F,_1, ug " (B) > 0, the

nonnegative random value fp(wq,...,w,_1,wy) satisfies the inequality
1 n n
?//Hlﬁl(wl,,wl)fn(wl,,wn)HdPZO(wz) S 1, B G.Fn_l, (55)
o (B) B o =1 i=1

then the inequality

/wn(wl, oy wn) fa(wr, - wn)dP(w,) <1,
Q0

{wla s 7wn—1} € Qn—la n = 17N7 (56)

18 true almost everywhere relative to the measure P, ;.

Proof. The metric space €2, 1 is a complete separable metric space with the met-
n—1

ric p(xay) = Z pZ('xla yl)a where z = (1'1, s 7xn71)7 Yy = (?/1, s 7yn71) € anb
i=1

1=
(zi,y:) € Q0 pi(wy,y:) is a metric in QY. This means that the metric space
Q,,—; has an exhaustive decomposition{Bmk};’,kazl. Suppose that (wi,...,w, 1) €
B, for a certain k, depending on m, and there exists an infinite number
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of m for which ug_l(Bm,k) > 0. On the probability space {Q,_1, Fn_1, 10 '},
for every integrable finite valued random value ¢, 1(ws,...,w, 1) the sequence
E“g_l{gon,l(wl, oy Wno1)|Fm} converges to @, 1(wi,...,w, 1) with probability
one, as m — oo, since it is a regular martingale. Here, we denoted F,, the o-
algebra, generated by the sets By, x, k = 1, 0c.

It is evident that for those B,,, for which uf ' (B,,1) # 0,

Eﬂg_l{@n—l(wlu ce 7wn>’]}m} -

f Qon—l(wlu s 7wn—1)d,ug_1
Bm k
’ n—1 ) (wl, C ,wn) S Bm,k- (57)
2%} (Bm,k)
Denote A, = Ay (w1, . .., wp—1) those sets By, for which (w1, ...,wy,) € By, for
a certain k, depending on m, and p{ '(4,,) > 0. Then, for every integrable finite
valued ¢, 1 (w1, ..., w,_1)

[ on1(wis. o wpe1)dpg ™!
Am

lim = n_1(wi,. .., Wn_1) (58)

m—+00 po (Am)

almost everywhere relative to the measure p{~'. If to put

Pn—1(W1, -+ Wno1) =
/d;n(wl, oy wn) oW, - wn)dPAwy), (Wi, wee1) € Qi (59)
0o
then we obtain the proof of Lemma 4.
In Theorem 2, we assume that for AS, (w1, ...,w,_1,w,), n = 1, N, the repre-
sentation

ASn(wly sy Wn1, wn) =

Sn—l(wla cee 7wn—1)an(wla .oy, Wo—1, wn)nn(wn) -
dp (Wi, .oy Wne1, W) (w), n=1,N, Sy>0, (60)
is true, where the random values d,,(w1, . ..,Wp_1,Wn), an(W1, ..., W1, Wn), Nn(Wn),

n =1, N, given on the probability space {Q,, F,, P,}, satisfy the conditions

0<ap(wi,. .,wn-1,wn) <1, 14ay(w, ...,wn_1,wn)Nn(w,) >0,
dp(wi, .. wno1,wn) >0, Plnp(w,) >0)>0, P'nu(w,) <0)>0. (61)

From these conditions we obtain Q, = Q% x Q, ;, QF = Q% x Q, ;, where
Q0 = {w, € D ny(w,) <0}, Q0 ={w, € 2 n,(w,) > 0}.

From the suppositions above, it follows that P°(207) > 0, P%(Q°F) > 0. The
measure PY~ is a contraction of the measure PY on the g-algebra F2~ = Q0= N F2,
PY* is a contraction of the measure PY on the g-algebra FOT = Q0T N FO.
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Theorem 2. Let QY be a complete separable metric space and let F? be a Borell
o-algebra on QY, i = 1, N. Suppose that for AS,(wi,...,wp_1,wy), n = 1, N, the
representation (60) is valid and Lemma 4 conditions are true. Then, for the non-
negative random value f, (w1, ... ,w,_1,w,) the inequalities

ASH(wyy .y wno1, w?)

X9~ ( )XQO+( ) Vv (wl fn(wh <oy Wn—1, wrlL)+

1,2
C Wno1, WL w?2)

AS, (wy, ... wn1,w))
Vn(Wb ey Wn—1, wrlw w%)

fn(wla see 7wn717w721) S 17

(Wi, wWn1) € Doy, (Whw?) € Q0 x Q% n=1,N, (62)

are true almost everywhere relative to the measure P,y x P°~ x P on the mea-

surable space {Q,_1 x Q07 x QOF F, | x FO7 x Fot}.

Proof. Under Theorem 2 conditions, the set of martingale measures is a nonempty
one. Due to the equality (40), we obtain

N
/Hi,b,(wl, )fn W1ye oo, W HdPOwl =
QN =1

/Hi,bi(wl, .. )fn W1y oo s W HdPO wz (63)
o =1

Further,
/wn(wl,...,wn)fn(wl,...,wn)dPS(wn) =
0
//Xﬂn(wl,...,wn_l,w}l)xﬂz(wl,...,wn_l,wi)x
Qg Qf
an({wla"';wnflyw}z};{wla"'>wn717wg})x
ASH(wyy .y wn1, w?) 1
|:Vn(w17...;wn—17w1 w2)fn(w1,...,wn_1,wn)+
AS (wiy ey Wi, w))
no R R f (Why ey W dP)(wy)dPY(w?). 64
Vn(wl7.”,wn_17w%7w%)f (wh Wn—1, W ) ( ) n(wn) ( )
Xa; (wlv v 7wrlz) = XQpn1 (wlu R ,anl)st?; (w111>7
Xaot (wlv s 7"‘}121) = Xﬂnﬂ(wl’ S 7(")71—1))“291+ (wi) (65)
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Due to Lemma 4, the inequality

//XQO XQO+( )an({wla'"7wn717wi};{w17"'7wn717w3})x

Q0 QO
AST(wy,y .oy wn1, w?) .
[Vn(wl,---,wn1,W}l,w%)fn(wl"”’wn_l’wn)_*—
ASE(M,...,wnfl,wi) folw , W ) dPO( )dPO(WQ) <1 (66)
Vn(wlv"-ywnfl)w}ww%) w1, @ n\Wn) = 4

is true almost everywhere relative to the measure P,_; on the o-algebra F, ;. Let
us put

CYn<{QJ1, <, Wh—1, wrlz,}a {wla <oy Wn-1, UJZ}) - an(w}@; wi)a (67)

where a,(w};w?) satisfy the condition
/ / (Wl w2)dPY(wh)dP? (w?) = 1. (68)
-t

Since, on the probability space {Q0~ x Q0T FO= x FO+ PO~ x PO+l there exists an
exhaustive decomposition { A, x}50,—, let us put

1., .2 1., .2

1 2 XAy, k(w’m wn) XQ?fXQ%Jr\Am k(wru wn)

ap(w;w2)=(1—c¢ : +e , ’
( )= ) fon (A i) 1 (0= % QO+ \ A, 1)

n? n

(69)

where p,(A) =[PP~ x PYT](A), A € FO~ x F, and we assume that j, (A, x) > 0,
pn (07 x Q0T \ A, ) > 0. Suppose that (w};w?) € Ak and (A, k) > 0 for the
infinite number of m and k. Then,

1 2
Xy, (Whiw?)  Xao-xaoh\a,, , (Wniwn)
1— ’ :
[ [ e | 0= 9 M T |
Q0 Q0
ASH(wyy .oy wn1, w?) .
|:Vn(w1"”’wn_17w1 wQ)fn(Wh,wn_l,wn)—i—
ASg(wl""’W”’l’w’%‘)f (Wi, -y W1, w2) | dP(WHAPY(W?) < 1 (70)
Vn(wl,...,wn,l,w%,w%) n\Wi, -« Wn—1,W n\%n) = +-

Going to the limit as m, k — oo and then as ¢ — 0, we obtain the inequality

AST(wy, . W, w?
X (D (w3) | e )

1
CWhe1,wh w?) Fulen - @nmgyon) ¥

AS=(wy, ... wp1,wh)
Vn(wl, o, Wh—1, w%? w721>

fn<w1,...,wn_1,wi>}31, (@1r o at) € Qur, (T1)
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which is valid almost everywhere relative to the measure p,,. Theorem 2 is proved.

Lemma 5. Let Q° be a complete separable metric space and let F° be a Borel o-
algebra on Q°, n =1, N. If the conditions of Lemma 4 are true, then the inequality

XQ; (w17 . ’wn*l’w}l)XQj{ ((.Ul, C 7wn71’wi)x
ASJ((JJl, ce . 7wn_1’wr’21) )
_ +
Vn(wh‘"7wn—17w,}l,w%)fn(w1’ , Wn 17wn)
AS;(W:[, PN ’wn_17w}l)

folw, e ,w2)| <1, (Wiyee o Woi1) € Qu, (72)

Volwi, .oy wpo1,wh, w2)

is valid almost everywhere relative to the measure B,_1 X [P° x P°] on the measurable
space {Q,_1 x Q0 x Q0 F, 1 x F? x FO}.

Proof. Due to the conditions for !, a = —, +, the representation
Nn,
Q= Ay x Vi) (73)
k=1

is true. Owing to Lemma 5 conditions, there exists an exhaustive decomposition

— o —
Dr.. m,i=1,00, such that |J D, = Q% m =1,00. Let us denote A¥** N D", =

mae)
=1

Em™a Tt is evident that E™:® forms an exhaustive decomposition of sets A%*¢ n =
1,N, k=100, a = —,+, correspondingly. Due to Lemma 4, the inequality

/wn(wl, ooy W) fulwr, . ,wn)dpg(wn) <1, (Wi, - yWn-1) € Qp_1, (74)
QO

is true almost everywhere relative to the measure P, ;. The equality

/wn(wl,...,wn)fn(wl,...,wn)dP,?(wn) _
00

//XQn(Wh o ,wn_l,w,,ll)xﬂi(wl, e Who1, W)X

Q0 QO
an({wr, . wnon,wp b {wr, - Wt W) X
ASJ(WI, e, Wh—1, w?l) )
Wie oo e s Wp_ 1, W )+
[Vn(wl""7W7Z—17w,11,w%)fn( 1, , Wn—1, n)
ASE((JJl,...,WH_l’wé) ,
TAErr LIS EEA] CUACALACA N )
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is valid. From the equality (75) and Lemma 4, the inequality

//Xﬂn(wla"'awn—law'rll)XQfl(wla"'7wn—1aw721)><

Q) a3

an({wh sy Wno1, w'rll}a {wla s 7wn—17w721})><

ASI<W1a---,Wn71,Wi) 1

|:Vn(w1>"'7wn—1,w}l,w%)‘fn(w1"“’Wn_l’wn)—'—
AST:<W17"‘7W’IZ—IJW'}L) 0 0/ 2
vn(wh,,_’wnfl,wljwz)fn(wl,...,wn Lw?) | dPY(wh)dPo(w?) < 1, (76)

is true almost everywhere relative to the measure P,_; on the o-algebra F,_;. Let

us put
Np
o’ (w%’ 7w711) - Z nk?‘s(w )XAO’C (wn)XV,’f l(wlv ?wrlL—l)v
k=1
Ny,
™ (wi Z F ems (@WEX g0k (WD)Xvr (W7, wh ),
k=
a ™ (i, wn b el wnd) = et (Wi w e T (Wl wy),  (7T)
where

_ AN PO ij—(“i) XAQ’“—\E;IS’C—(WTIL)
an,k,r,s(wn) - ( - )Po(Enk,) Po(AOk, \ Enk,)

)

X i+ (W) X AQk+\ grk+ (wir)
mi — + g mi —
PUERT)  PRAY\ ELET)

, 0<d<l (78)

O gom,i(Wh) = [(1 —0)

In the formulas (78), we assume that the inequalities
PY(ET) >0, PYAYT\EST) >0, PUEL") >0, PY(AS\ELR) >0, (79)

are true. Let us consider

oz:f’m’i({wl, e, W1, w}l_l}; {wi, .., Wn1, wi}) =
™ (w Wno1, Wi )™ (w Wno1,w?) (80)
n 1y« yWn—-1,Wy, 1y« yWn—-1,Wy, ).

Suppose that (wy,...,w, 1) € V¥ | for a certain k. Then,
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a;,s,m,i({wh ey Who 1, (,UTIL,I}; {wl, ey Who1, wi}) =
(1—0) X grk— (wp) X A%k =\ grk— (wy)
PUEN™)  PYAY\ Ef)
[ X pnk+ (wi) X AOk+\ pnk+ (wi)
(1—0)me g2 (81)
PUERT)  PYAYN\ ELET)

We assume that the point (w)!,w?) € E™= x E"™* for the infinite number of r,s
and m,i , where PO(E"™~) >0, PY(E™*) > 0.

Substituting (81) into (76) and going to the limit as m,k — oo r,s — oo and
then as § — 0, we obtain the needed inequality. Lemma 5 is proved.

Theorem 3. Suppose that the conditions of Theorem 2 are true. If for a certain
wt € Q% and w? € Q8 the inequalities

1
(wl,--.,wsnlf)eﬂn_l AS (Wi - e Whe1, W) =
1 S
(wl,--.,wili?)enn_l ASH(wi, ..., wp-1,w) <oo =LA (82)
are true, then the nonnegative random values f,(wy,...,wn_1,w,), n = 1, N, satisfy
the inequalities
falwi, oy wno1,wy) <
(14 Ypo1 (Wi, s Wne1)ASp (Wi, . ., Woe1,wn)), n=1,N, (83)
where Yp_1(w1, ... ,wp_1) i a bounded F,_1-measurable random value.
Proof. From the inequality (71), it follows the inequality
folwi, .. wp1,w?) <
1+ 1A_S§?Eil,7......,:ini£%)AS’T(W“ W, w?), wh e Q0 W e Q0 (84)
Let us define
, 1— folwr, . wp_1,w!
e
then, taking into account the inequality (84), we obtain the inequality
folwiy w1, w2) <14+ Y (Wi, ey W 1)AST (Wi, wh1, W2). (86)

From the definition of 7,,_1 (w1, ...,wn_1), we obtain the inequality
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frlwi, .y wn1,wh) <1 — vy 1 (Wi, e Wa1)AS, (Wi, -+ Woe1, W2, (87)

The inequalities (86), (87) give the inequality

fn(wb s 7wn—1>wn) S I+ Vn—l(wla s >wn—1>ASn(wl7 sy Wno1, wn)- (88)
Let us prove the boundedness of 7,1 (w1, . . . ,w,—1). From the inequalities (86), (87)
we obtain
1
ASS(wyy ey w1, wh)

( ) > 1 (59)

1 (Wi Wp1) > — .

1181 ! ASH(wy,y .. Wy, w2)
Due to Theorem 3 conditions, we obtain the boundedness of ~,_1(w1,...,wh_1).
The F,_1 measurability of the random value 7, _1(ws,...,w,_1) follows from the

fact that Q¥ is separable metric space and infimum is reached on the countable set,
which is dense in QY. Theorem 3 is proved.

Theorem 4. Let the conditions of Lemma 5 be valid. If there exist wl € A%~ w? €
A%+ and the real numbers ay, by, k=1, N,, such that

1
AST(wry .oy wWp—1,w}h)

sup = a; < 00,

(w17~-~7wn—1)€fo_1

1 _
sup =b<oo, k=1,N,, n=1,N,
(W1yeswn—1)EVE | Asg(wla ey Wn—1, w%) g
Jhax, sup max{ay, by} < oo, (90)
then there exists a bounded JF,_i-measurable random value vy, (w1, ..., w,_1) such

that the inequalities

fn(wh s 7wn—17wn>) S

(1+vn1(wi,y ey wn1)AS, (w1, -+ oy wp1,wy)), n=1,N, (91)
are true.

Proof. For wl € A%~ w2 € A%* and (wy,...,wn_1) € VF,, we have that

(Wi ey wWne1,wp) € Q) (wiye .y wno1,w2) € QF. Then, from the inequality (72),
we obtain the inequality

ASg(wl, ey Wn—1, w%) )
Vn(wl,...,wn_hw}ww%)fn(wly...,wn—1,wn)—|—
AS= (wrs o1t

n(wla , Wn—1 wn) fn(wl,---,wn_l’wi) S 1. (92)

Vn(wl, o, Wh—1, w}ww%)
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From the inequality (92), it follows the inequality

1— fu(wi,. . wpo1,w))
2 n 9 ) n 3 n 4 9
nwa-..ywnfawn §1+ ASRW,...,wni,wn. 93
f< ' ! ) ASE(wl,...,wn_thlJ ( 1 1 ) ( )
Let us define
(Wi W) =
) k
£ °s, e Wp_1) EVE 94
{“’Tllelg%ki} Asg(wlw"awn—bw}z) <W1 « 1) n—1 ( )

then, taking into account the inequality (93), we have the inequality

fulwi, .y wnog, w?2) ST HAF (Wi, wns ) AST (w1, .+ W, W), (95)
From the definition of v* (w1, ...,w,_1), we obtain the inequality
falwr, . wno,wh) ST —AF (Wi, wn ) AS, (Wi, .. Woe1, W), (96)

The inequalities (95), (96) give the inequality
fn(wh ce 7wn—17wn) <1+ ’77]—2—1(("}1’ s 7wn—1)ASn(w17 ey Wn—1, wn)- (97)

Let us prove the boundedness of v* | (wy, ..., w,_1). From the inequalities (95), (96),
we obtain the inequalities

1
AS~(wyy vy, wh)

ap = sup
(wl,...,wnfl)GV,iI

1

= —b.
ASH(wry .. w1, w32) k (98)

k
Vo1 (W1, wpg) > — sup
(wl,...,wn_l)EVf_l

From this, it follows the boundedness of v* | (wi,...,w,_1). The F,_; measurability
of the random value v* | (wy,...,w,_1) follows from the fact that Q¥ is separable

metric space and infimum is reached on the countable set, which is dense in Q2. To
complete the proof of Theorem 4, let us put

Nn
/yn—l(wla s awn—l) = Z va_l((wh s ywn—l)’ys—l(wb s 7wn—1)7 (99)
k=1

then for such ~v,_;(wi,...,w,—1) the inequality (91) are satisfied. Theorem 4 is
proved.
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V.  OPTIONAL DECOMPOSITION FOR SUPER-MARTINGALES

In this section, we give simple proof of optional decomposition for the nonnegative
super-martingale relative to the set of equivalent martingale measures. Such a proof
first appeared in the paper [16]. First, the optional decomposition for diffusion
processes super-martingale was opened by El Karoui N. and Quenez M. C. [21]. After
that, Kramkov D. O. and Follmer H. [22], [23] proved the optional decomposition for
the nonnegative bounded super-martingales. Folmer H. and Kabanov Yu. M. [24],
[25] proved analogous result for an arbitrary super-martingale. Recently, Bouchard
B. and Nutz M. [26] considered a class of discrete models and proved the necessary
and sufficient conditions for the validity of the optional decomposition.

Theorem 5.  Let QY be a complete separable metric space and let F? be a Borell
o-algebra on 9, i = 1, N. Suppose that the evolution {S,(wy,. .. ,w,)}N_, of risky
assets satisfies the conditions of Theorems 1, 2, 3, 4, then for every mnonnegative
super-martingale {f1(wi, ... ,wn) 1y relative to the set of martingale measure M,
described in Theorem 1, the optional decomposition is true.

Proof. Without loss of generality, we assume that f}(w;,...,w,) > a, where a is
a real positive number. If it is not so, then we can come to the super-martingale
fHwi, ..., wn) + a. Let us consider the set of random values
fHw, .o wn) -
folwr, ... wy) = L , n=1,N. 100
( ) faci(i, o wo) (100)
Every random value f,(ws,...,w,) satisfies the conditions of Lemma 4. Due to
Theorems 3, 4, the inequalities
falwi, - wn) _
n < T4+ vYpq(wi, .o ywno1)AS(we, ..o ywy), n=1,N, (101
o o) ( JAS,( ) (101)
are true, where 7,_1(wy,...,w,_1) is a bounded F,_j-measurable random value.

Since EQ|AS, (wy,...,w,)| < oo, Q € M, we have
By 1(wi,. . wn 1) AS, (Wi, .. w)| Fuoi} =0, QeM, n=1,N. (102)

Let us denote

=

{2(w1, cooywn) =1+ v 1 (Wi, 1) AS, (W -y wy), n= (103)

Then, from the inequalities (101), we obtain the inequalities

fi(wl, cey W) <

1wy W) L (wr, w0 ) [E (W w) — 1], n=1,N.  (104)

Introduce the denotations

gn(wb cee 7wn) =

—fHwr, . wn) F (W W 1)E (W, wy), m=1,N. (105)

Then, g,(wi,...,w,) >0, n=1,N, and
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E9g(wi,. .. wn) < E9fNwr, .o wn) + B9 wy, . wns). (106)
The equalities (105) give the equalities

fHw, .. w,) =
fi+ En:fg_l(wl, wne) [ w) =1 =) gilwr, . wi), no=1,N.(107)
i=1 j
Let us put
My (wi, ... wn) = fo + zn:f}l(wl, o wie ) (W, w) — 1], n=1,N,(108)
then EQ{M, (w1, ... ,wn)|Fn1} = M, 1(wi,...,w,_1). Theorem 5 is proved.

VI. SPOT MEASURES AND INTEGRAL REPRESENTATION FOR
MARTINGALE MEASURES

In this section, we introduce the family of spot measures. After that, we obtain
the representations for the family of spot measures and define integral over these
set of measures. The sufficient conditions are found, under which the integral over
these set of measures is a set of martingale measures being equivalent to the initial
measure. The introduced family of spot measures is a family of extreme points for
these set of equivalent measures.

We give an evident construction of the set of martingale measures for risky
assets evolution, given by the formula (9). First of all, to do that We consider a
simple case as the measures P is concentrated at two points w!,w? € QO where
wl e A% w2 € A% for a certain k, depending on n, for the representatlon Q.
and 7, given by the formula (5). Let us put P2(wl) = pF, PY(w?) =1 —p%, where

0 < p¥ < 1. Then, to satisfy the conditions (14) - (16), we need to put

1 -
1 1 2
n e : e _ =1,N, 109
a ({wl wn} {wl n}) (1 pn) n ( )
and to require that
AS (Wi, W1, W) <00, (Wiyee . Wno1,wh) € Q0
ASH(wi, .. wno1,w?) <00, (Wi, .., We 1, w?) € Q. (110)

Let us denote gy, 23, {wh W 1(A) the measure, generated by the recurrent relations

(23) - (25), for the measures P?, n = 1, N, concentrated at two points. For the point

{wh w2}, o {wh, Wi} € Qn X Qy, the recurrent relations (23) - (25) is converted

relative to the set of measures ,ui v w;w}” 0o }(A) into the recurrent relations

{w]l\f W

P (A) = o (@1, w1, Wh) Xt (@1 o1, 03 X
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+ 2
ASN(wlu v ,CUNfl,WN) (w17-~~7WN—1:w]1\7)

A)+
VN(wb""WN—l,w}V,w]Q\,)MN (A)
ASR (W1, - WN-1,Wh) (@113
N1} A, AEe Fy, 111
VN(wlw'-;WN_hw}v,w?v)uN ( ) N ( )
F{(:)171:’W;QS:L7Tg"')ll\l"“’12\{}(14> - XQr_L <w17 R W:L)XQI (wla e, W1, WVQL) X
ASF 01 @) (e
n(wly , W lawn) ( 11,..., 712,17 }L) L (A)+
Vn(w1, ce ,wn_l,w}w w%) {wh w2 b {wh i}

— 1
ASn (wla sy Wn1, wn) (W15eeerwn—1,w32)
1 2 1 2
Vn<w1’ P 7wn71; (,U,rlw w%) {wn-‘rl?wn_'.l},uv,{WvaN}

(A)|, n=2N, AecFy, (112)

b a2}l ) (A) = Xor (1) Xor (W]) X

AST(W2)  (wh

Vi(w!, w2) Heb b (k)

AST (wi) ()

Vi(w!, w2) b b (k)

(A) + (A, (113)

where we put

M%-’lr""‘)N*l’WN)(A) = XA(UJla sy WN—1, WN)? A€ FN' (114)

The recurrent relations (111) - (113) we call the recurrent relations for the spot

MeASUIes g1 2y, (wh w2} (A):

Let us consider the random values

1l)n(W17 cee 7wn) - XQ;(wh s 7wn—17wn)¢711(w17 cee awn)+
Xm(wl,...,wn_l,wn)lﬁi(wl,...,wn), (115)
where
Y (Wi, .. Wne1, Wh) = Xoi (Wi, - - - , Wno1, W2) X
AST(wyy oy wn1, w?)
n Wby Wn 1 %) W) €, 116
Vn(wb e Wn—1, w}t,w%) (wl “ 1) ' ( )
Y2 (Wi, Wn1, Wp) = X (Wi, - - , Wno1, Wh) X
AS‘(wl e, Wh—1 wl)
n ey W1 %) e wn) € Q. 117
Valwi, ooy wno1,wl w?) (o “n-1) ! (117)
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Lemma 6. For the spot measure N{w},wf},...,{w}v,w]?v}<14) the representation

Pt w?

2 2 N
E E 1
o .. H l/J](wl PECEEEEIY
i1=1 in=17=1

15 true.

},...,{w}v,w?\,} (A) =

w;'j)XA<wila"'aw§\]fv)a AeFN?

(118)

Proof. The proof of Lemma 6 we lead by induction down. Let us prove the equality

(wW1yeeswN—1) .
{UJIlV7UJ]2\7} ! (A>_
2 .
Z Yn (Wi, wn-L W )xa(wr, - w-1, Wy ).
in=1
Really,
wN(Wlw'-7°JN—17°J]1V)XA(W1>---awN—laW]lv)+
YN (Wi, wno1, wh)Xa (W, - WN—1, W) =
ASH(wry . N1, wh)
1 2 N\W1, sWN—-1,WN
- 1, W W1y oo s WN_1, W
XQN(wla sy WN—1, N)XQ;( 1 sy WN—1, N)VN(CU]_,...,CUN_17CL)]1V’W]2V)
ASy(wi, .. wy_1,Wk)
1 1 N 9 ) y VN
— _ Wiy oo e s WN_1, W
XQN(wla s WN 17WN)XQ$( 1, s WN—-1, N>VN(W1,---,WN71,WA/1V,W]2V>
XA(wlv"'7wN—law]1V)+
ASH(wr, . Wy, wh)
2 2 N\W1, yWN—-1,WN
— _ W1y e oo s WN_1, W
XQN<(JJ17 s WN 17wN)XQ;( 1, s WN—-1; N)VN(Wlp--,wal,W]l\[,W]z\[)
ASy(wi, .. wy_1,Wk)
1 2 N ) ) ) YN
- _ Wiy oo yWN_1, W
XQN(wla s WN 17WN)XQ$( 1, s WN—1, N)VN(Wl,---,WNfl,W}V,W?V>
XA<W1,...,WN_1,CU]2V):
XQ;V(wl,...,wN_l,w]lV)XQﬁ(wl,...,wN_l,w]QV)x
AS]J\?(wl,...,wN,l,w?v) 1
XalWi, ..., WN_1,W +
Vi (wi, ..y wn—1, wh, w%) (@, @)
ASy(wi,. . wN_1,wWk)

Vi (wr, ..

1
Sy WN-1, W, Wy

Z)XA(Wl,-o-,WN_l,W?V) ) AG‘FN

(119)

X

+

X

(120)
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The last prove the needed. Suppose that we proved that the equality

M(wl,...,wnq,wn) (A) —

{wni1wp b fwy @i}
2 2 N
int1 ij int1 iIN
E E H P (Wi, s Wy W W ) XA, W, W WY,

Ae Fy, (121)

is true. By the same way as above, we have

2 .
Z ‘(/Jn(wh ey Wpo1,W )/’LE(L:)L e 17wn ) (A) -

n+1’ n+1}’ ’{wN’wN}

in=1
XQ; (wh sy Wno1, w'rIL)XQ:g (wla ey Wn—1, WZ)X
AS,,J{(le e, Wh—1, UJ,,QZ) (wl,...,wnfl,w,,ll) (A)+
Vi(wi, ..., wn1, wk, w2) " npren b Ao ok}
ASE (wl, e, Wh—1, w;) (W1 yeeesWir—1,w2) (A) _
Vn(wh e, Wno 1, w}” w%) {erl+17w721+1}:-~~7{w11\7’w12\7}
e jgw}ww%v}(A), A€ Fy. (122)
The last proves Lemma 6.
Let us define the integral for the random value fy(ws,...,wy_1,wn) relative to

the measure fug,1 2y

1(A4) by the formula

1 2
,...,{UJN,WN

/ In(wiy o W1 WN) ARl 02y w2} =

2 2 N
Z...ZH (Wi wd) (Wit W), (123)
i1=1 in=1j=1

To describe the convex set of equivalent martingale measures, we introduce the
family of a-spot measures, depending on the point ({wj, {wl} S Awk, {wi}) be-
longing to 1y x Qy and the set of strictly positive random values

an({w%, o ,w,ll_l,w,ll}; {w%, . ,wi_l,wi}), n=1N, (124)

at points W, = ({wi,...,wi};{w? ..., w?}), being constructed by the point

o wit, o oy, wi ).
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Further, in this section, we assume that the evolution of risky asset is given by
the formula (9). Therefore, in this case

Q=00 x0,, QU =02"x%x0,,, n=1N, (125)
and the condition (16) is formulated, as follows:
/ XQQL* (wflL)XQS+ (wi)an({wia ce 7wrlzfla wi}) {w%7 ce 7w121717 wi}) X

Q0 x Q9

dPY(w))dP?(w2) =1, n=1,N. (126)

Let us determine the random values

IPS(Wlu s 7(")71) = XQ;(wla s 7wn—1awn)¢7lz(w17 s 7wn)+
XQ; (wla ceeyWno1, Wn)‘/)i(Wla s 7wn)> (127)
lpyll(wlu"-vwnflawn> =
O‘n({w%""awrlz—l’wib};{w%w-->w721—1?w2})XQ:{(w17--'awnflawi)x
ASH(wry .y wno1, w?)
1) €Q,_ 128
Vn(wl,---;wn_hw%,w%), (wh y Wn 1) n—1, ( )
¢Z(w17"'7wn717wn> ==
an({w%,...,w,ll_l,w}l};{wf,...,wi_l,wi})xm(wl,...,wn_l,wi)x
AST (Wi, .y Wno1, wl)
1) € Q,_1. 129
Vn(wlw'-awnfl’wyluw%), <w1’ o 1) el ( )

Let us define the set of a-spot measures on the o-algebra Fy by the formula
2 2 N '
i (A) =Y > TTws i wf)xalwi .. W), A€ Fy,  (130)
=1 iy=1j=1
and the set of the measures

NO(A) =

2 2 N
D vt wi)xalwtt, . wi )dPy x dPy, A€ Fy. (131)

Qnxay 1=l in=1j=1
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Theorem 6. Suppose that the conditions of Lemma 1 are true. If the strictly positive
random values

an({wi, ... wili{wl, ... W2}, n=1,N, (132)
given on the probability space {Q, X Qpn, Fn X Fn, Py X By}, n =1, N, satisfy the

conditions (126), then for the measure po(A), given by the formula (131), the rep-
resentation

po(A) =
N
H ai({wiv s ?wil}; {w%v s 7w?})ﬂ{w%,w%},...,{w}v,wf\,}(A)dPN X dPx (133)
QNXQN =1
18 true.
Proof. Due to Lemma 1, the set of random values o, ({wi,...,wl};{w? ... w?}),

n = 1, N, satisfying the conditions (126), is a non empty set.

We prove Theorem 6 by induction down. For the spot measure the relation

(wh---,wNA)(A) _

ot w2y

XQ;\,(M,«--7WN—1,W}V)XQ;(M1,...,wN_l,w]?V)x
ASJJ\r/(wla L WN_1,WY) 1
Wiy e WN_1, Wr )+
VN(wh"'Jwahw]lV’w?\/)XA( b yWN-1, N)
ASy(wi, ... ,WN—1,WN) )
wi, . WN-L W) | A€ Py 134
VN(Wl,---,qu,w}V,w?V)XA( 1 s WN-1, Wi N (134)
is true. Multiplying the relation (134) on ay({w;, .. .,wk_, Wi} {w?, ..., Wi, Wi}

aﬁd after that, integrating relative to the measure Py x Py on the set Q% x Q%;, we
obtain

[ [antteh bbbt ko wkhx

0 0
QN QN

=D Y GPY (WL )dPY (W) =

{wywi}

//O‘N({wiv cee 7w]1V—17w]1V}; {wfv e aWJQV—lvaZ\T})X

oy 9y

XQ;,(Wla o ,wN,l,w]lV)XQ}(wl, . ,wN,l,w]ZV)x
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ASH(wr, . wn_1, wh)

1
Tt VA k)
ASy(wi,- .., wn-1,wy) 2 0/ 1 0/ 2
W~ dPY (W) dPY (W) =
Vn(wr, - wn- 17WN>WN)XA<W1’ s wWn-1,Wy) | dPy(wy)dPy(wy)
pEEND(4) A € Fy (135)

Suppose that we proved the equality

/ H ai(fwl, o Wb W 6 W W W Y) X

i=n+1
[ [29x90)
i=n+1
(W15eee0n) 0(w 0 (W1yees0n)
M{wi+1’“’3+1}:-w{w}v"“1\r} H dP dP( ) 'unl i (A) (136)

i=n+1

Then, using the induction supposition (136), the relation for the spot measure

M(wl,...,wn_ﬂ (A) _

{wrlww%}vmv{wzl\]vw?\]}

Xo: (Wi, - - - ,wn_l,w,ll)xgz(wl, W1, W2) X
AS:(Wl, ey, Wp—1, WZL) (wll,...,wg_l,w,ll) L (A)+
Vn(UJl, e ,wn,l, U)}l, w%) {wn+17wn+1}7"'7{wN7wN}
AS; (wla coe, Wh—1, wk) (wl,...,wnfl,w%)
Vn(wly sy Wn1, wylw W%) {w;lzﬂ»wiﬂ}r"f{“zlvvw?v}<A> , AN, (137)
N
and multiplying it on [] a;({wi,...,w! |, w cwihi{w?, Wk w2 W)
i=n

N N
and then integrating relative to the measure [][P? x P?] on the set [][Q? x QY]

we obtain the equality = o
/ XQ;(wl,...,wn_l,w}z)xﬂi(wl,...,wn_l,wi)x
Q0 xQ0
o ({wl wl}- {w2 }) ((.U17 . e 7wn717w727,) M(WI7”'7wn_1’lel)<A)+
n 1o 2»%nt> 15+ Wnp (wl’.“?wnil’w}”wgﬂ n
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AS~ e Wi, WY
n (UJla , W 1,wn) M(wl,...,wnfl,wi)(A) dPy?(WTIL)dPS(WTQZ) —

Vn(w17 e 7wn—17w71u w,,%) "
Mglw_li...,wn—ﬁ(A)’ n = L_N (138)

Thus, we proved the following recurrent relations

Mf:.;_li,wnfl)(A) = / XQT_L ((.Ul, e, Wh—1, W}L)XQI (Cdl, e, Wh—1, w?‘L) X

Q0 <00

AS:(CUL ey W1, Wi) M(wl,...,wnfl,w}l)(A)_’_
Volwi, ooy wpog,wh w2)™"

anlfelbds ) |

AS (wiy .y Wh1, W)

M(wlw-,wn—w%)(A)] dPy(w,)dP)(w;), n=1,N. (139)

1 ,,2\"n
Vn(wla cey Wno1, Wh, wn)

To finish the proof of Theorem 6, let us calculate

2
Z Y (Wi, W1, W) xa (Wi, w1, W AP (Wi ) AP (W), (140)

a9, xqg, ‘N=!

Calculating the expression

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

2
Z ED%(Wla o JWN—lawj\J/'V)XA<w17 L 7WN—17W§\][V) -
in=1
P (Wi, w1, W) XA (W, - W1, W)
w%(wb s ,WN_l,W]Qv)XA<w1, s JWN—17WJ2V) =
aN({wia'-->w]1\/};{w%7'-~7w]2v})x
XQ&(wla"'7wN—law]1V)XQﬁ(wla"'7wN—17w]2V)X
AS;(,(wl,...,wN,l,w]?v) 1
XAlW1, .. ., WN_1,WN)+
Vi (wi, ..y wy_1, wh, w¥) (w1, N1 @)
AS&(wl e, W w]lv) 2
o ON-L W AcF 141
VN(wl;---,WN—lyw]l\/yw?\r)XA(W1 , WN 17("-)N) ’ N ( )
O and substituting (141) into (140), we obtain the equality
2 . .
Z lp?\éf(wb s 7WN—1>W§\JTV)XA(W1> s awN—lﬁwﬁ\]fv)dP](\)f(w]lV)dPJ%(w?V) =

0 o tn=1
QR x QY
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plet NI (4)) (142)

Suppose that we already proved the equality

/ Z ZHIIJ Wiy ey WnyW :;irll, H dPO dPO( )

int1=1 in=1j=1 i=n+1
]_[ QIxQ?
i=n+1

e (4). (143)
Then, acting as above, we obtain the equalities

2

3 (W1, Wi ) (A) AP (wh)dPY(w2) =

Q0 ko n=l
/an({w%,...,w}v};{wf,...,wfv})x
Q0 xQ9
XQ;(wl,...,wn_l,wi)xgz(wl,...,wn_l,wi)x
{ ASH(wr,. .. ,wn—ll, W%) Mq(zwl,...,wn,l,w}b)<A)+
Valwi, .oy wpo1,wl, w?2)
AS (Wi, .y wno1, W) (@10
senWn—1,0n) (A dPO dP0w2 —
U lor ol w) W(A)| dPS(w})dPS(w?)

plen) Ay A€ Fy. (144)

We proved that the recurrent relations (144) are the same as the recurrent relations
(139). This proves Theorem 6.

Let us introduce the denotations

2 2 N
’LL{w17w1}7 ,{wN,wN} QN Z Z H lp] W1 g, W 'j)a

i1=1 in=17=1
Wy =A{w1, .. wyswi, o wiy = {{wiy, Wik (145)

Further, only those points ({wi,w?}, ..., {wy,wik}) € Qn x Qx play important role
for which ILL{W17 } }(QN) 7é

’” 7{wN7wN

Below, in the next two Theorems, we assume that the random value

an({wi,. . . Wik {wl, ... w2} (146)

given on the probability space {€2, x Q,, F, X F,, P, x P,}, n =1, N, satisfy the
conditions (126).
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Under the above conditions, for the measure 1o(A), given by the formula (133),
the representation

N
- /Hzpn(wl,... n)XA(Wr, . W HdPO w;) (147)
Qn n=1

is true, where

Yn(wi, . wn) = Xq- (Wi, - - W1, W )W (W1, - oy W)+
Xaf (wla sy Wno1, wn)lprQL(wla < 7wn)7 (148)
lpi(wla-'-awn—hwn):\/XQﬁ(wlw'-:wn—hw?z)an({w%?'"7w}z};{w%"'->w72z )X
Q
AS+(U)1 e, Wi )
AL @)1 p0(w2), e Whne1) € Quiy, 149
Vo(wr, - W1, WL, w2) o (W ) (w1 Wn-1) 1 (149)
V2 (Wi, Wa1, Wh) :/Xﬂn(wl,...,wn_l,w}l)an({w%,...,wi};{w%,...,wi})x
Qf
AS‘(wl ey Wno1 ) 0
" d s dP , ey Whet1) € Q1. 150
Vn(wlv"'7wn—lawl OJZ) ( ) (wl < 1) ' ( )

Due to the conditions (126) relative to the random values a,,({w}l; {w}?), we have

/lpn(wl, oy wn)dP(w,) =1, n=1,N. (151)

for ¥, (wi, ..., wy), given by the formula (148). The proof of the equalities (151) is
the same as in Theorem 1.

Theorem 7.  Suppose that the conditions of Lemma 1 are true. Then, the set of
strictly positive random values o, ({w}h; {w}?),n = 1, N, satisfying the conditions

EF|AS, (w1, . Wno1,wn)| =

N
/Hlpz Wi, )| ASu(wr, - w1, wn)| [[dPYw) <00, n=T,N, (152)

i=1

is a non empty set for the measures po(A), given by the formula (133). The measure
po(A), constructed by the strictly positive random values a,({w}t; {w}?),n =1, N,
satisfying the conditions (126), (152) is a martingale measure for the evolution of
risky asset, given by the formula (9). Every measure, belonging to the convex linear
span of such measures, is also martingale measure for the evolution of risky asset,
given by the formula (9). They are equivalent to the measure Py. The set of spot
MEASUTES U} w2}.... {why 3 }(A) s a set of martingale measures for the evolution of
risky asset, given by the formula (9).
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Proof. The first fact, that the set of random values a,({w}l; {w}?),n =1, N, satis-
fying the conditions (126), (152) is a non empty one, follows from Lemma 1. From
the representation (147) for the set of measures pg(A), given by the formula (133), as
in the proof of Theorem 1, it is proved that this set of measures is a set of martingale
measures being equivalent to the measure Py .

Let us prove the last statement of Theorem 7. Since for the spot measure
[l w2}, fw, w2} (A) the representation

220 w2t dwk w3} (A) =

2 2 N
ZZH wl,...,w;j)XA(wil,...,wj{,V), A e Fy, (153)
=1 iy=1j=1

is true, let us calculate

2
lej(w?,,..7w;f)zlpj(wil’,., wj 1w )_|_1p (wil"..’w;j:ll’w?):

ij=1
j ti—1 ANl i Gi-1, 1
Xﬂg(w?,...,wjll,wj)llij(w?,...,wjlle)%—
i -1 1N 2/, i1
Xar (Wit -+ W/ w5 (Wl . wi T w; D+
' tj—1  2\.ple i tj-1, 2
XQ;(wila'-->wj]—1awj)l/)j(w?w"ijlle)—{—
‘ Gi—1  2\.p2( i hi—1 2
XQJr(lela 7w]£17wj) j(w??"' w]] 10.) )
A , , - AST (Wi Wi w?)
tj—1 1 ij—1 2 J 1o j—11"j
Xﬂf(wila"'awjll7wj)XQTL(wil7"'7wj]fl7wj) i1 1 2 +
g J Vj(wl,...w] 0w, wi)
. , . - AST (Wi Wit wh)
151 151 1 i 1oy r¥j—1-2"5
Xﬂf(wila"wwj]—l? )XQ (wl ) '-7wj]—1?wj) i 1 1 +
g Vj(wl,...w] 0w, W)
A , . : ASHW! . Wi w?)
151 2 151 2 J 1o r¥j—172"3
Xﬂf(wila"'awjjfl7wj)XQTL(wil7"'awjll7wj) i1 151 1 2 +
g J Vi(wl, ..., wiy, wi,wi)
. : . : AST (Wi Wi wh)
ij—1 ij-1 1 J 1o -1
Xor Wi .- w7, w )XQ (Wits o wi T, wy) - =
g Vi(wl, ..., wiy, wi,wj)
A , . : AST (Wi W w?)
11 1 i1 2 j 19 ]_1, j
Xar (wila s awjjfl 7(JJ]')XQTL (wil7 s 7wjjfl 7("-)]‘) i1 ij_1 1 9
g J Vi(wl, ..., wiy, wi,wi)
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AST(wi' .. LW W)

Yo (@ w0 e (Wit LW wh) 4 : L =
QJ 1 P10 QJ Lo B ‘/J(wil7 w] 17&)1 wl)
Xo- (wit, ... ,w;j_’ll,wjl-)xgj (Wi, ... ,w;j:f,w?) = Xao- (wjl-)XQ?Jr (wJQ) =

L,

wh e Q)™ w?e Qi L =
0, 0therw1se

, j=1N. (154)
Further,

2
D it w))AS (Wi wd) =

ij=1

Wi (Wi .., w] LwhHAS (W w‘j_ll,wl)+

] ii-1 2 i iji-1 2
Yi(wi's - wi W) AS (Wi w T wy) =
ij71

Xo: (wit, ... y Wiy :W;)an (Wi, ... ,w;;l ,w]?)x

B ASj(w’f, cwi T w?)

A AST (Wi ... Wi wh+
Vj(w}l,...w] l,w w) P

AS]-_(W?, WP w )

j—

i — ASHWY, ... Wit W) =0, j=T,N. (155)
V}(wllw" w_] 17w W)

Let us prove that the set of measures u{w%,w%}w{w}ww%}(A) is a set of martingale
measures. Really, for A, belonging to the o-algebra F,,_; of the filtration we have

N
A = B x [, where B belongs to o-algebra F,,_; of the measurable space
{Qu_1, Fur}. Then,

/Asn(wla s 7wn)du{w%,w%},...,{w}v,w%} -

2
Do st o xs(er e DAS (W e =

=1  iy=1j=1

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

2
S vl W sl e A (Wit wir) =
. i1=1 in=1j=1

2 2
S 3 TIwstets oottt
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2
D nlwl, W) AS, (W wi) =0, A€ Fo (156)

n

in=1
The last means the needed statement. Theorem 7 is proved.

Below, in Theorem 8, we present the consequence of Theorems 6, 7.
Theorem 8.  Let the evolution of risky asset be given by the formula (9) and let

Lemma 1 conditions be true. Suppose that the random value ay({w}y; {w}), given
on the probability space {Qy x Q%, Fx X Fr, Py x Py}, satisfy the conditions

Py x PE(({wh oo b b 1wl an (ol b b fo o ywd}) > 0) =
N
11 P2) x Poes’); (157)
n=1

[ el st bt e

Q0 x 0t
ASTT(WIJ'"7wn—17w72L)AS;(W1,...,wn_17w%) 0 1 0 9
dpP, dP(w?) < o0
Vn(wl, e, Wh—1, w%, w%) n(wn) n( n) )

(U.)l, e ,wn,l) € anl; (158)

[ axtlelewhdited kD [dPP@HARYet) =1, (159

N
[T~ xQ)*]

=1

where

aTL({w%: e 7w7{0717 w}l}; {wi s 7("")’3,717 wi}) = (160)

I an(fel . ehhied D) TT dPP(h)aP(w?)

N i=n+1
[T 1207 %"

i ~ ., n=1N.
I av({wl, ey el w0k ) [T dPY(w!)d P (w})
1]‘V[ [Q97 xQ07] o

i=n

If the set of strictly positive random values o, ({w}l; {w}?),n = 1, N, given by
the formula (160), satisfies the condition

EM|AS, (wiy ..y W1, wn)| =
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N N
/Hlpi(wl, e W) |ASL (W - w1, wy)| HdPiO(wi) <oo, n=1,N, (161)
Gy =1 i=1

then, for the martingale measure py(A) the representation

fo(A) =

/ aN({wiv <. 7w]1V}; {wfv oo 7w?\f})ﬂ{w},w%},...,{w}v,w?\,}(A)dPN X dPN (162)

QNXQN
18 true.
Proof. The random values o, ({wyq, ..., wl wl}{w?, ... w? | w?}), n=1,N,sat-

isfy the conditions (14) - (16), due to the conditions of Theorem 8. It is evident
that

an({wl,. . wy ki {wd, .. W) = H an({wi, .., wih{wl, .. w2}, (163)

Due to Theorem 7, py(A), given by the formula (162), is a martingale measure being
equivalent to the measure Py.

Let us indicate how to construct the random values ay ({w}y; {w}% ), since these
random values determine the set of all martingale measures. Suppose that the

random value of(w},w?), k = 1, K, is a bounded strictly positive random value,

given on the measurable space {Q0~ x Q¥ F9= x F*} i = 1, N, and satisfying
the conditions

af (wi, wi)dP)(w;)dP)(wf) =1, i=1,N, k=LK. (164)
Q97 xQft
Let us denote
N
ok ({wl, . wnhi{wl . wd ) = [[ bl w)), k=TK, (165)
i=1

where K runs natural numbers. If v, k = 1, K, are strictly positive real numbers

K
such that > v, = 1, then
k=1

K
an({wi - wndifwl Wi ) = ) mak (vl wy ki {wd, . wh)) (166)
k=1

satisfy the conditions of Theorem 8. The set of random values (166) is dense in the
set of random values ay({wi, ..., wy};{w?, ..., wi}), satisfying the condition (157)
- (159). Theorem 8 is proved.
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Another way to construct ay({wi, ..., wh};{w?, ..., w%}) is to use the equalities

(126). The set of a,,({wi, ..., wl ,wlil:{w? ... w2 |,w2}) can construct as follows:
suppose that ol ({wi,... wl | wit:{w? ... w2 |,w?}) satisfies the inequalities
0 < hn S ai<{w%7 ce 7w7{0717w111}; {wfa ce 7(“')721717("'}721}) S Hn <0 (167)

for a certain real positive numbers h,,, H,. If to put

O‘n({wiv s 7wrlz—1’w7lz}; {w%7 s vwz—lvwi}) =
Oé'}L({w%7“'7W}L—17W}L};{w%7"‘7w3L—17w'?L}) (168)
f OK’}L<{W%7 R 7(")711717 wrlz}a {w%a cee 7w121717w721})dp79(w7%)dp19(w721)’
Q9 x 0t
then the set of random values o, ({wi, ..., wl | wi}; {w?, ... ;w2 |, w?}), n=1N,

is bounded and satisfy the conditions (14) - (16) under the conditions of Theorem
7. We can put

anv({wl,...,on ki {e?, . wh)) =
N
H O‘n({w%? te 7w7lzfla wTIL}7 {w%7 te 7w121717 MZ}) (169)
n=1
It is evident that a,,({wi, ..., wl | wil;{w? ... w2 ,w2}), n =1, N, must satisfy
the conditions (161).
VII.  DERIVATIVES ASSESSMENT

In the papers [27], [28], the range of non arbitrage prices are established. In the
paper [27], for the Levy exponential model, the price of super-hedge for call option
coincides with the price of the underlying asset under the assumption that the
Levy process has unlimited variation, does not contain a Brownian component,
with negative jumps of arbitrary magnitude. The same result is true, obtained in
the paper [28], if the process describing the evolution of the underlying asset is a
diffusion process with the jumps described by Poisson jump process. In these papers
the evolution is described by continuous processes. Below, we consider the discrete
evolution of risky assets that is more realistic from the practical point of view. Two
types of risky asset evolutions are considered: 1) the price of an asset can take any
non negative value; 2) the price of the risky asset may not fall below a given positive
value for finite time of evolution. For each of these types of evolutions of risky assets,
the bounds of non-arbitrage prices for a wide class of contingent liabilities are found,
among which are the payoff functions of standard call and put options.

N N
Below, on the probability space {Qy, Fy, Py}, where Qn = [] Q9, Fy = [[ F?,
i=1 i=1
N
Py =[] P?, Y is a complete separable metric space, F? is a Borel g-algebra on
=1

QY P? is a probability measure on F?, i = 1, N, we consider the evolution of risky
asset given by the formula

Sp(wry .y wy) =
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So (1 + ailwr, .. wimy) (e rmemsd — 1)) - p =T N, (170)

i=1
where a;(wy, ..., w;i—1),0;(w1,...,w;—1) are F;_j;-measurable random values, satis-
fying the conditions 0 < a;(wy,...,wi—1) < 1, oy(wy,...,wi—1) > o; > 0, where
0;, i = 1, N, are real positive numbers. Further, we assume that the random value
gi(w;) satisfy the conditions: there exists w} € Y such that ;(w}) =0, i = 1, N,
and for every real number t > 0, P?(g;(w;) < —t) >0, P?(gi(w;) >t) >0, i=1,N.

For the evolution of risky asset (170), we have

AS, (Wi, ey W1, wy) =

Sn,1<0~11, s 7wn71)an(w17 s 7wn71>(60.”(“]1’...#71_1)8”(0‘}”) - 1) = (171)
dy(wr, ... ,wn_l,wn)(e""e"(w“) - 1),
where
dp(Wi, .o Wp1,Wy) =

(eon(wl,...,wnfl)sn(wn) _ 1)
(eanan(wn) — 1)

(172)

Sn—1<wla K 7wn—1)an(w1a s 7wn—1)

It is evident that d, (w1, ..., w,_1,w,) > 0, therefore for AS, (wy,...,w,_1,w,) the
representation (60) is true with 7, (w,) = (e»*#(“») — 1). Therefore,

+ 2
ASHwy, .. Wy, W)
1 ,,2)
Vn(wh sy Wn1, anwn)
eon(wl,...,wn_l)an(w%) -1 ) os
w € Q) WiyevnyWhno1) € Qy_1,(173
ea'n(wlv---vwnfl)an(w%) — 60n(w17"'7wn*1)5’n(w}b)’ n n ( L » 1) n 1’( )
AST (Wi, W1, Wyt)
1,2y
Vn(wh cee s Wn—1, wrmwn)

1 — eo'n(wly---vwn—l)sn(wi)

w,ll € Qg_, (wl,...,wn_l) S Qn—17(174)

ea'n(wl,n-,wnfl)en(&/%) _ eUn(Wlw-ywnfl)?:n(w}L)’

where we denoted
QQL_ - {wn S qugn(wn) S 0}7 Q?z+ = {U.)n € Qg,en(u}n) > 0}7
Q. = Q?L_ X Qp_1, Q;: = QEL”L X Q1. (175)

From the formulas (173), (174) and Theorem 1, it follows that the set of martin-
gale measures M do not depend on the random values a;(wy, ..., w;_1), i =1, N. If
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to put a;(wy,...,w;—1) =1, i = 1, N, in the formula (170), then for the risky asset
evolution we obtain the formula

Sp(wiy ooy Wn—1,wy) = So H il wisaiw) oy — TN (176)
i=1

The evolution of risky assets, given by the formula (176), includes a wide class
of evolutions of risky assets, used in economics. For example, under an appro-

priate choice of probability spaces {QY, F?, P’} and a choice of sequence of in-

dependent random values ¢;(w;) with the normal distribution N (0,1), we obtain
ARCH model (Autoregressive Conditional Heteroskedastic Model) introduced by
Engle in [18] and GARCH model (Generalized Autoregressive Conditional Het-

eroskedastic Model) introduced later by Bollerslev in [19]. In these models, the

random variables o;(wq,...,w;—1), i = 1, N, are called the volatilities which satisfy
the nonlinear set of equations.
The very important case of evolution of risky assets (170) is when a;(wy, . .., w;—1) =

a;, © =1, N, are constants, that is,

n

Sn(wh L ;Wn—lawn) =Sy H(l + ai(eJi(UJ17...,Wi—1)€i(Wi) _ 1))’ n=1N, (177)

=1

where 0 < a; < 1. L

If 0 <a; < 1,72 =1,N, then the evolution of risky asset, given by the formula
(177), we call the evolution of relatively stable asset.

Further, we assume that the evolution of risky asset given by the formulas (170),
(176), (177) satisty the conditions

/Sn(wl, e Who1, W )dPy <00, n=1,N. (178)

Qn

From the conditions (178), it follows the inequalities

/AS;(wl, ooy Wn)dPy <00, m=1,N. (179)

QN

Taking into account that
AS (wr, ... ,wn_l,w}z) =

St (W1, Wt ) (Wi, Wy ) (1 — eTn@ren—Deml@n)y )l e 0= (180)

AST(wi, .. w1, wW?) =
S 1 (W1, e W) A (W -y Wy ) (€@ En @R 1) 2 e Q0T (181)
we have
o - ! <00, en(wl) <0, (182)
ASS(wry e W1, w)h) nﬁl(l —al)ad (1 — emnen(h))
i=1
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1 1

< — <00, en(w?) >0, (183)
AT (@@, W) TL(1 = al)ad (emmented) — 1)
i=1

under the conditions that
0<a<ap(wy,...,wp1)<a: <1, n=1N. (184)

Theorem 9. On the probability space {Qn, Fn, Py}, let the evolution of risky asset
be given by one of the formula (170), (176), (177) that satisfies the conditions (178).
If the inequalities 0 < a® < ay(wi,...,wp 1) <al <1, 0<a; <1, i=1,N, are
true, then the set of martingale measures M 1is the same for every evolution of risky
assets, given by the formulas (170), (177). For every non-negative super-martingale
relative to the set of martingale measures M the optional decomposition is valid.
Every measure of M is an integral over the spot measures. The fair price fo of
super-hedge for the nonnegative payoff function f(x) is given by the formula

fo = sup EVf(Sy) = sup /f(SN)d:u{w%,wf},...,{w}\,,w?\]}' (185)
pPeM w}EQ?f,w?GQ?"L,i:LiNQ
N

The set of martingale measures My for the evolution of risky asset, given by the
formula (176), is contained in the set M.

Proof. From the equalities (173) - (174) and the inequalities (178), it follows that
the set M is a nonempty one and every martingale measure constructed by the set

of random values o, (wi,...,wl;w? ... w?), n =1, N, belongs to the set M, if the

inequalities (49) are true. To prove that the set of martingale measures, defined by
the evolutions (170), (177), coincide it is necessary to prove the inequalities

1
0<A1 < Sn(wly..-ywn) SB}L<OO, n:1,N, (186)

T S2 (W, Wh)

where we denoted by S!(wy, ...,w,) the evolution, given by the formula (170), and
by S%(wy,...,w,) the evolution, given by the formula (177). Under the conditions
of Theorem 9, we have

SHwry .oy wy)

S2(wyy .y wy)

n

S() H (1 + CL7;<(,LJ17 P ,(A)Z'_l)(eai(wl""’wifl)ei(wi) — 1))

=l . n=1N. (187)
S() H(l + CLZ'(Gai(wl""’wi—l)ai(“’i) — 1))
i=1
Since
1 + a,»(wl, e ,wi_1>(Ggi(wl’""wifl)ai(wi) — 1) .
1 + ai(eai(wl,...,wi_l)si(wi) _ 1)
1-— ai(wl, Ce ,wi,l) + ai(wl, e ,wi,1)€gi(w1""’wi_1)€i(wi)

1 —a; + aieai(wl,...,wifl)si(wi)
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1 0 O'(LUI ..... (JJ_:[)E UJ)
az ale K3 K3 l( 3

< D, <
=0, + qesionmen ey = i S

1—q° 4 aledi(@i,wi—1)ei(wi)
(A 1

, i=1,N.

1— a; + aiegi(w1,~~-7wi—1)5i(wi)
Let us denote

1—al + aoegi(wlw-ywi—l)&‘(wi)
7 K3

Ai= o T o T aeeewy =LY
1 — a9 + gleoi(@iwi1)ei(wi)

B, = sup i —, i=1,N.
(W1yeeeswi ) EQ; I—a;+ aieai(wl’""wi*l)ai(wz)

It is evident that 0 < A;, B; < o0, i =1, N, and

Alngng, ’izl,N,

therefore
& SHwr, .. wn) —
Al =4 <222 < || B;,=B, n=1N
cHAasgo oy sB=5
So,
Sl(wl oY) )
A%, < D T o B2 =1,N
N = Sg(“-)la , Wn — N> n ) )
where we put A3 = min Al, B% = max B}. Since
1<n<N 1<n<N
|AS$(w1, ey Wne 1, Wn)| =
S;_l(wl, e Wi (w1, - ,wn_1)|(e""(wl"“’“"‘l)‘g"(w”) —1)]
|AST2Z(w1, e Wn 1, Wh)| =
SZ_I(wl’ o 7wn_l)an’(ean(w1,...7wn—l)5n(UJ7L) _ 1)‘7
we have

|A‘S'711(w17 co,Wh—1, wn)|

|AS2(wy,y ..oy wWp—1, Wy

SL (@1 s ) (@1, W)

S2 (Wi, Wnt)ay

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)
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Taking into account the obtained inequalities, we have the inequalities

. 0 1
2 120N " JAS (Wi, - W1, Wa)| o 120N —
A < 1o <N TN (197)
12%}3\/ an ~ |ASZ(wy, .. w1, wWh)| 122% ,

The inequalities (197) proves that the set of martingale measures for the evolutions
of risky assets given by the formulas (170), (177) are the same, since the inequalities
(49) for the evolutions of risky assets, given by formulas (170), (177), are fulfilled
simultaneously.

For the evolution of risky assets (177), satisfying the conditions (184), the in-
equalities (182), (183) are true. From this, it follows that the conditions of Theorem
5 are valid. This proves the optional decomposition for every nonnegative super-
martingale relative to the family of martingale measures M. From [17], it follows
the formula for the fair price fy of super-hedge

fo = sup E” f(Sy). (198)

PeM
Further, the conditions of Theorem 8 is also true. Therefore, the formula
sup E” f(Sy) = sup /f(SN)d/'L{w%,wf fwd w2} (199)

pPeM w}GQ?iw?EQ?ﬂi:l,N
Qn

is valid.

To complete the proof of Theorem 9, it needs to show that the set M; C M. Let
us denote S2(wy,...,w,) the evolution of risky asset, given by the formula (176).
Then, as above

S3 e Wh “ _
W) Tl o T (200)
S2(wiy ...y Wh) A
Therefore,
|AS3 (wy, .. w1, wWh)|
|AS2(wi, ... W1, wWn)|
S3 e Whe max Ci, _
2”‘1(“’1 ncl)  azesy Uy (201)
S2 (Wi Wn1)any, min a,
1<n<N

The inequality (201) proves the needed statement. Theorem 9 is proved.

Theorem 10. On the probability space {Qn,Fn, Py}, let the evolution of risky
asset be given by the formula (170). Suppose that 0 < a;(wq,...,wi—1) < 1,
oi(wi,...,wi—1) > 0, >0, i =1,N, and a, = 1 for a certain 1 < n < N. If
the nonnegative payoff function f(x), = € [0,00), satisfies the conditions:
1) f(0) =0, f(z) <az, lim @ =a, a >0, then

Tr—r00

sup EX f(Sy) = aSo. (202)

pPeM
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If, in addition, the nonnegative payoff function f(z) is a convexr down one, then

inf EFf(Sx) = f(S0), (203)

PeM

where M is a set of equivalent martingale measures for the evolution of risky as-
set, given by the formula (170). The interval of non-arbitrage prices of contingent
liability f(Sn) lies in the set [f(Sp), aSo).

Proof. Since the conditions of Theorem 9 are satisfied, then the formula

e Sw)dQ = su SNt w2, (o 204
QGZI\}Q/ Fsde w}eﬂg_,w?eg?ul»]\fg/ J(Sn)dpy twihe{wy @i} (204)
N N

is true, where for the spot measure fir,1 2y {w}v,wfv}<‘4> the representation

[l w2}, (o, w2 } (A) =
2 2 N ' ' ‘ ‘
S Twiwit . wixalwlt, L wl), A€ Fy, (205)
i1=1  iy=1j=1

is valid, and

sup /f(SN)d:u{w%,w%},...,{w}v,w?\]} -
w}EQ?iw?EQ?ﬂi:l,N
Qn

2 N

sup Z Hv,bj(w’f,...,w;j)x

0— 0+ .
W»L'IEQZ‘ 7W?€Qi+72:17Ni1:1 ..... in=1j=1

N ) . .
f (SO H (1 + as(w?’ o >W25:11> (60'5((,.;71'1,,..,ws—ll)fs(wg) — 1))) , (206)

s=1

where we denoted Q97 = {w, € Q0 e,(w,) < 0}, QI = {w, € Q0 &,(ws) > 0}
From the inequality, f(Sy) < aSy, we have

QeM

sup /f(SN)dQ < aSy. (207)
Q
To prove the inverse inequality, we use the inequality

f(Sn)dQ =

sup

I
I > —

N i is—1 is
f (So 11 (1 +ag(wi, .. W) (6"3@?""’”8*1 Jeolws®) — 1))) ' (208)
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In the right hand side of the last inequality, let us put e,(w!) = 0, s # n. Such
elementary events w! exist, due to the conditions relative to the random values
gs(ws), s =1, N. We obtain

i1=1,....ix=1 j=1

N } i ;
ST (L4 aulwts o) (et st Z 1)) ) =
s=1

2
3 alwh s wh )f(SOe (@} wi_1>6n<w%">>. (209)

in=1
Therefore,
sup [ f(5x)Q >
QeM
Q
2 .
sup Z Yo(wi,. . wh ) f (Soe""(‘“%""’”’1171)5"(“’"71)) . (210)

wl EQ%_ w2 EQn in=1

Further,

1 i
sup E Yo (wy, ..., wm) X
wleNd™ w2eqlt in=1

f(Soe n (W Wi_l)sn(w%")> _

AST (Wi, . .. Wk w?
sup |: n( 1 n—1 n))f (Soean(w},...,w;_l)sn(w,ﬁ)) +

1 1 1,2
wheQ) ™ w2e)t Va(wi, .. wpq, whs w7

1 1
AS (wh sy Whos wn) f (5’0@””(“’117“"“’7111)5n(wi)>:| >
1 1 1 2 -
Valwi, ..o wy g, wh w?)
ean(w%,...,w}l_l)en(wﬁ) -1
lim lim
gn(w%)—)oo gn(w}]‘)—)—oo eo'"(w%V"’w}L—l)gn(w%) — egn(wif"’w'rll—l)an(w%,)

f ( Soean<w%,-~,w;,1>an(w,£>> I

1 — eon(@h el en(wh)

 (sperttest )]

T @ )en(WB) _ pon(@hroh_)en(@h)
lim ! F (Spetn@hnen_s)en(@i)) — g6 (211)
en(w2) 00 @O0 (@hewh_)en(w3) 0 — &0-
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Substituting the inequality (211) into the inequality (209), we obtain the needed
inequality.
Let us prove the equality (203). Using the Jensen inequality, we obtain

inf EXf(Sy) > f(EFSN) = f(So). (212)

PeM
Let us prove the inverse inequality. It is evident that

2 N
Z [Twir, .. w)x
15=1

11=1,...iN=

(SoH(l—i—as e N G 11>€s<ws>—1))> >

Jnf E"f(Sw). (213)

Putting in this inequality €;(w}) = 0, i = 1, N, we obtain the needed. The last state-
ment about the interval of non-arbitrage prices follows from [7] and [6]. Theorem
10 is proved.

Theorem 11. On the probability space {Qn,Fn,Pn}, let the evolution of risky
asset be given by the formula (170). Suppose that 0 < a;(wy,...,wi—1) < 1,
oi(wi,...,wi_1) > 0; >0, i=1,N, and a, = 1 for a certain 1 < n < N. If
the nonnegative payoff function f(z), = € [0,00), satisfies the conditions:

1) f(0) = K, f(z) <K, then

sup BT f(Sy) = K. (214)

PeM

If, in addition, the nonnegative payoff function f(z) is a convexr down one, then

inf B f(Sx) = f(So), (215)

PeM
where M is a set of equivalent magqtingale measures for the evolution of risky as-
set, given by the formula (170). The interval of non-arbitrage prices of contingent
liability f(Sn) coincides with the set [f(Sy), K].

Proof. Due to Theorem 9, the equality

sup / F(Sx)dQ = sup / FS8) ity wty  (216)

QeM wleQd™ w2e?t i= TN
is valid, where for the spot measure fig,1 .2y | (ol w2 1(A) the representation

22 wit o {wk w3} (A) =

2 2 N
Z Z Hl,[)] wit, . wixa(wit, .. wyY), A€ Fu, (217)

=1  iy=1j=1
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is true, and

2 N
sup Z Hlpj(wil,...,w;j)x

w}EQ?iw?EQ?ﬂi:l,Ni —1.d

(SOH (1 +ag(wi, . W) (e"s(“?’ T en) 1))) . (218)

It is evident that

sup B f(Sy) < K. (219)

PeM

Further,

sup / F(Sx)dQ >

QeM
Q

2 N . )
S vt )

i1=1,....in=1 j=1

(5’0 H < + as wila o ,wis_—ll) <€0's(wil, : 11)85(0-15 ) _ 1>>> . (220)

In the right hand side of the last inequality, let us put g,(w!) = 0, s # n. We obtain

Z Hv,b]wl,... )><

11=1,...,iy=1j=1

N _ _ i
f (So 11 (1 +ag(wi, .. Wi (605(“’;1"“’“’5711)53(‘”3 = 1)>) B

s=1

2
S gl wh g win)f <soe (@b )en @ >), (221)

in=1

Global Journal of Science Frontier Research (A) Volume XX Issue XIV Version I E Year 2020

From the last equality, we obtain

sup [ f(5x)dQ >
M
| oM
2 .
sup Z Yo(wi,. .. wr wi)f (Soe"”(“’i""’”’11—1)5"(‘”"n)) : (222)

wl EQ%_ w2 EQn in=1
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Further,

2
in on(w] "'7w1 n wn
sup Z Vn(wi, .. wh L wim)f <Soe (wl, Den )>

wleNd™ w2endt in=1

f (Soegn(w%’"-’wrlp—ﬂen(w}z)) +

sup
wled w2eqft

|: AS:(("J%? ce 70‘}111—17("-)7%)

1 1 1 2
Valwi, .o wp g, wh w?)

— 1 1 1
ASn (O)l, c ’wn—hwn) f (S eUn(UJ%, wk en(w n))‘| >

Vn(“&; 7w111 17(")7117("')721)
on(@]wh_en(@?) _ 1
e 1 1 1
an(wl,...,wn_l)sn(wn))
(h?—l)ooa(wl;gl 0o ean(wh HW, T}L Den(W2) _ e’n (w%, 7"-’ _1)en(w} n)f (Soe T

]_ — e (wlv W 71)871("‘}711) 2
wl: 7wn 1)5n(w )) —
ean(w% ----- nfl)sn( n) — 60-"((*)%7"'7“)1%71)6”(“}%) f (Soe

£(0) = K. (223)

Substituting the inequality (223) into the inequality (221), we obtain the needed
inequality.

Let us prove the equality (215). Due to the convexity of the payoff function f(z),
using the Jensen inequality, we obtain

inf EYf(Sn) > f(ETSN) = f(S). (224)

PeM

Let us prove the inverse inequality. It is evident that

2 N

S v, W%

i1=1,....ix=1 j=1

N L
f (So H <1 +a (Wi, . W) (eas(wil""7‘*}5711)65(“)55) — 1>>> >
s=1

inf E7 f(Sy). (225)

PeM

Putting in this inequality €;(w;) = 0, i = 1, N, we obtain the needed. The last state-
ment about the interval of non-arbitrage prices follows from [7] and [6]. Theorem
11 is proved.

Theorem 12. On the probability space {Qn, Fn, Pn}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, oy(w1,...,wi—1) > 0; > 0,
i = 1, N. If the nonnegative payoff function f(x), x € [0, 00), satisfies the conditions:
1) f(0) =0, f(z) < az, g}l_)rgo @ =a, a > 0, then the inequalities
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ey PeM

f (so [Ja- ai)) + aS, (1 ~-JJa- ai)> < sup EXf(Sy) <aS,  (226)

are true. If, in addition, the nonnegative payoff function f(x) is a convexr down one,
then

inf B f(Sx) = f(So), (227)

PeM

where M is the set of equivalent martingale measures for the evolution of risky asset,
given by the formula (177).

Proof. As before,

CLSO > sSup /f(SN)d:u{w%,wf},...,{w]lv,wjzv} =
wleQd™ w2et i=1,N
QN

2 N
sup Z ij(w?,...,w;j)x

0— O+ ,__ . . .
wj €Q; T W€, A=LN g =1 in=1j=1

N i is—1 i
f (So H (1 + a, (e‘“(‘”il"“’%*l Jes(ws®) _ 1))) ) (228)
s=1

2

sup Z P (Wi W) x

1 0— 2 0+
wy EQN W ENN =1

N
) i )
f (SOH (1 + a, (eas(wil,-..7w35_11)85(w;3) _ 1))) —
s=1
=+ i1 IN_1 2
“up ASH(wity .o wn ], wi)
i1 iN-1 1 2
w}VGQ(J)\f,w]QVGQ?\?L VN(wl y o 7wN_17wN7wN)

f (SN_1 (1 + ay (ew(w?wwwﬁéi‘f)eN(w}V) _ 1))) n
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—/ 4 IN_1 1 ) i
A‘S'N(Wllv s va—lﬂwN) f (SNfl (1 +ay (eoN(wil,...,wNNfll)z-:N(w?\,) _ 1)))] >

i1 iN-1 12
Vn(wit, .o w1 wy, W)
N (@i mwon G Den(@l) _ g
lim lim - Fe - e X
en(w¥)—oo e (wh)——o0 eUN(wll,...,wN_l Jen (w3) _ eo'N(wll,...,wN_l Jen (W)
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f (SN—l (1 +an <€UN("J§1""7“?\17\]:11)8N(W11v) _ 1))) +

1 _ eUN(wl N 7WNN 11)81\](0.)11\,)

- X
74N —_
eUN(wl w1 Den (W3) e N(w117~~7wN,11)€N(w11\r)

f (SN—I (1 + an (60N(wil""’w’JLVN,_ll)EN(w?V) o 1>>>:| —

f(SN—l(]- - CLN)) + (ICLNSN_l, (229)

where we put

N-1

Sn_1 = S H (14 a (el e” B 1) (230)

Substituting the inequality (229) into (228), we obtain the inequality

2

sup Z Htlewl,..., )%

0— 0+ . .
wj €Q; T wiEQ; A=LN =1, in=1j=1

N i Tg_ i
f (SO H (1 _'_ as <eo—5(wil7"'7ws—11)Es(wss) _ 1))) Z

s=1

N-1

2
sup Z wj(w?,...,w;j)x

GQ?_,wQEQO+z LN=14= 1,..in_1=1 j=1

N—-1 ) . .
f <So(1 —a) T (1+ a (emtettmesmihenten) - 1))) +aanS,.  (231)
s=1

Applying (N — 1) times the inequality (231), we obtain the inequality

N N N
sup /f(SN)dQ > f(So [ —a)) +aSed a [ (1—a)=
QEMQ i=1 i=1 s=i+1

f (SO [Ja- aﬁ) + aS, (1 -TJa- ai)> . (232)

i=1
Let us prove the equality (227). Using the Jensen inequality, we obtain

jnf E"f(Sx) > f(So). (233)
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Let us prove the inverse inequality. It is evident that

Z Hl/)J Wi w )><

i1=1,...iny=1j5=1
N . - '
¥ (50 I1 (1 ta, (easw,..-,wsil Jes(wd®) _ 1))) >
s=1
P
jnf E”f(Sy). (234)

Putting in the inequality (234) e,(w,) = 0,n = 1, N, we obtain the inverse inequal-
ity.

Theorem 13. On the probability space {Qn,Fn, Pn}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, oy(w1, ..., wi_1) > 0; > 0,
i = 1, N. If the nonnegative payoff function f(x), x € [0, 00), satisfies the conditions:
1) f(0) = K, f(z) < K, then

pPeM

N
/ (So H(l - ai)) < sup E”f(Sy) < K. (235)
i=1
If, in addition, the nonnegative payoff function f(z) is a convexr down one, then
. P .
Anf EVf(Sy) = f(So0), (236)

where M is the set of equivalent martingale measures for the evolution of risky asset,
given by the formula (177).

Proof. Let us obtain the estimate from below. Really,

K> sup / FSN)dpt w2y, g oty =

wiIGQO W EQO+ i=1 N

sup Z Htpj(w’f,...,w;")x

0— 0 -
ngQi ,w?GQi+,z:1,N i1=1,...iy=1j=1

f <SO ﬁ (1 +a, (eas(wil,.‘.,wiﬁl)es(wis) _ 1))) . (237)

s=1

Further,

2 N ; ig_ i
sup Z Wit Wi f (SO H <1 + as (eas(wil,...,ws_ll)ss(wss) — 1))) =

O_
whEQN w ?VEQN in=1 s=1

+ 21 IN_1
ASH (Wi, . oy W)

i1 IN—1
Vi (i, - wyT wy, why)

sup
w]lv GQ?\f ,wjzv GQ?\?L
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f (SN—l (1 + an (601\’(“1?""7wij—711)€N(wzlv) _ 1))) +

—(, 0 IN-1 1 ) i
A’S'J\7<('ul P wN 17wN) f (SN_l (1 _'_ ay <€O'N(w;1,...,w]\],\lill)&‘]v(w?v) _ 1>>> Z
Vi (wi, ... wj\l,v wh,w?)

(3 N—1 2
eo'N(u.;ll7 ’WN—l Jen(w3) _ 1

X

lim lim - rrv— - Ce—
en(w%)—o0 en(wpy)——00 GUN(%l,---,wN,l Jen (W) _ eaN(Wl1 ----- wayq Jen(wk)

f (SN—l <1 + an <eoN(‘“ilf“'ijvNil)EN(Wzlv) _ 1))) +

1 _ eUN(wl 5. 7UJNN 11)€N(WN)

- r— - N
eaN(wil,...,wN71 )aN(wN) . eaN(wil ..... W ll)eN(wN)

7 (Snr (1 ay (e esilEheaniy —1)))] =

f(Sna (1l = an)), (238)

where we put

N-1

v = So [ <1 La, (eas@gl,..,,w;z;1>es<wgs> _ 1)) _ (239)
s=1

Substituting the inequality (238) into (237), we obtain the inequality

sup Z Hlpjwl,..., -)><

O— 0
wZ-lGQ 2€Q +,z lNzl 1,.,in=1j=1

(SOH(1+a ( O (@ 1)58(%)—1))) >

N-1 ] i .
f <so<1 ) TT (1 (eriteostereesn g)) | (240)
s=1

Applying (N — 1) times the inequality (240), we obtain the inequality

sup /f(SN)dQ > f(SOH(l —a)). (241)

QeM
Q
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Let us prove the equality (236). Using the Jensen inequality we obtain

inf E”f(Sw) > f(S0)- (242)

pPeM

Let us prove the inverse inequality. It is evident that

N —_— i
f (SO H (1 + ag (6‘78(“’;1""’“’5—11)58(“’35) - 1))) >

s=1

inf E¥f(Sx). (243)

PeM

Putting in the inequality (243) &, (w,) = 0, n = 1, N, we obtain the inverse inequal-
ity.

Theorem 14. On the probability space {Qy, Fn, Py}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, oy(w1,...,wi—1) > 0; > 0,
i = 1,N. For the payoff function f(z) = (x — K)*, = € (0,00), K > 0, the fair
price of super-hedge is given by the formula

sup E9f(Sy) =

QeM
(SO—K)Jr, Zf Soﬁ(l—a,l)) ZK,
N v (244)

N
If So [[(1 — a;)) > K, then the set of non arbitrage prices coincides with the point
i=1

N
(So — K)*, in case if So [[(1 — a;) < K the set of non arbitrage prices coincides
i=1

with the set [(so — K)*, S, (1 - f[l(l . al-))} .

Proof. Let us introduce the denotations

2 N
Iy = Z Hlpj(w’il,...,w;j)x

i1=1,...,in=1j=1

N ) . .
(S fesini)). e

s=1
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N o
f1< So H (1 + as <e"5(wil """ @S Jes(lh) _ 1))) ; (246)
I?vz sup Z Hl/);wl,---, wy')x

N o
f <So H (1 + as (e"s(‘“;1 """ @l Jes(l?) _ 1))) ; (247)

where we put fi(z) = (K — x)*. Let us estimate from above the value Iy. For this
we use the equality

In=1Iy+S — K, (248)

which follows from the identity: f(z) = fi(z) +x — K, = > 0. Since

s=1

N , o N B
f (SOH(HCLS (easwl ..... hes (i) 1))) < fi (Sog(l as)>, (249)

we obtain the inequality
N
IN<So— K+ fi (SO [Ja- a8)> . (250)
s=1

From the inequality (250), we have

N
IRI <So—K+fi (SOH(l - %))) =
s=1

(SO—K)Jr, if SO II_V[(l—aZ)) ZK,
N v (251)

Due to the inequality (226) of Theorem 12,

Iy > f (SOHO - ai)> + So <1 -] - ai>> (252)
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and the inequality
Iy > (S — K)*, (253)

which follows from the Jensen inequality, we have

IR, > maX{SO—K)+,f<SoH(1 _ai)> +So<1 —H(l _ai>>} =

(SO—K)+, if SO ﬁ(l—al)) EK,
N N (254)

This proves Theorem 14.

Theorem 15.  On the probability space {Qn, Fn, Pn}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, o;(wy,...,wi—1) > g; > 0,
i = 1,N. For the payoff function fi(x) = (K — )%, 2 € (0,00), K > 0, the fair
price of super-hedge is given by the formula

sup E9f1(Sy) = f1 (so H<1 - ai)> . (255)

QeM

The set of non arbitrage prices coincides with the interval
N
= s (50Tl -a).

i=1

Proof. The inequality

. 0o (@il T es (Wi _ ) ( T )
f (SOH(H%(@ 1)) < Sog(l a;) | (256)

is true. Taking into account the inequality (235) of Theorem 13, we prove Theorem
15.

Theorem 16.  On the probability space {Qn, Fn, Pn}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, oy(w1,...,wi—1) > 0; > 0,
+
_ % S
i = 1,N. For the payoff function fi(So,S1,...,Sn) = | K — F5 , K >0, the

fair price of super-hedge is given by the formula
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505 1101 - a)

E®f1(Sy,51,...,5y) = | K — —=2=1 . 257
Slelz% f1(S0, S1 N) N+l (257)

The set of non arbitrage prices coincides with the interval

N i + N 1
So >° T1 (1-as) So >° 1 (1-as)
(K —So)*", | K — :le ,if K> :;,j .
N 4
5o go 91;[1(1_(18) ; ; nci ) )
For K < —=377— the sel of non arbitrage prices coincides with the point 0.
Proof. Let us denote
Sulwh o wh) = ST (1+a (emlet =t — 1)) 0 =TW,
s=1
N 1 1 2
J (w17"'7w571)55(ws) — 1
1
tvlwr,... W 111 s (@iywi1)es(@d) _ gos(@hiwiq)es(wh)” (258)

It is evident that

I3 = sup Z Hlp]wl,..., .)><

wleQ)™ Ww2eTi=T,N ;1 _iy=1j=1

v

f1 (So, Sp(wi), ..., Sy(wi, ... ,wf{,v))

lim fi (50751((")%)7--~vSN(W%7'-‘7w]1V)) X

es(wl)=—00, £5(w2)—00,s=1,N

tN(wi, . ,w]lv) = f1 (So, S()(]. - CL1>, ceey S() H(l - CLS>> s (259)

N +
) N So Z:O 1;[1(1 — ay)
INZf1<50,50<1—al),...,Sgg<1—as)> = K N—|—]_ . (260)

Let us prove the inverse inequality. We have
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s=1
+
N So Z H (1—as)
1=0 s=
f (So, 50(1 — CLl), So g(l — GS)> = K — N 1 . (261)
Therefore,
N i +
So 2o [T(1 —ay)
2 _ i=0s=1 ‘ 269
Ivs | & N+1 (262)

The inequalities (260), (262) prove Theorem 16.

Theorem 17.  On the probability space {Qn,Fn, Pn}, let the evolution of risky asset
be given by the formula (177). Suppose that 0 < a; < 1, o;(wy,...,wi—1) > g; > 0,
+

N
_ Z 5
i = 1,N. For the payoff function f(So,S1,...,5v) = | T , K > 0, the
fair price of super-hedge is given by the formula
sup E9f(Sy, Sy,...,Sx) =
QeM
N So EOSH1(1 a;i)
(So — K)™, j ;VN—H > K,
N [ [
> 11 (-a) > 11 (-a) (263)
S() 1—H+H , Zf S()Z SN+1 < K
N 1
So 22 1 (1—as) . . .

If % > K, then the set of non arbitrage prices coincides with the point

> M0 | o
(So — K)F, in case if So="F55— < K the set of non arbitrage prices coincides

. - + 'iv:()sljl(l_aS)
with the interval | (So — K)*, Sy | 1 — =5 5—
Proof. Let us introduce the denotation
2 N

VN = sup Z Hlpj(w’f,...,w;j)x

1200— 2200+ i ) ‘ ;
wi € wr e i=1LN =1 iny=1j=1
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£ (So, S1(wi), ..., Sn(wi, ..., wiy)) . (264)

Then, we have

2 N
VN = sup Z Hzpj(w’f,...,w;-j)x

0— 0+ .37 a7 . . .
w; €Q T wieQ; T i=1,N i1=1,....iy=1 j=1

f1 (S(),Sl(W?), ey SN((,U?, . ,wﬁ{,")) + S() - K. (265)

Due to Theorem 16,

(So — K)™, it el >

N i N 4

S 110-a) ' S I10-a) (266)
Sol1-2=— |, it S — <K

In the formula (265) we used the denotation

N +
> Si
S0, Sty Sn) = | K — 2 . 267
f1(So, 81, -+, SN) N1 (267)
Theorem 17 is proved.
VIII.  ESTIMATION OF PARAMETERS

Suppose that {g;(Xy)}Y, is a mapping from the set [0, 1]V into itself, where Xy =
{z1,...,2n}, 0 < a; <1, 9= 1,N.If Sy, 51,...,Sy is a sample of the process
(177), let us denote the order statistic S0y, Sy, - -, Sy of this sample. Introduce

also the denotation g; ([S]y) = g (SS(% e, Sg:];)” ,1=1,N.

Theorem 18. Suppose that Sy, S1,...,Sn is a sample of the random process (177).

Then, for the parameters aq,...,ay the estimation
S
ap =1— 7'0%91 ([S]n), 0<m <1,
0
w—1-2W oy (268)
gi-1 ([SIv)
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is valid, if for gn([S]y) >0, [S]y € [0, 1], the inequalities gi([S]n) > go([S]n) >
. > gn([S]N) are true. If 9 =0, thena; =1, i =1, N.

Proof. The estimation of the parameters aq,...,ay we do using the representation
of random process S,,, n = 1, N. The smallest value of the random variable S,, is

equal Sy [[(1—a;), n =1, N. Let us determine the parameters a; from the relations

N N-k
SOH(l —a;) =795 ([S]n) -+ So H(1 —a;) =1gn-k ([SIN) s - - -,
So H (1—a) =71gv-s-1 ([SIn) .-, So(1 —a1) = 791 ([S]w) , (269)

where 7 > 0. Taking into account the relations (269), we obtain
So(1 = ar) = 791 ([S]w) ,

Tgn—k-1 ([SIn) (1 —an—k) = Tgn—& ([S]n), k=2,N. (270)

Solving the relations (270), we have
ar=1——a (Sly), an-xr=1———————~, k=2N. (271)

It is evident that ay_r > 0, kK = 2, N. To o provide the positiveness of a; and the
inequalities 7gn_n ([S]n) < Sy_n, n = O,N —1, Sy > S(), meaning that the
random process (177) takes all the values from the sample S,, n = 0, 0, N, we must
to put 7 = 7S, 0 < 79 < 1. It is evident that, if 79 = 0, then a; = 1, i = 1IN
Theorem 18 is proved.

Remark 1. It is evident that

a;=1, i=N—-kN, 1<k<N-1, aZ—l—M, 1=2,N—-k—1,
i-1([S]w)
7'05(0)
a;=1-— S—gl([S]N)7 0< 70 < ]_, (272)
0
1s also estimation of the parameters aq,...,ay if

0 < gn—k—1([S]n) < gn-r—2([SIn) --- < 1 ([S]w), [S]w € [0, 1]

Such estimation is not interesting since
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=1
Remark 2. If
So ~ S(0)
2 af 0<x< 2
S 9 - — So’
gla) = o ST (273)
1, if 5 <z<1,
Sv-i) —
allsl) =9 (5=2) . =T n -1,
(N)
then for the parameters aq,...,ayn the estimation
_ Sw-i o S(N—it1) S0y
1 §<N—i+1>’ i S S = SSO ’ S S
J— _ 2=y So o gp 2(Nzifl) 20  PWN—i) 200 — 9 N
=9 1 Sy S’ i S ~ S0 Sy S %o i=2,N, (274)
0 if 2een s So
’ S(N) So

_ 8wy e Sy o S
D R EL A T (275)
! 1 - S0 i Sw-n S So
So S(N) So
is true. The following equalities
N
T a0 = 5<o>g (Sm) ) _ So
paley So 7\ S S
N—k Sy s Sw o S0
o U o5 <=5 S
(1 - ai) = g(é\,) . g(]z) SSS k= 17N - 15 (276)
1 R et
i= 0 (N) 0
are valid.
Remark 3. Suppose that g(x) = x, x € [0,1]. Let us put gn—;([S]n) = g(%) =
% i=0,k gyv_i([Sly) =1, i=k+1,N — 1. Then,
S(0) I
CL1:1—’TQS—, 0<m<1 a=0, 1=2,N—Fk—1,
0
(1S .
o=1- 9N i=N_F N, (277)
gi1([S]n)
15 an estimation for the parameters ay, ..., ay.

In the next Theorems we put 7y = 1. This corresponds to the fact that fair price
of super-hedge is minimal for the considered statistic.
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Theorem 19.  On the probability space {0y, Fn, Pn}, let the evolution of risky asset

be given by the formula (177), with parameters a;, i = 1, N, given by the formula
(268). For the payoff function f(z) = (v — K)*, x € (0,00), K >0, the fair price
of super-hedge is given by the formula

sup EQf(SN) =
QeM

{ (SO - K)+7 Zf S(O)gN ([S]N) > K7 (278)

So <1 — %WZ—E[S]N)> . if Soygn ([S]v) < K.

If Soygn ([Sln) > K, then the set of non arbitrage prices coincides with the point
(So — K)*, in case if Soygn ([S]y) < K the set of non arbitrage prices coincides

with the closed set [(SO - K)™, S, (1 — S(O)gg—s[smﬂ .

The fair price of super-hedge for the statistic (274), (275) is given by the formula

(So—K)" if SOSS(—O; > K,

sup EQf(Sy) = g <1 St
0

‘ (279)
QeM — %> s f S()S(O) < K.

If SOS(O) > K, then the set of non arbitrage prices coincides with the point (So—K)™,

’L’ﬂ case Z 0 < e Set o] non aroitrage p’f’ZC@S COZTLCZ €S Wi € Cclosea se
S;‘;’) K the set bitrag des with the closed set

[(SO —K)*, S, (1 _ %)] .

The fair price of super-hedge is minimal one for the statistic (268) with g;(Xy) =
gv(Xn) =1, i=1,N — 1, and is given by the formula

Q _J (So=K)*, if S =K,
SEJI\ZE f(5n) { So—Swy), if S < K. (280)

If Sy > K, then the set of non arbitrage prices coincides with the point (So — K)*,
m case if S(O < K the set of non arbitrage prices coincides with the closed set

[(So = K)™, S0 = So))-

Theorem 20. On the probability space {Qn, Fn, Px}, let the evolution of risky asset

be given by the formula (177) with the parameters a;, i = 1, N, given by the formula
(268). For the payoff function fi(x) = (K —x)*, x € (0,00), K > 0, the fair price
of super-hedge is given by the formula

sup E?f1(Sn) = f1 (Swygn ([SIn)) - (281)

QeM

The set of non arbitrage prices coincides with the closed interval

[(K —S0)*, fi (S(O)QN ([S]N))} .
The fair price of super-hedge for the statistic (274), (275) is given by the formula
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S
sup EQf1(Sy) = fi <SOS<—°)) . (282)
QeM (N)

The set of non arbitrage prices coincides with the closed interval [(K - S0t f (So 5(?))] .

The fair price of super-hedge is minimal one for the statistic (268) with g;(Xy) =

gn(Xn) =1, i=1,N — 1, and is given by the formula

sup EQfl(SN) =h (5(0)) : (283)
QeM

The set of non arbitrage prices coincides with the closed interval [(K —So)*, f (S(o))] .

Theorem 21. On the probability space {Qn, Fn, Pn}, let the evolution of risky asset
be given by the formula (177) with the parameters a;, i = 1, N, given by the formula
N +
2 Si
(268). For the payoff function fi(So, S1,...,5n) = | K — 5 , K >0, the fair

price of super-hedge is given by the formula

N +
So + S0 ;%‘ ([S]~)

E°f1(So,S1,...,5n) = | K — 284
Sup, f1(So0, 81, -+, Sw) N+ 1) (284)
The set of non arbitrage prices coincides with the closed interval
N + N
N So+S(0) 21 9:([S]~) ' So+S(0) 21 9:([S]w)
(K —=So)* | K — N+D) i K> GEEY)
N
So+S0y 2= 9:([S]n)
For K < (]\’,:J:l) the set of non arbitrage prices coincides with the point 0.

The fair price of super-hedge is minimal one for the statistic (268) with g;(Xy) =

gy(Xn) =1, i=1,N —1, and is given by the formula

80+S(0)N>+
E9f(Sy,S1,...,8v) = | K — ——2—) . 285
sup f1(So, S1 N) ( Nt (285)

The set of non arbitrage prices coincides with the closed interval

So-‘rS(O)N
(N+1)

the set of non

+
{(K — So)T, (K - SOJV*S;L(%N> } Jif K > So(;rvi%N For K <

arbitrage prices coincides with the point 0.
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Theorem 22. On the probability space {Qn, Fn, Px}, let the evolution of risky asset

be given by the formula (177) with the parameters a;, i = 1, N, given by the formula
N -

(268). For the payoff function f(So, S1,...,S5n) = | 5= — K | , K >0, the fair

price of super-hedge is given by the formula

sup E("?f(SO,,S’l7 o, SN) =

QeM
N
So+S0y 2= 9:([S]N)
(SO - K)Jr’ of (]\ij_ll) > K,
So+5(0) ,JZ:\El 9:([SIn) ~ Sot5S() _JX:II 9:([SI~) (286)
0~ (J\lf+1) ,if (J<7+1) < K.

N
So+5(0) _;1 g:([SI~)
(N+1)

> K, then the set of non arbitrage prices coincides with the point

So+5(0) _IZ:V:l gi([S]N)
(N+1)

(So — K)*, in case if < K the set of non arbitrage prices coincides
N
So+5(0) ;1 9i([S]n)

(N+1)

with the closed interval | (So — K)*, [ So —

The fair price of super-hedge is minimal one for the statistic (268) with g;(Xn) =

gy(Xn) =1, i=1,N —1, and is given by the formula

sup EQf(SO,Sl, ., 8N) =

QeM

. So+S)N
(So— K)*, if SN s g s

50+S( )N . So+S( )N

(50— *Ped), o 298 <k
S()-i-S(O)N . . . . . .

If ) > K, then the set of non arbitrage prices coincides with the point (So —
K)*, in case if SOJVi(%N < K the set of non arbitrage prices coincides with the closed

interval [(SO - K)*, <SO — SOJVT;))N)} :

IX. CONCLUSIONS

Section 1 provides an overview of the achievements and formulates the main problem
that has been solved. Section 2 contains the formulation of conditions which must
satisfy the evolution of risky assets. In Section 3, conditions (14) - (16) are formu-
lated for the set of nonnegative random variables with the help of which a family
of measures is constructed in a recurrent way. In Lemma 1, conditions were found
for the existence of bounded nonnegative random variables satisfying the conditions
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(14) - (16). In Lemma 2, it was proved that the family of measures introduced in
the recurrent way is equivalent to the original measure.

Theorem 1 gives sufficient conditions under which the introduced family of mea-
sures is the set of martingale measures equivalent to the original measure for the
evolution of risky assets considered in Section 1.

In Section 4, relying on the concept of an exhaustive decomposition of a measur-
able space, in Lemma 4, we prove an integral inequality for a nonnegative random
variable for the constructed family of martingale measures.

In Theorem 2, for a special class of evolutions of risky assets for the nonnegative
random variable satisfying the integral inequality, obtained in Lemma 4, a pointwise
system of inequalities is obtained.

In Lemma 5, on the basis of Lemma 4, we obtained a pointwise system of in-
equalities for a nonnegative random variable for the general case of the evolution of
risky assets.

Theorem 3 contains sufficient conditions under the fulfillment of which the re-
sulting system of inequalities with respect to the nonnegative random variable has
a solution whose right-hand side satisfies the condition: the conditional expectation
of the right-hand side of the inequality with respect to the filtration is equal to 1.

Theorem 4 solves the same problem as in Theorem 5 for the general case of the
evolution of risky assets.

In Section 5, based on the inequalities obtained in Theorems 3 and 4, we prove
a theorem on the optional decomposition of nonnegative super-martingales with
respect to the family of equivalent martingale measures.

The description of the family of equivalent martingale measures given in Theorem
1 is rather general, therefore, in Section 6, a spot set of measures is introduced. In
Lemma 6, the representation is obtained for the family of spot measures.

Based on the concept of the spot family of measures, the family of a-spot mea-
sures based on a set of positive random variables is introduced. Theorem 6 provides
sufficient conditions for the integral over the set of a-spot measures to be an integral
over the set of spot measures.

In Theorem 7, sufficient conditions are given when the family of spot measures
is a family of martingale measures and the constructed family of measures, that is
an integral over the set of a-spot measures, is a family of martingale measures being
equivalent to the original measure.

Theorem 8 describes the class of evolutions of risky assets for which the family of
equivalent martingale measures is such that each martingale measure is an integral
over the set of spot measures.

Section 7 is devoted to the application of the results obtained in the previous
sections. A class of random processes is considered, which contains well-known
processes of the type ARCH and GARCH ones. Two types of random processes are
considered, those for which the price of an asset cannot go down to zero and those
for which the price can go down to zero during the period under consideration. The
first class of processes describes the evolution of well-managed assets. We will call
these assets relatively stable.

Theorem 9 asserts that for the evolution of relatively stable assets in the period
under consideration, the family of martingale measures is one and the same. The
family of martingale measures for the evolution of risky assets whose price can
drop to zero is contained in the family of martingale measures for the evolution of
relatively stable assets. Each of the martingale measures for the considered class of
evolutions is an integral over the set of spot martingale measures. On this basis, the
fair price of the super hedge is given by the formula (185). In Theorems 10 and 11,
an interval of non-arbitrage prices is found for a wide class of payoff functions in the
case when evolution describes relatively unstable assets. This range is quite wide
for the payment functions of standard put and call options. The fair price of the
super hedge is in this case the starting price of the underlying asset. In Theorems
12, 13 estimates are found for the fair price of the super-hedge for the introduced
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class of evolutions with respect to stable assets. In Theorems 14 and 15, formulas
are found for the fair price of contracts with call and put options for the evolution
of assets described by parametric processes.

In Theorems 16 and 17, the same formulas are found for Asian-type put and
call options. A characteristic feature of these estimates is that for the evolution of
relatively stable assets, the fair price of the super hedge is less than the price of the
initial price of the asset.

In Section 8, the estimates of the parameters of risky assets included in the

evolution are obtained. This result is contained in Theorem 18. In Theorems 19
and 20, formulas are found for the fair price of contracts with call and put options

for the obtained parameter estimates, and the interval of non-arbitrage prices for
different statistics is found. The same results are contained in Theorems 21, 22 for
Asian-style call and put options.
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Move the Spacecraft at 99% Speed of Light by
Rotation Technique

Deepak kamalta

Absiract- In this research, a rectangular box is rotated in two
direction at the same time. Which creates a rotating path to
travel from one place in space to another. By which we can get
99% speed of light using today's rocket. But the speed of
today"s rockets is only 11,000 m per second. The speed of
the rocket increases in two stages in the spacecraft created by
the technology of rotation. To understand this, one has to read
the method given below.

Keywords: rotation technique, light speed spacecratft.

l. [INTRODUCTION

urrently, spacecraft made of propulsion system
are used to travel in deep space. But the

speed of rocket is very low compared to the
speed of light. There are some hypotheses that
describe how to travel at the speed of light. Dr. Harold
“Sonny” White [1] It appear that the warp drive model
has nearly all the desirable mathematical
characteristics of true interstellar space drive, the
metric has one less appealing characteristic — it
violates all 3 energy conditions (strong, weak, and
dominant) because of the need for negative energy
density. Kevin L. G. Parkin [2] Breakthrough Starshot
is an initiative to prove ultra-fast light-propelled Nano
craft,

Our technology has not yet been developed
enough to make the spacecraft described in these
hypotheses. But | can move the spacecraft at the 99%
speed of light at the present time using the technique
of rotation.

II. METHOD

Before understanding the rotation technique,
you need to know how it becomes a spacecraft.

First, make a rectangular box. Take two rockets
and connect them both with a circular shaft. Now
connect the circular shaft to the rectangular box at the
same point as shown in fig 1.1.

Rocket (R1) Rectangular box

ircIAJIar shaft
I

. v Rocket (R2)

- Circular shaft

Fig. 1.1

Author: e-mail: deepak1kamalta@gmail.com

Work of rotations in spacecratft:

When we start the rockets engine it rotates the entire
Rectangular box through a circular shaft in two

direction at same time.

a) | will try to explain the rotation of rectangular box with
the help of fig 1.2

In this fig 1.2 it is shown that when the
rectangular box is rotated in two directions, what will be
the position of the rectangular box at 90°, 180°, 270° and
360°.

When we look at the rotation path of a
rectangular box in this fig 1.2, we find that it travels two
direction at a time. In this fig 1.2, one path of the
rectangular box is shown in green and the other in
yellow. When the rectangular box rotates 360degrees it
travels 3 times on the green route and 2 times more than
its size on the yellow route. We can use the green path
shown in the fig 1.2 to run at 99% light speed.
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Fig. 1.2

Rocket (R1) Circular shaft

A
ﬁ* Rocket (R2)

Circular shaft

|
Rotation direction

Arrows

Rectangular box

Fig. 1.3

With the help of the direction arrow shown
above the rectangular box in fig 1.3, we can know in
which direction R1 and R2 will rotate the rectangular
box.

The rotation speed of rectangular box will
depend on the size of the spacecraft. If you want to
build a small sized spacecraft, the rotation speed of the
rectangular box must be increased.

Since the speed of the rocket is only 11,000m/s,
therefore, we must reduce the size of the circumference
of the circular shaft. So that we can increase the rotation
speed of circular shaft. Which rotate the rectangular box.

To know this, we can use the formula given below:

There are two side of circular shaft whose
circumference will be different. | named both side of the
circular shaft as C1 and C2. C1 will always connect with
the rockets and C2 will connect with the rectangular box.
If you want to increase the speed of circular shaft the
size of C1 circumference will always be 1meter. And the
size of C2 circumference will always be less than 1
meter.

| have prepared a formula by which we can
know the speed of the spacecraft created by the rotation
technique.

b) 3(Rotation speed of rectangular box X Length of
rectangular box)

To use this formula, you must first decide the
size of your rectangular box which you can take as your
need. I'm taking the rectangular box length 200 meter.
To get the speed of light we first need to know what will
be the rotation speed of a rectangular box when the
rectangular box is 200 meter in length.

Rotation speed of rectangular box=speed of light+ 3(length of rectangular box)

Rotation speed of rectangular box = 300,000Km/s=+3 (0.2Km) = 500,000/s

© 2020 Global Journals



Now, we can know by using the driven pulley formula that if we want the rotation speed of C2 to be
124,887.083/s then what will be the diameter of C2.
To calculate the diameter of C2 by driven pulley method:

RPM1-+RPM2= Diameter1-+Diameter2

We know RPM1 is C1 which is equal to speed of rocket speed. Rocket on earth can accelerated at a speed
of 90m/s. But there is no gravity in space. So the rocket" s acceleration increases slightly in space.
We can calculate the acceleration of rocket by using formula

Acceleration=resultant force divided by mass and the resultant force is the thrust — weight

But in space weight is always zero. So the resultant force in space is always equal to the thrust.
If we accelerate the rocket to a speed of 90m/s in space, we will still achieve the speed of 35,730m/s in 397s.
So here we can take the speed of C1 is 35730m/s.

And RPM2 is C2 = 500000/s

Now Diameter1 of C1 = 0.32meter

So, the diameter of C2 is

35730m/s+500000/s = Diameter 2+0.32m

C2 = 0.32m~+ 13.99m

Now C2= 0.0228734811

1m = 39.38inch

So C2 = 0.0228734811x 39.38inch

C2 = 0.900757686inch.

Because the entire spaceship will be rotated by C2 shaft, it is very important for C2 shaft to be strong.
High quality graphene is the only material with ultimate tensile strength of 130 gig pascal. That can easily
handle the weight of a spaceship.

[11. CONTROLLING OF SPACECRAFT

First know that the rectangular box is only one engine of the spacecraft. We have to cover the rectangular
box with a spherical ball. So that the rectangular box rotates easily inside it and we will find a place to place the
payload above the spherical ball. The rectangular box inside the spherical ball can rotate in any direction. But after
starting the rocket, it will move only in one direction. Which can be any direction of the spherical ball. So we have to
put rocket booster on 6 direction of spherical ball. Which will help us in the direction control of the spacecraft. It will
also be very strong due to the spherical shape of the spacecraft.

Payload area Rectangular box

Fig. 1.4 Full diagram of light speed spacecraft

IV.  RESULT AND DisCUSSION
Speed of spacecraft = 3(rotation speed of rectangular x length of rectangular box)

The rotation speed of rectangular box is equal to the rotation speed of C2.
So the speed of space craft = 3(500,000/s x 0.2km)

= 300,000km/s
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Currently, there is no Spacecraft that can travel
at the 99% speed of light.

V. CONCLUSION

If we have to launch a spacecraft from earth, we
have to consider other ways of rotating a rectangular
box.

Because rocket engines can move spacecraft
made by rotation technology at a speed of
299,729.009km/s only in space.
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e Any other original work
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its guidelines, authorship criteria must be based on:

1. Substantial contributions to the conception and acquisition of data, analysis, and interpretation of findings.
2. Drafting the paper and revising it critically regarding important academic content.
3. Final approval of the version of the paper to be published.
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of the journal. We expect that corresponding author will notify all co-authors of submission. We follow COPE guidelines for
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During submission of the manuscript, the author is confirming an exclusive license agreement with Global Journals which
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PREPARING YOUR MANUSCRIPT
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Manuscript Style Instruction (Optional)

e  Microsoft Word Document Setting Instructions.

e Font type of all text should be Swis721 Lt BT.

e Pagesize: 8.27" x 11", left margin: 0.65, right margin: 0.65, bottom margin: 0.75.

e  Paper title should be in one column of font size 24.

e Author name in font size of 11 in one column.

e  Abstract: font size 9 with the word “Abstract” in bold italics.

e  Main text: font size 10 with two justified columns.

e Two columns with equal column width of 3.38 and spacing of 0.2.

e  First character must be three lines drop-capped.

e The paragraph before spacing of 1 pt and after of 0 pt.

e Line spacing of 1 pt.

e lLarge images must be in one column.

e The names of first main headings (Heading 1) must be in Roman font, capital letters, and font size of 10.
e The names of second main headings (Heading 2) must not include numbers and must be in italics with a font size of 10.

Structure and Format of Manuscript

The recommended size of an original research paper is under 15,000 words and review papers under 7,000 words.
Research articles should be less than 10,000 words. Research papers are usually longer than review papers. Review papers
are reports of significant research (typically less than 7,000 words, including tables, figures, and references)

A research paper must include:

a) Atitle which should be relevant to the theme of the paper.

b) A summary, known as an abstract (less than 150 words), containing the major results and conclusions.

c) Up to 10 keywords that precisely identify the paper’s subject, purpose, and focus.

d) Anintroduction, giving fundamental background objectives.

e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit

repetition, sources of information must be given, and numerical methods must be specified by reference.
f)  Results which should be presented concisely by well-designed tables and figures.
g) Suitable statistical data should also be given.
h) All data must have been gathered with attention to numerical detail in the planning stage.

Design has been recognized to be essential to experiments for a considerable time, and the editor has decided that any
paper that appears not to have adequate numerical treatments of the data will be returned unrefereed.

i)  Discussion should cover implications and consequences and not just recapitulate the results; conclusions should also
be summarized.

j)  There should be brief acknowledgments.

k) There ought to be references in the conventional format. Global Journals recommends APA format.

Authors should carefully consider the preparation of papers to ensure that they communicate effectively. Papers are much
more likely to be accepted if they are carefully designed and laid out, contain few or no errors, are summarizing, and follow
instructions. They will also be published with much fewer delays than those that require much technical and editorial
correction.

The Editorial Board reserves the right to make literary corrections and suggestions to improve brevity.
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FORMAT STRUCTURE

It is necessary that authors take care in submitting a manuscript that is written in simple language and adheres to
published guidelines.

All manuscripts submitted to Global Journals should include:
Title

The title page must carry an informative title that reflects the content, a running title (less than 45 characters together with
spaces), names of the authors and co-authors, and the place(s) where the work was carried out.

Author details
The full postal address of any related author(s) must be specified.
Abstract

The abstract is the foundation of the research paper. It should be clear and concise and must contain the objective of the
paper and inferences drawn. It is advised to not include big mathematical equations or complicated jargon.

Many researchers searching for information online will use search engines such as Google, Yahoo or others. By optimizing
your paper for search engines, you will amplify the chance of someone finding it. In turn, this will make it more likely to be
viewed and cited in further works. Global Journals has compiled these guidelines to facilitate you to maximize the web-
friendliness of the most public part of your paper.

Keywords

A major lynchpin of research work for the writing of research papers is the keyword search, which one will employ to find
both library and internet resources. Up to eleven keywords or very brief phrases have to be given to help data retrieval,
mining, and indexing.

One must be persistent and creative in using keywords. An effective keyword search requires a strategy: planning of a list
of possible keywords and phrases to try.

Choice of the main keywords is the first tool of writing a research paper. Research paper writing is an art. Keyword search
should be as strategic as possible.

One should start brainstorming lists of potential keywords before even beginning searching. Think about the most
important concepts related to research work. Ask, “What words would a source have to include to be truly valuable in a
research paper?” Then consider synonyms for the important words.

It may take the discovery of only one important paper to steer in the right keyword direction because, in most databases,
the keywords under which a research paper is abstracted are listed with the paper.

Numerical Methods

Numerical methods used should be transparent and, where appropriate, supported by references.

Abbreviations

Authors must list all the abbreviations used in the paper at the end of the paper or in a separate table before using them.
Formulas and equations

Authors are advised to submit any mathematical equation using either MathJax, KaTeX, or LaTeX, or in a very high-quality
image.

Tables, Figures, and Figure Legends

Tables: Tables should be cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g., Table 4, a self-explanatory caption, and be on a separate sheet. Authors must submit tables in an editable
format and not as images. References to these tables (if any) must be mentioned accurately.
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Figures

Figures are supposed to be submitted as separate files. Always include a citation in the text for each figure using Arabic
numbers, e.g., Fig. 4. Artwork must be submitted online in vector electronic form or by emailing it.

PREPARATION OF ELETRONIC FIGURES FOR PUBLICATION

Although low-quality images are sufficient for review purposes, print publication requires high-quality images to prevent
the final product being blurred or fuzzy. Submit (possibly by e-mail) EPS (line art) or TIFF (halftone/ photographs) files only.
MS PowerPoint and Word Graphics are unsuitable for printed pictures. Avoid using pixel-oriented software. Scans (TIFF
only) should have a resolution of at least 350 dpi (halftone) or 700 to 1100 dpi (line drawings). Please give the data
for figures in black and white or submit a Color Work Agreement form. EPS files must be saved with fonts embedded (and
with a TIFF preview, if possible).

For scanned images, the scanning resolution at final image size ought to be as follows to ensure good reproduction: line
art: >650 dpi; halftones (including gel photographs): >350 dpi; figures containing both halftone and line images: >650 dpi.

Color charges: Authors are advised to pay the full cost for the reproduction of their color artwork. Hence, please note that
if there is color artwork in your manuscript when it is accepted for publication, we would require you to complete and
return a Color Work Agreement form before your paper can be published. Also, you can email your editor to remove the
color fee after acceptance of the paper.

Tirs FOR WRITING A GOOD QUALITY SCIENCE FRONTIER RESEARCH PAPER

Techniques for writing a good quality Science Frontier Research paper:

1. Choosing the topic: In most cases, the topic is selected by the interests of the author, but it can also be suggested by the
guides. You can have several topics, and then judge which you are most comfortable with. This may be done by asking
several questions of yourself, like "Will | be able to carry out a search in this area? Will | find all necessary resources to
accomplish the search? Will | be able to find all information in this field area?" If the answer to this type of question is
"yes," then you ought to choose that topic. In most cases, you may have to conduct surveys and visit several places. Also,
you might have to do a lot of work to find all the rises and falls of the various data on that subject. Sometimes, detailed
information plays a vital role, instead of short information. Evaluators are human: The first thing to remember is that
evaluators are also human beings. They are not only meant for rejecting a paper. They are here to evaluate your paper. So
present your best aspect.

2. Think like evaluators: If you are in confusion or getting demotivated because your paper may not be accepted by the
evaluators, then think, and try to evaluate your paper like an evaluator. Try to understand what an evaluator wants in your
research paper, and you will automatically have your answer. Make blueprints of paper: The outline is the plan or
framework that will help you to arrange your thoughts. It will make your paper logical. But remember that all points of your
outline must be related to the topic you have chosen.

3. Ask your guides: If you are having any difficulty with your research, then do not hesitate to share your difficulty with
your guide (if you have one). They will surely help you out and resolve your doubts. If you can't clarify what exactly you
require for your work, then ask your supervisor to help you with an alternative. He or she might also provide you with a list
of essential readings.

4. Use of computer is recommended: As you are doing research in the field of science frontier then this point is quite
obvious. Use right software: Always use good quality software packages. If you are not capable of judging good software,
then you can lose the quality of your paper unknowingly. There are various programs available to help you which you can
get through the internet.

5. Use the internet for help: An excellent start for your paper is using Google. It is a wondrous search engine, where you
can have your doubts resolved. You may also read some answers for the frequent question of how to write your research
paper or find a model research paper. You can download books from the internet. If you have all the required books, place
importance on reading, selecting, and analyzing the specified information. Then sketch out your research paper. Use big
pictures: You may use encyclopedias like Wikipedia to get pictures with the best resolution. At Global Journals, you should
strictly follow here.
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6. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right? It is a good habit
which helps to not lose your continuity. You should always use bookmarks while searching on the internet also, which will
make your search easier.

7. Revise what you wrote: When you write anything, always read it, summarize it, and then finalize it.

8. Make every effort: Make every effort to mention what you are going to write in your paper. That means always have a
good start. Try to mention everything in the introduction—what is the need for a particular research paper. Polish your
work with good writing skills and always give an evaluator what he wants. Make backups: When you are going to do any
important thing like making a research paper, you should always have backup copies of it either on your computer or on
paper. This protects you from losing any portion of your important data.

9. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality.
Using several unnecessary diagrams will degrade the quality of your paper by creating a hodgepodge. So always try to
include diagrams which were made by you to improve the readability of your paper. Use of direct quotes: When you do
research relevant to literature, history, or current affairs, then use of quotes becomes essential, but if the study is relevant
to science, use of quotes is not preferable.

10. Use proper verb tense: Use proper verb tenses in your paper. Use past tense to present those events that have
happened. Use present tense to indicate events that are going on. Use future tense to indicate events that will happen in
the future. Use of wrong tenses will confuse the evaluator. Avoid sentences that are incomplete.

11. Pick a good study spot: Always try to pick a spot for your research which is quiet. Not every spot is good for studying.

12. Know what you know: Always try to know what you know by making objectives, otherwise you will be confused and
unable to achieve your target.

13. Use good grammar: Always use good grammar and words that will have a positive impact on the evaluator; use of
good vocabulary does not mean using tough words which the evaluator has to find in a dictionary. Do not fragment
sentences. Eliminate one-word sentences. Do not ever use a big word when a smaller one would suffice.

Verbs have to be in agreement with their subjects. In a research paper, do not start sentences with conjunctions or finish
them with prepositions. When writing formally, it is advisable to never split an infinitive because someone will (wrongly)
complain. Avoid clichés like a disease. Always shun irritating alliteration. Use language which is simple and straightforward.
Put together a neat summary.

14. Arrangement of information: Each section of the main body should start with an opening sentence, and there should
be a changeover at the end of the section. Give only valid and powerful arguments for your topic. You may also maintain
your arguments with records.

15. Never start at the last minute: Always allow enough time for research work. Leaving everything to the last minute will
degrade your paper and spoil your work.

16. Multitasking in research is not good: Doing several things at the same time is a bad habit in the case of research
activity. Research is an area where everything has a particular time slot. Divide your research work into parts, and do a
particular part in a particular time slot.

17. Never copy others' work: Never copy others' work and give it your name because if the evaluator has seen it anywhere,
you will be in trouble. Take proper rest and food: No matter how many hours you spend on your research activity, if you
are not taking care of your health, then all your efforts will have been in vain. For quality research, take proper rest and
food.

18. Go to seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.

19. Refresh your mind dafter intervals: Try to give your mind a rest by listening to soft music or sleeping in intervals. This
will also improve your memory. Acquire colleagues: Always try to acquire colleagues. No matter how sharp you are, if you
acquire colleagues, they can give you ideas which will be helpful to your research.
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20. Think technically: Always think technically. If anything happens, search for its reasons, benefits, and demerits. Think
and then print: When you go to print your paper, check that tables are not split, headings are not detached from their
descriptions, and page sequence is maintained.

21. Adding unnecessary information: Do not add unnecessary information like "I have used MS Excel to draw graphs."
Irrelevant and inappropriate material is superfluous. Foreign terminology and phrases are not apropos. One should never
take a broad view. Analogy is like feathers on a snake. Use words properly, regardless of how others use them. Remove
guotations. Puns are for kids, not grunt readers. Never oversimplify: When adding material to your research paper, never
go for oversimplification; this will definitely irritate the evaluator. Be specific. Never use rhythmic redundancies.
Contractions shouldn't be used in a research paper. Comparisons are as terrible as clichés. Give up ampersands,
abbreviations, and so on. Remove commas that are not necessary. Parenthetical words should be between brackets or
commas. Understatement is always the best way to put forward earth-shaking thoughts. Give a detailed literary review.

22. Report concluded results: Use concluded results. From raw data, filter the results, and then conclude your studies
based on measurements and observations taken. An appropriate number of decimal places should be used. Parenthetical
remarks are prohibited here. Proofread carefully at the final stage. At the end, give an outline to your arguments. Spot
perspectives of further study of the subject. Justify your conclusion at the bottom sufficiently, which will probably include
examples.

23. Upon conclusion: Once you have concluded your research, the next most important step is to present your findings.
Presentation is extremely important as it is the definite medium though which your research is going to be in print for the
rest of the crowd. Care should be taken to categorize your thoughts well and present them in a logical and neat manner. A
good quality research paper format is essential because it serves to highlight your research paper and bring to light all
necessary aspects of your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING
Key points to remember:

e Submit all work in its final form.
e Write your paper in the form which is presented in the guidelines using the template.
e Please note the criteria peer reviewers will use for grading the final paper.

Final points:

One purpose of organizing a research paper is to let people interpret your efforts selectively. The journal requires the
following sections, submitted in the order listed, with each section starting on a new page:

The introduction: This will be compiled from reference matter and reflect the design processes or outline of basis that
directed you to make a study. As you carry out the process of study, the method and process section will be constructed
like that. The results segment will show related statistics in nearly sequential order and direct reviewers to similar
intellectual paths throughout the data that you gathered to carry out your study.

The discussion section:

This will provide understanding of the data and projections as to the implications of the results. The use of good quality
references throughout the paper will give the effort trustworthiness by representing an alertness to prior workings.

Writing a research paper is not an easy job, no matter how trouble-free the actual research or concept. Practice, excellent
preparation, and controlled record-keeping are the only means to make straightforward progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general
guidelines.

To make a paper clear: Adhere to recommended page limits.
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Mistakes to avoid:

e Insertion of a title at the foot of a page with subsequent text on the next page.

e Separating a table, chart, or figure—confine each to a single page.

e Submitting a manuscript with pages out of sequence.

e In every section of your document, use standard writing style, including articles ("a" and "the").
e Keep paying attention to the topic of the paper.

e Use paragraphs to split each significant point (excluding the abstract).

e  Align the primary line of each section.

e  Present your points in sound order.

e Use present tense to report well-accepted matters.

e Use past tense to describe specific results.

e Do not use familiar wording; don't address the reviewer directly. Don't use slang or superlatives.
e Avoid use of extra pictures—include only those figures essential to presenting results.

Title page:

Choose a revealing title. It should be short and include the name(s) and address(es) of all authors. It should not have
acronyms or abbreviations or exceed two printed lines.

Abstract: This summary should be two hundred words or less. It should clearly and briefly explain the key findings reported
in the manuscript and must have precise statistics. It should not have acronyms or abbreviations. It should be logical in
itself. Do not cite references at this point.

An abstract is a brief, distinct paragraph summary of finished work or work in development. In a minute or less, a reviewer
can be taught the foundation behind the study, common approaches to the problem, relevant results, and significant
conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet
written? Wealth of terminology is very essential in abstract. Use comprehensive sentences, and do not sacrifice readability
for brevity; you can maintain it succinctly by phrasing sentences so that they provide more than a lone rationale. The
author can at this moment go straight to shortening the outcome. Sum up the study with the subsequent elements in any
summary. Try to limit the initial two items to no more than one line each.

Reason for writing the article—theory, overall issue, purpose.

e Fundamental goal.

e To-the-point depiction of the research.

e Consequences, including definite statistics—if the consequences are quantitative in nature, account for this; results of
any numerical analysis should be reported. Significant conclusions or questions that emerge from the research.

Approach:

0 Single section and succinct.

An outline of the job done is always written in past tense.

Concentrate on shortening results—limit background information to a verdict or two.

Exact spelling, clarity of sentences and phrases, and appropriate reporting of quantities (proper units, important
statistics) are just as significant in an abstract as they are anywhere else.

(ol olNe]

Introduction:

The introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background
information to be capable of comprehending and calculating the purpose of your study without having to refer to other
works. The basis for the study should be offered. Give the most important references, but avoid making a comprehensive
appraisal of the topic. Describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the
reviewer will give no attention to your results. Speak in common terms about techniques used to explain the problem, if
needed, but do not present any particulars about the protocols here.
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The following approach can create a valuable beginning:

0 Explain the value (significance) of the study.

0 Defend the model—why did you employ this particular system or method? What is its compensation? Remark upon
its appropriateness from an abstract point of view as well as pointing out sensible reasons for using it.

0 Present a justification. State your particular theory(-ies) or aim(s), and describe the logic that led you to choose
them.

O Briefly explain the study's tentative purpose and how it meets the declared objectives.

Approach:

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job
is done. Sort out your thoughts; manufacture one key point for every section. If you make the four points listed above, you
will need at least four paragraphs. Present surrounding information only when it is necessary to support a situation. The
reviewer does not desire to read everything you know about a topic. Shape the theory specifically—do not take a broad
view.

As always, give awareness to spelling, simplicity, and correctness of sentences and phrases.
Procedures (methods and materials):

This part is supposed to be the easiest to carve if you have good skills. A soundly written procedures segment allows a
capable scientist to replicate your results. Present precise information about your supplies. The suppliers and clarity of
reagents can be helpful bits of information. Present methods in sequential order, but linked methodologies can be grouped
as a segment. Be concise when relating the protocols. Attempt to give the least amount of information that would permit
another capable scientist to replicate your outcome, but be cautious that vital information is integrated. The use of
subheadings is suggested and ought to be synchronized with the results section.

When a technique is used that has been well-described in another section, mention the specific item describing the way,
but draw the basic principle while stating the situation. The purpose is to show all particular resources and broad
procedures so that another person may use some or all of the methods in one more study or referee the scientific value of
your work. It is not to be a step-by-step report of the whole thing you did, nor is a methods section a set of orders.

Materials:
Materials may be reported in part of a section or else they may be recognized along with your measures.
Methods:

O Report the method and not the particulars of each process that engaged the same methodology.

0 Describe the method entirely.

0 To be succinct, present methods under headings dedicated to specific dealings or groups of measures.

0 Simplify—detail how procedures were completed, not how they were performed on a particular day.

0 If well-known procedures were used, account for the procedure by name, possibly with a reference, and that's all.
Approach:

It is embarrassing to use vigorous voice when documenting methods without using first person, which would focus the
reviewer's interest on the researcher rather than the job. As a result, when writing up the methods, most authors use third
person passive voice.

Use standard style in this and every other part of the paper—avoid familiar lists, and use full sentences.
What to keep away from:

O Resources and methods are not a set of information.
O Skip all descriptive information and surroundings—save it for the argument.
O Leave out information that is immaterial to a third party.
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Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part as entirely objective
details of the outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Use statistics and tables, if suitable, to
present consequences most efficiently.

You must clearly differentiate material which would usually be incorporated in a study editorial from any unprocessed data
or additional appendix matter that would not be available. In fact, such matters should not be submitted at all except if
requested by the instructor.

Content:

0 Sum up your conclusions in text and demonstrate them, if suitable, with figures and tables.

0 Inthe manuscript, explain each of your consequences, and point the reader to remarks that are most appropriate.

0 Present a background, such as by describing the question that was addressed by creation of an exacting study.

0 Explain results of control experiments and give remarks that are not accessible in a prescribed figure or table, if
appropriate.

0 Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or
manuscript.

What to stay away from:

0 Do not discuss or infer your outcome, report surrounding information, or try to explain anything.

0 Do notinclude raw data or intermediate calculations in a research manuscript.
0 Do not present similar data more than once.
0 A manuscript should complement any figures or tables, not duplicate information.
0 Never confuse figures with tables—there is a difference.
Approach:

As always, use past tense when you submit your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report.

If you desire, you may place your figures and tables properly within the text of your results section.
Figures and tables:

If you put figures and tables at the end of some details, make certain that they are visibly distinguished from any attached
appendix materials, such as raw facts. Whatever the position, each table must be titled, numbered one after the other, and
include a heading. All figures and tables must be divided from the text.

Discussion:

The discussion is expected to be the trickiest segment to write. A lot of papers submitted to the journal are discarded
based on problems with the discussion. There is no rule for how long an argument should be.

Position your understanding of the outcome visibly to lead the reviewer through your conclusions, and then finish the
paper with a summing up of the implications of the study. The purpose here is to offer an understanding of your results
and support all of your conclusions, using facts from your research and generally accepted information, if suitable. The
implication of results should be fully described.

Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact, you must explain
mechanisms that may account for the observation. If your results vary from your prospect, make clear why that may have
happened. If your results agree, then explain the theory that the proof supported. It is never suitable to just state that the
data approved the prospect, and let it drop at that. Make a decision as to whether each premise is supported or discarded
or if you cannot make a conclusion with assurance. Do not just dismiss a study or part of a study as "uncertain."
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Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results
that you have, and take care of the study as a finished work.

0 You may propose future guidelines, such as how an experiment might be personalized to accomplish a new idea.

0 Give details of all of your remarks as much as possible, focusing on mechanisms.

0 Make a decision as to whether the tentative design sufficiently addressed the theory and whether or not it was
correctly restricted. Try to present substitute explanations if they are sensible alternatives.

0 One piece of research will not counter an overall question, so maintain the large picture in mind. Where do you go
next? The best studies unlock new avenues of study. What questions remain?

0 Recommendations for detailed papers will offer supplementary suggestions.

Approach:

When you refer to information, differentiate data generated by your own studies from other available information. Present
work done by specific persons (including you) in past tense.

Describe generally acknowledged facts and main beliefs in present tense.

THE ADMINISTRATION RULES
Administration Rules to Be Strictly Followed before Submitting Your Research Paper to Global Journals Inc.

Please read the following rules and regulations carefully before submitting your research paper to Global Journals Inc. to
avoid rejection.

Segment draft and final research paper: You have to strictly follow the template of a research paper, failing which your
paper may get rejected. You are expected to write each part of the paper wholly on your own. The peer reviewers need to
identify your own perspective of the concepts in your own terms. Please do not extract straight from any other source, and
do not rephrase someone else's analysis. Do not allow anyone else to proofread your manuscript.

Written material: You may discuss this with your guides and key sources. Do not copy anyone else's paper, even if this is
only imitation, otherwise it will be rejected on the grounds of plagiarism, which is illegal. Various methods to avoid
plagiarism are strictly applied by us to every paper, and, if found guilty, you may be blacklisted, which could affect your
career adversely. To guard yourself and others from possible illegal use, please do not permit anyone to use or even read
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