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On the Standard Cliffordian Hamiltonian 
Formulation of Symplectic Mechanics using 

Frame and Co-Frame Fields 
Gebreel Mohammed Khur Baba Gebreel α & Mohammed Ali Bashir σ 

    
  

     
 

Abstract-

 

In the standard Cliffordian Hamiltonian mechanics we use canonical local basis {𝑱𝑱𝟏𝟏∗ , 𝑱𝑱𝟐𝟐∗ , 𝑱𝑱𝟑𝟑∗ }. In this paper using 

the frame fields 𝒊𝒊𝑿𝑿 = 𝑿𝑿𝒂𝒂𝒂𝒂+𝒊𝒊 𝝏𝝏
𝝏𝝏𝒙𝒙𝒂𝒂𝒂𝒂+𝒊𝒊

 

,𝒂𝒂 = 𝟎𝟎,𝟏𝟏,𝟐𝟐, … ,𝟕𝟕  instead of the Hamiltonian vector field in the Cliffordian Hamiltonian 

formulation we verified the generalized form of Hamiltonian equation which is in conformity with the results that have 
been obtained previously.  

 

I.

 

Introduction

 

It is well-known that Modern differential geometry explains explicitly the 

dynamics of Hamiltonian’s. Therefore, if 𝑄𝑄

 

is an 𝑚𝑚− 𝑑𝑑𝑑𝑑𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

configuration 

manifold and 𝐻𝐻:𝑇𝑇∗𝑄𝑄 → 𝑅𝑅

 

is a regular Hamiltonian function, then there is a unique 

vector field 𝑋𝑋

 

𝑑𝑑𝑑𝑑

 

𝑇𝑇∗𝑄𝑄

 

such that dynamic equations are given by  

 

                                               

 

𝑑𝑑𝑋𝑋Φ = dH

                         

→

                                            

Where Φ

 

indicates the symplectic form. The triple (𝑇𝑇∗𝑄𝑄,Φ, X)

 

is called 

Hamiltonian system on the cotangent bundle 𝑇𝑇∗𝑄𝑄. 

 

Nowadays, there are a lot of studies about Hamiltonian mechanics, formalisms, 
systems and equations [1,2] and there in. There are real, complex, paracomplex and 
other analogues. We say that in order to obtain different analogous in different spaces is 
possible. 

 

Quaternions were invented by Sir William Rowan Hamiltonian as an extension 

to the complex numbers. Hamiltonian’s defining relation is most succinctly written as: 

 

                                                        

𝑑𝑑2 = 𝑗𝑗2 = 𝑘𝑘2 = 𝑑𝑑𝑗𝑗𝑘𝑘 = −1

              

→

                                        

If it is compared to the calculus of vectors, quaternions have slipped into the 
realm of obscurity. They do however still find use in the computation of rotations. A lot 
of physical laws in classical, relativistic, and quantum mechanics can be written 
pleasantly by means of quaternions. Some physicists hope they will find deeper 
understanding of the universe by restating basic principles in terms of quaternion 
algebra. It is well-known that quaternions are useful for representing rotations in both 
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quantum and classical mechanics [3]. We say that Cliffordian manifold is a  quaternion 

manifold. Therefore, all properties defined on quaternion manifold of 𝑑𝑑𝑑𝑑𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 8𝑑𝑑  also 
is valid for Cliffordian manifold. Thus, it is possible to construct mechanical equations 

on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  manifold.  

II.  Preliminaries  

Hereafter, all mappings and manifolds are assumed to be smooth, i.e. infinitely 

differentiable and the sum is taken over repeated indices. By ℱ(𝑀𝑀),𝒳𝒳(𝑀𝑀)  and Λ1(𝑀𝑀)  we 

denote the set of functions on 𝑀𝑀, the set of vector fields on 𝑀𝑀  and the set of 1 −
𝑓𝑓𝑑𝑑𝑙𝑙𝑚𝑚𝑑𝑑  𝑑𝑑𝑑𝑑  𝑀𝑀, respectively.  

Theorem  
Let 𝑓𝑓  be differentiable 𝜙𝜙 ,𝜓𝜓  are 1-form,then [4]:  

•  𝑑𝑑(𝑓𝑓𝜙𝜙) = 𝑑𝑑𝑓𝑓⋀𝜙𝜙 + 𝑓𝑓𝑑𝑑𝜙𝜙   

•  𝑑𝑑(𝜙𝜙⋀𝜓𝜓) = 𝑑𝑑𝜙𝜙⋀𝜓𝜓 − 𝜙𝜙⋀𝑑𝑑𝜓𝜓    

III.  Frame  Fields  [5]  

If  𝑈𝑈, x  is a chart on a smooth 𝑑𝑑 −𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑𝑓𝑓𝑑𝑑𝑑𝑑𝑑𝑑  then written x = (𝑥𝑥1, … , 𝑥𝑥𝑑𝑑)  we have 

vector fields defined on 𝑈𝑈  by  

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

∶ 𝑝𝑝 → � 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

�
𝑝𝑝

 

Such that the together the 
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑  form a basis at each tangent space at point in 𝑈𝑈. 

We call the set of fields  
𝜕𝜕
𝜕𝜕𝑥𝑥1  , … , 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑   a holonomic frame field over 𝑈𝑈. If 𝑋𝑋  is a vector 

field defined on some set including this local chart domain 𝑈𝑈  then for some smooth 

functions 𝑋𝑋𝑑𝑑  defined on 𝑈𝑈  we have  

𝑋𝑋(𝑝𝑝) = �𝑋𝑋𝑑𝑑(𝑝𝑝) �
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

�
𝑝𝑝

 

Or in other words  

�𝑋𝑋|𝑈𝑈 = �𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑  

Notice also that 𝑑𝑑𝑥𝑥𝑑𝑑 :𝑝𝑝 → 𝑑𝑑�𝑥𝑥𝑑𝑑�
𝑝𝑝  defines a field of co-vectors such that 

𝑑𝑑�𝑥𝑥1|𝑝𝑝 , …𝑑𝑑�𝑥𝑥𝑑𝑑 |𝑝𝑝  forms a basis of 𝑇𝑇𝑝𝑝∗𝑀𝑀  𝑓𝑓𝑑𝑑𝑙𝑙  𝑑𝑑𝑑𝑑𝑒𝑒ℎ  𝑝𝑝 ∈ 𝑈𝑈. The fields form what is called a 

holonomic co-frame over 𝑈𝑈. In fact, the functions 𝑋𝑋𝑑𝑑  are given by 𝑑𝑑𝑥𝑥𝑑𝑑(𝑋𝑋):𝑝𝑝 →
𝑑𝑑�𝑥𝑥𝑑𝑑�

𝑝𝑝
(𝑋𝑋𝑝𝑝).Type equation here.  

IV.  Cliffordian  𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  Manifolds   
Here, we recalled the main concepts and structures given in [6,7]. Let Let 𝑀𝑀  be a 

real smooth manifold of dimension 𝑚𝑚. Suppose that there is a 6 − 𝑑𝑑𝑑𝑑𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  vector 

bundle 𝑉𝑉  𝑒𝑒𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑑𝑑𝑑𝑑𝑐𝑐  𝑑𝑑𝑓𝑓  𝐹𝐹𝑑𝑑(𝑑𝑑 = 1,2, … ,6)  tensors of  𝑐𝑐𝑡𝑡𝑝𝑝𝑑𝑑(1,1)  𝑑𝑑𝑜𝑜𝑑𝑑𝑙𝑙  𝑀𝑀.  Such a local basis 

{𝐹𝐹1,𝐹𝐹2, … ,𝐹𝐹6}
 is called a canonical local basis of the bundle 𝑉𝑉  in a neighborhood 𝑈𝑈  𝑑𝑑𝑓𝑓  𝑀𝑀. 
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Then 𝑉𝑉 is called an almost Cliffordian structure in 𝑀𝑀. The pair (𝑀𝑀,𝑉𝑉) is named an 
almost Cliffordian manifold with 𝑉𝑉. Hence, an almost Cliffordian manifold 

𝑀𝑀 𝑑𝑑𝑑𝑑 𝑑𝑑𝑓𝑓 𝑑𝑑𝑑𝑑𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑚𝑚 = 8𝑑𝑑. If there exists on (𝑀𝑀,𝑉𝑉) a global basis {𝐹𝐹1,𝐹𝐹2, … ,𝐹𝐹6}, then 

(𝑀𝑀,𝑉𝑉) is said to be an almost Cliffordian manifold; the basis {𝐹𝐹1,𝐹𝐹2, … ,𝐹𝐹6} is called a 

global basis for 𝑉𝑉. 
An almost Cliffordian connection on the almost Cliffordian manifold (𝑀𝑀,𝑉𝑉) is a 

linear connection ∇ 𝑑𝑑𝑑𝑑 𝑀𝑀 which preserves by parallel transport the vector bundle 𝑉𝑉. 
This means that if Φ is a cross-section (local-global) of the bundle 𝑉𝑉. Then ∇xΦ is also a 

cross-section (local-global, respectively) of  𝑉𝑉 , X being an arbitrary vector field of 𝑀𝑀.  
If for any canonical basis {𝐽𝐽𝑑𝑑} , 𝑑𝑑 = 1 , 6����� 𝑑𝑑𝑓𝑓 𝑉𝑉 in a coordinate neighborhood 𝑈𝑈, the 

identities  

                          𝑐𝑐(𝐽𝐽𝑑𝑑𝑋𝑋, 𝐽𝐽𝑑𝑑𝑌𝑌) = 𝑐𝑐(𝑋𝑋,𝑌𝑌) , ∀𝑋𝑋,𝑌𝑌 ∈ 𝜒𝜒(𝑀𝑀), 𝑑𝑑 = 1,2, … ,6   →                         

Hold, the triple(𝑀𝑀,𝑐𝑐,𝑉𝑉)is named an almost Cliffordian Hermitian manifold or 

metric Cliffordian manifold denoting by 𝑉𝑉 an almost Cliffordian structure 𝑉𝑉 and by 𝑐𝑐 a 

Riemannian metric and by (𝑐𝑐,𝑉𝑉) an almost Cliffordian metric structure.    

Since each 𝐽𝐽𝑑𝑑(𝑑𝑑 = 1,2, … ,6) is almost Hermitian structure with respect to 𝑐𝑐, setting  

                               Φ𝑑𝑑(𝑋𝑋,𝑌𝑌) = 𝑐𝑐(𝐽𝐽𝑑𝑑𝑋𝑋,𝑌𝑌),    𝑑𝑑 = 1,2, … ,6        →                                       

For any vector fields 𝑋𝑋 𝑑𝑑𝑑𝑑𝑑𝑑 𝑌𝑌 , we see that Φ𝑑𝑑 are 6-local 2-forms. 

If the Levi-Civita connection ∇= ∇𝑐𝑐  𝑑𝑑𝑑𝑑 (𝑀𝑀,𝑐𝑐,𝑉𝑉) preserves the vector bundle 𝑉𝑉 by 

parallel transport, then (𝑀𝑀,𝑐𝑐,𝑉𝑉) is called a Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 manifold, and an almost 

Cliffordian structure Φ𝑑𝑑 of 𝑀𝑀 is called a Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 structure. A Clifford 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 
manifold is Riemannian manifold (𝑀𝑀8𝑑𝑑 ,𝑐𝑐). For example, we say that 𝑅𝑅8𝑑𝑑  is the simplest 

example of Clifford 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 manifold. Suppose that let  

{𝑥𝑥𝑑𝑑  , 𝑥𝑥𝑑𝑑+𝑑𝑑  , 𝑥𝑥𝑑𝑑+2𝑑𝑑  , 𝑥𝑥𝑑𝑑+3𝑑𝑑  , 𝑥𝑥𝑑𝑑+4𝑑𝑑  , 𝑥𝑥𝑑𝑑+5𝑑𝑑  , 𝑥𝑥𝑑𝑑+6𝑑𝑑  , 𝑥𝑥𝑑𝑑+7𝑑𝑑} , 𝑑𝑑 = 1,𝑑𝑑����� 

be a real coordinate system on 𝑅𝑅8𝑑𝑑 . 

The frame field represents the natural bases over 𝑅𝑅 of the tangent space 

𝑇𝑇(𝑅𝑅8𝑑𝑑)𝑑𝑑𝑓𝑓 𝑅𝑅8𝑑𝑑  and can be written:  

                                            � 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑𝑑𝑑 +𝑑𝑑

�  ,    𝑑𝑑 = 0,1,2,3, … 7    →                                           

The co-frame field represents the natural bases over 𝑅𝑅 of the cotangent space 

𝑇𝑇∗(𝑅𝑅8𝑑𝑑) 𝑑𝑑𝑓𝑓 𝑅𝑅8𝑑𝑑  and can be written: 

                                       {𝑑𝑑𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑}   ,   𝑑𝑑 = 0,1,2,3, … ,7    →                                             

By structures {𝐽𝐽1 , 𝐽𝐽2 , 𝐽𝐽3} the following expressions are obtained  

𝐽𝐽1 �
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

� =
𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑
           𝐽𝐽2 �

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

� =
𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
           𝐽𝐽3 �

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

� =
𝜕𝜕

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑
 

𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

     𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

   𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑
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𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

    𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

       𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

 

𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

    𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

      𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑  

                𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑
� = − 𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

  𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑
� = 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

      𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑
� = 𝜕𝜕

𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

        →             

𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

   𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

  𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

 

𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

        𝐽𝐽2 �
𝜕𝜕

𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

   𝐽𝐽3 �
𝜕𝜕

𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑
� =

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

 

𝐽𝐽1 �
𝜕𝜕

𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑
� = −

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

    
𝐽𝐽2 �

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

� =
𝜕𝜕

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

     
𝐽𝐽3 �

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

� = −
𝜕𝜕

𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑
 

A canonical local basis {𝐽𝐽1∗  , 𝐽𝐽2∗  , 𝐽𝐽3∗}  𝑑𝑑𝑓𝑓  𝑉𝑉∗  of the cotangent space 𝑇𝑇∗(𝑀𝑀)  of manifold 

𝑀𝑀  satisfies the following condition as follows:  

                                      𝐽𝐽1∗
2 = 𝐽𝐽2∗

2 = 𝐽𝐽3∗
2 = 𝐽𝐽1∗𝐽𝐽2∗𝐽𝐽3∗

2𝐽𝐽2∗𝐽𝐽1∗ = −𝐼𝐼  ,
       

→
                               

 

Defining by
 
 

𝐽𝐽1∗(𝑑𝑑𝑥𝑥𝑑𝑑) = 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

               
𝐽𝐽2∗(𝑑𝑑𝑥𝑥𝑑𝑑) = 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

            
𝐽𝐽3∗(𝑑𝑑𝑥𝑥𝑑𝑑) = 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑  

𝐽𝐽1∗(𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥𝑑𝑑
           

𝐽𝐽2∗(𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑

    
𝐽𝐽3∗(𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑  

𝐽𝐽1∗(𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑

      
𝐽𝐽2∗(𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥𝑑𝑑

         
𝐽𝐽3∗(𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑  

𝐽𝐽1∗(𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑

      
𝐽𝐽2∗(𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑

       
𝐽𝐽3∗(𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥𝑑𝑑  

              𝐽𝐽1∗(𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

    
𝐽𝐽2∗(𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

        
𝐽𝐽3∗(𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

  
→

         
 

𝐽𝐽1∗(𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

   
𝐽𝐽2∗(𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

      
𝐽𝐽3∗(𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑  

𝐽𝐽1∗(𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

     
𝐽𝐽2∗(𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

       
𝐽𝐽3∗(𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑  

𝐽𝐽1∗(𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑

   
𝐽𝐽2∗(𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑) = 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑

     
 𝐽𝐽3∗(𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑) = −𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑  

V.  Hamiltonian  Mechanics  

Here, we obtain Hamiltonian equations and Hamiltonian mechanical system for 

quantum and classical mechanics structured on the standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  
manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉).  

Firstly, let

 

(𝑅𝑅8𝑑𝑑 ,𝑉𝑉)  be a standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  manifold. Assume that a 
component of almost Cliffordian structure 𝑉𝑉∗, a Liouville form and a 1-form on the 

standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉)  are shown by 𝐽𝐽1∗  , 𝜆𝜆𝐽𝐽1
∗  𝑑𝑑𝑑𝑑𝑑𝑑  𝜔𝜔𝐽𝐽1

∗, 
respectively.

 
 

Then  

𝜔𝜔𝐽𝐽1
∗ =

1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 +
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(7) 

(8) 

(9) 

Notes

     𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑)           →                        (10) 



                        

   In this equation can be concise manner 

                                           𝜔𝜔𝐽𝐽1
∗ = 1

2
∑ 𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑

7
𝑑𝑑=0 𝑑𝑑𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑                 →                               

 

 

And 

 
𝜆𝜆𝐽𝐽1

∗ = 𝐽𝐽1∗�𝜔𝜔𝐽𝐽1
∗� =

1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 − 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

 
−𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑)

 
It is well-known that if Φ𝐽𝐽1

∗

 
is closed 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙

 
form on the standard Cliffordian 

𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙
 
manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉), then Φ𝐽𝐽1

∗

 
is also a symplectic structure on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙

 manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉). 
Can be written Hamilton vector field 𝑋𝑋

 
associated with Hamilton energy 𝐻𝐻

 
by 

using frame fields formula:
 

                                          
𝑋𝑋 = ∑ 𝑋𝑋𝑑𝑑𝑑𝑑+𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑𝑑𝑑 +𝑑𝑑

7
𝑑𝑑=0                      →                                   

 
Then 

 
Φ𝐽𝐽1

∗ = −𝑑𝑑𝜆𝜆𝐽𝐽1
∗ = 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 →     

 

Can be written 𝑑𝑑𝑋𝑋
 
by using frame fields 

 

                                   𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑𝑑𝑑 +𝑑𝑑

   𝑑𝑑 = 0,1,2, … ,7              →                              

If: 𝑑𝑑 = 0      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑  

𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 

−𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 +
 

𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑
𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑   ⇒
 

𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑  

+𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑  

If: 𝑑𝑑 = 1      ⇒   𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

 

𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 

𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 

              𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 ⇒    
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(12) 

(14) 

(13) 

Notes



   𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗  = Φ𝐽𝐽1

∗(𝑋𝑋)  = 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑   

                                +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑    

If: 𝑑𝑑 = 2      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

 

  𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 +   

 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 −   

 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 ⇒   

 𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗  = Φ𝐽𝐽1

∗(𝑋𝑋)  =  𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑   

                               +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑     

 ⋮   

If: 𝑑𝑑 = 7      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑   

 𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 +   

 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 +  𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 −   

 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 ⇒   

  𝑑𝑑𝑋𝑋Φ𝐽𝐽1
∗ = Φ𝐽𝐽1

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑   

                         +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑       →    

For all 𝑑𝑑 = 0,1,2,3, … ,7  we obtain equation (15).  

Furthermore, the differential of Hamilton energy is obtained as follows:   

    𝑑𝑑𝐻𝐻 = 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
  

                                        + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
    

→
      

According to Eq (1) if equaled Eq(15) and Eq(16), the Hamiltonian vector field 
is calculated as follows:

 

                         
𝑋𝑋 = − 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

+
  

                             𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

        
→

       

Suppose that a curve 

 

                                                𝛼𝛼 ∶ 𝑅𝑅
 

→ 𝑅𝑅8𝑑𝑑
                                              

→
                  

Be an integral curve of the Hamiltonian vector field, i.e. s 
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(15) 

(16) 

(17) 

(18) 

Notes



                                              𝑋𝑋�𝛼𝛼(𝑐𝑐)� = �̇�𝛼  ,   𝑐𝑐 ∈ 𝑅𝑅                           →                        

In the local coordinates , it is obtained that  

                       𝛼𝛼(𝑐𝑐) = (𝑥𝑥𝑑𝑑 , 𝑥𝑥𝑑𝑑+𝑑𝑑 , 𝑥𝑥2𝑑𝑑+𝑑𝑑 , 𝑥𝑥3𝑑𝑑+𝑑𝑑 , 𝑥𝑥4𝑑𝑑+𝑑𝑑 , 𝑥𝑥5𝑑𝑑+𝑑𝑑 , 𝑥𝑥6𝑑𝑑+𝑑𝑑 , 𝑥𝑥7𝑑𝑑+𝑑𝑑)      →               

And  

�̇�𝛼(𝑐𝑐) =
𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+
𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑
+
𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
+
𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
𝜕𝜕

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑
+ 

                    
𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

             →             

Considering Eq (19) if equaled Eq (17) and Eq (21), it follows:  

𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

= −
𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

  ,
𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
=
𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

   ,
𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= −

𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

  ,
𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= −

𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

 , 

   
𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

  , 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

   , 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

  , 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

    →                      

Thus, the equations obtained in Eq. (22) are seen to be Hamiltonian equation 

with respect to component 𝐽𝐽1∗
 
of almost Cliffordian structure 𝑉𝑉∗ on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙

 

manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉), and then the triple ( 𝑅𝑅8𝑑𝑑 ,Φ𝐽𝐽1
∗
 ,𝑋𝑋 )  

is seen to be a Hamiltonian 

mechanical system on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉).  

Secondly, let (𝑅𝑅8𝑑𝑑 ,𝑉𝑉) be a cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 manifold.  

Suppose that an element of almost cliffordian structure 𝑉𝑉∗, a Liouville form and 

a 1-form on cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙 manifold (𝑅𝑅8𝑑𝑑 ,𝑉𝑉) are denoted by 𝐽𝐽2∗
 , 𝜆𝜆𝐽𝐽2

∗
 𝑑𝑑𝑑𝑑𝑑𝑑 𝜔𝜔𝐽𝐽2∗

 , 
respectively.  

Putting:
 

𝜔𝜔𝐽𝐽2∗ =
1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 

+𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑) 

In this equation can be concise manner 
 

𝜔𝜔𝐽𝐽2
∗ =

1
2
�𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑

7

𝑑𝑑=0

𝑑𝑑𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑
 

We have: 
 

𝜆𝜆𝐽𝐽2
∗ = 𝐽𝐽2∗(𝜔𝜔𝐽𝐽2∗) =

1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
 

+𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 − 𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑)
 

Assume that 𝑋𝑋
 
is a Hamiltonian vector field related to Hamiltonian energy 𝐻𝐻

 

and given by Eq(12). Take into consideration.
 

Φ𝐽𝐽2
∗ = −𝑑𝑑𝜆𝜆𝐽𝐽2

∗ = 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 + 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 →
 

Then from Eq(14) we obtained 
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(20) 
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(23) 

Notes



If: 𝑑𝑑 = 0      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

   

   𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 −   
                                    

𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 +
  

                                      
𝑋𝑋𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑
𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑
𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑

    
⇒

  

   𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗

 
=

 
Φ𝐽𝐽2

∗(𝑋𝑋)
 

= 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑
  

                                  +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑    

If: 𝑑𝑑 = 1      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

  

  𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 +  

           𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 . 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 −   

          𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 ⇒   

      

   

           

  

  𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 +
 
𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑
𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 −

  

 

𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑+𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑−𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 ⇒
  

  𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

  

                                 +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑

   

      ⋮
  

If: 𝑑𝑑 = 7
      

⇒
   
𝑑𝑑𝑋𝑋 = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

  

  𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 +
  

  𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 −
  

 

𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑+𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑−𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 ⇒
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𝑖𝑖𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥4𝑎𝑎+𝑖𝑖 − 𝑋𝑋4𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥𝑎𝑎+𝑖𝑖 + 𝑋𝑋2𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖 − 𝑋𝑋𝑖𝑖𝑑𝑑𝑥𝑥2𝑎𝑎+𝑖𝑖

                                +𝑋𝑋5𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥7𝑎𝑎+𝑖𝑖 − 𝑋𝑋7𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥5𝑎𝑎+𝑖𝑖 + 𝑋𝑋6𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥3𝑎𝑎+𝑖𝑖 − 𝑋𝑋3𝑎𝑎+𝑖𝑖𝑑𝑑𝑥𝑥6𝑎𝑎+𝑖𝑖

If: 𝑎𝑎 = 2 ⇒ 𝑖𝑖𝑋𝑋 = 𝑋𝑋2𝑎𝑎+𝑖𝑖 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑎𝑎+𝑖𝑖

  𝑖𝑖𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋2𝑎𝑎+𝑖𝑖 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑎𝑎+𝑖𝑖

𝑑𝑑𝑥𝑥𝑎𝑎+𝑖𝑖 .𝑑𝑑𝑥𝑥4𝑎𝑎+𝑖𝑖 − 𝑋𝑋2𝑎𝑎+𝑖𝑖 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑎𝑎+𝑖𝑖

𝑑𝑑𝑥𝑥4𝑎𝑎+𝑖𝑖 . 𝑑𝑑𝑥𝑥𝑎𝑎+𝑖𝑖 +

Notes



   𝑑𝑑𝑋𝑋Φ𝐽𝐽2
∗ = Φ𝐽𝐽2

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑  

                          +𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑      →   

For all 𝑑𝑑 = 0,1,2,3, … ,7 we obtain equation (24). 
Furthermore, the differential of Hamiltonian energy is obtained as follows:  

  𝑑𝑑𝐻𝐻 = 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑  

                                        + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑         →  

According to Eq(1), if equaled Eq(24) and Eq(25), the Hamiltonian vector field is 
calculated as follows:  

 𝑋𝑋 = − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

−  

                          
𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

             →  

Assume that a curve  

                                          𝛼𝛼 ∶ 𝑅𝑅  → 𝑅𝑅8𝑑𝑑                                                           →

Be an integral curve of the Hamiltonian vector field 𝑋𝑋, i.e. 

                                             𝑋𝑋�𝛼𝛼(𝑐𝑐)� = �̇�𝛼   ,    𝑐𝑐 ∈ 𝑅𝑅                     →                                

In the local coordinates, it is obtained that  

                     𝛼𝛼(𝑐𝑐) = (𝑥𝑥𝑑𝑑 , 𝑥𝑥𝑑𝑑+𝑑𝑑 , 𝑥𝑥2𝑑𝑑+𝑑𝑑 , 𝑥𝑥3𝑑𝑑+𝑑𝑑 , 𝑥𝑥4𝑑𝑑+𝑑𝑑 , 𝑥𝑥5𝑑𝑑+𝑑𝑑 , 𝑥𝑥6𝑑𝑑+𝑑𝑑 , 𝑥𝑥7𝑑𝑑+𝑑𝑑)        →  

And  

              �̇�𝛼(𝑐𝑐) = 𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+ 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

+  

                          𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

      →             

Considering Eq(28) if equaled Eq(26) and Eq(30) it follows: 
 

 
𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

 
, 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

  
, 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥𝑑𝑑

 
, 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= − 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

 
,
 

                  
𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

 
, 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

  
, 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

 
, 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= − 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

       
→
               

The equations obtained in Eq(31) are known to be Hamiltonian equations with 

respect to component 𝐽𝐽2∗
 

of standard almost Cliffordian structure 𝑉𝑉∗
 

on the standard 

Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙
 

manifold (
 
𝑅𝑅8𝑑𝑑

 
,𝑉𝑉

 
)
 

and then the triple (𝑅𝑅8𝑑𝑑 ,Φ𝐽𝐽2
∗

 
,𝑋𝑋)

 

is a Hamiltonian 

mechanical system on the standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙
 

manifold (
 
𝑅𝑅8𝑑𝑑

 
,𝑉𝑉

 
). 

 

Thirdly, let (
 
𝑅𝑅8𝑑𝑑

 
,𝑉𝑉

 
)
 

be a standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙
 

manifold. By 𝐽𝐽3∗
 
,

𝜆𝜆𝐽𝐽3
∗

 
𝑑𝑑𝑑𝑑𝑑𝑑

 
𝜔𝜔𝐽𝐽3∗

 

we denote a component of almost Cliffordian structure 𝑉𝑉∗, a Liouville form 

and a 1-form on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙
 
manifold (

 
𝑅𝑅8𝑑𝑑

 
,𝑉𝑉

 
)
 
respectively. 

 

Let 𝜔𝜔𝐽𝐽3∗
 
be given by:
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Notes



                          𝜔𝜔𝐽𝐽3∗ = 1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑   

                                        +𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 + 𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑)   

In this equation can be concise manner  

𝜔𝜔𝐽𝐽3
∗ =

1
2
�𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑

7

𝑑𝑑=0

𝑑𝑑𝑥𝑥𝑑𝑑𝑑𝑑+𝑑𝑑  

Then it holds  

𝜆𝜆𝐽𝐽3
∗ = 𝐽𝐽3∗(𝜔𝜔𝐽𝐽3∗) =

1
2

(𝑥𝑥𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 − 𝑥𝑥𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑥𝑥2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑥𝑥3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑  

+𝑥𝑥4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 + 𝑥𝑥5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑥𝑥6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 − 𝑥𝑥7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑)  

It is well-known that if Φ𝐽𝐽3
∗  is a closed 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  form on the standard Cliffordian 

𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  manifold (𝑅𝑅8𝑑𝑑  ,𝑉𝑉 ), then Φ𝐽𝐽3
∗  is also a symplectic structure on Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙  

manifold ( 𝑅𝑅8𝑑𝑑 , 𝑉𝑉 ).  

Consider  𝑋𝑋. It is Hamiltonian vector field connected with Hamiltonian energy 𝐻𝐻
 

and 
given by Eq(12) taking into:

 
               Φ𝐽𝐽3

∗ = −𝑑𝑑𝜆𝜆𝐽𝐽3
∗ = 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥𝑑𝑑 + 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 +   

                                                  𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑⋀𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑                             →                           

Then from Eq(14) we obtained  

If: 𝑑𝑑 = 0      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

  

   𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 . 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑   

                             −𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑   

                             +𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑   ⇒   

       𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑   

                                       +𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
  

If: 𝑑𝑑 = 1
      

⇒
   
𝑑𝑑𝑋𝑋 = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

  

  𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
  

          −𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 +
  

             𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

  
⇒

  

            𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑
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(32) 

Notes



                      +𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑  

If:  𝑑𝑑 = 2      ⇒    𝑑𝑑𝑋𝑋 = 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

  

      𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 .𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 +   

      𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑   
     

−𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋2𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 ⇒
 

  𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑   

                             +𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑   

⋮
  

If: 𝑑𝑑 = 7
      

⇒
   
𝑑𝑑𝑋𝑋 = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕

𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑  

  𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 . 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 +
 

  𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 . 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑   
    

−𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋7𝑑𝑑+𝑑𝑑 𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 .𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑 ⇒
  

   𝑑𝑑𝑋𝑋Φ𝐽𝐽3
∗ = Φ𝐽𝐽3

∗(𝑋𝑋) = 𝑋𝑋3𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑 − 𝑋𝑋𝑑𝑑𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝑋𝑋𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 − 𝑋𝑋5𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑
  

                             
+𝑋𝑋2𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 − 𝑋𝑋6𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝑋𝑋7𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 − 𝑋𝑋4𝑑𝑑+𝑑𝑑𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑

  
→

  
For all 𝑑𝑑 = 0,1,2,3, … ,7

 
we obtain equation (33). 

 
Furthermore, the differential of Hamiltonian energy is obtained as follows:  

     𝑑𝑑𝐻𝐻 = 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑 

                        + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑 + 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑         →                           

According to Eq(1) if equaled Eq(33) and Eq(34), the Hamiltonian vector field given by  

           𝑋𝑋 = − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

−  

                     𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

− 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

+ 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

                   →           

Assume that a curve 
 

                                             𝛼𝛼 ∶ 𝑅𝑅 → 𝑅𝑅8𝑑𝑑                                                     →                 

Be an integral curve of the Hamiltonian vector field, i.e.  

                                                 𝑋𝑋�𝛼𝛼(𝑐𝑐)� = �̇�𝛼,
   
𝑐𝑐 ∈ 𝑅𝑅

                     
→
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(33) 

(35) 

(36) 

(37) 

Notes



In the local coordinates, it is obtained that  

                     𝛼𝛼(𝑐𝑐) = (𝑥𝑥𝑑𝑑 , 𝑥𝑥𝑑𝑑+𝑑𝑑 , 𝑥𝑥2𝑑𝑑+𝑑𝑑 , 𝑥𝑥3𝑑𝑑+𝑑𝑑 , 𝑥𝑥4𝑑𝑑+𝑑𝑑 , 𝑥𝑥5𝑑𝑑+𝑑𝑑 , 𝑥𝑥6𝑑𝑑+𝑑𝑑 , 𝑥𝑥7𝑑𝑑+𝑑𝑑)             →              

And  

   �̇�𝛼(𝑐𝑐) = 𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑

+ 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

+  

                      𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

+ 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

𝜕𝜕
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

          
→
             

Thinking out Eq(37) if equaled Eq(35) and Eq(39), it follows: 
 

 
𝑑𝑑𝑥𝑥𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥3𝑑𝑑+𝑑𝑑

 
, 𝑑𝑑𝑥𝑥𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥5𝑑𝑑+𝑑𝑑

  
, 𝑑𝑑𝑥𝑥2𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥6𝑑𝑑+𝑑𝑑

 
, 𝑑𝑑𝑥𝑥3𝑑𝑑+𝑑𝑑

𝑑𝑑𝑐𝑐
= 𝜕𝜕𝐻𝐻

𝜕𝜕𝑥𝑥𝑑𝑑

 
,

 

                  

𝑑𝑑𝑥𝑥4𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥7𝑑𝑑+𝑑𝑑

 

, 𝑑𝑑𝑥𝑥5𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥𝑑𝑑+𝑑𝑑

  

, 𝑑𝑑𝑥𝑥6𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= − 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥2𝑑𝑑+𝑑𝑑

 

, 𝑑𝑑𝑥𝑥7𝑑𝑑+𝑑𝑑
𝑑𝑑𝑐𝑐

= 𝜕𝜕𝐻𝐻
𝜕𝜕𝑥𝑥4𝑑𝑑+𝑑𝑑

         

→

       

Finally, the equations obtained in Eq(40) are obtained to be Hamiltonian 

equations

 

with respect to component 𝐽𝐽3∗

 

of almost Cliffordian structure 𝑉𝑉∗

 

on the 

standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙

 

manifold (

 

𝑅𝑅8𝑑𝑑 , 𝑉𝑉

 

), and then the triple (𝑅𝑅8𝑑𝑑 ,Φ𝐽𝐽2
∗

 

,𝑋𝑋)

 

is a 

Hamiltonian mechanical system on the standard Cliffordian 𝐾𝐾�̈�𝑑ℎ𝑑𝑑𝑑𝑑𝑙𝑙

 

manifold

 

(

 

𝑅𝑅8𝑑𝑑 ,𝑉𝑉

 

). 
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Abstract- The objective of this study was to analyze the conceptualization process in solving 
graph function problems based on the student perspective. Samples in this study were three 
students from the sains program in one of the best high school in West Jakarta region by the 
reason of testing results. This study has explored the completion of the problem and its 
interpretation of written interviews. There was a graph function problem that is solved by students 
and interpreted its completion according to their conceptions. The analyze result stated that 
students view the problem proposed as a function problem and not a geometric problem, so 
students consequences of converting from graphic to algebraic representation. The findings of 
this study were a conceptualization process where there are four steps of completion and it is 
estimating the algebraic function of the graph, finding the function of the graph, determining the 
function formula of the graph, and determining the derivative of the function. However, on the 
completion of all students, there was neglected a concept of domain function to look for as a 
background by students, and this is a complexity factor of the conceptualization process in 
solving function problems by the way to determine algebraic representation.  
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Abstract-

 

The objective of this study was to analyze the conceptualization process in solving graph function problems 
based on the student perspective. Samples in this study were three students from the sains program in one of the best 
high school in West Jakarta region by the reason of testing results. This study has explored the completion of the 
problem and its interpretation of written interviews. There was

 

a graph function problem that is solved by students and 
interpreted its completion according to their conceptions. The analyze result stated that students view the problem 
proposed as a function problem and not a geometric problem, so students consequences of converting from graphic to 
algebraic representation. The findings of this study were a conceptualization process where there are four steps of 
completion and it is estimating the algebraic function of the graph, finding the function of the graph, determining the 
function formula of the graph, and determining the derivative of the function. However, on the completion of all students, 
there was neglected a concept of domain function to look for as a background by students, and this is a complexity 
factor of the conceptualization process in solving function problems by the way to determine algebraic representation.

 
 

conceptualization, algebraic, gradient function.

 

I.

 

Introduction

 
There are four general steps of problem-solving, it is understanding, planning, 

solving, and looking back [1]; [2]. This step was many created citations in all research 
related to problem-solving. Especially in the mathematics education field, since 
emersion of

 

the steps that

 

have been posted by Poly

 

a and up to right now, it was 
much research about problem-solving done with the essence is including all of its 
general steps.

 

Even though in every step there are many processes happened and in 
facts, it is a determinant factor of emersion solution for every solved problem. However, 
kind of process happened be look totality as a just appearance one of all general steps. 
While, for every process, the different type of problems

 

so it will show a difference in 
completion process and finding a solution because who are thinking and solving a 
problem cannot be controlled the other.

 

The new approach focused on the interaction 
between problem representation and solution generated [3]. There has been a lot of 
research about problem-solving but was not yet known as a suitable framework strategy 
to formulate a graphic[4]. This condition was made our to look that this is interesting 
to follow up in a study related to occur process in particular general steps of problem-
solving, and we present to make this study with the focus on conceptualization process 
in solving function problem.
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Conceptualization process related to what is to be conceptualized. Here, we use a 
definition of the concept that is an abstract idea, so its conceptualization process means 
is not out of the related to emerge abstract ideas as an object in students' 
interpretation in conception  form. Therefore, in the solving process, there are 
conceptions from every solver who are a contribution to solving the problem[5]. 
[4]stated that problem-solving revers the process that be used in completion 
conceptualization and moved from the beginning to the end. This study is about 
problem-solving  so that its idea was meant as the ways that opened to be the solving 
process. The object that is conceptualized in its process was a problem-solving or a 
solution. In the problem-solving process, there is a solution after the solving steps. In 
other words, what is anything will be conceptualized is not yet formed, so not for all 
general problem-solving steps will be a part of the conceptualization process. At four of 
the general problem-solving steps that be cited, and that be showing on the progress of 
process before a solution fixed, so the looking back step is not a part of the 
conceptualization process. However, what is the general steps of an understanding 
problem as a part of the conceptualization process? This question will be answered in 
the next section of the result research discussion.  

This study aims to analyze the conceptualization process in solving graph 
function based on the student perspective. Framework this research analyzed student 
conception in the process to solve, so the collection of student conception would 
construct a schematized systematics and this is called the conceptualization process. 
There is a factor related to truth conception because if it is not so the solution will not 
be found, or solution was be found but there is a doubt with its truth. Because of 
related to conception, this was showing there is a solvers point of view as a determinant 
of preference when they are beginning the solving perform. Therefore, there is a truth of 
conception as a key point that was  created by solvers from their perspective. Here, 
presenting the problem was a function to create a different perspective in solving the 
context that is made by solvers, and its different is at least because of the problem 
which is required in open-ended type. With the requirement, the function problem 
satisfies a criterion because the function concept is a coherency of some representation 
both geometric and algebraic. In this study, function problem means is about the sketch 
of a gradient function graph, some times we use the term of gradient function or the 
first derivative function but its all the same means, and gradient function was stated in 
[6] as the first of derivative function.  

II.  Method  
This is an explorative study toward the completion process that interpretation 

by a sample of this study in writing the interview. The completion process has been 
obtained from one item test which was developed for needed this study and was used to 
measuring students' ability to solve the function problem. The test has been adapted 
from [6], it was about a gradient function graph problem. Its problem that was 
proposed is to determine a graph of gradient function from Figure 1 below.  
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Figure 1: Sketch of the graphics function
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  Then, this function problem was given to seven students from a high school in 
the region of West Jakarta. However, from seven on its students, just three students 
whose detail gave an answer related to the written interview question, and its students 
are initial as AN, NI, and PR. The interview question is how the way to solve and 
describes. Students who are a respondent in this study have been

 

classified as good 
students and it

 

was according to the recommendation of a mathematics teacher at the 
school whom concerned. Here, we used a literature [4]. In its article mentioned that the 
conceptualization process has been done by the ways to see in solver mind, it was seeing 
how they represented of the problem, how they produced a solution, and how its factors 
might be related with their knowledge, with the problem characteristic, and their 
success probably.

 III.

 

Result

 

and

 

Discussion

 Before to analyze of conceptualization process completion, the problem context 
would be fixed by the student point of view who has solved it. Function problem can 
look like a problem of geometric

 

or algebraicre

 

presentation[5]. However, students had 
the freedom to look at the problem from the relativity of according to their more than 
familiar in solution finding, although the problem was showing about there is one of 
complexity.

 a)

 

Complexity of Problem

 
Aside from geometric or function point of view, the item has been proposed 

above was considered to be a problem. Here is not to show that function has a complex 
system, but in this study, that function was being used to be anything that including 
form and variable problem because the function is satisfied between geometric and 
algebraic. Completion as a student task was showing a figure of the sketch a derivative 
function graph. However, at the test just have a figure of function and not be complete 
sets coordinate

 

pairs not clearly defined. We called this problem as a competitive 
problem because based on [7]

 

views that stated an ability to read given information just 
in the graphic form needed to think about complexity properties. Whereas on the other 
side, in [8]report have been stated some of typical difficulties student have on graphic 
representation from differential was about basic calculus concepts.

 
The problem in the test was to draw the first derivative function of graph 

function that given in Figure 1. The completion of students made was a function graph 
figure. However, given information was not detailed, but completion can be made by 
identifying ways form and properties of function graph as soon as analyzing relevant 
concepts. For example, a function has domain, codomain, and range [9]. Needed 
knowledge of students about function limit, derivative, asymptote, property, and 
interval[10]. Domain, codomain, range, intervals of increase or decrease, extreme values 
as the element and properties of function which was represented graphically [3]. 
Drawing a function graph in the coordinate plane can be started from its concepts 
because every function would be drawing and needed domain and codomain to be an 
axis

 

in rectangular Cartesian coordinate.

 

By knowing coordinate pairs between domain 
and range, so it can be made a function graph figure. In other words, to draw derivative 
function in the problem so it is necessary to be known a concept about domain and 
codomain its graph. Furthermore, making the first function derivative graph figure by 
identifying gradient value along the curve when its gradient value as positive or 
negative gradient value relatively, and increase or decrease [8]; [6]. Thus, there are some 
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elements to be necessary knew to sketch the gradient function graph, it is domain and 
codomain, the relative of gradient value, and concept about increasing and decreasing 
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function. However, many students from high school not yet understand the relationship 
between calculus concepts, but they learn more about the segmental concept just on 
calculating big scale and

 

typically problem-solving.

 
 

b)

 

The Problem on Student Perspective

 

Different point of view will obtain a different figure. Views will determine the too 
different color. Every student probably has different views about function. The function 
was satisfied between geometric and algebra representation[5]. The function can be 
represented in an algebraic formula, graph, table, and context so that a combination of 
this representation will obtain rich in concept figure[3]; [9]. In [11]literature was stated 
that the chosen type of representation would be impacting success in problem-solving, 
and [3]

 

added that graphic representation more accessible and give meaning to algebraic 
formulas. Related to this study, student views toward the problem guide theirs to the 
direction of the solving steps, and its look from their reasoning that students 
conceptualized the completion via constructing the algebraic function formula from 
graph

 

figure. The following is a student finding of some algebraic representation of the 
graph in Figure 1 above. A student with the initials AN stated that the function 
algebraic formula of its figure was aey x +−= −

 

for Ν∈a , while a student with the 
initials

 

NI showed axy +−= −1 for Ν∈a

 

as its algebraic function formula, whereas a 
student with the initials PR confirmed a graph on its figure by aay x +−= −1 , for 1>a
an a

 

element real number as an algebraic function formula.

 

Based on its some

 

algebraic expression, all three students who were respondents 
in this study view that this is a function problem. More precisely, students solved the 
problem by determining its function algebra formula to sketch a derivative function 
graph. All students solved in ways constructed the function first. This case like that is 
called in  [10]

 

that when students were given a function graph and then participated in 
sketching the derivative graph of its function gave, so many students tried to find the 
algebraic representation of given function first. After knowing its algebraic 
representation function, students would get the first derivative function, and then going 
to sketch the function graph figure on the rectangular coordinate system, and it 
happened as student techniques solved. We understood why students made these as a 
function problem. This is an effect of the question in its problem, because of a 
derivative function graph was being asked. While, learning about differential most 
identic with function, for example, algebraic function, trigonometry, or others. 
Therefore, students view that the sketch graph on its Figure 1 as the one of identical 
functions in their mind.

 

Finding the algebraic function formula of Figure 1 above was a skill of algebraic 
function analysis. We agree with [7]statement that students who learned differential 
actually skilled in the algebraic algorithm but they experience difficulty in 
understanding a concept so that the

 

fact showed many students to learn a type of 
algorithmic formal problems by memorizing way as a simple mechanical calculation 
process. All three students viewed the problem as a function problem, however, its 
problem can be categorized too as a geometric problem. [12]stated that function is the 
organic combination of number and form, and the flexible conversion between symbolic 
language and graph. In[6], this problem viewed a geometric problem, and geometry of
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the curve was communicated to a negative or positive gradient concept at a particular 
point. Even though the Figure 1 was seen that coordinate pairs are not defined clearly, 
but the slope of the tangent can be imagined and it indicate for the positive or negative 
range of domain. However, this was about the tendency of student views toward the 
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problem. Nevertheless, the test was not viewed as a  derivative function problem here 
because it is equally to be a base of completion when the view base is directed

 

to one of 
two types of the problem.

 

Therefore, two perspectives can student made the views related to the problem 
that was proposed and completion conceptualization. The problem that was proposed 
can be categorized in geometric and function problems. When

 

the conceptualization 
process in solving the problem was more dominant in using geometric context and was 
not a direction to determine the algebraic function formula. For example, by moving 
dynamic of the tangent along with graph figure so that the properties of the derivative 
function graph was known, or to solve ways with the technique in [6]explanation, we 
defined it be a geometric problem on student perspective. However, the trend of student 
performance in completion more to the utilization of function concept by formulating 
the algebraic function, so this was a function problem in judgment. Our investigation 
results toward student completion stated that it was a function problem. Its all depend 
on the point of view of student chose and started

 

their completion construction 
analysis. Their chosen was the best way of course whose student knew at the time, 
student ways of thinking to the problem, and this writing is not to

 

deny the result of 
their mind. The base of this claim is the student's point of view in solving. Some 
students in their explanation stated that solved the problem has been started by 
estimating the function of the graphics model. Student

 

explanation about

 

ways of 
estimating the function formula will be explaining in the section of step on the 
conceptualization process. In every completion of students make started indeed with 
their estimating result, and the completion of the key point is the first step chosen as a 
process conceptualization started here. Anyway, the first step is too important as a part 
and the rule in determining a lack of process to find the completion [13].

 

c)

 

The consequence

 

of the Solving Ways

 

Students who viewed the problem from a particular point of view, so they would 
face a consequence in the completion process, and every their point of view would 
distinguished complexity too. Students chose to solve the problem by determining the 
algebraic function formula so that all related consequences with the complexity function 
concept attached automatically in the conceptualizing process because the completion 
by different representations with the problem would emerge a conversion process. 
Switching a

 

representation to the other are important tools in problem-solving [3]; [14]; 
[5]. In this study, students converted geometric to algebraic representation. [12]stated 
that to understand all of the function concepts, there are various internal attributes and 
internal-external relationships should be understood to investigate systematically and 
comprehensively. By completion process from student views, like a statement which was 
stated by [7]that student tends to depend on algebraic thinking style in the end than 
geometric thinking style which got information about function directly from graphics 
model without function expression. Even though, a student who used algebraic thinking 
are disadvantaged in terms of available time and perform less well in solving a 
problem[15]. In [10], [3], and [5]

 

study was stated that student shows their difficulties 
usually in using of function properties, and in [14]

 

study confirmed about student 
difficulties like to understanding a formal aspect including to identify and represented 
domain and range geometrically, especially when the domain in-bound. Therefore, the 
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function was one of all difficult content to understand, and many students experienced 
their difficult when they faced the non-routine problem [9]; [5].
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d)

 

Steps on Conceptualization Process

 

We summarized some occurred process when the student solved the problem that 
is proposed. It was estimating the algebraic function of a graph, finding the function of 
a graph, determining the function formula of the graph, and determining the derivative 
of

 

the function. Among these processes, not for all is a conceptualization process in 
solving problems, because the conceptualization process is the occurred process before 
the completion has. Construction a graph was a goal that is an end product, In [3]

 

has 
been stated that it was a learning model

 

in the past. In other words, the sketching 
derivative function graph is the conceptualization process of completion.

 

i.

 

Estimating the algebraic function of the graph

 

The first step that to be a finding in solving the problem phase of the 
conceptualization process was an estimation

 

of the curve. Estimating an algebraic 
function formula was the fact student aware problems have so they took the step that 
by the particular domain function, but the codomain would be adjusted. Here, the 
student will see a geometry form of highlight a curve generally and match with various 
forms of the geometric representation of algebraic function formula in an analytical 
sketch that they ever learned, and this process might repeatedly occur. The repeated 
process in the problem-solving phase was drawing in

 

[1]

 

literature. In [13]study was 
stated student tendencies to pay the first attention to the figure, and this is a process of 
understanding in problem-solving. This literature

 

was not stated about anything 
activity to match between the figure on seen

 

and the other, but these activities were 
including a dynamic process. This is the answer to the question that has been in the 
introduction section, and it was an understanding phase in problem-solving steps as a 
dynamics when the conceptualization process occurred. In its context, there is a 
connection between student knowledge about the function of algebraic and geometric 
representation, and [16];[3]and [14]had stated that the connection was important in 
solving function problem. The student showed the knowledge connection means in some 
cut off their statement. AN has stated that Figure 1 similar to the upside-down of the 
exponential graph and the most frequently was xe . While NI has written that the graph 

on the test directed to xy /1−= . Whereas PR has confirmed the approximate form of 

the curve was xy = , and the other approximately form was an exponential function 
like xay = .

 

The student initials of AN has mentioned that the function graph in Figure 1 
similar to the exponential graph. Because of in his perspective view that the problem 
was about function problems, so his student tends to use a formula that was similar to 
the problem before his found. AN's activities in solving the problem is an example 
which was [13]stated about the part in one of all general problem-solving steps, it is 
planning completion of the problem. Based on some cut-off students statement, there is 
a difference of learning trajectory for each related to conceptualization process in 
solving problem that is processed by AN, NI, and PR apparently, and we have seen the 
first step of completion process in general as a process that is said an estimation of the 
algebraic function of curve. AN has begun the completion process by finding a form of a 
similar curve with the graph in Figure 1. While NI has begun the completion process by 
investigating graphic form with the ways on function interval analyzed. Whereas PR 
has begun his completion by finding a suitable function algebraic formula with the 
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graphic form model on Figure 1 displayed. All three students linked formula to a graph, 
imagined, and focused on key properties of the function. Its process called in [3] as a 
strategy.

Ref

1.
C

. 
G

ran
b
er g, 

“D
iscov

erin
g 

an
d
 

ad
d
ressin

g 
errors 

d
u
rin

g 
m

ath
em

atics 
p
rob

lem
-

solv
in

g
-A

 p
rod

u
ctiv

e stru
ggle?,”

J. M
ath

. B
eh

av
. , v

ol. 42, p
p
. 33–48, 2016.



 
 

 

ii.

 

Finding the function of a graph

 

By looking at a curve form, all three students were not directly to find an 
algebraic function formula of its curve. This was there are on cut off statements each 
explanation that be written by all three students. There are some different process that 
is shown each student before to determine a function formula of graph figure on the 
display. AN has done translation [ ]10

 

toward a graph and crossed ( )0,0 , then its 
asymptotic was 11lim =+− −

∞→

x

x
e . While NI has written that because of the bounds was a

 

and not equally 0, so xy /1−= must be added bya . Whereas PR has

 

done exploration 

on some function formula of a curve. For example, when xay = and tried to 2=a

 

so 
xy 2= but its formula was not suitable with the figure of the graph on the test. If 2−=a , 

so xy 2−= , then the curve

 

was reflected x-axis so that the curve form be similar. 
However, because of the curve crossed ( ) 1−=cf , so the function must be added by 1 for 
suitability with the figure. The student has shown their process to scan graph, [3]stated 
this process as the ability to read algebraic expressions and make rough estimates of the 
patterns that would emerge in representation. Find the suitability between the graph 
and its algebraic function formula was a consequence in

 

the way completion by this 
point of view.  

 

Based on the information that is created by students, two of them showed a 
stead geometry transformation concept as a part of the finding process the ideal 
algebraic function formula with the graph. Transformation

 

means is a translation by 
AN and reflection by PR. This happened are corresponding to the statement in [12]that 
the transformation of a figure was a frequent

 

process to be used when students 
constructed a function as an algebraic representation, hence there is a requirement for 
the student to

 

have mastery on specific properties of the function. Transformation as a 
different process between the completion by AN's or PR's and NI's. AN

 

and PR found 
an algebraic formula of graph function globally. Incited of [15]has stated that student 
who solved a problem with a global approach, they would focus on the function 
behavior in a particular interval. However, NI has done to conceptualized by reading 
points at function graph, and this way was stated [3]as a pointwise approach when this 
approach distinguished with a global approach. Therefore, the global approach more 
powerful and gives a better understanding of the relationship between formula and 
graph function compared to pointwise approach.

 

iii.

 

Determining the function formula of the graph

 

In finding an ideal function formula with a graphic form on the test, each 
student determined one function as a finding result. Here, AN has determined that a 
function of Figure 1 above 1+−= −xey . While NI has shown his analysis result with an 
expression axy +−= −1 Ν∈a as an algebraic representation of the graph. Whereas PR 

has determined by generalized way function formula to be xay −−= 1

 

for 1

 

>a

 

and

      

a

 

element real number, and for simplifying he used ae = so that xey −−= 1 . All three 
student has determined a function formula of the graph in Figure 1 based on their 
analysis result findings, and all of the algebraic function formula findings were different. 
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AN and PR were the same to determine function formula by using the e number. This is 
a second of similarity in conceptualizing process completion of them after finding the 
process of curve function was similar to utilize a geometry transformation concept. Two 
of these students has shown an identical conceptualization process and the other 
student has chosen the different technique. Anyway, there was one function concept 
that has been missed on all three student views, and this discussion will be created on 
the missing concept function in the section.
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iv.

 

Determining the derivative of the function

 

For determining the derivative function of the graph in Figure 1, and because 
each student has determined the algebraic function formula, in this section was not 
many explained the ways of determining a derivative function. All three students likely 
can be said that they were fluently for determining a derivative function. A has written

xey −=' . While NI has obtained a derivative function and written 2/1' xy = .Whereas PR 

has shown xexxy −= 2/' as a derivative result of function formula that he constructed. 
We claim that to determine a derivative function as the end of the conceptualization 
process in solving the problem because after this section is student will sketch the graph 
of its derivative function, so the object that is obtained from its process is the solution 
of the problem. This claim is based on a statement at the introduction section that 
conceptualization process related to abstraction precess or emerged abstract ideas and 
object that be conceptualized is not yet fixed.

 

e)

 

Missing of the domain concept

 

Looking at the completion has been created by the student, it has been clear 
that the problem which was given is not routine because each of student found ways of 
solving and different of the answer to this problem was explained its type as an open-
ended non-routine problem. In general, the student who has

 

answered the test classified 
in the smart student because of the three's be able to solve. Here, we are not to make 
sure that they are gifted, but based on completion that is created of them, they can be 
said a gifted from a side of function graph analysis to determine the algebraic function. 
The answer which has been given was based on the analysis process of form or 
geometry transformation toward constructed function. Knowledge of students has 
shown their mastery in-deep function materials and differential calculus. [9]have said 
that there are some terms for a relation to state a function, it is about a point of pairs, 
domain, codomain, and range. From the domain and function, it will obtain a range 
that is a part of the codomain. Related to those, there is no indicator in the problem to 
fault algebraic function formula that was student-constructed, but all three students 
have missed their identification toward the domain of a function that is one of all 
concepts, and it has been shown on the problem as terms of function graph. The 
student has shown domain the constant of function on determining the function formula 
of the graph at the discussion section, but they have not given domain for their 
function. This is probably a consequence of the completion process by algebraic 
representation ways. Because of the advantages of a graphic is to monitor and evaluate 
results[3]; [17], and this study analysis result was not looking for using its advantages 
by students. The student has been not understanding the domain concept, but they 
were missed to look for its background. Even though, in Figure 1, there was implicitly 
its definition related to domain function. Based on this condition, there is a probability 
like a statement in [14]

 

that a factor of a student has lack flexibility in attaching the 
meaning of domain or range, and in [15], [3]dan[5]stated that flexibility thinking is 
necessary for mathematics and problem-solving.
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A claim from [18]stated that neglecting a concept from the completion was 
because the student has its knowledge but they did not understand. However, we are 
more like than with statement in [8]that student has too late to realize the relationship 
between the original function and its derivative because of lack of appreciating the 
relation of them in the graphic representation. Therefore, the representation that has 
been including on the problem was served with an accurate level that is not detailed, so 
information and concept that students understood on the problem and problem-solving 

Ref

9.
H

. K
ash

efi, Z
. Ism

ail, an
d
 Y

. M
. Y

u
sof, “O

b
stacles in

 th
e learn

in
g of tw

o
-v

ariab
le 

fu
n
ction

s 
th

rou
gh

 
m

ath
em

atical 
th

in
k
in

g 
ap

p
roach

,”
P

roced
ia 

-
S
oc. 

B
eh

av
. 

S
ci., 

v
ol. 8, p

p
. 173–180, 2010.



strategy to find a solution are explained student knowledge and learning experiences. 
Placing of learning process emphasis on algebraic representations, it will be disregard 
graphical representation [8]. Even though, in [15]has stated that emphasis on the 
algebraic process tends to produce students with a dependence on the work form. All 
this time, learning about calculus placed the process on the accentuation of algebraic 
representation so it will be neglecting graphic representation. This was a reason as an 
effect of most students can easy solve routine differential problem,[8];[17]and [5]stated 
that with like this so they do not have a conceptual understanding about derivative 
graph of representation, and many researchers have explained about student difficulties 
when they were being given a graphic form. In[15], learning that emphasis on algebraic 
representations can hinder flexibility construction so it suggests the need to consider

 

the 
construction of didactic situations.

 

IV.

 

Conclusion

 

The problem of function that is proposed to students has been about to sketch a 
derivative function graph. Its problem in

 

the student perspective was a function graph 
because students chose for solving it by determining the algebraic function formula from 
a graphic figure. When the problem as a function problem in the student view, there 
was some concept of function that attached to be viewed in the conceptualization 
process, and this was a consequence in solving by converting a graphic to an algebraic 
representation way. After the completion that students created and their interpretation 
of it was analyzed, there are four phases of the conceptualization process from 
identification result

 

after the function problem in this study. The four are estimating 
the algebraic function of a graph, finding the function of a graph, determining the 
function formula of the graph, and determining the derivative of the function. However, 
the analysis study has the other finding, there is function concept missed on student 
views, it is a domain concept. All three students have determined a domain function of 
constant, but it was not a function domain. This condition cannot be claimed as a 
misunderstanding of the student on domain concept, and it is because of the complexity 
factor in the conceptualization process on solving function problem by algebraic 
representation way.

 

This study was limited to a function problem that it completion by determining 
algebraic representation, and when student progress in solving process on geometric 
problem perspective so that the phases in the conceptualization process will be different. 
Moreover, its phases are not the same too if the problem in another function context.
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Pythagorean fuzzy sets[1-4] were proposed by Yager in 2013, are a new tool to deal with
vagueness.Pythagorean fuzzy sets maintain the advantages of both membership and
non-membership, but the value range of membership function and non-membership function is
expanded from triangle to quarter circle. The expansion of the value area makes the amount of
information of pythagorean fuzzy sets expand 1.57 times that of the intuitionistic fuzzy sets, and
ensures that intuitionistic fuzzy sets are all pythagorean fuzzy sets. They can be used to
characterize the uncertain information more suffificiently and accurately than intuitionistic fuzzy
sets. Pythagorean fuzzy sets have attracted great attention of a great many scholars that have
been extended to new fields and these extensions have been used in many areas such as decision
making, aggregation operators, and information measures. Due to theirs wide scope of
description cases are very common in diverse real-life issue, pythagorean fuzzy sets have given a
boost to the management of vagueness caused by fuzzy scope. Pythagorean fuzzy sets have
provided two novel algorithms in decision making problems under Pythagorean fuzzy
environment.

Takagi-Sugeno (T-S) fuzzy systems [5-9] has been applied on intelligent computing research and
complex nonlinear systems. T-S fuzzy systems have also been extended to new fields and these
extensions have been used in many areas by a great many scholars. However, the membership
functions of T-S fuzzy systems can’t make full use of the all uncertain message in the premise
conditions. So we decide to study the new (α,β)-pythagorean fuzzy descriptor systems in order to
solve practical control problems more easily and feasible.

Abstract- By using pythagorean fuzzy sets and T-S fuzzy descriptor systems, the new (α, β)-pythagorean 
fuzzy descriptor systems are proposed in this paper. Their definition is given firstly, and the stability of this 
kind of systems is studied, the relation of (α, β)-pythagorean fuzzy descriptor systems and T-S fuzzy 
descriptor systems is discussed. The (α, β)-pythagorean fuzzy controller and the stability of (α, β)-
pythagorean fuzzy descriptor systems are deeply researched. The (α, β)-pythagorean fuzzy descriptor 
systems can be better used to solve the problems of actual nonlinear control. The (α, β)-pythagorean fuzzy 
descriptor systems will be a new research direction, and will become a universal method to solve practical 
problems. Finally, an example is given to illustrate effectiveness of the proposed method.
Keywords: pythagorean fuzzy sets; T-S fuzzy descriptor systems; stability.
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The advantages of (α, β)-pythagorean fuzzy descriptor systems are the following:
1. Pythagorean fuzzy sets maintain the advantages of both membership and non-membership,

but the value range of membership function and non-membership function is expanded from
triangle to quarter circle. The expansion of the value area makes the amount of information of
pythagorean fuzzy sets expand 1.57 times that of the intuitionistic fuzzy sets. They can be used to
characterize the uncertain information more suffificiently and accurately than intuitionistic fuzzy
sets.

2. The membership function and non-membership function of pythagorean fuzzy sets can be
easy to be defined. The value ranges of membership function and non-membership function are
also more consistent with objective reality and many hesitant problems and people’s thinking.

3. Pythagorean fuzzy sets can ensure that intuitionistic fuzzy sets are all pythagorean fuzzy
sets, i.e. intuitionistic fuzzy sets are the special examples of pythagorean fuzzy sets. So
intuitionistic fuzzy control systems can be changed into (0,1)-pythagorean fuzzy control systems.

4. (α,β)-pythagorean fuzzy descriptor systems are a broader generalization of T-S fuzzy
descriptor systems i.e. T-S fuzzy descriptor systems are the special examples of (α,
β)-pythagorean fuzzy descriptor systems.

5. We can judge the degree of weight in the control process according to the value of
membership function and non-membership function of the rules. By setting the values of  and ,
we decide whether the rules will participate in the final calculation, thereby reducing the
calculation process and improving the control efficiency and effectiveness.

6. In fact, (α, β)-pythagorean fuzzy descriptor systems are consistent with the control methods
of human being. This method is to imitate the control process of people and also solves the most
difficult problem for humans.

The rest of this paper is organized as follows: In Section 1, the basic concepts of T-S fuzzy
descriptor systems are introduced. In Section 2, (α,β)-pythagorean fuzzy descriptor systems are
firstly proposed. Then the relationship of T-S fuzzy descriptor systems and (α,β)-pythagorean
fuzzy descriptor systems are discussed in Section 3. (α,β)-pythagorean fuzzy controller and the
stability of (α,β)-pythagorean fuzzy descriptor systemsare deeply researched in Section 4. In
Section 5, a numbers examples is given to show the corollaries are corrected. We discussed in
detail the effects of controls in several cases. Through this practical example, we find that the
selection of pythagorean fuzzy membership functions in the premise conditions of the rules has a
great influence on the control effect. Therefore, the choice of pythagorean fuzzy membership
functions must be determined after more tests, and we can not completely believe the original
given functions. Finally, the conclusion is given in Section 6.

Notations:Throughout this paper, nR and mnR  denote respectively the n dimensional Euclidean
space and mn dimensional Euclidean space. PFS denotes pythagorean fuzzy set.

This section will briefly introduce some baisc definitions and theorems on pythagorean fuzzy
sets and T-S fuzzy descriptor systems.

[1-4] Let X be a universe of discourse. A PFS P in X is given by

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

P = {< x, μP (x), νP (x) >| x∈ X },

where μP : X →[0,1] denotes the degree of membership and νP : X →[0,1] denotes the degree
of non-membership of the element x ∈ X to the set P, respectively, with the condition that 0 ≤
(μP (x))2 + (νP (x))2 ≤ 1. The degree of indeterminacyπP (x) = 1 − (μP (x))2 − (νP (x))2.

For convenience, a pythagorean fuzzy number (μP (x), νP (x)) denoted by p = (μP , νP ).
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II. Preliminaries

Definition 1.1

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

[10,11] T-S fuzzy descriptor systems are as follows:

Rule i : if )(1 tx is iF1 and...and )(txn is i
nF , then

)()()( tBtxAtxE ii 

)()()( tDtxCty ii 

Where T
n txtxtxtx )](,),(),([)( 21  nR and mRt )( are the state and control input,

respectively; iA , iB , iC and iD are known real constant matrices with appropriate dimension;

E is a singular matrix; iF1 ,
iF2 , , i

nF ( ri ,...,2,1 ) are the fuzzy sets.

By fuzzy blending, the overall fuzzy model is inferred as follows

)()()()()( ttBtxtAtxE 

)()()()()( ttDtxtCty 

where

i

r

i
i AtxhtA 




1

))(()( , i

r

i
i BtxhtB 




1

))(()( , i

r

i
i CtxhtC 




1

))(()( , i

r

i
i DtxhtD 




1

))(()( ,

and ))(( txhi is the normalized grade of membership, given as




 r

i
i

i
i

tx

txtxh

1

))((

))(())((



, ))(())((

1
txtx jij

n

i
i  



 ,

which is satisfying

1))((0  txhi , ,1))((
1




r

i
i txh

))(( tx jij is the grade of membership function of )(tx j in i
jF .

As T-S fuzzy descriptor systems are very familiar to us, and pythagorean fuzzy sets are a new
tool to deal with vagueness. So we decide to study the new (α, β)-pythagorean fuzzy descriptor
systems in order to solve practical control problems more easily and feasible. Next, the related
definitions of ),(  pythagorean fuzzy descriptor systems are gradually given.

),(  pythagorean fuzzy descriptor systems are as follows:

Rule i : if )(1 tx is iP1 and...and )(txn is i
nP , then

)()()( tBtxAtxE ii  (2.1.a)

)()()( tDtxCty ii  (2.1.b)
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Definition 1.2

a) (𝛼𝛼,𝛽𝛽)-pythagorean fuzzy descriptor systems

Definition 2.1:

where T
n txtxtxtx )](,),()),([)( 21  nR and mRt )( are the state vector and the

control input vector, respectively; )(ty is the measurable output vector; iA , iB , iC and iD are

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

By fuzzy blending, the overall fuzzy model is inferred as follows

)()()()()( ttBtxtAtxE 

)()()()()( ttDtxtCty 

where

i

r

i
i AtxhtA 




1

))(()( , i

r

i
i BtxhtB 




1

))(()( ,

i

r

i
i CtxhtC 




1

))(()( , i

r

i
i DtxhtD 




1

))(()( ,

and ))(( txhi is the normalized grade of membership, given as

;,,3,2,1,
))((

))((
))((

1

),(

),(

ri
txh

txh
txh r

i

i

i

i 








where

))((),( txh
i

 ;,,3,2,1,1,
0

))(())(())(( 211

ri
else

txhortxhwhentxh iii 


 

 


,
))((

))((
))((

1

1




 r

i
P

P
i

tx

tx
txh

i

i




,

))((

))((
))((

1

2




 r

i
p

p
i

tx

tx
txh

i

i





where ))((1 txhi and ))((2 txhi are respectively positive and negative membership functions.

;1))((,1))((
1

2

1

1  


r

i

r

i
txhtxh

ii





r

j
jPjP txtx i

j
i

1

))(())((  , 



r

j
jPjP txtx i

j
i

1

))(())((  ;

))(( tx jP i
j

 and ))(( tx jP i
j

 is the membership function value of )(tx j that belongs and doesn’t

belong to the intuitionistic fuzzy numbers set .ijP
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known real constant matrices with appropriate dimension; E is a singular matrix;
iP1 ,

iP2 ,...,
i

nP ( ri ,...,2,1 ) are all pythagorean fuzzy sets.

1.We can judge the degree of weight in the control process according to the value of
the positive and negative membership functions of the rules. By setting the values of  and , we
decide whether the rules will participate in the final calculation, thereby reducing the calculation
process and improving the control efficiency and effectiveness.

Remark 2.1

2. In fact, (,)-pythagorean fuzzy descriptor systems are consistent with the control methods
of human being. People generally proceed appropriate control at one point by the past
experience, i.e. people's decisions are decided and implemented at roughly one point. This
method is to imitate the control process of people.

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

Firstly, the relation of T-S fuzzy descriptor systems and ( , )-pythagorean fuzzy descriptor
systems is studied through an example.

When ,1,0   then

 ))(())(( ),( txhtxh
ii

 ,
))((

))(())((

1

1




 r

i

M
i

M
i

tx

txtxh
i



 ,0))((2 txh
i

.))(())((
1




n

j
j

M
ij

M
i txtx 

Then the special (0,1)-pythagorean fuzzy descriptor systems are T-S fuzzy descriptor systems.
In other words, T-S fuzzy descriptor systems are all the special (0,1)-pythagorean fuzzy descriptor
systems. Therefore, it is easy to get the following Theorem 3.1.

T-S fuzzy descriptor systems are all the (,)-pythagorean fuzzy descriptor systems.
Proof:It is so easy, so omit.

Now we continue to study the feedback control and stability of pythagorean fuzzy descriptor
systems according to the traditional research path of the control systems.
Suppose

Rule i : if )(1 tx is ))(( 11 txP i and ... and )(txn is ))(( txP n
i

n , then

)()))(())((
1

txGtxhtxu i

r

i
i



 (4.1)

where iG (i=1,2,..., r) are the state feedback-gains matrices.

;,,3,2,1,
))((

))((
))((

1

),(

),(

ri
txh

txh
txh r

i

i

i

i 








where
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III. The Relations between (𝛼𝛼, 𝛽𝛽)-Pythagorean Fuzzy Descriptor Systems and

T-S Fuzzy Descriptor Systems

Theorem 3.1 

))((),( txh
i

 ;,,3,2,1,1,
0

))(())(())(( 211

ri
else

txhortxhwhentxh iii 
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))((
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i

tx

tx
txh

i

i




,

))((

))((
))((

1

2




 r

i
p

p
i

tx

tx
txh

i

i





where ))((1 txhi and ))((2 txhi are respectively positive and negative membership functions.

;1))((,1))((
1

2

1

1  


r

i

r

i
txhtxh

ii





r

j
jPjP txtx i

j
i

1

))(())((  , 



r

j
jPjP txtx i

j
i

1

))(())((  ;

IV. (𝛼𝛼, 𝛽𝛽)-Pythagorean Fuzzy Numbers Controller

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

))(( tx jP i
j

 and ))(( tx jP i
j

 is the membership function value of )(tx j that belongs and doesn’t

belong to the intuitionistic fuzzy numbers set .ijP
If we take（4.1）into (2.1) , we can get

)()())(())(()(
1 1

txGBAtxhtxhtxE jii

r

i

r

j
ji 

 

 (4.2.a)

)()))((())(()(
1 1

txGDCtxhtxhty jii

r

i

r

j
ji 

 
(4.2.b)

The system stability is guaranteed by determining the feedback gains jG .

Basic LMI-based stability conditions guaranteeing the stability of the above control system in
the form of (4.2) are given in the following theorem.

The system (4.1) is asymptotically stable, if there exist matrices nm
j RN  ( j=1,2,

3,..., r) and nnT RKK  such that the following LMIs are satisfied:

0K （4.3.a）

0 EKKE TT
（4.3.b）

011   T
i

T
jji

T
iiij BNNBAKKAQ ji, （4.3.c）

where the feedback gains are defined as KNG jj  for all .j
Considering the quadratic Lyapunov function

)()())(( tKxEtxtxV TT ,

where nnT RKK 0 .
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Theorem 4.1:

Proof: 

then

)()()()())(( txKEtxtKxEtxtxV TTTT   = ))(()()())(( txEKtxtKxtxE TTT   =

),()}{)( 11

1 1

tKxKKNBKAKKBNKKAKKtxhh ji
T

i
TT

i
T
j

T
i

TT
r

i

r

j
ji



 



let Z=Kx(t), then

)()}{)())(( 11

1 1

tKxKKNKBKAKBKNKAKKtxhhtxV jii
T
i

T
ji

TT
r

i

r

j
ji



 



.)( 11

1 1

ZNBKABNAKZhh jii
T
i

T
ji

T
r

i

r

j
ji  

 


As 011   T
i

T
jji

T
iiij BNNBAKKAQ , so the system (4.1) is asymptotically stable.

Considering an inverted pendulum, as show in Fig.8, subject to parameter
uncertainties[12] as the nonlinear plant to be controlled. The dynamic equation for the inverted
pendulum is given by

V. Simulation Example

Example 5.1:   

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

))((cos3/4
)())(cos(2/))(2sin()())(sin(

)( 2

2

tLamL
ttattLamtg

t
p

p













Where )(t is the angular displacement of the pendulum, g =9.8m/s2 is the acceleration due to

gravity, pm [
minpm ,

maxpm ]=[2,3]kg is the mass of the pendulum, ],[ maxmin MMM c  =[8,12]

Kg is the mass of the cart, )/(1 cp Mma  , 2L=1m is the length of the pendulum, and )(tu is

the force (in newtons) applied to the cart. The inverted pendulum is considered working in the

operating domain characterized by )(1 tx   ]12/5,12/5[  and )(2 tx   [-5,5].

Rule 1: If )(1 tx is 1
1M , )(2 tx is 1

2M , then

)(
1765.0
0

)(
)(

00078.10
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Rule 2: If )(1 tx is 2
1M , )(2 tx is 2

2M , then

)(
0261.0
0

)(
)(

00078.10
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Rule 3: If )(1 tx is 3
1M , )(2 tx is 3

2M , then

)(
1765.0
0

)(
)(

04800.18
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

  

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
  
Is
s u

e 
  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

20

29

  
 

( F
)

© 2020 Global Journals

Rule 4: If )(1 tx is 4
1M , )(2 tx is 4

2M , then

)(
0261.0
0

)(
)(

04800.18
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Left membership functions Right membership functions

2.1
1

1
2
1

1
1

1)(
x

M exM


 25.0
1

3
2
1

1
1

23.01)(
x

M exM




2.1
1

1

2
1

2
1

1)(
x

M exM


 25.0
1

3

2
1

2
1

23.01)(
x

M
exM




25.0
1

1
2
1

3
1

23.0)(
x

M exM


 2.1
1

3

2
1

3
1

)(
x

M
exM




25.0
1

1

2
1

4
1

23.0)(
x

M
exM


 2.1
1

3

2
1

4
1

)(
x

M exM




25.0
2

1
2
2

1
2

5.0)(
x

M exM


 5.1
2

3

2
2

1
2

)(
x

M exM




5.1
2

1

2
2

2
2

1)(
x

M
exM


 25.0
2

3
2
2

2
2

5.01)(
x

M exM




25.0
2

1
2
2

3
2

5.0)(
x

M exM


 5.1
2

3

2
2

3
2

)(
x

M
exM




5.1
2

1
2
2

4
2

1)(
x

M exM


 25.0
2

3

2
2

4
2

5.01)(
x

M exM




Table 1: The membership functions of the IT-2 T-S fuzzy model of inverted pendulum

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

Next, according to the ideas based on the principles of interpolation and interval coverage, we
firstly change the interval-valued T-S fuzzy model of inverted pendulum into the special (α,β)-
pythagorean fuzzy descriptor systems of inverted pendulum as follows.

Rule 1: If )(1 tx is ))(( 1
1
1 txP , )(2 tx is ))(( 2

1
2 txP , then

)(
1765.0
0

)(
)(

00078.10
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Rule 2: If )(1 kx is ))(( 1
2
1 txP , )(2 tx is ))(( 2

2
2 txP , then

)(
0261.0
0

)(
)(

00078.10
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Rule 3: If )(1 tx is ))(( 1
3
1 kxP , )(2 tx is ))(( 2

3
2 txP , then

)(
1765.0
0

)(
)(

04800.18
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx







































;

Rule 4: If )(1 tx is ))(( 1
4
1 kxP , )(2 tx is ))(( 2

4
2 txP , then

);(
0261.0
0

)(
)(

04800.18
10

)(
)(

2

1

2

1 t
tx
tx

tx
tx
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Membership functions Non-membership functions

2.1
1

2
1

1
1

1)(
x

P ex


 22.1
1 )1(1)(

2
1

1
1

x

P ex




2.1
1

2
1

2
1

1)(
x

P ex


 22.1
1 )1(1)(

2
1

2
1

x

P ex




25.0
1

2
1

3
1

23.0)(
x

P ex


 225.0
1 )23.0(1)(

2
1

3
1

x

P
ex




25.0
1

2
1

4
1

23.0)(
x

P
ex


 225.0
1 )23.0(1)(

2
1

4
1

x

P
ex




25.0
2

2
2

1
2

5.0)(
x

P ex


 225.0
2 )5.0(1)(

2
2

1
2

x

P
ex




5.1
2

2
2

2
2

1)(
x

P
ex


 25.1
2 )1(1)(

2
2

2
2

x

P ex




25.0
2

2
2

3
2

5.0)(
x

P ex


 225.0
2 )5.0(1)(

2
2

3
2

x

P
ex




5.1
2

2
2

4
2

1)(
x

P ex


 25.1
2 )1(1)(

2
2

4
2

x

P ex




Table 2: The membership functions and non-membership functions of (α, β)-
pythagorean fuzzy descriptor systems of inverted pendulum

According to the theorem 4.1, we can get














7/87/1
7/17/1

K , 









11
181K ,  10010031  NN ,  1000100042 NN ,

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

So the above (α,β)-pythagorean fuzzy descriptor systems of inverted pendulum is
asymptotically stable , and the state feedback-gains matrices  100031 GG ,  42 GG  10000 .

The first case, suppose
29
11)0(1


x , 88.0)0(2 x , ,25.0,3.0   then take the variable

)(1 tx as the main factor of the control, and according to Table 2 we can control in three steps ,

i.e.
29
11)0(1


x  )( 11 tx  0)( 21 tx and 210 tt  .

1. When
29
11)0(1


x , 88.0)0(2 x , and ,25.0,30.0   according to Table 2,

we can get ))0(( 11
1

xP = ))0(( 12
1

xP =0.69, ))0(( 11
1

xP = ))0(( 12
1

xP =0.72, ))0(( 13
1

xP =

))0(( 14
1

xP =0, ))0(( 13
1

xP = ))0(( 14
1

xP =1, ))0(( 21
2

xP = ))0(( 22
2

xP =0.02, ))0(( 21
2

xP =

))0(( 22
2

xP =1, ))0(( 23
2

xP = ))0(( 24
2

xP =0.40, ))0(( 23
2

xP = ))0(( 24
2

xP =0.92,

noteworthy, ))0(( 11
1

xP + ))0(( 11
1

xP = ))0(( 12
1

xP + ))0(( 12
1

xP =1.41>1, ))0(( 23
2

xP +

))0(( 23
2

xP = ))0(( 24
2

xP + ))0(( 24
2

xP =1.32>1.Then according to Definition 2.1, taking it one

step further, we can get 1
1h =0.49, 2

1h =0.22, 1
2h =0.49, 2

2h =0.22, 1
3h =0.01, 2

3h =0.28, 1
4h =0.01,
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2
4h =0.28, so 1h =0.5, 2h =0.5, 3h =0, 4h =0, according to 4.2, so the overall fuzzy model of the

(0.30,0.25)- pythagorean fuzzy descriptor systems is



























)(
)(

929.135019.2
25.00

)(
)(

2

1

2

1

tx
tx

tx
tx




,

The solution of the systems is

















 tet

ttx
93.130972.1045.02172.0

25.0
29
11

)( 
;

When 19103.0)4(1 x , 0372.0)4(2 x , and ,30.0 ,25.0 according to Table 2, we can

get ))4(( 11
1

xP = ))4(( 12
1

xP =0.03, ))4(( 11
1

xP = ))4(( 12
1

xP =1, ))4(( 13
1

xP = ))4(( 14
1

xP

=0.20, ))4(( 13
1

xP = ))4(( 14
1

xP =0.98, ))4(( 21
2

xP = ))4(( 22
2

xP =0.50, ))4(( 21
2

xP =

))4(( 22
2

xP =0.87, ))4(( 23
2

xP = ))4(( 24
2

xP =0, ))4(( 23
2

xP = ))4(( 24
2

xP =1, noteworthy,

))4(( 11
1

xP + ))4(( 11
1

xP = ))4(( 12
1

xP + ))4(( 12
1

xP =1.03>1, ))4(( 21
2

xP + ))4(( 21
2

xP

= ))4(( 22
2

xP + ))4(( 22
2

xP =1.37>1.Then according to Definition 2.1, taking it one step further,

we can get 1
1h =0.49, 2

1h =0.23, 1
2h =0.49, 2

2h =0.23, 1
3h =0.01, 2

3h =0.27, 1
4h =0.01, 2

4h =0.27,

so 1h =0.50, 2h =0.50, 3h =0, 4h =0, then according to 4.2, so the overall fuzzy model of the

(0.3,0.3)- pythagorean fuzzy descriptor systems is

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

 

































)4(
)4(

929.135019.2
25.00

)4(
)4(

2

1

2

1

tx
tx

tx
tx




,

The solution of the systems is 










  tet
t

tx 93.1300034.0045.003754.0
25.019103.0

)( ;

When 0000344.0)764.4(1 x , 00323.0)764.4(2 x , so the overall fuzzy model of the(0.30,

0.25)-pythagorean fuzzy descriptor systems is E-asymptotic stability. But it takes a shorter time.
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Fig. 1: X1(t) and X2(t) under the (0.30,0.25)- pythagorean fuzzy descriptor systems

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

The second case(interval-valued T-S fuzzy model of inverted pendulum), suppose

29
11)0(1


x , 88.0)0(2 x , then take the variable )(1 tx as the main factor of the control,

and according to Tables 1 we can control in three step,

i.e.
29
11)0(1


x  )1(1x  0)(1 tx .

1. When
29
11)0(1


x  )0,
29
11[ 

 , 88.0)0(2 x  )0,88.0[ , and
2
1

21   , according

to table1, we can get 1h =0.26, 2h =0.58, 3h =0.05, 4h =0.11, according to theorem 4.1, so the

overall interval-valued fuzzy model of the interval-valued fuzzy descriptor systems is



























)(
)(

925.59561.48
10

)(
)(

2

1

2

1

tx
tx

tx
tx




,

The solution of the systems is 
















tt

tt

ee
ee

tx
1.5982.0

1.5982.0

8848.10048.1
0319.02229.1

)( ;

2. When 5386.0)1(1 x  )0,5386.0[ , 4425.0)1(2 x  )4425.0,0[ , and
2
1

21   ,

according to table1, we can get 1h =0.32, 2h =0.25, 3h =0.24, 4h =0.19, according to 4.2, the
overall interval-valued fuzzy model of the interval-valued fuzzy descriptor systems is

Notes
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141.5849.44
10

)(
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2

1

2

1
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,

The solution of the systems is 
















)(37.57)(78.0

)(37.57)(78.0

0251.04174.0
0732.04654.0

)(
tt

tt

ee
ee

tx ;

2. When 0006.0)6.9(1 x , 0005.0)6.9(2 x , so the IT2 T-S fuzzy descriptor system of the
inverted pendulum will to be stable too.

Thus the stable control time of the (0.30,0.25)-pythagorean fuzzy descriptor systems of
inverted pendulum is 4.836 second shorter than the interval-valued T-S fuzzy descriptor systems
of the inverted pendulum.
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(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems

In this way, the (0.30,0.25)-pythagorean fuzzy descriptor systems can get the better
effect than the control effect of interval-valued T-S fuzzy model of inverted pendulum. It is easy
to see that the (0.30,0.25)-pythagorean fuzzy descriptor systems has the best control, and can
reduce the number of rules and thus reduce the amount of calculations.

Remark 5.1: 

X1(t) and X2(t) under the IT2 T-S fuzzy descriptor systemsFig. 2:

In this way, it can get the better effect than the control effect of interval-valued T-S fuzzy model
of inverted pendulum. Because the feedback more or less needs a little time, when the system
carries out feedback instructions, but the time has gone, so the feedback that have been given
are also lagging and out of date. ),(  pythagorean fuzzy descriptor systems can be closer to the
actual, and easy to control the error range. The new control method is more convenient and
feasible!

In this paper, the new ),(  pythagorean fuzzy descriptor systemsare firstly introduced, and
more consistent with the human way of thinking and more likely to be set up and
more convenient for popularization. The new ),(  pythagorean fuzzy descriptor systems is very

VI. Conclusions

simply and quickly. We can don’t know the control principle, but we can directly achieve good
control effect. The new theory can be studied in parallel to the basic framework of the original

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

theories and easy to promote the old theories and achieve good results. In addition, we can
judge the degree of weight in the control process according to the value of the positive and
negative membership functions of the rules. By setting the values of and  , we decide whether
the rules will participate in the final calculation, thereby reducing the number of the rules and
the calculation process, and improving the control efficiency and effectiveness. Otherwise, T-S
fuzzy descriptor systems are the special examples of ),(  pythagorean fuzzy descriptor
systems. ),(  pythagorean fuzzy controller and the stability of ),(  pythagorean fuzzy
descriptor systems are deeply researched. At last, a numbers example is given to show the
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corollaries are corrected.
But the theoretical part of the new systems need to be in-depth studied, and specific

applications are also to be further developed. For example, ),(  pythagorean fuzzy descriptor
systems can also be used as the model of autonomous learning in order to establish intelligent
control, and can be used well in unmanned driving in the future. So ),(  pythagorean fuzzy
descriptor systems is just to meet the reality requirements.

(𝛼𝛼,𝛽𝛽) Pythagorean Fuzzy Numbers Descriptor Systems
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Special functions are very useful according to their scope. So many problems related to the various areas of
Science , Mathematical Analysis, Applied Mathematics can be solved by various types of special functions.
The discovery of a hypergeometric function has provided an intrinsic stimulation in the world of mathematics. It
has also motivated the development of several domains such as complex functions, Riemann surfaces, differential
equations, difference equations, arithmetic theory and so forth.
Summation formulae for hypergeometric function has an important role in applied mathematics.
Prudnikov et al[2,p.414] derived the following seven summation formulae

2F1

[
a, − a ;
c ;

1

2

]
=

√
π Γ(c)

2c

[ 1

Γ( c+a+1
2

) Γ( c−a
2

)
+

1

Γ( c+a
2

) Γ( c−a+1
2

)

]
(1)

2F1

[
a, 1− a ;
c ;

1

2

]
=

√
π Γ(c)

2c−1

[ 1

Γ( c+a
2

) Γ( c−a+1
2

)

]
(2)

2F1

[
a, 2− a ;
c ;

1

2

]
=

√
π Γ(c)

(a− 1) 2c−2

[ 1

Γ( c+a−2
2

) Γ( c−a+1
2

)
− 1

Γ( c+a−1
2

) Γ( c−a
2

)

]
(3)

2F1

[
a, 3− a ;
c ;

1

2

]
=

√
π Γ(c)

(a− 1)(a− 2) 2c−3

[ (c− 2)

Γ( c+a−2
2

) Γ( c−a+1
2

)
− 2

Γ( c+a−3
2

) Γ( c−a
2

)

]
(4)

2F1

[
a, 4− a ;
c ;

1

2

]
=

√
π Γ(c)

(1− a)(2− a)(3− a) 2c−4

[ (a− 2c+ 3)

Γ( c+a−4
2

) Γ( c−a+1
2

)
+

(a+ 2c− 7)

Γ( c+a−3
2

) Γ( c−a
2

)

]
(5)

2F1

[
a, 5− a ;
c ;

1

2

]
=

√
π Γ(c)

2c−5{
4∏
γ=1

(γ − a)}

[{2(c− 2)(c− 4)− (a− 1)(a− 4)}
Γ( c−a+1

2
) Γ( c+a−4

2
)

+
(12− 4c)

Γ( c−a
2

) Γ( c+a−5
2

)

]
(6)

2F1

[
a, 6− a ;
c ;

1

2

]
=

√
π Γ(c)

2c−6{
5∏
δ=1

(δ − a)}

[ (4c2 + 2ac− a2 − a− 34c+ 62)

Γ( c−a
2

) Γ( c+a−5
2

)
− (4c2 − 2ac− a2 + 13a− 22c+ 20)

Γ( c−a+1
2

) Γ( c+a−6
2

)

]
(7)
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The contiguous relation is defined as Abramowitz et al[1,p.558]

b 2F1

[
a, b+ 1 ;
c ;

z

]
= (b− c+ 1) 2F1

[
a, b ;
c ;

z

]
+ (c− 1) 2F1

[
a, b ;
c− 1 ;

z

]
(8)

Salahuddin et al[2,3,5,6,7,8,9,10,11] derived the following summation formulae

2F1

[
a, 7− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−7{
6∏
ς=1

(ς − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−6
2

)
(−3a2c+ 12a2 + 21ac− 84a+ 4c3 − 48c2 + 158c− 120)+

+
1

Γ( c−a
2

) Γ( c+a−7
2

)
(2a2 − 14a− 8c2 + 64c− 108)

]
(9)

2F1

[
a, 8− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−8{
7∏
ξ=1

(ξ − a)}

[ 1

Γ( c−a
2

) Γ( c+a−7
2

)
(−a3 − 4a2c+ 30a2 + 4ac2 − 4ac− 107a+ 8c3 − 124c2 + 576c− 762)+

+
1

Γ( c−a+1
2

) Γ( c+a−8
2

)
(−a3 + 4a2c− 6a2 + 4ac2 − 68ac+ 181a− 8c3 + 92c2 − 288c+ 210)

]
(10)

2F1

[
a, 9− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−9{
8∏
$=1

($ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−8
2

)
(a4 − 18a3 − 8a2c2 + 80a2c− 85a2 + 72ac2 − 720ac+ 1494a+ 8c4−

−160c3+1056c2−2560c+1680)+
1

Γ( c−a
2

) Γ( c+a−9
2

)
(8a2c−40a2−72ac+360a−16c3+240c2−1072c+1360)

]
(11)

2F1

[
a, 10− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−10{
9∏
υ=1

(υ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−10
2

)
(−a4 − 4a3c+ 42a3 + 12a2c2 − 72a2c− 107a2 + 8ac3 − 252ac2+

+1772ac− 3054a− 16c4 + 312c3− 2000c2 + 4704c− 3024) +
1

Γ( c−a
2

) Γ( c+a−9
2

)
(a4− 4a3c+ 2a3− 12a2c2 + 192a2c−

−553a2 + 8ac3 − 12ac2 − 868ac+ 3406a+ 16c4 − 392c3 + 3320c2 − 11224c+ 12264)

]
(12)

2F1

[
a, 11− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−11{
10∏
ϕ=1

(ϕ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−10
2

)
(5a4c− 30a4 − 110a3c+ 660a3 − 20a2c3 + 360a2c2 − 1305a2c−

−810a2 + 220ac3 − 3960ac2 + 21010ac− 31020a+ 16c5 − 480c4 + 5240c3 − 25200c2 + 50544c− 30240)+

+
1

Γ( c−a
2

) Γ( c+a−11
2

)
(−2a4 + 44a3 + 24a2c2− 288a2c+ 530a2− 264ac2 + 3168ac− 8492a− 32c4 + 768c3− 6352c2+

+20928c− 22320)
]

(13)

Notes
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2F1

[
a, 12− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−12{
11∏
χ=1

(χ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−12
2

)
(a5 − 6a4c+ 9a4 − 12a3c2 + 300a3c− 1103a3 + 32a2c3−

−408a2c2 + 46a2c+ 6351a2 + 16ac4− 800ac3 + 10364ac2− 46852ac+ 62182a− 32c5 + 944c4− 10112c3 + 47656c2−

−93776c+ 55440) +
1

Γ( c−a
2

) Γ( c+a−11
2

)
(a5 + 6a4c− 69a4 − 12a3c2 + 12a3c+ 769a3 − 32a2c3 + 840a2c2−

−5662a2c+ 8301a2 + 16ac4 − 32ac3 − 4612ac2 + 42380ac− 96002a+ 32c5 − 1136c4 + 15104c3−

−92536c2 + 255392c− 245640)
]

(14)

2F1

[
a, 13− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−13{
12∏
β=1

(β − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−12
2

)
(−a6 + 39a5 + 18a4c2 − 252a4c+ 275a4 − 468a3c2 + 6552a3c

−18135a3 − 48a2c4 + 1344a2c3 − 9834a2c2 + 5964a2c+ 74246a2 + 624ac4 − 17472ac3 + 167388ac2 − 631176ac

+752856a+ 32c6 − 1344c5 + 21824c4 − 172032c3 + 674384c2 − 1187424c+ 665280)+

+
1

Γ( c−a
2

) Γ( c+a−13
2

)
(−12a4c+ 84a4 + 312a3c− 2184a3 + 64a2c3 − 1344a2c2

+6620a2c− 2436a2 − 832ac3 + 17472ac2 − 112424ac+ 216216a− 64c5 + 2240c4 − 29312c3 + 176512c2−

−478752c+ 453600)
]

(15)

2F1

[
a, 14− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−14{
13∏
σ=1

(σ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−14
2

)
(a6 + 6a5c− 87a5 − 24a4c2 + 150a4c+ 925a4 − 32a3c3 + 1392a3c2

−12706a3c+ 24615a3 + 80a2c4 − 1728a2c3 + 5368a2c2 + 58986a2c− 242486a2 + 32ac5 − 2320ac4 + 47328ac3

−391568ac2 + 1344076ac− 1496568a− 64c6 + 2656c5−42560c4 + 330752c3 − 1278144c2+ 2222160c− 1235520)+

+
1

Γ( c−a
2

) Γ( c+a−13
2

)
(−a6 + 6a5c−

−3a5+24a4c2−570a4c+2225a4−32a3c3+48a3c2+7454a3c−39225a3−80a2c4+3072a2c3−35608a2c2+133626a2c−

−68104a2 +32ac5−80ac4−19872ac3 +313808ac2−1676564ac+2856228a+64c6−3104c5 +59360c4−566848c3+

+2810304c2 − 6724560c+ 5897520)
]

(16)

2F1

[
a, 15− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−15{
14∏
ε=1

(ε− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−14
2

)
(−7a6c+ 56a6 + 315a5c− 2520a5 + 56a4c3 − 1344a4c2 + 5103a4c+

+16520a4−1680a3c3+40320a3c2−271215a3c+449400a3−112a2c5+4480a2c4−54040a2c3+150080a2c2+845824a2c−
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2F1

[
a, 16− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−16{
15∏
ζ=1

(ζ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−16
2

)
(−a7 + 8a6c− 12a6 + 24a5c2− 792a5c+ 3710a5− 80a4c3 + 1080a4c2+

+6280a4c−66600a4−80a3c4 + 5280a3c3−85480a3c2 + 435480a3c−458929a3 + 192a2c5−6240a2c4 + 45200a2c3+

+271560a2c2−3746640a2c+8942052a2 +64ac6−6336ac5 +186000ac4−2408160ac3 +15005072ac2−42553152ac+

−3383296a2 +1680ac5−67200ac4 +999600ac3−6787200ac2 +20482140ac−21070560a+64c7−3584c6 +80864c5−

−940800c4 +5987520c3−20296192c2 +32464368c−17297280)+
1

Γ( c−a
2

) Γ( c+a−15
2

)
(2a6−90a5−48a4c2 +768a4c−

−1474a4 + 1440a3c2 − 23040a3c+ 77970a3 + 160a2c4 − 5120a2c3 + 46640a2c2 − 90880a2c− 226192a2 − 2400ac4+

+76800ac3 − 861600ac2 + 3955200ac− 6138120a− 128c6 + 6144c5 − 116160c4 + 1095680c3 − 5363584c2+

+12679168c− 11009376)
]

(17)

+41722740a− 128c7 + 7104c6 − 158720c5 + 1827360c4 − 11505152c3 + 38596416c2 − 61194240c+ 32432400)+

+
1

Γ( c−a
2

) Γ( c+a−15
2

)
(−a7−8a6c+124a6+24a5c2−24a5c−2818a5+80a4c3−3000a4c2+26360a4c−40760a4−80a3c4+

+160a3c3 +45080a3c2−534760a3c+1499471a3−192a2c5 +10080a2c4−175760a2c3 +1189560a2c2−2226480a2c−

−2760884a2 +64ac6−192ac5−75120ac4 +1782560ac3−16394608ac2 +65703616ac−93008652a+128c7−8128c6+

+210944c5 − 2878240c4 + 22080512c3 − 94015552c2 + 202146816c− 165145680)
]

(18)

2F1

[
a, 17− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−17{
16∏
ϑ=1

(ϑ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−16
2

)
(a8−68a7−32a6c2+576a6c−638a6+1632a5c2−29376a5c+101320a5+

+160a4c4 − 5760a4c3 + 44640a4c2 + 129600a4c− 1341071a4 − 5440a3c4 + 195840a3c3 − 2303840a3c2+

+9743040a3c− 9832052a3 − 256a2c6 + 13824a2c5 − 246560a2c4 + 1411200a2c3 + 4297408a2c2 − 64103040a2c+

+143207628a2 + 4352ac6− 235008ac5 + 4977600ac4− 52289280ac3 + 282566656ac2− 727036416ac+ 670152240a+

+128c8−9216c7 + 275456c6−4423680c5 + 41249792c4−224907264c3 + 683065344c2−1014128640c+ 518918400+

+
1

Γ( c−a
2

) Γ( c+a−17
2

)
(16a6c− 144a6 − 816a5c+ 7344a5 − 160a4c3 + 4320a4c2 − 22480a4c− 30960a4 + 5440a3c3−

−146880a3c2 + 1157360a3c− 2484720a3 + 384a2c5 − 17280a2c4 + 247840a2c3 − 1092960a2c2 − 1901760a2c+

+15669504a2−6528ac5 +293760ac4−4999360ac3 +39804480ac2−146267456ac+194890176a−256c7 +16128c6−

−414976c5 + 5610240c4 − 42628864c3 + 179788032c2 − 383195904c+ 310867200)
]

(19)

2F1

[
a, 18− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−18{
17∏
η=1

(η − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−18
2

)
(−a8−8a7c+148a7 +40a6c2−256a6c−3362a6 +80a5c3−4440a5c2+

Notes
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+49664a5c−103400a5−240a4c4+5520a4c3+18760a4c2−849520a4c+3240271a4−192a3c5+17760a3c4−440560a3c3+

+4091160a3c2 − 12923320a3c+ 3622852a3 + 448a2c6 − 20352a2c5 + 253360a2c4 + 576240a2c3 − 31091248a2c2+

+192701168a2c− 344444908a2 + 128ac7− 16576ac6 + 660032ac5− 12228640ac4 + 118499872ac3− 604789504ac2+

+1488844864ac−1324543920a−256c8+18304c7−542976c6+8650240c5−79993344c4+432549376c3−1303568384c2+

+1923025920c−980179200)+
1

Γ( c−a
2

) Γ( c+a−17
2

)
(a8−8a7c+4a7−40a6c2 +1264a6c−6214a6 +80a5c3−120a5c2−

−32416a5c+213904a5+240a4c4−12720a4c3+186440a4c2−743120a4c−456391a4−192a3c5+480a3c4+216080a3c3−

−4278120a3c2 + 27569480a3c− 52277444a3 − 448a2c6 + 30720a2c5 − 745840a2c4 + 7817520a2c3 − 30345632a2c2−

−19224224a2c+ 253516684a2 + 128ac7 − 448ac6 − 259264ac5 + 8556320ac4 − 118218848ac3 + 813195488ac2−

−2692403360ac+3335839536a+256c8−20608c7+696192c6−12817024c5+139638144c4−913535872c3+3463541888c2−

−6848013696c+ 5284782720)
] (20)

2F1

[
a, 19− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−19{
18∏
λ=1

(λ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−18
2

)
(9a8c−90a8−684a7c+6840a7−120a6c3+3600a6c2−14046a6c−99540a6+

+6840a5c3−205200a5c2+1664856a5c−2968560a5+432a4c5−21600a4c4+277080a4c3+327600a4c2−20793831a4c+

+70898310a4−16416a3c5 +820800a3c4−14644440a3c3 +111013200a3c2−315518940a3c+131909400a3−576a2c7+

+40320a2c6−992880a2c5+9324000a2c4+4429536a2c3−636886080a2c2+3695816316a2c−6211091160a2+10944ac7−

−766080ac6+21827808ac5−325310400ac4+2707726176ac3 12394025280ac2+28254838896ac−23908836960a+256c9−

−23040c8+880512c7−18627840c6+238347264c5−1891123200c4+9158978048c3−25507261440c2+35661692160c−

−17643225600)+
1

Γ( c−a
2

) Γ( c+a−19
2

)
(−2a8 +152a7 +80a6c2−1600a6c+3148a6−4560a5c2 +91200a5c−371488a5−

−480a4c4+19200a4c3−185680a4c2−126400a4c+4559182a4+18240a3c4−729600a3c3+9799440a3c2−50068800a3c+

+73373288a3 + 896a2c6 − 53760a2c5 + 1107680a2c4 − 8467200a2c3 − 743936a2c2 + 274718720a2c− 822056088a2−

−17024ac6 + 1021440ac5 − 24338240ac4 + 292569600ac3 − 1853708096ac2 + 5798641920ac− 6885423072a−

−512c8 + 40960c7 − 1374464c6 + 25123840c5 − 271685888c4 + 1764075520c3 − 6639757056c2 + 13042437120c−

−10013310720)
]

(21)

−

2F1

[
a, 20− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−20{
19∏

Υ=1

(Υ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−20
2

)
(33522128640 + 47215599696a + 14182895460a2 + 345040520a3−

−140133105a4 + 962073a5 + 330750a6 − 9330a7 + 15a8 + a9 − 67958134272c− 57343402272ac− 9605975576a2c+

+295428296a3c+ 58846422a4c− 2100880a5c− 32820a6c+ 1640a7c− 10a8c+ 48842214912c2+

+25998562336ac2+2187966784a2c2−168954152a3c2−6101120a4c2+380720a5c2−2240a6c2−40a7c2−17641896960c3−

−5917427456ac3−182014144a2c3+27821280a3c3−9440a4c3−19680a5c3+160a6c3+3666323456c4+750095264ac4−

−1895280a2c4−1926160a3c4+23280a4c4+240a5c4−465172736c5−54369728ac5+1155616a2c5+55104a3c5−672a4c5+

+36595328c6 +2174144ac6−61824a2c6−448a3c6−1740800c7−41984ac7 +1024a2c7 +45824c8 +256ac8−512c9)+

Notes
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+
1

Γ( c−a
2

) Γ( c+a−19
2

)
(−190253266560−131460917904a−15315714660a2+1718684120a3+100625805a4−10839927a5+

+135450a6+7470a7−195a8+a9+258458522112c+117489033888ac+5199265016a2c−1259577944a3c+961578a4c+

+3256720a5c−84780a6c+ 40a7c+ 10a8c−139931759232c2−40815588704ac2 + 198370336a2c2 + 283436248a3c2−

−7330880a4c2−224080a5c2+7840a6c2−40a7c2+40472263680c3+7213462784ac3−274206656a2c3−26053920a3c3+

+1017440a4c3−480a5c3−160a6c3−6993636736c4−700147936ac4+42392880a2c4+896240a3c4−47280a4c4+240a5c4+

+757008896c5+36475712ac5−2849056a2c5+1344a3c5+672a4c5−51764608c6−836416ac6+88704a2c6−448a3c6+

+2170880c7 − 1024ac7 − 1024a2c7 − 50944c8 + 256ac8 + 512c9)
]

(22)

2F1

[
a, 21− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−21{
20∏

Ψ=1

(Ψ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−20
2

)
(670442572800+946321185600a+284169369024a2 +4885689900a3−

−3333875180a4+41694345a5+10037727a6−381150a7+1230a8+105a9−a10−1394694005760c−1198379286720ac−

−203053089360a2c+ 8433107760a3c+ 1530533620a4c− 70408800a5c− 1146200a6c+ 92400a7c− 1100a8c+

+1048586614272c2 + 578478838560ac2 + 49539606520a2c2 − 4805882760a3c2 − 177714670a4c2 + 15397200a5c2−

−141500a6c2 − 4200a7c2 + 50a8c2 − 404078540800c3 − 143591669760ac3 − 4354528640a2c3 + 902932800a3c3−

−2094400a4c3 − 1108800a5c3 + 17600a6c3 + 91700259840c4 + 20464187520ac4 − 122473120a2c4 − 77439600a3c4+

+1402800a4c4+25200a5c4−400a6c4−13092907520c5−1739633280ac5+50240960a2c5+3104640a3c5−73920a4c5+

+1209103616c6 + 87071040ac6 − 3652320a2c6 − 47040a3c6 + 1120a4c6 − 72089600c7 − 2365440ac7 + 112640a2c7+

+2677760c8 + 26880ac8 − 1280a2c8 − 56320c9 + 512c10) +
1

Γ( c−a
2

) Γ( c+a−21
2

)
(362387520000 + 268742591040a+

+41471452880a2 − 1867829040a3 − 305673060a4 + 14303520a5 + 225720a6 − 18480a7 + 220a8 − 494250063360c−

−247867413696ac−19713479280a2c+1984361232a3c+69962284a4c−6179040a5c+56920a6c+1680a7c−20a8c+

+268936121344c2 +89644203264ac2 +2511762176a2c2−547968960a3c2 +1404480a4c2 +665280a5c2−10560a6c2−

−78226625536c3 − 16719935232ac3 + 112602112a2c3 + 62139840a3c3 − 1126720a4c3 − 20160a5c3 + 320a6c3+

+13598953984c4 + 1756191360ac4 − 51029440a2c4 − 3104640a3c4 + 73920a4c4 − 1480941056c5 − 104786304ac5+

+4397120a2c5+56448a3c5−1344a4c5+101871616c6+3311616ac6−157696a2c6−4296704c7−43008ac7+2048a2c7+

+101376c8 − 1024c9)
]

(23)

2F1

[
a, 22− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−22{
21∏
Ξ=1

(Ξ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−22
2

)
(−1279935820800− 1868233671360a − 628352859744a2−

−34417212780a3+5753119700a4+134236095a5−20700687a6+312270a7+8730a8−225a9+a10+2668809669120c+

+2417863186656ac+489345655848a2c−219480864a3c−3388493178a4c+53042458a5c+4970700a6c−142820a7c+

+390a8c+10a9c−2014029186048c2−1197461040576ac2−138256171792a2c2 +5911683120a3c2 +583619652a4c2−

−22165920a5c2 − 176120a6c2 + 10800a7c2 − 60a8c2 + 779711413248c3 + 306554335232ac3 + 17513420736a2c3−

Notes
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−1499242976a3c3 − 32128320a4c3 + 2199680a5c3 − 13440a6c3 − 160a7c3 − 177857647616c4 − 45404661120ac4−

−823493664a2c4 + 154420560a3c4 − 467600a4c4 − 75600a5c4 + 560a6c4 + 25531683072c5 + 4062167872ac5−

−27880608a2c5−7519456a3c5 +86688a4c5 +672a5c5−2370643968c6−219093504ac6 +4625152a2c6 +161280a3c6−

−1792a4c6 +142098432c7 +6765568ac7−178176a2c7−1024a3c7−5305344c8−103680ac8 +2304a2c8 +112128c9+

+512ac9− 1024c10) +
1

Γ( c−a
2

) Γ( c+a−21
2

)
(7610141548800 + 5664039006240a+ 862754799384a2− 50618670580a3−

−7467040370a4+438809595a5+6355587a6−793890a7+14040a8−5a9−a10−10762094073600c−5490993903456ac−

−428082370072a2c+53697863232a3c+1803933278a4c−214732742a5c+2793980a6c+100060a7c−2370a8c+10a9c+

+6167102701056c2 + 2126343680320ac2 + 53972779984a2c2 − 16286791024a3c2 + 92193948a4c2 + 28580160a5c2−

−673960a6c2 + 240a7c2 + 60a8c2 − 1923629552128c3 − 434298545536ac3 + 5057543680a2c3 + 2145900064a3c3−

−52633280a4c3 − 1200640a5c3 + 38080a6c3 − 160a7c3 + 366720941312c4 + 51431687104ac4 − 1928215296a2c4−

−133374640a3c4 + 4718000a4c4 − 1680a5c4 − 560a6c4 − 45108419328c5 − 3603513536ac5 + 200868192a2c5+

+3361568a3c5 − 160608a4c5 + 672a5c5 + 3654604800c6 + 142266880ac6 − 10065664a2c6 + 3584a3c6 + 1792a4c6−

−193800192c7−2561024ac7+245760a2c7−1024a3c7+6471168c8−2304ac8−2304a2c8−123392c9+512ac9+1024c10)
]

(24)

2F1

[
a, 23− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−23{
22∏
Ω=1

(Ω− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−22
2

)
(−28158588057600− 41169473009280a − 13846175136288a2−

−688985043120a3 +149373094200a4 +2886127860a5−648260844a6 +12963720a7 +382800a8−15180a9 +132a10+

+60062080780800c+55217638146528ac+11293160726232a2c−82022959260a3c−93645815450a4c+1995539777a5c+

+178029929a6c− 6909430a7c+ 31460a8c+ 1265a9c− 11a10c− 47111453908992c2 − 28820579344128ac2−

−3392485386048a2c2+183098051136a3c2+17810133264a4c2−867081600a5c2−6985440a6c2+728640a7c2−7920a8c2+

+19258856466432c3+7922696165824ac3+461791289168a2c3−49584004624a3c3−1091526436a4c3+105693280a5c3−

−988680a6c3−20240a7c3 +220a8c3−4723308327936c4−1289002826496ac4−22320173568a2c4 +5914856640a3c4−

−30824640a4c4−5100480a5c4+73920a6c4+745452131072c5+130485126464ac5−1364040832a2c5−359725520a3c5+

+6190800a4c5 + 85008a5c5 − 1232a6c5 − 78371758080c6 − 8302221312ac6 + 235834368a2c6 + 10881024a3c6−

−236544a4c6+5546010624c7+322674176ac7−12539648a2c7−129536a3c7+2816a4c7−260941824c8−6994944ac8+

+304128a2c8 + 7822848c9 + 64768ac9−2816a2c9−135168c10 + 1024c11) +
1

Γ( c−a
2

) Γ( c+a−23
2

)
(−14558535129600−

−11503844032320a−2137013714928a2+23993967080a3+17223845140a4−382057830a5−32189094a6+1259940a7−

−5760a8 − 230a9 + 2a10 + 20652447375360c + 11426734414848ac + 1249606186752a2c− 70894693632a3c−

−6453736128a4c+ 319011840a5c+ 2486400a6c− 264960a7c+ 2880a8c− 11881425202176c2− 4559948772992ac2−

−249358186400a2c2 + 27700361696a3c2 + 584111304a4c2 − 57805440a5c2 + 541520a6c2 + 11040a7c2 − 120a8c2+

+3722781351936c3 + 967717718016ac3 + 15372177408a2c3 − 4341281280a3c3 + 23278080a4c3 + 3709440a5c3−

−53760a6c3−713155826176c4−120677707136ac4 +1319899392a2c4 +327847520a3c4−5645920a4c4−77280a5c4+

+1120a6c4 + 88159518720c5 + 9128189952ac5 − 260370432a2c5 − 11870208a3c5 + 258048a4c5 − 7178121216c6−

Notes
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−411665408ac6 +16002560a2c6 +164864a3c6−3584a4c6 +382500864c7 +10174464ac7−442368a2c7−12831744c8−

−105984ac8 + 4608a2c8 + 245760c9 − 2048c10)
]

(25)

2F1

[
a, 24− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−24{
23∏
ν=1

(ν − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−24
2

)
(53970627110400 + 81275748452640a+ 29965288299912a2+

+2450226723044a3−225124440810a4−14621050415a5+1046631306a6+3307857a7−1146390a8+19675a9−18a10−

−a11 − 115335576760320c − 110963670941184ac − 26002256223296a2c− 677875698640a3c+ 179871679040a4c+

+1164213764a5c− 418718356a6c+ 7202120a7c+ 106120a8c− 2940a9c+ 12a10c+ 90736096819200c2+

+59116525645888ac2 + 8571136553968a2c2 − 132498699168a3c2 − 43219364300a4c2 + 885926748a5c2+

+41948200a6c2−1232440a7c2+4020a8c2+60a9c2−37229387082752c3−16647614537344ac3−1382871809056a2c3+

+70301031136a3c3 + 4193488488a4c3 − 166658240a5c3 − 636720a6c3 + 54880a7c3 − 280a8c3 + 9168624153856c4+

+2788555498944ac4 + 110886499136a2c4 − 10435825456a3c4 − 136259200a4c4 + 10643360a5c4 − 64960a6c4−

−560a7c4−1453428736000c5−292828010496ac5−2923085312a2c5 +743957760a3c5−3395840a4c5−263424a5c5+

+1792a6c5 + 153495164928c6 + 19572034048ac6 − 185488128a2c6 − 27007232a3c6 + 295680a4c6 + 1792a5c6−

−10911129600c7 − 818236416ac7 + 16882176a2c7 + 451584a3c7 − 4608a4c7 + 515633664c8 + 20126976ac8−

−493056a2c8 − 2304a3c8 − 15523840c9 − 250880ac9 + 5120a2c9 + 269312c10 + 1024ac10 − 2048c11)+

+
1

Γ( c−a
2

) Γ( c+a−23
2

)
(−334846347897600− 265325367396960a − 48906562552488a2 + 988440027044a3+

+456572472690a4 − 13283988815a5 − 1027452594a6 + 51835857a7 − 355890a8 − 16325a9 + 282a10 − a11+

+490301899960320c + 275033962166784ac+ 29894874504896a2c− 2110031722960a3c− 182994379040a4c+

+11313648836a5c+ 75158356a6c− 13480120a7c+ 217880a8c− 60a9c− 12a10c− 294885357427200c2−

−116251083614912ac2 − 6231457365232a2c2 + 863633176032a3c2 + 17220272300a4c2 − 2360841252a5c2+

+30594200a6c2 +783560a7c2−16980a8c2 +60a9c2 +97997531697152c3 +26592490242944ac3 +357545095456a2c3−

−150694485536a3c3 +1256431512a4c3 +188722240a5c3−4067280a6c3 +1120a7c3 +280a8c3−20258796646144c4−

−3653166613056ac4+56989635136a2c4+13326094544a3c4−308739200a4c4−5484640a5c4+159040a6c4−560a7c4+

+2762273996800c5 +313271863296ac5−11408255488a2c5−603912960a3c5 +19523840a4c5−5376a5c5−1792a6c5−

−255403395072c6− 16677258752ac6 + 860412672a2c6 + 11699968a3c6− 510720a4c6 + 1792a5c6 + 16110796800c7+

+517641216ac7 − 33470976a2c7 + 9216a3c7 + 4608a4c7 − 682830336c8 − 7521024ac8 + 658944a2c8 − 2304a3c8+

+18595840c9 − 5120ac9 − 5120a2c9 − 293888c10 + 1024ac10 + 2048c11)
]

(26)

2F1

[
a, 25− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−25{
24∏
ρ=1

(ρ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−24
2

)
(1295295050649600 + 1953217026028800a+ 720182075218848a2+

+56242392874200a3 − 6430140382484a4 − 384225527550a5 + 34503650159a6 + 18877950a7 − 48737217a8+

+1122750a9 − 2107a10 − 150a11 + a12 − 2824623532523520c − 2750688728985600ac − 650557782840576a2c−

Notes
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−14031184440000a3c+ 5306549788800a4c+ 16204297200a5c− 15185557296a6c+ 337740000a7c+ 5397600a8c−

−234000a9c+ 1872a10c+ 2298271622344704c2 + 1532660626368000ac2 + 226240061985280a2c2−

−5059473463200a3c2 − 1376735080736a4c2 + 36195503400a5c2 + 1749343288a6c2 − 69774000a7c2 + 360240a8c2+

+9000a9c2 − 72a10c2 − 988040333070336c3 − 458238106560000ac3 − 39008403657600a2c3 + 2443984233600a3c3+

+148362815328a4c3 − 7556640000a5c3 − 26644800a6c3 + 4368000a7c3 − 43680a8c3 + 258663765079040c4+

+82943231664000ac4+3361869113440a2c4−398515370400a3c4−5286817592a4c4+599592000a5c4−5544560a6c4−

−84000a7c4 + 840a8c4 − 44346659635200c5 − 9621229363200ac5 − 85147625472a2c5 + 33231744000a3c5−

−227834880a4c5 − 20966400a5c5 + 279552a6c5 + 5176704237568c6 + 731346739200ac6 − 9600109568a2c6−

−1516300800a3c6 +24726016a4c6 +268800a5c6−3584a6c6−418737586176c7−36241920000ac7 +1000396800a2c7+

+35942400a3c7 − 718848a4c7 + 23472279552c8 + 1127232000ac8 − 40769280a2c8 − 345600a3c8 + 6912a4c8−

−894566400c9 − 19968000ac9 + 798720a2c9 + 22110208c10 + 153600ac10 − 6144a2c10 − 319488c11 + 2048c12)+

+
1

Γ( c−a
2

) Γ( c+a−25
2

)
(642905026283520 + 536430721132800a+ 114941722154688a2 + 1925655420000a3−

−909114008400a4 − 1437781800a5 + 2535320424a6 − 57018000a7 − 892320a8 + 39000a9 − 312a10−

−943741088299008c − 566915213203200ac − 77644945591872a2c+ 1953684829600a3c+ 462411503408a4c−

−12465164600a5c− 579414472a6c+ 23314000a7c− 120640a8c− 3000a9c+ 24a10c+ 569402217805824c2+

+245281402080000ac2 + 19642608356800a2c2 − 1277504155200a3c2 − 73799166896a4c2 + 3813264000a5c2+

+12856480a6c2 − 2184000a7c2 + 21840a8c2 − 189917707732992c3 − 57743834144000ac3 − 2208865074240a2c3+

+270734475200a3c3 +3442060496a4c3−400624000a5c3 +3708320a6c3 +56000a7c3−560a8c3 +39416989081600c4+

+8229521664000ac4 + 65103933440a2c4 − 27902784000a3c4 + 194055680a4c4 + 17472000a5c4 − 232960a6c4−

−5396707745792c5 − 741874022400ac5 + 9980880896a2c5 + 1519526400a3c5 − 24790528a4c5 − 268800a5c5+

+3584a6c5 +501075714048c6 +42561792000ac6−1178311680a2c6−41932800a3c6 +838656a4c6−31738847232c7−

−1506048000ac7 + 54481920a2c7 + 460800a3c7 − 9216a4c7 + 1350635520c8 + 29952000ac8 − 1198080a2c8−

−36925440c9 − 256000ac9 + 10240a2c9 + 585728c10 − 4096c11)
]

(27)

2F1

[
a, 26− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−26{
25∏
τ=1

(τ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−26
2

)
(−2490952020480000− 3856567328006400a − 1535121422480160a2−

−162685541616312a3 + 7957280277044a4 + 1100869544310a5 − 43694979215a6 − 1539415206a7 + 90397857a8−

−769110a9 − 18725a10 + 318a11 − a12 + 5440375458201600c+ 5512278582766080ac+ 1453485267708864a2c+

+72388041958576a3c− 9060718762800a4c− 307607766540a5c+ 27726305208a6c− 96424644a7c− 19614240a8c+

+339500a9c− 552a10c− 12a11c− 4437289667266560c2 − 3123375119467776ac2 − 539380387024256a2c2−

−4354450180400a3c2 + 2864279730800a4c2 − 8089061876a5c2 − 4607346604a6c2 + 84726040a7c2 + 721000a8c2−

−22260a9c2 + 84a10c2 + 1913345384014848c3 + 952103060350336ac3 + 102944105640800a2c3−

−2607695699200a3c3 − 390111231160a4c3 + 9154149592a5c3 + 261055760a6c3 − 7910000a7c3 + 27720a8c3+

+280a9c3 − 502609149259776c4 − 176315887270400ac4 − 10847680617600a2c4 + 618019552640a3c4+

+24394548640a4c4 − 1011055360a5c4 − 1400000a6c4 + 237440a7c4 − 1120a8c4 + 86485139701760c5+

Notes
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+21027657410560ac5 + 589073089024a2c5 − 61326539008a3c5 − 482101760a4c5 + 45516800a5c5 − 272384a6c5−

−1792a7c5 − 10133908029440c6 − 1655765594112ac6 − 7453361664a2c6 + 3226325760a3c6 − 17606400a4c6−

−854784a5c6 + 5376a6c6 + 822856065024c7 + 86073947136ac7 − 952220160a2c7 − 90969600a3c7 + 944640a4c7+

+4608a5c7 − 46299721728c8 − 2875799040ac8 + 57504000a2c8 + 1221120a3c8 − 11520a4c8 + 1771069440c9+

+57728000ac9 − 1320960a2c9 − 5120a3c9 − 43929600c10 − 596992ac10 + 11264a2c10 + 636928c11

+2048ac11 − 4096c12) +
1

Γ( c−a
2

) Γ( c+a−25
2

)
(16072626136089600 + 13440284546567040a+ 2865451725805248a2+

+29899479296856a3 − 26048131417484a4 + 79808986650a5 + 85137424259a6 − 2401982262a7 − 36821217a8+

+2318910a9 − 27607a10 + 6a11 + a12 − 24265950238448640c − 14741496935911296ac − 2017268942695968a2c+

+68446835425936a3c+ 14014027182600a4c− 473895443004a5c− 21308046816a6c+ 1112026236a7c−

−8236440a8c− 250180a9c+ 3984a10c− 12a11c+ 15219075677764608c2 + 6700424924066688ac2+

+535657463741216a2c2 − 42544045416400a3c2 − 2402722747640a4c2 + 155381269148a5c2 + 343370524a6c2−

−129859240a7c2 + 1932560a8c2 − 420a9c2 − 84a10c2 − 5339375497061376c3 − 1680535240613504ac3−

−62742622448800a2c3 + 9664699301120a3c3 + 112990802120a4c3 − 19005822248a5c3 + 240492560a6c3+

+4669840a7c3 − 93240a8c3 + 280a9c3 + 1181843678785536c4 + 259516705395200ac4 + 1441658770560a2c4−

−1119356174720a3c4 + 11001976160a4c4 + 1038876160a5c4 − 20614720a6c4 + 4480a7c4 + 1120a8c4−

−175498953625600c5 − 25896839035904ac5 + 463983127552a2c5 + 71818487552a3c5 − 1570741760a4c5−

−22414336a5c5 + 598528a6c5 − 1792a7c5 + 18057365540864c6 + 1692014693376ac6 − 59402198016a2c6−

−2493308160a3c6 + 74215680a4c6 − 16128a5c6 − 5376a6c6 − 1304623362048c7 − 70987152384ac7+

+3406487040a2c7 + 38423040a3c7 − 1543680a4c7 + 4608a5c7 + 65999751168c8 + 1780938240ac8−

−106026240a2c8 +23040a3c8 +11520a4c8−2289039360c9−21345280ac9 +1720320a2c9−5120a3c9 +51836928c10−

−11264ac10 − 11264a2c10 − 690176c11 + 2048ac11 + 4096c12)
]

(28)

2F1

[
a, 27− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−27{
26∏
ω=1

(ω − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−26
2

)
(−64764752532480000− 100380043171699200a−

−39961833294277440a2 − 4123736953919856a3 + 256023569984728a4 + 31801134144780a5−

−1558156952170a6 − 50373915228a7 + 3827623254a8 − 43587180a9 − 1136590a10 + 29484a11 − 182a12+

+144050006577254400c + 147452461905565440ac+ 39195512438330976a2c+ 1832112082132488a3c−

−287018424824820a4c− 8938296035370a5c+ 1036785419267a6c− 6318393822a7c− 961728573a8c+

+22376250a9c− 61503a10c− 2106a11c+ 13a12c− 121037881922979840c2 − 86868374537887488ac2−

−15242604318923072a2c2 − 55558110535200a3c2 + 95763174889200a4c2 − 590522711688a5c2−

−191785682088a6c2 + 4514393520a7c2 + 41787200a8c2 − 2063880a9c2 + 15288a10c2 + 54356751317087232c3+

+27874136758186368ac3 + 3085125461785120a2c3 − 100181778231600a3c3 − 14205835897240a4c3+

+417933311796a5c3 + 12524891652a6c3 − 518427000a7c3 + 2810080a8c3 + 49140a9c3 − 364a10c3−

−15048508078170112c4 − 5510896488115200ac4 − 348584266284800a2c4 + 24233385496320a3c4+

+989824006080a4c4 − 52703239680a5c4 − 42806400a6c4 + 22014720a7c4 − 203840a8c4 + 2766863106748416c5+

+713725312135680ac5 + 20286412405376a2c5 − 2682886437504a3c5 − 20797594272a4c5 + 2971987200a5c5−

−26784576a6c5 − 314496a7c5 + 2912a8c5 − 352289946910720c6 − 62361643309056ac6 − 195338078208a2c6+

Notes
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+166299194880a3c6 − 1296422400a4c6 − 79252992a5c6 + 978432a6c6 + 31756854910976c7 + 3702483053568ac7−

−54505331712a2c7 − 5923756800a3c7 + 91503360a4c7 + 808704a5c7 − 9984a6c7 − 2041738223616c8−

−147221867520ac8 + 3924211200a2c8 + 113218560a3c8 − 2096640a4c8 + 93007269888c9 + 3751488000ac9−

−126813440a2c9 − 898560a3c9 + 16640a4c9 − 2931568640c10 − 55351296ac10 + 2050048a2c10 + 60782592c11+

+359424ac11−13312a2c11−745472c12+4096c13)+
1

Γ( c−a
2

) Γ( c+a−27
2

)
(−30954687834470400−27083696955505920a−

−6507826104671232a2 − 266037152739696a3 + 46345379507128a4 + 1310367681180a5 − 161428233286a6+

+1051866972a7 + 147525474a8 − 3450060a9 + 9518a10 + 324a11 − 2a12 + 46830753703157760c+

+30177797417929728ac + 4904720971886848a2c+ 2028304333440a3c− 30073515460800a4c+ 214205215392a5c+

+59036418336a6c− 1402591680a7c− 12732160a8c+ 635040a9c− 4704a10c− 29447558550300672c2−

−13975007786673408ac2 − 1454937127911872a2c2 + 50384404663200a3c2 + 6588240225360a4c2−

−197467198488a5c2 − 5739479928a6c2 + 239757840a7c2 − 1301440a8c2 − 22680a9c2 + 168a10c2+

+10362233929793536c3 + 3584472290058240ac3 + 215080588441600a2c3 − 15425517864960a3c3−

−605115409920a4c3 + 32676618240a5c3 + 23331840a6c3 − 13547520a7c3 + 125440a8c3 − 2301160681971712c4−

−569028657484800ac4 − 15308983466240a2c4 + 2095673368320a3c4 + 15505116480a4c4 − 2290498560a5c4+

+20657280a6c4 + 241920a7c4 − 2240a8c4 + 342894825799680c5 + 58835112763392ac5 + 146424004608a2c5−

−154482370560a3c5 + 1214760960a4c5 + 73156608a5c5 − 903168a6c5 − 35405951328256c6 − 4035795757056ac6+

+60337815552a2c6 + 6391042560a3c6 − 98757120a4c6 − 870912a5c6 + 10752a6c6 + 2567120683008c7+

+182218014720ac7 − 4867645440a2c7 − 139345920a3c7 + 2580480a4c7 − 130323050496c8 − 5203491840ac8+

+175925760a2c8 + 1244160a3c8 − 23040a4c8 + 4535336960c9 + 85155840ac9 − 3153920a2c9 − 103043072c10−

−608256ac10 + 22528a2c10 + 1376256c11 − 8192c12)
]

(29)

2F1

[
a, 28− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−28{
27∏
%=1

(%− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−28
2

)
(124903451312640000 + 198245272713580800a+

+84237341463908640a2 + 10772713785416184a3 − 197837366197044a4 − 74046181005314a5 + 1239432836775a6+

+162122858357a7− 5261040477a8− 33773187a9 + 3183285a10− 36841a11 + 21a12 + a13− 278170295082854400c−

−294899108770863360ac − 85743719979624576a2c− 6115709513194896a3c+ 428497731401864a4c+

+31572110867940a5c− 1543488682402a6c− 26614826532a7c+ 2007873630a8c− 19898340a9c− 268982a10c+

+4788a11c− 14a12c+ 234198965910666240c2 + 176184125195674752ac2 + 34997280444483552a2c2+

+1019255391215056a3c2 − 178004305027800a4c2 − 3137600392428a5c2 + 384865270776a6c2 − 2779008876a7c2−

−186739560a8c2 + 3261020a9c2 − 6552a10c2 − 84a11c2 − 105436987989000192c3 − 57440774292713472ac3−

−7587729681637376a2c3 + 30167244537600a3c3 + 31516664669440a4c3 − 267758688960a5c3 − 36622587456a6c3+

+700882560a7c3 + 3534720a8c3 − 127680a9c3 + 448a10c3 + 29272395221864448c4 + 11567453274584576ac4+

+959504446627200a2c4 − 30984268494080a3c4 − 2804671306080a4c4 + 71402698080a5c4 + 1330539840a6c4−

−42060480a7c4 + 151200a8c4 + 1120a9c4 − 5398575951060992c5 − 1531129739443200ac5 − 71188221133056a2c5+

+4429295426304a3c5 + 121707496512a4c5 − 5277242880a5c5 + 744576a6c5 + 919296a7c5 − 4032a8c5+

Notes
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+689572103331840c6 + 137397211710464ac6 + 2713645670400a2c6 − 317715584256a3c6 − 1414103040a4c6+

+177612288a5c6 − 1032192a6c6 − 5376a7c6 − 62363802566656c7 − 8441027076096ac7 − 5987837952a2c7+

+12894704640a3c7 − 76968960a4c7 − 2626560a5c7 + 15360a6c7 + 4022644322304c8 + 351717355008ac8−

−4223888640a2c8 − 291152640a3c8 + 2868480a4c8 + 11520a5c8 − 183833481216c9 − 9617372160ac9+

+185546240a2c9 + 3210240a3c9 − 28160a4c9 + 5812561920c10 + 160635904ac10 − 3446784a2c10 − 11264a3c10

−120881152c11 − 1400832ac11 + 24576a2c11 + 1486848c12 + 4096ac12 − 8192c13)+

+
1

Γ( c−a
2

) Γ( c+a−27
2

)
(−835776577757721600− 732560266788865920a − 175421799959309568a2−

−6354743845373448a3 + 1435874126626940a4 + 34847676651046a5 − 5714447085179a6 + 56439882581a7+

+6367545345a8 − 190140027a9 + 798847a10 + 31367a11 − 385a12 + a13 + 1296685506612695040c+

+843440768583257088ac + 137263732473974976a2c− 759650829872528a3c− 970433188681304a4c+

+11103150302292a5c+2258084186290a6c−66672519396a7c−586759950a8c+43633100a9c−481306a10c+84a11c+

+14a12c− 843760907368455168c2− 407726081879932800ac2− 42627997732439328a2c2 + 1851674567870416a3c2+

+226586093902440a4c2 − 8357231234028a5c2 − 240471792456a6c2 + 13132553364a7c2 − 99628200a8c2−

−2195620a9c2 + 32424a10c2 − 84a11c2 + 310294269783343104c3 + 110429360845348864ac3+

+6630455726683136a2c3 − 576173662357760a3c3 − 22396834908160a4c3 + 1518843466560a5c3 − 733569984a6c3−

−930840960a7c3 + 12835200a8c3 − 2240a9c3 − 448a10c3 − 72831305901223936c4 − 18763381574731264ac4−

−488099338700160a2c4 + 85064353434880a3c4 + 542806813920a4c4 − 124938122400a5c4 + 1528927680a6c4+

+23419200a7c4 − 433440a8c4 + 1120a9c4 + 11625428332593152c5 + 2111137037294592ac5+

+364443241728a2c5 − 7095335831808a3c5 + 75517299648a4c5 + 5026549248a5c5 − 92416128a6c5 + 16128a7c5+

+4032a8c5 − 1307344350531584c6 − 160943873108992ac6 + 3096581440512a2c6 + 347557964544a3c6−

−7182551040a4c6 − 84306432a5c6 + 2085888a6c6 − 5376a7c6 + 105454131576832c7 + 8307462070272ac7−

−280139655168a2c7 − 9574394880a3c7 + 264053760a4c7 − 46080a5c7 − 15360a6c7 − 6129210697728c8−

−282331740672ac8 + 12658510080a2c8 + 120433920a3c8 − 4481280a4c8 + 11520a5c8 + 254489174016c9+

+5851028480ac9 − 322741760a2c9 + 56320a3c9 + 28160a4c9 − 7360821248c10 − 58876928ac10 + 4392960a2c10

−11264a3c10 + 140836864c11 − 24576ac11 − 24576a2c11 − 1601536c12 + 4096ac12 + 8192c13)
]

(30)

2F1

[
a, 29− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−29{
28∏
ϕ=1

(ϕ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−28
2

)
(3497296636753920000 + 5555901589554355200a+

+2361133612996790400a2 + 296837573062012416a3 − 8045509822184520a4 − 2309495184101812a5

+52230988296494a6 + 5767788455233a7 − 229366815305a8 − 1161910491a9 + 180370407a10 − 2797949a11+

+3325a12 + 203a13 − a14 − 7918705667206656000c − 8468671081133975040ac − 2479748097907906560a2c−

−171617279580731040a3c+ 14728842045867600a4c+ 1017261537926760a5c− 60706566010020a6c−

−943838942760a7c+ 96558281820a8c− 1243943400a9c− 18619020a10c+ 511560a11c− 2940a12c+

+6846504051410380800c2 + 5236025170478554368ac2 + 1054763431379223552a2c2 + 27669690834216368a3c2−

−6282770101240920a4c2 − 97054310426892a5c2 + 16257739742734a6c2 − 161294509908a7c2 − 10458065394a8c2+

Notes
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+246088780a9c2 − 790566a10c2 − 17052a11c2 + 98a12c2 − 3194920175887319040c3 − 1785014716346695680ac3−

−240816902070528000a2c3 + 2045465086963200a3c3 + 1188161185612800a4c3 − 14134893897600a5c3−

−1735016492160a6c3 +42316243200a7c3 +228614400a8c3−13641600a9c3 +94080a10c3 +928567869196713984c4+

+380255719502460928ac4 + 32418584463820800a2c4 − 1288125293230720a3c4 − 115836728362880a4c4+

+3658531836960a5c4 + 72650029536a6c4 − 3160758720a7c4 + 17357760a8c4 + 227360a9c4 − 1568a10c4−

−181307281284218880c5 − 53972606059223040ac5 − 2584272171962880a2c5 + 195478551313920a3c5+

+5608442125440a4c5−313713146880a5c5 +282804480a6c5 +98219520a7c5−846720a8c5 +24848775724408832c6+

+5280766105517056ac6 + 104851642776832a2c6 − 15801579295488a3c6 − 64686839616a4c6 + 13307653632a5c6−

−116038272a6c6 − 1091328a7c6 + 9408a8c6 − 2451416728535040c7 − 361346358804480ac7 + 301765201920a2c7+

+759844915200a3c7 − 6318950400a4c7 − 280627200a5c7 + 3225600a6c7 + 176187932065792c8+

+17257259464704ac8 − 269957270016a2c8 − 21766536960a3c8 + 318769920a4c8 + 2338560a5c8 − 26880a6c8−

−9232454246400c9 − 563530598400ac9 + 14458752000a2c9 + 342988800a3c9 − 5913600a4c9 + 348808728576c10+

+11988601856ac10 − 380244480a2c10 − 2286592a3c10 + 39424a4c10 − 9248440320c11 − 149667840ac11

+5160960a2c11 + 163201024c12 + 831488ac12 − 28672a2c12 − 1720320c13 + 8192c14)+

+
1

Γ( c−a
2

) Γ( c+a−29
2

)
(1613913397544448000 + 1472574330511280640a + 389021279417326080a2+

+24196510822078560a3 − 2274657906963120a4 − 143258950036440a5 + 8920185210300a6 + 128774925720a7−

−13826578500a8 + 179655000a9 + 2646420a10 − 73080a11 + 420a12 − 2508255032493772800c−

−1717842284795966976ac − 319975449572777472a2c− 7155985266367904a3c+ 1861324669488208a4c+

+25627804125096a5c− 4686483308420a6c+ 47891228952a7c+ 2978091900a8c− 70441000a9c+ 226772a10c+

+4872a11c− 28a12c+ 1635663709850664960c2 + 843196968357212160ac2 + 106898081437578240a2c2−

−1158164266406400a3c2 − 517205009606400a4c2 + 6506815190400a5c2 + 743164813440a6c2 − 18275846400a7c2−

−96768000a8c2 + 5846400a9c2 − 40320a10c2 − 603022201203621888c3 − 232515149352194048ac3−

−18822315352579072a2c3 + 781393137041920a3c3 + 66374684913920a4c3 − 2128630197120a5c3−

−41182549632a6c3 + 1809265920a7c3 − 9945600a8c3 − 129920a9c3 + 896a10c3 + 141928904910028800c4+

+40368743871436800ac4 + 1844139367411200a2c4 − 143432935027200a3c4 − 3974328892800a4c4+

+225483955200a5c4 − 218131200a6c4 − 70156800a7c4 + 604800a8c4 − 22721029659049984c5−

−4664860707047424ac5 − 87699486460416a2c5 + 13718425437696a3c5 + 52894283904a4c5 − 11425268736a5c5+

+99676416a6c5 + 935424a7c5 − 8064a8c5 + 2562816998277120c6 + 368118604062720ac6 − 475610849280a2c6−

−763960780800a3c6+6389913600a4c6+280627200a5c6−3225600a6c6−207355683897344c7−19928195211264ac7+

+315044315136a2c7 + 24915240960a3c7 − 364984320a4c7 − 2672640a5c7 + 30720a6c7 + 12088613560320c8+

+728067225600ac8 − 18711475200a2c8 − 440985600a3c8 + 7603200a4c8 − 503429701632c9 − 17152706560ac9+

+544107520a2c9 + 3266560a3c9 − 56320a4c9 + 14603550720c10 + 235192320ac10 − 8110080a2c10 − 280199168c11−

−1425408ac11 + 49152a2c11 + 3194880c12 − 16384c13)
]

(31)

Notes
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Two New Summation Formulae Resembling Contiguous Relation

2F1

[
a, 30− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−30{
29∏
κ=1

(κ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−30
2

)
(−6761440164390912000− 10975820682116828160a−

−4935233255279884416a2 − 729789149421755136a3 − 4220197814149688a4 + 4751293608022388a5+

+20580722419698a6 − 12993499610273a7 + 207448509161a8 + 9479314299a9 − 309595783a10 + 1647709a11+

+35427a12 − 427a13 + a14 + 15326298997068810240c+ 16912364017713907968ac + 5341563944575762176a2c+

+486193174327051888a3c− 17721927335789288a4c− 2655392142674852a5c+ 68415639214898a6c+

+4076609731294a7c− 151651399494a8c− 156424450a9c+ 60914966a10c− 708022a11c+ 742a12c+ 14a13c−

−13273287874275557376c2−10581609146505394176ac2−2359216299514810368a2c2−113984108675034240a3c2+

+10464620334250304a4c2 +462806131944480a5c2−27019467604880a6c2−213739449504a7c2 +24126311664a8c2−

−258857760a9c2 − 2150960a10c2 + 40992a11c2 − 112a12c2 + 6206845674605838336c3 + 3655758996318896128ac3+

+566360717498711040a2c3 + 8471349113362176a3c3 − 2354033956865280a4c3 − 18437749885120a5c3+

+3762081665664a6c3 − 35808999744a7c3 − 1303626240a8c3 + 23047360a9c3 − 51072a10c3 − 448a11c3−

−1808232623781232640c4 − 790682156498434048ac4 − 82059994215443456a2c4 + 1023013859383680a3c4+

+271425411296640a4c4 − 3312431939040a5c4 − 235347504672a6c4 + 4630785600a7c4 + 13513920a8c4−

−614880a9c4 + 2016a10c4 + 353978861595516928c5 + 114221183100068864ac5 + 7421904568692480a2c5−

−278541991695360a3c5 − 17101748153280a4c5 + 460523722176a5c5 + 5856950400a6c5 − 195941760a7c5+

+705600a8c5 + 4032a9c5 − 48646217148710912c6 − 11412178770864128ac6 − 406527582805504a2c6+

+27328469113344a3c6 + 538828983168a4c6 − 24621112320a5c6 + 27928320a6c6 + 3279360a7c6 − 13440a8c6+

+4812572103507968c7 + 801309941284864ac7 + 11028903438336a2c7 − 1492276712448a3c7 − 3166279680a4c7+

+645550080a5c7 − 3624960a6c7 − 15360a7c7 − 346867926056960c8 − 39565589673984ac8 + 77974516224a2c8+

+48272843520a3c8 − 301551360a4c8 − 7729920a5c8 + 42240a6c8 + 18227487657984c9 + 1352747703296ac9−

−16971947520a2c9 − 893770240a3c9 + 8363520a4c9 + 28160a5c9 − 690554748928c10 − 30856196096ac10+

+573089792a2c10 + 8245248a3c10 − 67584a4c10 + 18358992896c11 + 435724288ac11 − 8798208a2c11−

−24576a3c11 − 324812800c12 − 3248128ac12 + 53248a2c12 + 3432448c13 + 8192ac13 − 16384c14)+

+
1

Γ( c−a
2

) Γ( c+a−29
2

)
(46803488615967283200 + 42767159087365735680a + 11270601192070601856a2+

+661015913631944304a3 − 76584910384046512a4 − 4417245600019672a5 + 336434811648432a6+

+3976287855967a7 − 608379703391a8 + 9950104899a9 + 147972013a10 − 5745971a11 + 49203a12 − 7a13 − a14−

−74415813125868103680c − 51370802672923567872ac − 9590167310349136896a2c− 174040376046710672a3c+

+63985787842864088a4c+ 678065157135388a5c− 186286806337838a6c+ 2516062112734a7c+ 145725587994a8c−

−4413443650a9c+ 20549494a10c+ 541898a11c− 6202a12c+ 14a13c+ 50034321004680953856c2+

+26188677313214367744ac2 + 3340987169121850368a2c2 − 55647356127077760a3c2 − 18708842259562304a4c2+

+314035097808480a5c2 + 32131358547920a6c2 − 977872074144a7c2 − 4833796464a8c2 + 459678240a9c2−

−4723600a10c2 + 672a11c2 + 112a12c2 − 19178889908274610176c3 − 7572855930087606272ac3−

−617930250420794880a2c3 + 31207762807608576a3c3 + 2572172951249280a4c3 − 100552461707200a5c3−

Notes
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−1945358951424a6c3 + 112831486656a7c3 − 854904960a8c3 − 14450240a9c3 + 198912a10c3 − 448a11c3+

+4737652999555604480c4 + 1394083224658414592ac4 + 63770234054656256a2c4 − 5994963943259520a3c4−
−165690819368640a4c4 + 11870436900000a5c4 − 26042015328a6c4 − 5516145600a7c4 + 70855680a8c4−
−10080a9c4 − 2016a10c4 − 804781701766094848c5 − 173082746257294336ac5 − 3095138947918080a2c5+

+628850081495040a3c5 + 1766625026880a4c5 − 710151349824a5c5 + 8365123200a6c5 + 104039040a7c5−
−1794240a8c5 + 4032a9c5 + 97597927269220352c6 + 14916118888978432ac6 − 53460036102656a2c6−
−39840066986496a3c6 + 440358344832a4c6 + 22064609280a5c6 − 377905920a6c6 + 53760a7c6 + 13440a8c6−
−8630073563660288c7 − 900484605464576ac7 + 17956861353984a2c7 + 1544786045952a3c7 − 30214072320a4c7−
−297246720a5c7 + 6850560a6c7 − 15360a7c7 + 561592474234880c8 + 37734427923456ac8 − 1220290689024a2c8−
−34672999680a3c8 + 890799360a4c8 − 126720a5c8 − 42240a6c8 − 26862108708864c9 − 1061440635904ac9+

+44645061120a2c9 + 363292160a3c9 − 12587520a4c9 + 28160a5c9 + 932581163008c10 + 18492289024ac10−

−950208512a2c10 + 135168a3c10 + 67584a4c10 − 22848782336c11 − 158523392ac11 + 11010048a2c11−

−24576a3c11 + 374333440c12 − 53248ac12 − 53248a2c12 − 3678208c13 + 8192ac13 + 16384c14)
]

(32)

2F1

[
a, 31− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−31{
30∏
ϑ=1

(ϑ− a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−30
2

)
(−202843204931727360000− 329526641070543974400a−

−148192702618125404160a2 − 21658122462897527040a3 + 9722889879655680a4 + 159098559658389120a5−

−967254435840a6 − 490253327976720a7 + 9909256423440a8 + 414792045360a9 − 17018472240a10+

+122231760a11 + 2840880a12 − 52080a13 + 240a14 + 466802430683494348800c + 519033146796495256320ac+

+164949222985279959168a2c+ 14769765039630034320a3c− 680706007712528720a4c− 91750270138593000a5c+

+2935763232708224a6c+ 161360534973585a7c− 7364342102145a8c+ 2500344525a9c+ 3911185523a10c−

−60969405a11c+ 109165a12c+ 3255a13c− 15a14c− 414075635848567848960c2 − 334813261843713392640ac2−
−75572573936717905920a2c2 − 3508604162375731200a3c2 + 392743927281884160a4c2+

+16485242844787200a5c2 − 1178569050412800a6c2 − 7610697884160a7c2 + 1309085487360a8c2−

−18023846400a9c2 − 167865600a10c2 + 4999680a11c2 − 26880a12c2 + 199928658130806030336c3+

+120313411708083025920ac3 + 18991014146939294720a2c3 + 228969490870081920a3c3−

−92456288210742080a4c3 − 536544028552800a5c3 + 178570308069840a6c3 − 2197559659680a7c3−

−82666918320a8c3 + 1975394400a9c3 − 6824720a10c3 − 104160a11c3 + 560a12c3 − 60648845538056601600c4−

−27329375418592542720ac4 − 2908495070746890240a2c4 + 49850050806835200a3c4+

+11474023776537600a4c4 − 180112947033600a5c4 − 12591968417280a6c4 + 315229824000a7c4 + 945100800a8c4−

−74995200a9c4 + 483840a10c4 + 12479370238337146880c5 + 4192758239972766720ac5+

+280853229778835712a2c5 − 12726157894300800a3c5 − 795295816175040a4c5 + 26431624205280a5c5+

+360301027296a6c5 − 16739553600a7c5 + 91405440a8c5 + 937440a9c5 − 6048a10c5 − 1822444137279651840c6−

−450829569304657920ac6 − 16543535489064960a2c6 + 1351753242255360a3c6 + 27946244229120a4c6−

−1656693964800a5c6 + 3348172800a6c6 + 399974400a7c6 − 3225600a8c6 + 194120876679053312c7+

+34630926348380160ac7 + 471615845905920a2c7 − 83776087272960a3c7 − 132129333120a4c7+

+55017907200a5c7− 462432000a6c7− 3571200a7c7 + 28800a8c7− 15312178746163200c8− 1910620958146560ac8+

+6959519170560a2c8 + 3225307852800a3c8 − 27665510400a4c8 − 942796800a5c8 + 10137600a6c8+

+899363697520640c9 + 75101815557120ac9 − 1211625451520a2c9 − 76032633600a3c9 + 1057196800a4c9+

+6547200a5c9 − 70400a6c9 − 39186998231040c10 − 2051861053440ac10 + 50601492480a2c10+

+1005649920a3c10 − 16220160a4c10 + 1248504659968c11 + 37012869120ac11 − 1105397760a2c11 − 5713920a3c11+

+92160a4c11 − 28242739200c12 − 396165120ac12 + 12779520a2c12 + 429383680c13 + 1904640ac13−

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

−61440a2c13−3932160c14 +16384c15)+
1

Γ( c−a
2

) Γ( c+a−31
2

)
(−90587397405593088000−85809869707963968000a−

−24562874768681744640a2 − 1998123269397359328a3 + 103194363041532000a4 + 12301377002464816a5−

−415292450573728a6 − 21219497625214a7 + 992922344830a8 − 596890182a9 − 520580634a10 + 8143142a11−

−14630a12 − 434a13 + 2a14 + 144240561108261273600c + 104221907769153945600ac+

+21717111091604815872a2c+ 907956238606835712a3c− 110873520753201152a4c− 4298678159370240a5c+

+320998107247616a6c+ 1861076883456a7c− 349590936576a8c+ 4846356480a9c+ 44506112a10c− 1333248a11c+

+7168a12c− 97158488130721382400c2 − 53813036357134553088ac2 − 7972191332273645568a2c2−

+901353268032a7c2 + 32944812768a8c2 − 791407680a9c2 + 2737952a10c2 + 41664a11c2 − 224a12c2+

+37320860741630164992c3 + 15792177885946970112ac3 + 1595260691293962240a2c3−

−30215467465359360a3c3 − 6193795836764160a4c3 + 100485128540160a5c3 + 6706712334336a6c3−

−169189171200a7c3 − 495452160a8c3 + 39997440a9c3 − 258048a10c3 − 9240641868654624768c4−

−2958046488856795136ac4 − 189415956515840512a2c4 + 8876337936464640a3c4 + 530796049376640a4c4−

−17877943030080a5c4 − 238041486144a6c4 + 11176368000a7c4 − 61071360a8c4 − 624960a9c4 + 4032a10c4+

+1573605911085187072c5 + 374998609630986240ac5 + 13181162421780480a2c5 − 1105518682275840a3c5−

−22149881241600a4c5 + 1332394721280a5c5 − 2754232320a6c5 − 319979520a7c5 + 2580480a8c5−

−191329364453654528c6 − 33165618687913984ac6 − 426536477895680a2c6 + 79042932261888a3c6+

+111474429696a4c6 − 51423375360a5c6 + 432391680a6c6 + 3333120a7c6 − 26880a8c6 + 16962966866886656c7+

+2070867300581376ac7 − 8234460512256a2c7 − 3456418775040a3c7 + 29769400320a4c7 + 1005649920a5c7−

−10813440a6c7 − 1106777235841024c8 − 90936788625408ac8 + 1478279835648a2c8 + 91364866560a3c8−

−1270663680a4c8 − 7856640a5c8 + 84480a6c8 + 53078834282496c9 + 2747435581440ac9 − 67843522560a2c9−

−1340866560a3c9 + 21626880a4c9 − 1847520559104c10 − 54358171648ac10 + 1623592960a2c10 + 8380416a3c10−

−135168a4c10 + 45379223552c11 + 633864192ac11 − 20447232a2c11 − 745259008c12 − 3301376ac12+

+106496a2c12 + 7340032c13 − 32768c14)
]

(33)

2F1

[
a, 32− a ;
c ;

1

2

]
=

Two New Summation Formulae Resembling Contiguous Relation
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=

√
π Γ(c)

2c−32{
31∏
$=1

($ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−32
2

)
(393008709555221760000 + 651194829215986003200a+

+307720612018593866880a2 + 51153440461235528688a3 + 1330940239653764544a4 − 296857314253591112a5−

−7921227385233624a6 + 908822265956143a7 + 402064837152a8 − 1099599340796a9 + 20437153968a10+

+154052570a11−7588896a12 + 63308a13−24a14−a15−905281327552108953600c−1035422190413513441280ac−

−351184084010029910016a2c− 38338797951234352128a3c+ 451749423064008064a4c+ 206106543083095360a5c−

−1447679061168672a6c− 415046253507664a7c+ 8508403087952a8c+ 199440969840a9c− 7487180848a10c+

+47316752a11c+ 584304a12c− 7280a13c+ 16a14c+ 804169092960729907200c2 + 674782022139214399488ac2+

+165841199803790742528a2c2 + 10946190747818876544a3c2 − 567565724112283456a4c2−

−48517995647477984a5c2 + 1590023100897232a6c2 + 53334001088048a7c2 − 2274073929456a8c2+

+4737986736a9c2 + 642792304a10c2 − 7496944a11c2 + 9968a12c2 + 112a13c2 − 388961945977802194944c3−
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−245240098536550637568ac3 − 43311426401359084544a2c3 − 1395255045945941760a3c3+

+165983593526283904a4c3 + 4591339102100160a5c3 − 322284615941984a6c3 − 765397859520a7c3+

+208379147424a8c3 − 2341805760a9c3 − 12518688a10c3 + 262080a11c3 − 672a12c3 + 118230509217761009664c4+

+56420416163828755456ac4 + 6990463455382573824a2c4 + 33709473394238336a3c4 − 23923420575560640a4c4−

−35063040521760a5c4 + 29185328399808a6c4 − 321523472928a7c4 − 7433455680a8c4 + 133744800a9c4−

−310464a10c4 − 2016a11c4 − 24381290438326222848c5 − 8782568098611445760ac5 − 730717283214645248a2c5+

+13675686801784320a3c5 + 1956221896719360a4c5 − 28876551392640a5c5 − 1297457659008a6c5+

+26112871680a7c5 + 40024320a8c5 − 2620800a9c5 + 8064a10c5 + 3568887719037157376c6+

+960485441528322048ac6 + 49667323801539072a2c6 − 2072805728685056a3c6 − 91894140143232a4c6+

+2584449716352a5c6 + 22947859200a6c6 − 826855680a7c6 + 2943360a8c6 + 13440a9c6 − 381067609873448960c7−

−75290787841798144ac7 − 2072992543587328a2c7 + 150201995412480a3c7 + 2162904361728a4c7−

−105258362880a5c7+189150720a6c7+10982400a7c7−42240a8c7+30132576016863232c8+4259476607648768ac8+

+39713460593664a2c8 − 6478199887104a3c8 − 3138938880a4c8 + 2216670720a5c8 − 11996160a6c8 − 42240a7c8−

−1774218876289024c9 − 172982726737920ac9 + 673615990784a2c9 + 171263600640a3c9 − 1092044800a4c9−

−21964800a5c9 + 112640a6c9 + 77495587749888c10 + 4944943984640ac10 − 63368718336a2c10−

−2649946112a3c10 + 23586816a4c10 + 67584a5c10 − 2474963632128c11 − 95577284608ac11 + 1707290624a2c11+

+20766720a3c11 − 159744a4c11 + 56117960704c12 + 1156386816ac12 − 22044672a2c12 − 53248a3c12−

−855113728c13 − 7454720ac13 + 114688a2c13 + 7847936c14 + 16384ac14 − 32768c15)

+
1

Γ( c−a
2

) Γ( c+a−31
2

)
(−2808209320881060096000− 2663360260009726636800a − 761012930360984837760a2−

−59789981041407736848a3 + 3838097925675257664a4 + 412887209956538296a5 − 17102186004670536a6−

−788560364968145a7 + 45162707702112a8 − 113794887932a9 − 29121053808a10 + 578885594a11 − 1601376a12−

−54964a13 + 504a14 − a15 + 4565299095163699200000c + 3321179752803522232320ac+

+693852416121601198080a2c+ 26869933301958220800a3c− 4073155305339587968a4c−

−144960223788782272a5c+ 13373713249687584a6c+ 48530135178160a7c− 17254272251984a8c+

+297414505584a9c+ 2773686832a10c− 118937840a11c+ 953232a12c− 112a13c− 16a14c−

−3161080629046376939520c2 − 1773743611853439203328ac2 − 264570033924753638400a2c2−

−1405058881009041792a3c2 + 1448652525436875584a4c2 + 2719092197913376a5c2 − 3193999982297552a6c2+

+50491558757936a7c2 + 1813029642480a8c2 − 55967482704a9c2 + 272830096a10c2 + 5276432a11c2 − 56560a12c2+

+112a13c2 + 1257211815368285749248c3 + 542821659317684920320ac3 + 55394584008959679488a2c3−

−1371732146004729600a3c3 − 249881887807080064a4c3 + 5098386147168960a5c3 + 325475917621088a6c3−

−10145058512064a7c3 − 25272802464a8c3 + 3568138560a9c3 − 34317024a10c3 + 4032a11c3 + 672a12c3−

−324881117647402082304c4 − 107015854008936485888ac4 − 6926032383442477824a2c4+

+388761985674363776a3c4 + 23023713558513600a4c4 − 940801602446880a5c4 − 12549395769792a6c4+

+787489416672a7c4 − 5878918080a8c4 − 79144800a9c4 + 1020096a10c4 − 2016a11c4 + 58269865681132978176c5+

+14434175239659732992ac5 + 507569977317398528a2c5 − 51503477691302400a3c5 − 1031098175523840a4c5+

+78913013289600a5c5 − 261319992192a6c5 − 28545135360a7c5 + 343176960a8c5 − 40320a9c5 − 8064a10c5−

−7542483540103512064c6 − 1375984874765199360ac6 − 16369409928073728a2c6 + 4065809536857088a3c6+

Two New Summation Formulae Resembling Contiguous Relation
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+1341327292032a4c6 − 3613476171648a5c6 + 40882033920a6c6 + 422096640a7c6 − 6814080a8c6 + 13440a9c6+

+721205116854075392c7 + 94113516697784320ac7 − 588042790421504a2c7 − 203145224764416a3c7+

+2278013244672a4c7 + 89713367040a5c7 − 1438103040a6c7 + 168960a7c7 + 42240a8c7 − 51580334106447872c8−

−4622210372353024ac8 + 93568112901120a2c8 + 6406705933056a3c8 − 118823147520a4c8 − 994920960a5c8+

+21457920a6c8 − 42240a7c8 + 2769079768711168c9 + 160632598511616ac9 − 4979646746624a2c9−

−119617935360a3c9 + 2876262400a4c9 − 337920a5c9 − 112640a6c9 − 111011105390592c10 − 3805382496256ac10+

+150700222464a2c10 + 1061226496a3c10 − 34400256a4c10 + 67584a5c10 + 3272190984192c11 + 56546713600ac11−

−2719428608a2c11 + 319488a3c11 + 159744a4c11 − 68803764224c12 − 418050048ac12 + 27156480a2c12

−53248a3c12 + 976224256c13 − 114688ac13 − 114688a2c13 − 8372224c14 + 16384ac14 + 32768c15)
]

(34)

2F1

[
a, 33− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−33{
32∏
τ=1

(τ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−32
2

)
(12576278705767096320000 + 20851860424556970547200a+

+9854947407585176052480a
2

+ 1624435436389013576064a
3

+ 34691223091312022544a
4−

−10657758864295730880a5 − 242490144783523000a6 + 36347810238286008a7 − 92082876669487a8−

−50233536212640a9 + 1138218046460a10 + 7765026192a11 − 552484058a12 + 6172320a13 − 4940a14 − 264a15+

+a16 − 29375637080868126720000c − 33822953521504663633920ac − 11534741688339332628480a2c−

−1247318164867203416064a3c+ 22820178739934550016a4c+ 7574669592594306048a5c−

−84914980281410048a6c− 17316950021682432a7c+ 433392396752128a8c+ 9606215587584a9c−

−460516397824a10c+ 3803095296a11c+ 52672256a12c− 1005312a13c+ 4352a14c+ 26669053078361541181440c2+

+22655654678828527386624ac2 + 5628843122258229460992a2c2 + 364720598945819922432a3c2−

−22957429020158350336a4c2 − 1849106009143236096a5c2 + 73265900144129792a6c2 + 2327692620840576a7c2−

−122805604797568a8c2 + 434231597184a9c2 + 46423237504a10c2− 727106688a11c2 + 1558144a12c2 + 29568a13c2−

−128a14c2 − 13276554097840248324096c3 − 8527557701096075034624ac3 − 1531141541685441052672a2c3−

−46499966481831751680a3c3 + 6834918833916766208a4c3 + 178742102347607040a5c3−

−15578800189494784a6c3− 14483139922944a7c3 + 12676556057088a8c3− 181619665920a9c3− 1088844288a10c3+

+36191232a11c3 − 182784a12c3 + 4183912176750576009216c4 + 2048627772744257667072ac4+

+259599284321332817920a2c4 + 476692959245589504a3c4 − 1042172568281602560a4c4 + 591530393836800a5c4+

+1548005345752448a6c4 − 21488964279552a7c4 − 529593246336a8c4 + 12925059840a9c4 − 46134144a10c4−

−532224a11c4 + 2688a12c4 − 901671972868968153088c5 − 336106259258033307648ac5−

−28768633067902959616a2c5 + 678076651803893760a3c5 + 92218372409180160a4c5 − 1692557156505600a5c5−

−77849036998656a6c5 + 1993171783680a7c5 + 2814873600a8c5 − 361912320a9c5 + 2193408a10c5+

+139192132696440569856c6 + 39163709061769003008ac6 + 2092243353303842816a2c6−

−104389799581224960a3c6 − 4779754566062080a4c6 + 165520520782848a5c6 + 1574992505856a6c6−

−79698769920a7c6 + 428144640a8c6 + 3548160a9c6 − 21504a10c6 − 15842385815912054784c7−

Two New Summation Formulae Resembling Contiguous Relation

−3313937807940452352ac7 − 93891013177229312a2c7 + 8286819500703744a3c7 + 125191632039936a4c7−

−7962071040000a5c7 + 22036439040a6c7 + 1516584960a7c7 − 11489280a8c7 + 1352753717551824896c8+

Notes
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+205696018035695616ac8 + 1846128096868352a2c8 − 407844026320896a3c8 + 81687783936a4c8+

+213236305920a5c8 − 1724574720a6c8 − 11151360a7c8 + 84480a8c8 − 87414807455596544c9−

−9359636030029824ac9 + 52940629147648a2c9 + 12879850536960a3c9 − 111737077760a4c9 − 3033169920a5c9+

+30638080a6c9 + 4279210143121408c10 + 308423755825152ac10 − 5039751135232a2c10 − 254518640640a3c10+

+3365683200a4c10 + 17842176a5c10 − 180224a6c10 − 157590197633024c11 − 7158795730944ac11+

+169615753216a2c11 + 2867724288a3c11 − 43450368a4c11 + 4293100830720c12 + 110927511552ac12−

−3129491456a2c12 − 14057472a3c12 + 212992a4c12 − 83852525568c13 − 1029439488ac13 + 31195136a2c13+

+1109917696c14 + 4325376ac14 − 131072a2c14 − 8912896c15 + 32768c16)

+
1

Γ( c−a
2

) Γ( c+a−33
2

)
(−65536c15 + 16711680c14 + 229376a2c13 − 7569408ac13 − 1944649728c13−

−50692096a2c12 + 1672839168ac12 + 136767275008c12 − 319488a4c11 + 21086208a3c11 + 4700200960a2c11−

−166588071936ac11 − 6490170392576c11 + 59744256a4c10 − 3943120896a3c10 − 234336886784a2c10+

+9880146591744ac10 + 219687595212800c10 + 225280a6c9 − 22302720a5c9 − 4212961280a4c9+

+318534881280a3c9 + 6385782734848a2c9 − 388581283774464ac9 − 5467350755508224c9 − 34467840a6c8+

+3412316160a5c8 + 126600376320a4c8 − 14548978667520a3c8 − 63061551218688a2c8+

+10677406306811904ac8 + 101605453158088704c8 − 84480a8c7 + 11151360a7c7 + 1727278080a6c7−

−213503938560a5c7 − 132194118144a4c7 + 411663197620224a3c7 − 1770221953955840a2c7−

−210333358052302848ac7 − 1417367362882437120c7 + 10053120a8c6 − 1327011840a7c6 − 19603584000a6c6+

+6998660444160a5c6 − 108366929459712a4c6 − 7386371104831488a3c6 + 81588957922920448a2c6+

+2998385401531441152ac6 + 14789061893062983680c6 + 16128a10c5 − 2661120a9c5 − 321699840a8c5+

+59852136960a7c5 − 1169166679296a6c5 − 125633606757120a5c5 + 3584138069952000a4c5+

+81155276599034880a3c5 − 1581946349642745856a2c5 − 30822380253791182848ac5−

−113998595959458562048c5 − 1370880a10c4 + 226195200a9c4 − 1709030400a8c4 − 1252367424000a7c4+

+48558756153600a6c4 + 1092730056042240a5c4 − 58182434494609920a4c4 − 460255718632596480a3c4+

+18390328035742767104a2c4 + 224712599605813321728ac4 + 634238712296638578688c4 − 1344a12c3+

+266112a11c3 + 23120832a10c3 − 6471400320a9c3 + 263725670208a8c3 + 10943807124096a7c3−

−777928079414464a6c3 − 711059420649600a5c3 + 533035048250363648a4c3 + 25486745680704000a3c3−

−135043097758270087168a2c3 − 1123667660559841959936ac3 − 2449470002402175418368c3 + 68544a12c2−

−13571712a11c2 + 405574848a10c2 + 68559765120a9c2 − 4757196954048a8c2 + 2935731705984a7c2+

+5939303383785024a6c2 − 64891677848976000a5c2 − 2678695653148796160a4c2+

+16568080735699671552a3c2 + 610385093977265700864a2c2 + 3626708216318306279424ac2+

+6147778466426910474240c2 + 32a14c− 7392a13c− 390880a12c+ 182042784a11c− 11582726176a10c−

−115023090336a9c+ 30965876629600a8c− 571118887841568a7c− 19091657228488064a6c+

+461856383439694848a5c+ 6264028269209728000a4c− 91339795704196148736a3c−

−1538581445063915139072a2c− 6717806419589716746240ac − 8864971566659828121600c − 544a14+

+125664a13 − 6561184a12 − 479910816a11 + 57700381088a10 − 1178029251168a9 − 55758969524192a8+

+2166179809154592a7 + 12571450930103296a6 − 968963896585149696a5 − 3718430128264001024a4+

+161641469374376538624a3 + 1636843212624447221760a2 + 5336242598307820953600a+
)

+5446224138734346240000)
]

(35)
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2F1

[
a, 34− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−34{
33∏
υ=1

(υ − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−34
2

)
(−a16 − 16ca15 + 552a15 + 144c2a14 − 960ca14−

−61300a14 + 672c3a13 − 69552c2a13 + 1341536ca13 − 3188640a13 − 3360c4a12 + 86688c3a12 + 5324592c2a12−

−160448736ca12 + 893429978a12 − 8064c5a11 + 1391040c4a11 − 57892128c3a11 + 675371088c2a11+

+1913491328ca11 − 42259217616a11 + 29568c6a10 − 1596672c5a10 − 58507680c4a10 + 4939770528c3a10−

−97425499248c2a10 + 637745413536ca10 − 679177064060a10 + 42240c7a9 − 10200960c6a9 + 674889600c5a9−

−16772817600c4a9 + 96429549216c3a9 + 2162481363504c2a9 − 30602158333472ca9 + 96600982267680a9−

−126720c8a8 + 11278080c7a8 + 77172480c6a8 − 36620559360c5a8 + 1449098814240c4a8 − 23877120095136c3a8+

+165235818684816c2a8 − 230483197183008ca8 − 1226032082271953a8 − 112640c9a7 + 34974720c8a7−

−3230261760c7a7 + 130764775680c6a7 − 2306500893312c5a7 + 3540470472000c4a7 + 478879645736096c3a7−

−6865999686024336c2a7 + 35702359184340112ca7 − 56926821859747224a7 + 292864c10a6 − 37847040c9a6+

+941867520c8a6 + 81421401600c7a6 − 6360613252224c6a6 + 191531039825664c5a6 − 2983525466664160c4a6+

+23601377861232864c3a6 − 66887688285102432c2a6 − 171349976392137312ca6 + 970162781289673720a6+

+159744c11a5 − 60622848c10a5 + 7264829440c9a5 − 419474626560c8a5 + 13030146108672c7a5−

−204202261194624c6a5 + 583540879363200c5a5 + 34105994432199360c4a5 − 604797950755286464c3a5+

+4500934007255040960c2a5 − 15349700918246080064ca5 + 18032678411541111360a5 − 372736c12a4+

+64696320c11a4 − 3723765760c10a4 + 18217267200c9a4 + 7981069992192c8a4 − 446305959348480c7a4+

+12294973420280320c6a4 − 200674790599472640c5a4 + 1979058220034118784c4a4−

−10989497453339129472c3a4 + 25626181659079681152c2a4 + 24868566942528322944ca4−

−162550508787452235024a4 − 114688c13a3 + 51437568c12a3 − 7629000704c11a3 + 580894279680c10a3−

−26357259044864c9a3 + 752583428619264c8a3 − 13405245851942912c7a3 + 131414968911367680c6a3−

−189582728369132032c5a3 − 12350316429882216192c4a3 + 164535540220835095808c3a3−

−1003640035944714619392c2a3 + 3066084837270607896576ca3 − 3729376960624172771712a3 + 245760c14a2−

−54362112c13a2 + 4933906432c12a2 − 223377862656c11a2 + 3771371974656c10a2 + 125079308242944c9a2−

−9607037567407104c8a2 + 295699286442734592c7a2 − 5592425781466230784c6a2+

+70550631531440265216c5a2 − 602426562087707409408c4a2 + 3415017222324544668672c3a2−

−12175495593555803848704c2a2 + 24335792458878329358336ca2 − 20356991448951985263360a2 + 32768c15a−

−16957440c14a+ 3011592192c13a− 287238561792c12a+ 17309632258048c11a− 713135217180672c10a+

+20958229483012096c9a− 449430876321140736c8a+ 7099495571552440320c7a− 82537581030322446336c6a+

+698493539819345641472c5a− 4205722061372110774272c4a+ 17317855875926642909184c3a−

−45563112661811594821632c2a+ 67419616553704566374400ca − 41219947864700265830400a − 65536c16+

+17793024c15 − 2211512320c14 + 166744424448c13 − 8519516422144c12 + 312074416422912c11−

−8455899290009600c10 + 172360498514755584c9 − 2661498857805185024c8 + 31102264714320543744c7−

−272691657845724938240c6 + 1762901990601227501568c5 − 8164662989246420484096c4+

+25863672054363928657920c3 − 51874886067231617187840c2 + 57069837985455577497600c−

−24412776311194951680000)+
1

Γ( c−a
2

) Γ( c+a−33
2

)
(a16−16ca15+8a15−144c2a14+9120ca14−81500a14+672c3a13−

−1008c2a13 − 1057504ca13 + 12624080a13 + 3360c4a12 − 383712c3a12 + 10269168c2a12 − 45388896ca12−

−474997418a12 − 8064c5a11 + 20160c4a11 + 38069472c3a11 − 1363401648c2a11 + 14494057088ca11−
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II. Main Summation Formulae

Notes
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−33810573664a11 − 29568c6a10 + 4612608c5a10 − 205386720c4a10 + 2544023328c3a10 + 27796961808c2a10−

−724678763424ca10 + 3216119281100a10 + 42240c7a9 − 147840c6a9 − 380688000c5a9 + 22723377600c4a9−

−513166514784c3a9 + 4661939328816c2a9 − 8709953919392ca9 − 51357622524560a9 + 126720c8a8−

−24203520c7a8 + 1506193920c6a8 − 34540450560c5a8 − 71570046240c4a8 + 16204139338464c3a8−

−261857467759536c2a8 + 1559021903289312ca8 − 2692481789166367a8 − 112640c9a7 + 506880c8a7+

+1595235840c7a7 − 133310580480c6a7 + 4732090543488c5a7 − 83745693662400c4a7 + 666593010344096c3a7−

−413135913945744c2a7 − 23165656452810608ca7 + 86522703948738904a7 − 292864c10a6 + 64655360c9a6−

−5164177920c8a6 + 182875123200c7a6 − 1878169915776c6a6 − 68074153061376c5a6 + 2628077390788960c4a6−

−38418840677445536c3a6 + 273051760943387712c2a6 − 846545819401172352ca6 + 631093555519267400a6+

+159744c11a5 − 878592c10a5 − 3190415360c9a5 + 342798888960c8a5 − 16842096784128c7a5+

+463461663417984c6a5 − 7339417059680640c5a5 + 59854266852536640c4a5 − 90310567207056064c3a5−

−2356940358918858240c2a5 + 17001254751738871936ca5 − 34870989959766941120a5 + 372736c12a4−

−91852800c11a4 + 8951388160c10a4 − 442018508800c9a4 + 10738844759808c8a4 − 33798228414720c7a4−

−5584817036888320c6a4 + 172950328432738560c5a4 − 2604812988902886784c4a4+

+22413955532039260288c3a4 − 107665604140785748992c2a4 + 247916722085516649984ca4−

−163094646060428607216a4 − 114688c13a3 + 745472c12a3 + 3016339456c11a3 − 396123453440c10a3+

+25082545371136c9a3 − 957329613487104c8a3 + 23621316938948608c7a3 − 381894289103613440c6a3+

+3903706996488493568c5a3 − 21832056928714878208c4a3 + 20446598252654236928c3a3+

+520682847876528490752c2a3 − 2978394462127108894464ca3 + 5212143058443128698752a3 − 245760c14a2+

+66060288c13a2 − 7595241472c12a2 + 490016477184c11a2 − 19237815607296c10a2 + 447757785964544c9a2−

−4412341152992256c8a2 − 71812472582704128c7a2 + 3474378122362706944c6a2−

−64066228054770484224c5a2 + 706034553660500932608c4a2 − 4941545743482768232448c3a2+

+21433437906881583826944c2a2 − 52196720760610813753344ca2 + 53998442915060528352000a2+

+32768c15a− 245760c14a− 1082769408c13a+ 168052498432c12a− 13098781908992c11a+

+647199810363392c10a− 22073665714479104c9a+ 540929119272554496c8a− 9702091844762972160c7a+

+127964363284151668736c6a− 1232798084221039833088c5a+ 8513076418112397340672c4a−

−40685706128830676176896c3a+ 126493369710655289536512c2a− 227290235806789959536640ca+

+176278465478072598681600a + 65536c16 − 18907136c15 + 2503966720c14 − 201788260352c13+

+11058430050304c12 − 436240918151168c11 + 12789531346042880c10 − 283628762956988416c9+

+4796266602801496064c8 − 61870182616413208576c7 + 604697686382763868160c6−

−4412533510493582098432c5 + 23448090496368918429696c4 − 87165765493549449707520c3+

+212025425525307834531840c2 − 298172745643157463859200c + 179725396599156215808000)
]

(36)

2F1

[
a, 35− a ;
c ;

1

2

]
=

=

√
π Γ(c)

2c−35{
34∏
=1

( − a)}

[ 1

Γ( c−a+1
2

) Γ( c+a−34
2

)
(65536c17 − 20054016c16 − 278528a2c15 + 9748480ac15+

+2824830976c15 + 75202560a2c14 − 2632089600ac14 − 242904268800c14 + 487424a4c13 − 34119680a3c13−

−8659087360a2c13 + 323966361600ac13 + 14256348725248c13 − 114057216a4c12 + 7984005120a3c12+

+548044922880a2c12 − 24071775436800ac12 − 604897426538496c12 − 452608a6c11 + 47523840a5c11+

+10350692352a4c11 − 821576304640a3c11 − 19717159641088a2c11 + 1205201984430080ac11+

+19171218005688320c11 + 89616384a6c10 − 9409720320a5c10 − 423437414400a4c10 + 48852131328000a3c10+

+305660336357376a2c10 − 42973452470108160ac10 − 462397427582238720c10 + 239360a8c9 − 33510400a7c9−
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−6092669440a6c9 + 783406131200a5c9 + 2738095576832a4c9 − 1849788509578240a3c9+

+6134529596687360a2c9 + 1124486899904614400ac9 + 8567195636023033856c9 − 38776320a8c8+

+5428684800a7c8 + 115941196800a6c8 − 35449311744000a5c8 + 511296823521792a4c8+

+46089057313474560a3c8 − 481001116898396160a2c8 − 21923756528499302400ac8−

−122197833783174758400c8 − 71808a10c7 + 12566400a9c7 + 1832540160a8c7 − 348918662400a7c7+

+6172232153472a6c7 + 927105695725440a5c7 − 25806827138495744a4c7 − 743425737102737920a3c7+

+13789128191585139712a2c7 + 319992028619053486080ac7 + 1336108426350974861312c7 + 9047808a10c6−

−1583366400a9c6 + 3619123200a8c6 + 11131065792000a7c6 − 425265822584064a6c6 − 13050897868673280a5c6+

+642961365023577600a4c6 + 6947065184830848000a3c6 − 243346443758637778944a2c6−

−3482008248178128936960ac6 − 11076836161750660546560c6 + 11424a12c5 − 2399040a11c5 − 263517408a10c5+

+73054766400a9c5 − 2910527403168a8c5 − 169079349996480a7c5 + 11291606553959776a6c5+

+48256622440931520a5c5 − 9658760174539039872a4c5 − 16723871670952328960a3c5+

+2888756598389050934272a2c5 + 27876156018911379988480ac5 + 68317489405233074012160c5−

−1028160a12c4 + 215913600a11c4 − 5598331200a10c4 − 1444821840000a9c4 + 98253076299840a8c4+

+428068648022400a7c4 − 159374525077310400a6c4 + 1426838518041552000a5c4 + 89403395392422929664a4c4−

−435843532723349076480a3c4 − 23414901217565786449920a2c4 − 160224213692847944908800ac4−

−304192382673162365042688c4 − 816a14c3 + 199920a13c3 + 14765520a12c3 − 6284485200a11c3+

+398612051376a10c3 + 7962540709200a9c3 − 1429039099466000a8c3 + 22788340329370000a7c3+

+1182513401362330048a6c3 − 25292561498881255040a5c3 − 478573803999125343488a4c3+

+5976578012667753084160a3c3 + 127023404881657459338240a2c3 + 634777240241376226713600ac3+

+932795875611063784046592c3 + 44064a14c2 − 10795680a13c2 + 535157280a12c2 + 59538175200a11c2−

−6671191998240a10c2 + 112788136692000a9c2 + 9143232056972640a8c2 − 315432698542869600a7c2−

−3473975419503608448a6c2 + 181208084347605047040a5c2 + 1163390977004204551680a4c2−

−35669294433941421657600a3c2 − 436626786712719685994496a2c2 − 1618295924915884422512640ac2−

−1822610275828337195089920c2 + 17a16c− 4760a15c− 180268a14c+ 146208160a13c− 13054717690a12c+

+88120404400a11c+ 39003094772092a10c− 1543215142453600a9c− 14612071043898911a8c+

+1562552746219120040a7c− 4736174600923434200a6c− 598592074368941968000a5c+

+365146648870832375184a4c+ 106137153450268466037120a3c+ 847239268104348903058176a2c+

+2335768724989391800227840ac + 1965578489900781222297600c − 306a
16

+ 85680a
15−

−6273000a14 − 299880000a13 + 61827146388a12 − 2358015216480a11 − 43444280788920a10+

+4587058359576000a9 − 44987359504501458a8 − 2431462813489820880a7+

+34101207520671720240a6 + 695819842162977772800a5 − 5040324061911608046624a4−

−126089811549628554136320a3 − 692625212006097143416320a2−

−1402269449483905673932800a − 830034394580628357120000)+

+
1

Γ( c−a
2

) Γ( c+a−35
2

)
(−2a16 + 560a15 + 288c2a14 − 10368ca14 + 21304a14 − 70560c2a13+

+2540160ca13 − 17224480a13 − 6720c4a12 + 483840c3a12 − 5224800c2a12 − 125435520ca12+

+1534110676a12 + 1411200c4a11 − 101606400c3a11 + 2220876000c2a11 − 14110588800ca11 − 9627472960a11+

+59136c6a10 − 6386688c5a10 + 155305920c4a10 + 2613219840c3a10 − 140376408480c2a10+

+1572320356992ca10 − 4635463909912a10 − 10348800c6a9 + 1117670400c5a9 − 43025136000c4a9+

+683641728000c3a9 − 2896286316000c2a9 − 25857351273600ca9 + 180609356989600a9 − 253440c8a8+

+36495360c7a8 − 1511516160c6a8 − 2299207680c5a8 + 1704525641280c4a8 − 46245001904640c3a8+

+507786362408160c2a8 − 2197587979255680ca8 + 1887531627998654a8 + 35481600c8a7 − 5109350400c7a7+

Two New Summation Formulae Resembling Contiguous Relation

Notes



 
 

 
 

 
 
 
 
 
 
 
 
 
 

+287675942400c6a7 − 7892988364800c5a7 + 100895661820800c4a7 − 227670578150400c3a7−

−7843164587042400c2a7 + 74010152078755200ca7 − 186490783323096560a7 + 585728c10a6 − 105431040c9a6+

+6459847680c8a6 − 110386298880c7a6 − 5022780204288c6a6 + 299421134724096c5a6 − 6667446243465920c4a6+

+75999636858816000c3a6 − 430657137310684416c2a6 + 892705835979555840ca6 + 416748638455072112a6−

−61501440c10a5 + 11070259200c9a5 − 830411366400c8a5 + 33496901222400c7a5 − 771243287189760c6a5+

+9446225872849920c5a5 − 32215357224758400c4a5 − 640511744019840000c3a5+

+8867720099692903680c2a5 − 43299403963714483200ca5 + 73392406041909754240a5 − 745472c12a4+

+161021952c11a4 − 13411414016c10a4 + 501113733120c9a4 − 3100159028736c8a4−

−475231972368384c7a4 + 21225059657027072c6a4 − 457211060670228480c5a4+

+5787846047814457088c4a4 − 43588398900552726528c3a4 + 180335395055518585344c2a4−

−316265575283186780160ca4 + 14483731691943970272a4 + 52183040c12a3 − 11271536640c11a3+

+1064364421120c10a3 − 57679740518400c9a3 + 1974553010411520c8a3 − 44068357364613120c7a3+

+630557884861864960c6a3 − 5208905338701926400c5a3 + 12926188664722403840c4a3+

+188452467761762856960c3a3 − 2087860793322220654080c2a3 + 8592930753716661811200ca3−

−13187795566460946359040a3 + 491520c14a2 − 123863040c13a2+

+13258219520c12a2 − 776930918400c11a2 + 25807775465472c10a2 − 373802800250880c9a2−

−6111328116664320c8a2 + 448340633547079680c7a2 − 11415302781067716608c6a2+

+174933795822498865152c5a2 − 1756137519591247994880c4a2 + 11594521530369951989760c3a2−

−48264420244568522084352c2a2 + 113926717871059832487936ca2−

−114960614685575385429504a2 − 17203200c14a+ 4335206400c13a− 495999795200c12a+

+34096398336000c11a− 1570577115627520c10a+ 51180657028300800c9a− 1214077345177804800c8a+

+21243051812221747200c7a− 274700995202027806720c6a+ 2603603321741504839680c5a−

−17732068752225396531200c4a+ 83737636730775930470400c3a− 257629842512237495623680c2a+

+458653714607985911562240ca − 352793322231849920655360a − 131072c16 + 37748736c15−

−4990238720c14 + 401398824960c13 − 21955086712832c12 + 864385160970240c11−

−25290493887053824c10 + 559710380402933760c9 − 9445456211215974400c8+

+121594149907523960832c7 − 1186033529251163471872c6 + 8637776397559556997120c5−

−45816122976197136285696c4 + 170024112173728535150592c3−

−412932973224831943901184c2 + 579933330967828133314560c − 349180770555828500889600)
]

(37)

Using the contiguous relation (8) and the formula of Salahuddin et al(35), the result(36)can be established and
on the same way result(37) can be established.
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III. Evaluation of the Main Formulae
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paradigm programming; future  technologies.

 
I.

 

Introduce. The

 

Graph

 

Theory  and

 

Paradigms

 

of

 

Programs

 Programming theory is a mathematical science, the object of study of which is 
the mathematical abstraction of the functions of programs with a certain logical and 
information structure, focused on computer execution. With the advent of the LP began 
to develop new methods of analysis of algorithms of AS problems, the graph theory for 
the representation the structure AS by separate programs  elements, displaying them in 
the vertices of the graph to create a complex structure of AS (programs, aggregate, 
large program, system, etc.). Programs elements of missile defense were first called 
modules, programs, then objects, components, services, etc. For the formal specification 
of these elements were formed the corresponding programming paradigms, allowing 
from the

 

point of view of the theory and graphs to describe the problems of different AS 
(medicine, biology, chemistry, genetics, etc.).

 II.

 

Graph

 

Theory

 

of

 

Programs

 

from

 

Modules

 The basis for the creation of systems of modules was the method of assembling 
the graph (70-80 years of the last century) heterogeneous modules in specialized 
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software packages (Lipaev V. V.) and in the system APROP of  ES OS (IBM-360) [1, 
2]. Formed Assembly programming [3-5], which "provided the building is already 
existing individual pieces of software (such reuses) in the complex structure" [6]. The 
interface of the modules was described initially in a special description language link, 
and then in equivalent operations: make BSD, Java (1996); config SPAROL, building, 
assembling Grid (2002), etc. [7-12]. And after 90-x there were standard languages of the 
description of these operations of IDL, API, WSDL and the standard statement of 
config of the IEEE 828-2012 standard (Configuration Management) for receiving a 
configuration file of any application system from ready  modules, objects, components, 
services and other  resources.  

A module  is a formally described program element that displays certain AS 
function that has the property of completeness and connectivity with other elements 
according to the data specified in the interface part of the description. From a 
mathematical point of view, a module is a mapping of a set of initial data X to a set of 

output Y in the form   M: X  →  Y.  

A number of restrictions and conditions are imposed on X, Y  and M  to make the 
module an independent program element among other types of program objects [1-3].  

Types of connections between modules via input and output parameters are as follows:  

1)
 

linking
 

of control: CP
 

= K1

 
+ K2, where K1

 
is the coefficient of the calling 

mechanism; K2

 
is the coefficient of transition from the environment of the calling 

module to the environment of the called;
 

2)  Linking of data: CI= ∑
=

n

i
ixFiK

1
)( ,  where Ki -  the weight coefficient iron of the 

parameter; F (xi) -  the element function for the parameter xii. 
 

Coefficients Kid

 
= 1 –  

for simple variables and Kid

 >  
1

 –  
for complex variables 

(array, record, etc.). F (х.I) =  1 if xi
 -  a simple variable and F (xi) >  1 if complex.  

The program, modular structure is given by the graph G = (X, E), where X
 

-
 

a 
finite set of vertices; E

 
-

 
a finite subset of the direct product of X

 
z on the set of 

relations on the arcs of the graph. The program structure represents a pair S
 

= (T, χ), 
where T

 
-

 
a model of a program, modular structure; χ  

-
 

a characteristic function given 
on the set of vertices X

 
of the graph G.

 

The value of the characteristic function χ
 

is defined as: 
 

Χ(x) = 1 if the module with vertex
 

x
 

∈X
 

is included in the modular system;
 

Χ(x) = 0 if the module with vertex x
 

∈
 

X
 

is not included in the modular system and 
is not accessed from other modules. 

 

Definition 1: Two models of program structures  Т1
 = (Gl,

 Y1, F1)
 

and Т2

 
= (G2, Y2, F2)

 

are identical if G1

 
= G2, Y1

 
= Y2, F1

 =
 

F2.
 

The Т1 

 
model is isomorphic to the

 
Т2 

 
model 

if G1

 
= G2

 
between sets Y1

  and Y2

  
exists an isomorphism φ, and for any х  ∈  

X   

F2(x)=φ(f1(x)).
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Definition 2: Two program structure S1 = (Т1, χ1) and S2 = (Т2, χ2) are identical if              

Т1 = Т2, χ1 = χ2 and the structures S1 and S2 are isomorphic, then Т1 is isomorphic to Т2

and χ1 = χ2.
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The concept of isomorphism of program structures and their models is used in 
the specification of the abstraction level at which operations on these structures are 
defined. For isomorphic graph objects, operations will be interpreted in the same way 
without orientation to a specific composition of program elements, provided that such 

operations are defined over pairs (G, χ). The software module is described in the LP 
and has an interface section in which external and internal parameters are set for data 
exchange between related modules through interface (Call/RMI) operations, etc. 

The interface defines the connection of heterogeneous software modules according 
to the data and the way they are displayed by programming systems with the LP. Its 
main functions are: data transfer between program elements (modules), data conversion 
to the equivalent form and transition from the environment and platform of the called 
module to the caller and back. Functions of conversion of different, non-equivalent data 
types is carried out with the help of a previously developed library of 64 primitive 
functions for heterogeneous data types  of LP in the APROP system [1-5] and included 
in the common system environments of the OS (IBM, MS, Oberon, UNIX, etc.). 

In practice, the assembly method of software modules is performed by operations 
(link, make, assembling, config. weaver) special programs [1]  OS libraries (OS ES, 
IBM, MS.Net, etc.), a builder of complex applications in OS RV for SM computers, 
complication modules for ERM "Elbrus" are used. In these operations and interface 
modules and data type conversion library [1, 2].  

Next, we consider the mathematical theory of graphs of software modular 
structures and mathematical operations (union, projection, difference, etc.) 
implementation of ways of linking the graph modules and the semantics of the data 
transformation by the vertices of the graph. Software modules are described in modern 
LP and with help of the new paradigms programming.  

  

   
       

 

x1

x5

x2 x3 x4

x7 x8

x6

1 1
1

1 1 1

21
1

 

Fig. 1:
 

Graph of program from modules
 

The set of arcs of the graph have the form: E = {(x1, х2, 1), (xl, х3, 1), (х5, x8, 1), 

(х5, х8, 2)} [1-7]. Based on this definition, we can say that the graph G is a multi-graph, 
since its two vertices can be connected by several arcs. To distinguish these arcs 

introduced their numbering positive integers –
 

1, 2. (Fig.1) and

 

vertices of the graph

 

x1, 
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a) Definition of a modular structure graph 
To represent modular structures, we use the mathematical apparatus of graph 

theory, in which the graph G is treated as a pair of objects G = (X, E ), where X - a 
finite set of vertices, and E  is a finite subset of the direct product of X × X × Z - arcs 
of the graph, corresponding to a finite vertex (Fig. 1).
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х2, ..., х8  form a set of X. From the module corresponding to the vertex х5,  there are 

two calling operators to the modules, with vertices х7 , х8.  
 

    

  

  
 

       χ(x) = 1 if the module corresponding to the vertex х
 

∈
 

X,
 

-
 

included in the unit; 
 

       χ(x) = 0 if the module corresponding to the vertex х
 

∈
 

X,
 

-
 

not included in the 
software unit, but it is accessed from other modules previously included.

 
Definition 4:

 
The model of the program structure of the program unit is an object 

described by the triple T = (G, Y, F), where G = (X, E)
 

-
 

a directed graph of a 
modular structure; 

 
Y

 
is a set of modules included in the program aggregate; 

 
F

 
is a correspondence function that puts an element of the set y at each vertex X

 
of the 

graph.     
 

Function F
 

maps X
 

to Y,  
 

         
 

F :  X →Y.          
 

                             (1)
 

In General, an element from Y
 

can correspond to several vertices from the set X 
(which is typical for the dynamic structure of the aggregate) [5, 15, and 20].

 The graph of software aggregates has the following properties:
 

1)  Graph G  has one or more connectivity elements, each of which represents an acyclic 
graph, i.e. does not contain oriented cycles;  

2)  In each graph G  is allocated a single vertex, which is called the root and is 
characterized by the fact that there are no arcs included in it and the corresponding 
module of the software unit is performed first;  

3)  Cycles are allowed only for the case when some vertex has a recursive reference to 
itself. Typically, this feature is implemented by the compiler with the corresponding 
LP  and this type of communication is not considered by the intermodule interface. 
Therefore, such arcs are not included in the graph. The exception to the 
consideration of other types of cycles is due to the fact that some modules will have 
to remember the history of their calls in order to return control correctly, which 
contradicts the properties of the modules;  

4)  An empty graph G0  corresponds to an empty program structure.  
Next, the graph G will be used to illustrate mathematical operations on modular 

structures. For Fig.2. three types of subgraphs are shown and their description is given.  

x3x1 x5

x3x2 x5

1 11
1 1 2

x6x4 x7 x8

1 1

 
Fig. 2:  The graphs of modules structures  

 A sub graph -  a fragment of a software aggregate Gs  = (Xs, Es)  for whose 
functions one of two conditions is satisfied:  

C  (S) = 1, if χ(x) = 1 for any x  of X;  
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Definition 3: A program aggregate is a pair S = (T, χ), where T - a model of the 

program modular structure of the aggregate; χ - a characteristic function defined on the 

set of vertices X of the graph of the modular structure G. The value of the χ function is 
defined as follows:

Notes



C (S) = 0,  if there is x such that χ(x) = 0;  

R (Ss) = 0, if the modular structure is part of a higher-level structure and             
R(S) =1 if the software assembly is ready to run.  

Given these combinations C and R, the subgraph can be: open (C =0, R = 0); 
closed at the top (C = 0, R= 1); closed at the bottom (C = 1, R = 0). 

The graph of the module (m) is represented as:  Gm = (Хт, Eт). It contains a single 

vertex х ∈ Х т  for which χ(xj)=1. This vertex is the root. An arc of the form (хj, хе, k) 

means calling the module to the corresponding vertex хj , i.e. to the module with the 

vertex xl. The dark circle on the+ graph corresponds to the vertex for which χ(x) = 1; 

light – χ(x)=0.  

Program graph G p = (Х р, E p) which is performed С (S p) = 1; R (S p) = 1. An example of 
a graph of such a program modular structure is shown in Fig. 1.  

The graph of the complex G c= (Xc, E c) consists of n connectivity components (n > 1), 

each of which is a graph and includes:   G c = G p
1  G p

2  , … ,   G p
n ,   

where Xc = X p
1   X p

2  , … ,   X p
n   и  Ec = Ep E1

p
   E1

p E2
p  , … ,   En

p . 

These definitions of the graph of the program module, program and complex are 
used for the process of assembling the modules. These concepts may differ from similar 
ones, which are considered in other contexts of the work. 

b) Matrix representation of graphs from program elements of module type  
To determine the main operations on software structures, we use the 

mathematical apparatus of the matrix representation of graphs in the form of an 
adjacency and reachability matrix. That is, the graph is represented by the matrix M= 
m (i, j) of adjacency and is proved by the reach ability matrix [5, 11-13]. The element 

of the matrix тij  determines the number of call operators with index i, to the module 
with index j. 

In addition to the adjacency matrix (calls), the characteristic vector Vi = χ (xi) 
for i-elements is used. For a modular structure graph (Fig. 1) characteristic vector and 
adjacency matrix have the form: 

                           
V

  
=  

































1
1
1
1
1
1
1
1

 
     M = 

































00000000
00000000
00000000
21000000
00100000
00110000
00000000
00001110

                       
 

(2)

 

We
 
analyze adjacency matrices and characteristic vectors for subgraphs and 

graphs of modular structures corresponding to different types –
 
program, complex, 

aggregate, etc. For subgraphs (Fig.2) vectors and matrices have the form:
 
















=

0
0
1

3V s ,        
















=

000
000
110

3M s ;         



















=

0
0
1
1

1V s

,
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=

0000
0000
0000
1110

1M s
;    
















=

1
1
1

5V s ,        
















=

000
000
210

5M s ,                       (3)  

For the program graph (Fig. 1) the characteristic vector and the matrix of calls 
coincide with

 
V

 
and

 
M, respectively, and determine the form (2), in which all elements 

of V
 

are equal to one. In the case of the complex, the characteristic vector and the call 
matrix have the following form:

 

                            Vc   =





















…
p

n

p

p

V

V
V

2

1

,   Mc= 





















…
…………

…
…

p
n

p

p

M

M
M

00

00
00

2

1

                        
 

         
(4)

 

Here V p
i

 and  M p
i   (i =

 n  1, )  denote the characteristic vector and the adjacency 

matrix for the graph of the i-th program included in the graph of the complex. In the 
future, the matrix representation is used when performing mathematical operations on 
software structures.

 

c)
 

The relation of the reach ability graph of program structures 
 

Let G = (X, E)
 

-
 

a graph of a program of modular structure; хi, xj  -
 

vertices 

belonging to X. If there is an oriented chain from хi

 
to

 
xj

 
in the graph G, then the 

vertex xj 

 
is reachable from the vertex хi. The following statement is true: if the vertex 

xj

 
is reachable from xl

 
–

 
из

 
хj , хl  –

 
from xj 

 
, then

 
хl

 
is reachable from хl. The proof of 

this fact is obvious. 
 

Consider a binary relation on the set X that determines the reach ability of one 

vertex of a graph to another. We introduce the notation хi →хj

 
-

 
reach ability of the 

vertex xj  from xi. The relation is transitive. Denote by
 

D(хi)) the set of vertices of 
graph G reachable from xi.. Then the equality

 

                                         
     

{ } ( )
 

     i i ix х D x=                                            (5)
 

of  determines the transitive closure of  хi

  
in relation to the achievability of tops. We 

prove the following theorems. 
 

Theorem 1.
 

For the selected element of connectivity of the graph of the program 
structure, any vertex is reachable from the root corresponding to the given vertex of the 

graph, i.e. the equality (х1

 
–

 
root vertex)

 

                                                 { } ( )11 1    .х D xx X= =
 

                           (6)
 

Evidence. Suppose the vertex хi

 
(хi ∈

 

Х) 
 

is unattainable from x1.

 
Then хi∉

 

1x
  

and the 
set X' = X \  

1x  -  not empty. Since the selected component of the graph is connected, 

there is a vertex хj∈  1x    and a chain Н  (хi, xj), leading from хi  to xj.  Based on the 

acyclicity of the graph G, in  X'' there should be a simple chain Н(хi,. xj),  where the 

vertex хl  does not include arcs (this chain can be empty if X' consists only of xi). 

Consider the chain Н(xl, xj) = Н  (xl, xi) U Н  (xi, xj). This means that the module xi  is 

reachable from vertices х1  and хi  and both vertices contain no incoming arcs. This 
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contradicts the definition of a graph of a modular structure with a single root vertex. 

The theorem is proved.       
Thus, the results of theorem1 reinforce the requirement that there are no 

oriented cycles in the graph of the program structure.  

  
1

  
1

  
1

1

x5

x4

x3

x2

x1

x6

 
Fig. 3: A graph that contains directed cycle 

The results of this theorem are important to substantiate the requirement of the 
absence of oriented cycles in the graph of the program structure with respect to the 
notion of reachability. Consider the graph shown in Fig. 3. From this figure it is clear 
that the graph contains a directed cycle and modules corresponding to vertices х4,   х5, 
х6  will never be executed. 

Thus, the results of theorem1 reinforce the requirement that there are no 
oriented cycles in the graph of the program structure. 

                                               А=



































00000000
00000000
00000000
11000000
00100000
11110000
00000000
11111110

87654321 xxxxxxxx

                                                        

We analyze the matrix representation of the reach ability relation for the graph 
of the program structure Fig. 1 with the reach ability matrix A, which has the form (7). 
Coefficient aij = 1 if the module corresponding to the index l is reachable from the 
module corresponding to the index i the Following results are based on the following 
theorem from graph theory. 

Theorem 2: The coefficient mij of the l-th degree of the adjacency matrix М l determines 
the number of different routes containing l arcs and connecting vertex xi to the vertex 

of the xj –oriented graph. The proof of this theorem is given in [20]. Consider the 
following three consequences of this theorem. 

Corollary 1.1: Matrix  M  = ∑
=

n

l 1
М i ,  where M is the adjacency matrix of a directed 

graph with n vertices coincides up to the numerical values of the coefficients with the 
reachability matrix A. 

Evidence. In a directed graph containing n vertices, the maximum path length without 
repeating arcs cannot exceed n. Therefore, the sequence of degrees of the adjacency 
matrix Mi, where i = 1,2, ..., n determines the number of all possible paths in the graph 
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with the number of arcs ≤  p. Let the coefficient ijm  of the matrix M be different from 

zero. This means that there is a degree of matrix М i

 
in which the corresponding 

coefficient ijm
  

is also nonzero. Therefore, there is a path from vertex xi
 

to xj, i.e. vertex 

xj

 
is reachable from xi. This consequence determines the connection of the matrix of 

calls of the graph of the modular structure M, coinciding with the reachability matrix 
A, and determines the algorithm for constructing the latter.

 
Corollary 1.2.

 
Let there be a coefficient mii

 
>

 
0 for some i

 
in the sequence of degrees of 

the adjacency matrix Mi. Then there is a cycle in the original graph. 
 

Evidence. Let mii  
>

 
0 for some l. Therefore xl  reachable from xi, i.e. there is a cycle. 

According to the theorem, this cycle has l
 

arcs (generally repeated). 
 

Corollary 1.3. Let the n-th degree of the adjacency matrix of the М  
п

 of the acyclic 
graph coincide with the zero matrix (all coefficients are zero).  

Evidence. If the graph is acyclic, then the simplest path cannot have more than п  –  1  
arcs.  

If М п
 has a coefficient other than zero, then there must be a path consisting of  n 

arcs. And this way can only be oriented cycle. Therefore, all coefficients of М  
п

 
for an 

acyclic graph are zero. This consequence provides a necessary and sufficient condition 
for the absence of cycles in the graph of a modular structure. 

 
For acyclic graphs, the reachability ratio is equivalent to a partially strict order. 

The transitivity of the reachability ratio was considered above. Anti-symmetry follows 
from the absence of oriented cycles: if the vertex xj  

is reachable from
 

xj, then the 
opposite is not true.

 
We introduce the notation xi>xj  if vertex xj  is reachable from vertex xi.  
Let G = (X, E)  be an acyclic graph corresponding to some program structure.  

Consider the decreasing chain of elements of a partially ordered set X: xi1 > xi2 

>…>
 

xin  
. …,

 
where >

 
”

 
denotes the reachability ratio. 

 
Since X is finite, the chain breaks. The verte  xin   has no outgoing arcs, i.e. the 

element xin   is minimal (it corresponds to a module that does not contain access to other 
modules). The maximum element in the set X  is the root vertex.  

d)  Mathematical operations on the graph elements  
Mathematical operations (U, ∩, /, +, -  , P, C, R  ) on graphs are performed at 

the level of abstractions of elements of program structures that lead to changes in graph 

elements and characteristic functions of systems: S = (G, χ) [20].  
Let S1  = (G1,  

χ1) and  S2  = (G2, χ2)  be two graphs of program structures               

G1  = (Х1 ,  E1  )  and G2  = (X2, E2)  respectively.  
We introduce the following notations:  
      D (х)  –  the set of vertices reachable from the vertex x;  
      D*(x) –  the set of vertices from which vertex x is reachable.  

The same symbols are used for the same vertices included in the graphs G1   and 
G2. The main operations on the program structures are discussed below  

Merge (join) operation                              S =S1  U  
S2                                         (9)  

is intended to form a graph of the structure of the complex and is formally defined as 

follows S1   and S2  –  any program structures that satisfy the definitions of claim 1:  
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                           G = G1 ⊕  G2,     Х = Х1 ⊕ Х2,    E1  ⊕  E2 ,                       (10) 

where the symbol denotes a direct sum provided: 

       

χ (х) = χ 2(x), if  χ ∈ Х2. 

The same vertices included in G1 and G2 are represented by different objects in 
the operations of combining program structures. The characteristic vector and 
adjacency matrix of the program structure S are defined as follows: 

                                          V1,2= 








2

1

V
V

, M1,2= 








2

1

0
0

M
M

,                                    (11) 

where V1,2 
and M1,2 

are characteristic vectors and adjacency matrices of modular 
structures S1 

and S2 
respectively. This operation is associative, but not commutative –

 
the order of the operands determines the order of the components of the complex. 

 
It should be noted that if the operands S1 

and S2 
satisfy the conditions for 

defining program structures, the result
 
S will also satisfy the same requirements.

 
The 

join operation increases the number of connected graph elements. In addition, the 
column structures may themselves have multiple items of connectedness. For the rest of 
the operation counts of the operands and result are the only element of connection. 

 
The connection

 
operation.

 
We denote by xi 

and xj 
the root vertices of graphs G1 

and G2 
of program structures S1 

and S2, respectively. This operation
 

                                                        S=S1+S2,                                          (12) 
which  is execute

  
if these structures meet the following conditions: 

 
set X' = X2 

∩
 
X2 

not empty;
 

vertex xj 
∈

 
X' and  χ

 
(хj) = 0;

  

   D* (х) ∩
 

D (x) = 0 for
 

every  х∈Х',
 

where
 

D* (х) ∈X1   и   D (х) ∈
 

X2;  
                     G = G1 U 

G2,    X = X 1 U
 

X2 ,     E = E1 
U

 
E2, 

                     (13)
 

The characteristic function χ
 
is satisfied under the condition:

 
χ(х) = χ1(х), if   х ∈Х1 \ X';

 
Х
 

(х) = mах
 

(χ1(х), χ2 (x))>
 

if
  
х ∈

 
X',

 
χ(х) = χ2(х), if

 
х ∈Х2 \ X' .

 
First condition means that there are common vertices in graphs G1

 
and G2. 

According to the second condition, the root vertex G2
 
belongs to the common part and 

for S1
 
the object corresponding to xj

 
is not included in the program structure yet.

 The third condition prohibits the existence of cycles in the result graph. Indeed, 

if there is хп∈D*(x) ∩
 

D(x),   then   хп>
 

х  and x >
 
хn, and x >

 
хn, then this means the 

existence of a cycle.
 If S1

 
and

 
S2

 
satisfy the above conditions, the connection   operation is partial. 

 Let us determine whether the result of the connection operation belongs to the 
class of program structures. Since X'' is not empty, the graph G

 
has one connected 

component. The root vertex of the graph
 
G

 
is xi. The graph G

 
itself has no oriented 
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χ (х) = χ 1(x), if  χ ∈ Х1.

cycles, i.e. is acyclic. 

Notes



 Thus, S belongs to the class of program structures under consideration.  
 This connection operation is not commutative and is generally not associative. 

To show that this operation is not associative, consider the result S
 

= (S1

 
+ S2) +

 
S3, 

where the root vertices of graphs G2

 
and G3

 
are part of the vertices of graph G1

 
and Х2

 ∩
 

Х3

 

≠
 

0.

  Then the result of the S2

 
+ S3

 
join operation is undefined.

 The operation of projection.
 

Let S1
 

= (G1, χ1)
 

be a program structure and хi∈Х1. The 
operation of projection of this structure to the top of the graph S1 

 
is denoted as              

S
 

= Рrxi(S1) 
 

and is defined as
 

                G(X, E),    Х  = x i  ,  E = {(xi, xj, K)|  xi, xj  ∈X},                      (14)  

for the characteristic function is χ(х) = χ1(х),  if х ∈Х.  The projection operation defines 
the program structure S1

 in the structure S. let's check the belonging of the structure S 
to the class of the considered program structures. If the graph of the structure S1

  is 
connected acyclically, then the same properties will be possessed by the graph G.  There 
is a single root vertex xi

 in the graph G. Thus, the program structure S  belongs to the 
class under consideration.  

The difference operation
 

for program structures is defined as follows. Let S1

 
= (G1,

 
χ1)

 

be a program structure and xi

 ∈  Х1. The difference operation is performed on this 
structure and its projection to the vertex xi  of the corresponding graph (хi  is not the 
cortical vertex of the graph G1). Formally, the difference operation of the program 
structure has the form:  

                                           
  S

 
=

 
S1

 
-

 
P xir

 
(S1),                                           (15)

 

 

                                    
G = {X, E),    X = (X1 \

 
ix ) 

 
X'

 
                     

 

 
Г

 
= {(xi , xj , K) |

 
xi , xj 

 
∈

 
X } ,

 

where the set X' consists of such elements for which
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The set X includes vertices that are not included in the set ix , and those 

vertices ix that include arcs from vertex X1 \ ix (sets X'). The characteristic function 

for elements х' ∈ X' is zero. The difference operation is the inverse of the join 
operation, i.e. the equality is performed:

                                        S - P xir (S) + P xir (S) = S.                              (18)

χ(х) = χ1(х), если  х ∈Х1 \ ix ;

χ(х) = 0), если  х ∈ X' .

Here, the characteristic function χ is defined as:

X' = {x'j | (xl
∈X1 \ xi ) & (x'j ∈

ix ) & (xl , x'j ,K)∈ E }                  (17)

and defined as follows

(16)

Notes



the graph is G, connected and acyclic, then the graph
 
G1

 
will have the same properties. 

The root vertex G
 
is the same as the root vertex G1. Thus, S

 
satisfies the conditions for 

determining the program structure given in paragraph 1.
 

 

Let S* be the set of program structures given by the direct product G* X χ*, 

where G* and χ* are the set of graphs and the set of characteristic functions. Denote by 

Ω = {U, ∩, /, +, -} - set of mathematical operations on program structures and P, C 
and R - predicates of: 

                                   
         Ω = {U, ∩, /, +, - , P, C, R}.                                      (19) 

Thus, an algebraic system Σ = (S, Ω ) over a set of program structures and 
operations on them (union, connection, differences and projections) is defined. 

e) Characteristics of simple and complex graph structures  
Among the variety of program structures there are three main ones – a simple, 

complex structure with a call of modules from the external environment and a dynamic 
structure. The main purpose of various structures is the most optimal use of the main 
memory during the execution of the unit [15-20].  

Simple structure. An aggregate with a simple structure is created in the process of 
building modules based on the operations of link calls. The amount of main memory 
occupied by an aggregate with a simple structure is constant and equal to the sum of 

the volumes of individual modules: Vs = ∑
=

n

i
iv

1
, where vi  is the amount of memory 

occupied by the i-th module. The corresponding graph of a modular structure is always 
connected.

 
Complex structure. Assembly of complex structures with dynamic invocation of 
modules in the shared memory is created in the Assembly process of the modules. In 
such an aggregate, the connections between the modules are not so rigid and their 
sequence is determined by the modules included in the chain. The modules are loaded 
into the main memory at the time of processing. When finished, the memory is freed 
and used to load another module. As in the case of a simple structure, the graph of a 
complex program structure is also connected (Fig.4) and is reflected in the adjacency 
matrix (2). 

x5
x6

x2
x3

x4

x7
x8 x12

x10 x11

x1

1

1

1
1

1

1 1

1

1 1

1

1

1 2

x0

x9

 Fig.

 

4:

 

Modification  graph of program structure

 The amount of main memory required depends on the number and composition 
of modules and the maximum amount of memory is equal to the sum of individual 
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Let us check that S, defined in (15), belongs to the class of program structures. If 

modules:

Notes



 vmax
0 =Vs= ∑

=

n

i
iv

1
.

 The minimum amount of memory required when performing the aggregate is 
calculated by Floyd's algorithm, which determines the shortest path in the graph, in 
which each arc corresponds to a weight coefficient, called the arc length. The following 
transformations are performed to apply the Floyd algorithm. 

 
1)

 

Let's add new vertices and arcs to the graph. The vertices are х0, хп+1,…

 

, хп+m,,

 
where m is the number of end vertices. New arcs include  

 

(х0,

 

х1,

 

1), (xr1,xn+1,1), ..., 

(xrn, xn+rn,1).

 

In them x1

 

corresponds to the main module and all xi 

 

–

 

to the end 
vertices. After performing operations, the graph of the modular structure (Fig. 1) is 

given to the graph on Fig. 5 with vertices х0, x9,

 

х10, х11, х12.

 

It vertices correspond to 
the weight coefficients: 

 v0 

 

=  v9

 

= v10 = v11

 

= v12   

 

= 0

 
2)

 

Each arc of the form (xi , xj, k) 

 

is assigned a coefficient vij = 
2

vv ji +
.

  Consider all routes leading from х0

 

to one of the other additional vertices. The 
length of the shortest route path is calculated as follows:

 
l0,n+p=v01+ …

 

+vrp,n+p  = 
2

10 vv +
+…+

2
2 vv pnp ++

=
2

0v

 

+v1 +…+vrp+ 2
v pn+

 

= v1+ …

 

+

 

vrp.

 
This length

 

l0, n+p  will be equal to the sum of the memory modules for path х1, . . . ,

 

хrр.

 Thus, applying Floyd's algorithm to the graph in Fig. 2, we solve the problem of 
calculating the amount of memory for the maximum chain. 

 3)
 

We replace the adjacency matrix with the path matrix. For each mij>0, the 

corresponding location will be vij.
 

The values тij

 
= Ø  are replaced by –

 

∞. The 
program implementing Floyd's algorithm has the following form (it is assumed that 

the path matrix is described as a two-dimensional matrix 

 

(п×n): this length l0, n+p 

will be equal to the sum of the memory modules for path х1, . . . ,

 

хrр.

  for k = 1 to n do 
 

for i = 1 to n do 
 

for j = 1  to n
 

do
 

if M[i, j ]  M [ i , k] + M[k, j] then  

M [i, j]: = M [ i , k] + M[k, j].  

As a result of this algorithm, a matrix of maximum paths will be constructed. 
The maximum of l0,п+p

  will determine the minimum amount оf l0,п+p
  memory for the 

memory-overlapping aggregate.  

The most complex structure for the values V0
min  ≤  V0

 ≤  V0
max  can be constructed 

by following the algorithms proposed in [2-6]. The qualitative dependence of V0
 on the 

number of dynamic sites is shown in Fig.5. Here п  is the number of modules in the 
unit. Despite the different kind of curves, they have a common pattern –  any V0

  is 

enclosed between the values of v0
max  и  v0

min.  
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Dynamic structure. The mechanism of dynamic links between modules is different from 
the call mechanism. Dynamic objects are loaded into the main memory when they are 
accessed. By analogy, we call the volume loaded with a single treatment of a dynamic 
element, has its own program structure, for which the adjacency matrix is composed. If 
the same modules are found in different dynamic structures, they are different objects.  

The original graph is used for illustration (Fig.1). Let the module corresponding 

to the vertex х1, be dynamically called from the module corresponding to the vertex х3. 
The resulting modified graph is shown in Fig. 6. A dashed arrow indicates a dynamic 
call. The module corresponding to the vertex x6, occurs twice. 

We construct an adjacency matrix for this aggregate. Each dynamic element will 
have its own CALL . To distinguish a dynamic call, the corresponding matrix elements 
will contain negative numbers whose absolute values specify the number of dynamic 
calls between the data of the module pair [20]. 
The adjacency matrix will look like:  

                                                          М=






































−

000000000
000000000
000000000
210000000
001100000
000000000
000001000
000000000
000010110
876536421 xxxxxxxxx

                                                   

(20)

 

We investigate the qualitative dependence of the amount of  the number of 
dynamic segments (Fig.5. and 6). With one component in the software unit of a simple 
structure we have V1

d = Vs.
 
If each dynamic component consists of one module, then 

the modified Floyd algorithm finds the maximum path and
 
Vd

n =V0
min.

 

n

V0

V0
max

1

V0
min

x5

x2

x3

x4

x7
x8

x6'

x1

1 1
1

1 1
1

21 1

x6

 

Fig. 5: Grafics of qualitative dependence    Fig. 6: Graph programs  structure  with                      
dynamic Calls    Va

  
from 

 
the number of sub graphs  

 
For intermediate values, the dependence is more complex. On fig.7 presents two 

curves (1, 2), and n is the number of modules in the program unit. 
Curve 1 defines a relationship in which different segments do not have the same 

modules. Curve 2 describes the dependence for the case when different segments have 
the same modules. For them, the required memory increases due to the duplication of 
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such modules. However, dependence 2 is typical for the case when there are no identical 
modules in dynamic structures and they are written in high-level LP. These modules 
are handled by utility tools –  memory management, I/O, emergency handling, etc.  

n1

Vd
n

Vd
1

2

1

 

Fig. 7: Grafic
 

dependence  Va
  

from
 

the
 

number
 

of
 

dynamic elements
 

Due to the duplication of modules there is an increase in the main memory of the 
OS. Thus, curve 1 is characteristic of software aggregates of graphs in the form of a 
tree, which ensures that there are no identical modules in the graph. Despite the lack of 
dynamic structure in terms of memory savings, there is a significant advantage –  

independence from editing links. Each dynamic object can be modified, and editing 
relationships in the OS  is not required.  

III.  Assembling  Nodules  of  Graph  G to  Programs  

Let the graph G be represented by the set of modules Х=  {х1, х2, ..., хт}, as 
described in LP, and located at the vertices of the graph. The modules are assembled 
into a software unit. In this case, each pair of modules хi, хj

 (i, j  –  languages from the 
set of LP  are connected by the relation of call on the basis of which the  module of 
communication х'ij  is formed. In General, for simple program structures, the aggregate 
contains link communication (call) operators and forward and reverse transformations 
of data types passed from the calling module (in  i-language) to the calling module (in j-
language) and back [23].  

LP  allows you to describe the information part -  passport modules with a 
description of the transmitted data [8-14] and operations call modules. Taking into 
account the passports of the modules, the software structure of the unit is built 
(program -  Prog, complex -  Comp, package -  Pac). The passport describes the special 
language WSDL containing: -  a subset of the operations associate link elements of the 
graph in the language L'  that contains a description of the parameters from the list of 
actual and formal  parameters of the invocation; -  mathematical operations on the graph 
and operations of binding modules in a complex structure  (Prog, Comp, Agr, Pac  and so 
on).  

The operator modules link (make, config, assembling, etc. since 1994) takes the  form:
 

Link <aggregate type>
 

<aggregate name>
 

(<main module name>, <additional list 

of module names>) <execution mode>, when constructing specific program structures, 

the vertices of the graph –
 

modules can be marked with special symbols ρ, denoting: 
 

ρ
 

= 
 

¤
 

–
 

formation of a fragment with the name of the module;
 

ρ
 

= * –
 

the beginning of the dynamic fragment with the vertex marked by this symbol; 
 

ρ
 

= + the module in the graph G is marked as the main program of the complex; 
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ρ = / – means enabling debugging or testing of the unit.
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   Using these designations, the graph G will take the form shown in figure 8 and 
has a representation:

 

E = {(х5,х7,1), (х5,x8,1), (x5,х8,2)}.

 The aggregate is given a unique name corresponding to the generated root 

module. For the graph Г
 
= {(х4, х6, 1)}

 
a fragment of operators providing a dynamic 

call will be formed in the communication module x'46. For a pair of modules specified in 
Fig.8 vertices x4, x6,

  
the structure of the corresponding part of the unit, including the 

communication module, is shown in Fig. 9. Similarly links of heterogeneous modules 
and other types of calls are implemented.

 

¤x5

+x2

x3

*x4

x7 x8

x6

x1

1 1
1

1 1

1

21 1

 Fig.

 

8:

 

Graph of software unit 
with control marks on the 
graph

 
 

 

 Fig. 9: Graph of modular structure 
with dynamic call [1]

 
Thus, for a pair of modules xi,  xj, a module of connection xij

 

of the form: 

 х'ij

 

= S0

 

* (S1

 

×

 

S1
T) * (S2

 

×

 

S2
T) * S0

1,

 where S0

 

is a fragment of the aggregate that defines the environment of xj

 

module 
functioning;     

 S1

 

–

 

a fragment of the aggregate, including a sequence of calls to functions from the set 

{P, C, S}, each of which performs the necessary conversion of the actual parameters 
when referring to the xj

 

-module;

 S2

 

–

 

a system with a fragment of operators for the inverse transformation of data types 

transmitted from xj 

 

to хi  after its execution; 

 S0
1

 

–

 

a piece of software structures with operators epilogue for the vertex  xi, for the 
restoration of the environment.

 For the described program structures, set the link operations to build the 
individual programs in Fig.8: 

 Link Prog P1 (x1, x2);

 Link Prog P2 

 

(x1, x3) (x3, x6);

 Link Comp P3

 
((x1, x3) (x3, x5/ х'58)+ (x5, x7);                                                    (20)
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  x4
             S0

   Link P   x6

S1
Т

S1

x6

S2

S0
1

Call P    x4

46

Notes



Link Prog P4
 (x1, x4), (x4, x6);  

Link Comp (P1  U  P2  U  P3  U P4).  

Programs of the complex (aggregate) are given unique names (P1, P2, P3, P4) 
corresponding to the root names of the modules in the chains of the graph.  
Thus, the process of constructing the program structure on the graph includes:  

1.  Enter the module description in the LP (L') and perform syntax checking.  

2.  Select the required modules and interfaces from the repositories and place them in 
the graph.  

3.  Translation of the unit modules in the LP.  
4.  Generation of communication modules for each interconnected pair of graph 

modules.  
5.  Assembly of the elements of the graph in the finished structure, linking modules in 

the operating system (IBM, MS, Oberon,  Unix и  др.) [1-5].  

6.  Test the system on data sets and assess the reliability of the unit.  

After the modules are built, the name of the software Assembly is entered into 
the boot library. If you create a fragment that is later included in another aggregate, its 
name must match the name of the main module. In connection with the transition to 
the Internet environment to work with various software and system services in the 
configuration assembly of such tools provides security, data protection and quality 
assessment of ready-made modules, service resources and web systems in Internet.   

a)  Ready-made software elements configurate  to the system  
Under the configuration of the system is understood the structure of some of its 

version, including software elements, combined with each other by link operations with 
parameters that specify the options for the functioning of the system [1, 2, 16-22]. 
Version or variant of system configuration according to the IEEE Standard 828-2012 
(Configuration) includes:  

       –  configuration basis –  BC (Configuration Baseline);  

       –  configuration items (Configuration Item);  

       –  program elements (modules, components, services, etc.) included in the graph;  

Configuration Management is to monitor the modification of configuration 
parameters and components of the system, as well as to conduct system monitoring, 
accounting and auditing of the system, maintaining the integrity and its performance. 
According

 
to the standard, the configuration includes the following tasks: 

 

1.
 

Configuration identification. 
 

2.
 

Configuration Control. 
 

3.

 
Configuration Status Accounting. 

 

4.

 
Configuration audit. 

 

5.

 
Trace configuration changes during system maintenance and operation; 

 

6.

 
Verification of the configuration components and testing of the system.

 

A configuration build uses a system model and a set of out-of-the-box 
components that accumulate in the operating environment

 

repositories or libraries, and 
selects their operating environment Configurator (for example, in 
http://7dragons.ru/ru). The Configurator assembles the components according to their 
interfaces and generates a system configuration file.

  

The Scientific Graph Programming Paradigms of Systems from Modules to the Application Areas

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
  
Is
s u

e 
  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

20

76

  
 

( F
)

© 2020 Global Journals

Notes



The Configurator  assembly of components and reuses with operation config, 
which is equivalent to the operations link (20) for figure 8, taking into account their 
interfaces. The config statement generates a program variant or system configuration 
file of Comp. 

IV. The Modern  and Future Paradigms Programming 

The theory of system programming is represented by numerous paradigms - 
mathematical, object-component, ontological, technical, service, aspect, etc. They 
replace on the LP and realized by different paradigms [15-17, 23-25], some of this 
paradigms are presented below.  

a) Mathematical programming paradigms      
Theory of graphs for design software modular structures with mathematical 

operations (union, projection, difference, etc.) implementation of linking the graph 
modules (objects) and the semantics of the transformation of data transmitted by the 
vertices of the graph G.  

Object-component methods - OCM 
OCM are the mathematical design of systems from ready-made resources 

(objects, components, services, etc.) to OM (Object Model). It is the formal method 
which transform the elements OM  to a component model or a service model [15, 26]. 

   
 

 

 
 

 
  

That is, vertices of the graph 
 
G

 
are objects of two types: 

 
O= (О0, O1, O2. On) 

with the object relations hold )()0(  0OOii i ∈⇒>∀ and interface objects
 
I (Fig.10).

 

O1

O2 O3 O4

O25

O5 O6 O7 O8

O26 O47 O48

objects functions

interface objects

        objects from  repositoty 

 

Figure 10:
 
Object-interface graph G

 

At the vertices of a graph G
 
contains the functional objects О1, О2, О3, О4, О5, 

О6, О7, О8 and interface objects —0’25, O’26, O’47, O’48, which are placed in the repository 
of system, and arcs correspond to relationships between all kinds of objects. The 
parameters of the external characteristics of the interface objects are passed between 
objects through specified interfaces and are designated in language IDL in (input 
interface), out

 
(output) and inout

 
(intermediate). Based on the graph G

 
we can 

construct a program P0 — P5
 using mathematical operation ∪  Assembly link:    

The Scientific Graph Programming Paradigms of Systems from Modules to the Application Areas

  

1

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
  
Is
s u

e 
  
  
 e

rs
io
n 

I
V

I
Y
ea

r
20

20

77

  
 

( F
)

© 2020 Global Journals

Graph objects is designed  on four levels:

Generalizing for determining SD base notions without considering of their essences and 
properties; 

Structuring for ordering objects in the OM taking into account relationships between 
them;

Characterization for forming concepts of objects on the base of them properties and 
descriptions; 

Behavioral level for descriptions of conduct depending on events (such as time).

Notes



1)  P0 = (P1 ∪P2  ∪P3  ∪P4∪  P5).  

2)  P1 = О2 ∪  О5  , link P1
 

=In O’5  (О2 ∪  О5);  
3)  P2 =  

О2 ∪  
О6, link P2

 

=In O’6  
(О2 ∪  

О8);  
4)  P3;  
5)

 
P4 =

 
О4 ∪

 
О7, link P4

 

=In O’7 
 

(О4 ∪
 

О7);
 

6)
 

P5 =
 

О4 ∪
 

О8, link P4

 

=In O’8

 
(О4∪

 
О8);

 The set of objects and interfaces of the graph is reflected by general or individual 
properties and descriptions

 
of the object model. Verification of properties of objects is 

provided by the specific operations (classification, specialization, aggregation, etc.) [15, 
20, 29].

 
Component paradigm.

 
The basis of this paradigm -

 
OCM graph in which vertexes are 

the components of the CRP (reuses), interfaces and arcs specify the subject 
classification and the relationship between the vertices. Components are described by 
the formalisms of the triangle of Frege [15]: 

 -
 

sign –
 

identifier of the real function entity;
 -

 
denotation –

 
the designation of this entity; 

 -
 

concept –
 

a set of properties defined by logical connections and must be true. 
Operations of OCM and component algebra  represented on the website 
http://7dragons/ru/ru (in the VS environment.MS IBMSphere, Java, Linux, Intel 
etc.) [20].

 Service-component paradigm.
 

System and service-components -  web resources 
implement intellectual knowledge of specialists about applied fields in the Internet 
environment [22 -

 
26]. Each implements some function and communicates with the 

technological interface to interact with other services through protocols and provide 
Assembly and solution of applications of different nature. The means of describing the 
application systems include: 

 
XML for description and construction of SSA components;   
WSDL to describe web services and their interfaces;

 
SOAP to determine the formats of requests to the web services; 

 
UDDI for integration of services and their storage in libraries;

 
building configuration (config) of the service resources in some high-quality and secure 
systems.

 
The theory of graphs

 
develop in the school of A.P. Ershov (V.I. Kasyanov, V.E. Itkin,  

A. A. Evstigneev et al.) for programming Systems [13]. The graph theory has been 
actively developing in the Russian Academy of Sciences (I.B.Burdonov, A.S. Kosachev, 
V. V. Kulyamin  [19]. The theory of conformity for systems with blocking and 
destruction for the schematic organization of memory in Linux.

 
Methods of production of factories

 
(Product Line/Product Family) programs and 

Appfab and certificate them of the quality are discussed [23]. 
 

Application of the ontology
 

language OWL (www.semantic_web.com), resource language 
(RDF) and intelligent agents of ISO 15926 standard for networking.

 
Ontology of  Life Cycle

 
and Computational geometry

 
is a part of computer graphics 

and algebra. Used in the practice of computing and control machines, numerical control 
etc. is also used in robotics (motion planning and pattern recognition tasks), geographic 
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information systems (geometric search, route planning), design chips, etc.[25-30]. 

Ref



Cloud technologies
 

(PaaS, SaaS) are related to the Internet and are used to create 
adaptive applications that interact through agents of web pages.

 Device configuring
 
Big Data Processing Devices (Big Data) in Smart Data Internet 4.0.

 
b)

 
Intellectualization of systems 

 
The intelligent system implements creative tasks, the knowledge of which is 

stored in its memory. It includes —
 
knowledge base, output mechanism and intelligent 

interface. The main tasks of artificial intelligence:  symbolic modeling of thought 
processes, work with natural languages,  presentation and use of knowledge, -

 
machine 

learning,  biological modeling of artificial intelligence,  robotics [30].
 

c)
 

Application technical programming 
Event management paradigm based on the processing of external events (event-driven 
programming) in the Window environment. Features of the event paradigm are the use 
of testing methods based on operational (scenario) profiles of programs [20, 25, and 28].  
Coordinated and parallel programming provides a division of the computational process 
into several subtasks (processes) for TRAN’s computers and supercomputers, the results 
of which are sent via communication channels. Languages for parallel programming - 
PVM, LAM. CHMP and MPI (Message Passing Interface) interface descriptions and 
OpenMP. The POSIX standard provides messaging between programs in YAP C, C+ 
and Fortran. 

Programming on classes and on a prototype in OOP. The principles of the ООР are: 
inheritance – the mechanism of establishing relations "descendant-ancestor" (the ability 
to generate one class from another with the preservation of all the properties and 
methods of the class-ancestor); encapsulation (the hiding of class implementation); 
abstraction (description of interaction only in terms of messages/events in the subject 
area); polymorphism (the possibility of replacing the interaction of objects of one object 
with another object with a similar structure). Many modern languages are specially 
created for programming on classes, for example, Smalltalk, C++, Java, Python, PHP, 
Object Pascal (Delphi), VB.NET, Xbase++, etc. 

Рrogramming by prototype. Creating a new object is done by one of two methods: 
cloning an existing object, or by creating an object from scratch. Reuse (inheritance) is 
made by cloning an existing instance of the object —a prototype Clone, a sample. An 
example of a prototype language is the Self language and it is the basis of such 
programming languages as JavaScript, Squeak, Cecil, Newton Script, Io, MOO, 
REBOL, Keno and etc. 

The Agile methodology is focused on the close collaboration of a team of developers and 
users. It is based on a waterfall model lifecycle incremental and rapid response to 
changing demands on PP. The team works according to the schedule and financing of 
the project. 

eXtreme Programming (XP)
 
implements the principle of "collective code ownership". It 

any member of the group can change not only your code but also code another 
programmer. Each module is supplied with the Autonomous test (unit test) for 
regression testing of modules. Tests written by the programmers and they have the 
right to write tests for any module. Thus, most of the errors are corrected at the stage 
of encoding, or when you view the code, or by dynamic testing.
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Methods, Inc., used in organizations (Fuji-Xerox, Canon, Honda, NEC, Epson, Brother, 
3M, Xerox and Hewlett -

 
Packard etc.) are based on an iterative lifecycle model with 

well-defined development process, including requirements analysis, design, 
programming, testing (http://agile.csc.ncsu.edu). 

 

DSDM
 

(Dynamic Systems Development Method) for rapid development of RAD (Rapid 
Application.

 

d)
 

Ensuring the quality of AS,  Web systems
 

According to the ISO / IEC 12207 standard, the software LC standard regulates 
the planning, quality management and cost estimation for the creation of the system. In 
these processes, lifecycle analyses quality assurance; verification and validation (V&V) 
resources and evaluating the degree of achievement of individual quality indicators; test 
of the finished system; data collection about the failures, defects etc. and failures; 
assessment of the reliability on the respective reliability models based on the results of 
testing [33, 35, 36].

 

The ISO/IEC 9000 (1-4) Quality model defines characteristics
 

q1

 
—

 
q6: q1                  

(functionality), q2 (reliability), q3

 
(usability), q4

 
(efficiency), q5 (maintainability), 

q6(portability).
 

Each qi

 
characteristic is calculated according to special formulas and metrics of 

the standard. Reliability is evaluated according to the errors, defects and failures in the 
SOFTWARE obtained during the testing process and according to the corresponding 

reliability models (evaluation, measurement, etc.). Data on all quality indicators q1

 
—

 

q6

 
are evaluated by the formula:

 

qi =
 

� aij mij wij

6

j=1

 

where aij-attributes of each quality indicator (i = 1..6); mi -
 

metrics of each quality 
attribute; wi -

 
weight of each attribute of the system quality indicator. The obtained 

values for the indicators of the quality model are included in the product quality 
certificate. Options for assessing the quality of configured systems are given on the 
website http://7dragons.ru/ru.

 

e)
 

Perspective directions for the development of the Internet
 

Promising areas of development for the Internet1 include [28]:
 

The information objects (IO) that specifies the digital projection of real or 
abstract objects that use Semantic Web Ontology interoperability interfaces. IO 
through Web services began more than 10 years ago.  Interaction semantics IO is based 
on RDF and

 
OWL language of ISO 15926 Internet 3.0. 

 

The next step of the development  of the Internet is  Web 4.0, which allows 
network participants to communicate, using intelligent agents. A new stage in the 
development of enterprise solutions-cloud (PaaS, SaaS) who spliced with Internet space 
and used to create Adaptive applications. Cloud services interact through the  Web 
page by using agents.

 

Internet of Things
 

Smart IoT to support competitive APPS using: distributed 
microservices; Hypercat Mobile; GSM-R traffic control.

 
Industrial Internet develops 

concepts -
 

“smart energy”, “smart transportation”, “smart appliances”, “smart 
industry”, “smart homes and cities”, etc. Internet stuff (Internet of Things, Smart IoT) 
indicates the Smart support competing APPS using distributed micro services such as 
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Hyper cat (mobile communications);  industrial Internet (Industrial), covering the new 
automation -  transportation, appliances, industry», and another. 
 
 
f)

 

Computer nanotechnology

 
Today computer nanotechnology is actually already working with the smallest 

elements, “atoms" similar to the thickness of the thread (transistors, chips, crystals, 
etc.). For example, a video card from 3.5 million particles on single crystal, multi-touch 
maps for retinal embedded in the eyeglasses, etc.

 
In the future, ready-made software elements will be developed in the direction of 

nanotechnology by "reducing" to look even smaller particles with predetermined 
functionality. Automation of communication, synthesis of such particles will give a new  
small element, which will be used like a chip in a small device for use in medicine, 
genetics, physics, etc.[28].

 V.

 

Conclusion

 
In the early stages of the emergence of the method of assembling large programs 

and complexes of spent modules in the LP used the theoretical apparatus of graphs to 
create modular program structures. Graph theory allows to establish the shortest path 
of program elements and prove the correctness of binding graph modules using 
adjacency matrices, reach ability and mathematical operations (association, connection, 
difference, etc.) in complex program structures (complex, aggregate, system, etc.). 
Initially, the method of Assembly on the basis of graph theory was widely implemented 
in the complex systems  (Juza, Ruza, Prometheus) under the leadership of Lipaev V.V. 
[1-5], and was supported by A. P. Ershov in the IPI SO Academy of Sciences SSSR and 
his researcher and scientist, who formulated the theoretical aspects of the application of 
graph theory in programming [6-14]. Since 2013, graph theory has been used in the 
modeling of complex systems of objects, components, services, etc. (OCM) [15] and has 
been used in the world practice in the transition to the Internet environment [22, 23]. 
The paper describes the features of modeling systems using graph theory and 
mathematical operations on elements of software structures. The new  Assembly 

operations –

 

config

 

of

 

the IEEE Standard 828-2012 (Configuration) are implemented in 
different environments of Internet.

 

Elements of the graph set transition labels to obtain 
reactions at the time of exposure to test sets,  proof of completeness of testing systems 
of AS and the measurement of quality ready AS. 

 

Programming paradigms on the graph and ontology of mathematical modeling of 
applied problems for vital areas of society (medicine, biology, physics, mathematics, 
economics, etc.) will become the main tools of smart machines

 

and AS of the 21st 
century

 

[15, 24-31].
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6. Proper permissions must be acquired for the use of any copyrighted material. 
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submission. 

Declaration of Conflicts of Interest 

It is required for authors to declare all financial, institutional, and personal relationships with other individuals and 
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2. Drafting the paper and revising it critically regarding important academic content. 
3. Final approval of the version of the paper to be published. 

Changes in Authorship 

The corresponding author should mention the name and complete details of all co-authors during submission and in 
manuscript. We support addition, rearrangement, manipulation, and deletions in authors list till the early view publication 
of the journal. We expect that corresponding author will notify all co-authors of submission. We follow COPE guidelines for 
changes in authorship. 

Copyright 

During submission of the manuscript, the author is confirming an exclusive license agreement with Global Journals which 
gives Global Journals the authority to reproduce, reuse, and republish authors' research. We also believe in flexible 
copyright terms where copyright may remain with authors/employers/institutions as well. Contact your editor after 
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Appealing Decisions 
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appealed before making the major change in the manuscript. 

Acknowledgments 

Contributors to the research other than authors credited should be mentioned in Acknowledgments. The source of funding 
for the research can be included. Suppliers of resources may be mentioned along with their addresses. 

Declaration of funding sources 

Global Journals is in partnership with various universities, laboratories, and other institutions worldwide in the research 
domain. Authors are requested to disclose their source of funding during every stage of their research, such as making 
analysis, performing laboratory operations, computing data, and using institutional resources, from writing an article to its 
submission. This will also help authors to get reimbursements by requesting an open access publication letter from Global 
Journals and submitting to the respective funding source. 

Preparing your Manuscript 

Authors can submit papers and articles in an acceptable file format: MS Word (doc, docx), LaTeX (.tex, .zip or .rar including 
all of your files), Adobe PDF (.pdf), rich text format (.rtf), simple text document (.txt), Open Document Text (.odt), and 
Apple Pages (.pages). Our professional layout editors will format the entire paper according to our official guidelines. This is 
one of the highlights of publishing with Global Journals—authors should not be concerned about the formatting of their 
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Manuscript Style Instruction (Optional) 

• Microsoft Word Document Setting Instructions. 
• Font type of all text should be Swis721 Lt BT. 
• Page size: 8.27" x 11'”, left margin: 0.65, right margin: 0.65, bottom margin: 0.75. 
• Paper title should be in one column of font size 24. 
• Author name in font size of 11 in one column. 
• Abstract: font size 9 with the word “Abstract” in bold italics. 
• Main text: font size 10 with two justified columns. 
• Two columns with equal column width of 3.38 and spacing of 0.2. 
• First character must be three lines drop-capped. 
• The paragraph before spacing of 1 pt and after of 0 pt. 
• Line spacing of 1 pt. 
• Large images must be in one column. 
• The names of first main headings (Heading 1) must be in Roman font, capital letters, and font size of 10. 
• The names of second main headings (Heading 2) must not include numbers and must be in italics with a font size of 10. 

Structure and Format of Manuscript 

The recommended size of an original research paper is under 15,000 words and review papers under 7,000 words. 
Research articles should be less than 10,000 words. Research papers are usually longer than review papers. Review papers 
are reports of significant research (typically less than 7,000 words, including tables, figures, and references) 

A research paper must include: 

a) A title which should be relevant to the theme of the paper. 
b) A summary, known as an abstract (less than 150 words), containing the major results and conclusions.  
c) Up to 10 keywords that precisely identify the paper’s subject, purpose, and focus. 
d) An introduction, giving fundamental background objectives. 
e) Resources and techniques with sufficient complete experimental details (wherever possible by reference) to permit 

repetition, sources of information must be given, and numerical methods must be specified by reference. 
f) Results which should be presented concisely by well-designed tables and figures. 
g) Suitable statistical data should also be given. 
h) All data must have been gathered with attention to numerical detail in the planning stage. 

Design has been recognized to be essential to experiments for a considerable time, and the editor has decided that any 
paper that appears not to have adequate numerical treatments of the data will be returned unrefereed. 

i) Discussion should cover implications and consequences and not just recapitulate the results; conclusions should also 
be summarized. 

j) There should be brief acknowledgments. 
k) There ought to be references in the conventional format. Global Journals recommends APA format. 

Authors should carefully consider the preparation of papers to ensure that they communicate effectively. Papers are much 
more likely to be accepted if they are carefully designed and laid out, contain few or no errors, are summarizing, and follow 
instructions. They will also be published with much fewer delays than those that require much technical and editorial 
correction. 

The Editorial Board reserves the right to make literary corrections and suggestions to improve brevity. 
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Format Structure 

It is necessary that authors take care in submitting a manuscript that is written in simple language and adheres to 
published guidelines. 

All manuscripts submitted to Global Journals should include: 

Title 

The title page must carry an informative title that reflects the content, a running title (less than 45 characters together with 
spaces), names of the authors and co-authors, and the place(s) where the work was carried out. 

Author details 

The full postal address of any related author(s) must be specified. 

Abstract 

The abstract is the foundation of the research paper. It should be clear and concise and must contain the objective of the 
paper and inferences drawn. It is advised to not include big mathematical equations or complicated jargon. 

Many researchers searching for information online will use search engines such as Google, Yahoo or others. By optimizing 
your paper for search engines, you will amplify the chance of someone finding it. In turn, this will make it more likely to be 
viewed and cited in further works. Global Journals has compiled these guidelines to facilitate you to maximize the web-
friendliness of the most public part of your paper. 

Keywords 

A major lynchpin of research work for the writing of research papers is the keyword search, which one will employ to find 
both library and internet resources. Up to eleven keywords or very brief phrases have to be given to help data retrieval, 
mining, and indexing. 

One must be persistent and creative in using keywords. An effective keyword search requires a strategy: planning of a list 
of possible keywords and phrases to try. 

Choice of the main keywords is the first tool of writing a research paper. Research paper writing is an art. Keyword search 
should be as strategic as possible. 

One should start brainstorming lists of potential keywords before even beginning searching. Think about the most 
important concepts related to research work. Ask, “What words would a source have to include to be truly valuable in a 
research paper?” Then consider synonyms for the important words. 

It may take the discovery of only one important paper to steer in the right keyword direction because, in most databases, 
the keywords under which a research paper is abstracted are listed with the paper. 

Numerical Methods 

Numerical methods used should be transparent and, where appropriate, supported by references. 

Abbreviations 

Authors must list all the abbreviations used in the paper at the end of the paper or in a separate table before using them. 

Formulas and equations 

Authors are advised to submit any mathematical equation using either MathJax, KaTeX, or LaTeX, or in a very high-quality 
image. 
 
Tables, Figures, and Figure Legends 

Tables: Tables should be cautiously designed, uncrowned, and include only essential data. Each must have an Arabic 
number, e.g., Table 4, a self-explanatory caption, and be on a separate sheet. Authors must submit tables in an editable 
format and not as images. References to these tables (if any) must be mentioned accurately. 
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Figures 

Figures are supposed to be submitted as separate files. Always include a citation in the text for each figure using Arabic 
numbers, e.g., Fig. 4. Artwork must be submitted online in vector electronic form or by emailing it. 

Preparation of Eletronic Figures for Publication 

Although low-quality images are sufficient for review purposes, print publication requires high-quality images to prevent 
the final product being blurred or fuzzy. Submit (possibly by e-mail) EPS (line art) or TIFF (halftone/ photographs) files only. 
MS PowerPoint and Word Graphics are unsuitable for printed pictures. Avoid using pixel-oriented software. Scans (TIFF 
only) should have a resolution of at least 350 dpi (halftone) or 700 to 1100 dpi              (line drawings). Please give the data 
for figures in black and white or submit a Color Work Agreement form. EPS files must be saved with fonts embedded (and 
with a TIFF preview, if possible). 

For scanned images, the scanning resolution at final image size ought to be as follows to ensure good reproduction: line 
art: >650 dpi; halftones (including gel photographs): >350 dpi; figures containing both halftone and line images: >650 dpi. 

Color charges: Authors are advised to pay the full cost for the reproduction of their color artwork. Hence, please note that 
if there is color artwork in your manuscript when it is accepted for publication, we would require you to complete and 
return a Color Work Agreement form before your paper can be published. Also, you can email your editor to remove the 
color fee after acceptance of the paper. 

Tips for Writing a Good Quality Science Frontier Research Paper 

1. Choosing the topic: 

 

In most cases, the topic is selected by the interests of the author, but it can also be suggested by the 
guides. You can have several topics, and then judge which you are most comfortable with. This may be done by asking 
several questions of yourself, like "Will I be able to carry out a search in this area? Will I find all necessary resources to 
accomplish the search? Will I be able to find all information in this field area?" If the answer to this type of question is 
"yes," then you ought to choose that topic. In most cases, you may have to conduct surveys and visit several places. Also, 
you might have to do a lot of work to find all the rises and falls of the various data on that subject. Sometimes, detailed 
information plays a vital role, instead of short information. Evaluators are human: The first thing to remember is that 
evaluators are also human beings. They are not only meant for rejecting a paper. They are here to evaluate your paper. So 
present your best aspect.

 

2.

 

Think like evaluators:

 

If you are in confusion or getting demotivated because your paper may not be accepted by the 
evaluators, then think, and try to evaluate your paper like an evaluator. Try to understand what an evaluator wants in your 
research paper, and you will automatically have your answer. Make blueprints of paper: The outline is the plan or 
framework that will help you to arrange your thoughts. It will make your paper logical. But remember that all points of your 
outline must be related to the topic you have chosen.

 

3.

 

Ask your

 

guides:

 

If you are having any difficulty with your research, then do not hesitate to share your difficulty with 
your guide (if you have one). They will surely help you out and resolve your doubts. If you can't clarify what exactly you 
require for your work, then ask your supervisor to help you with an alternative. He or she might also provide you with a list 
of essential readings.

 

4.

 

Use of computer is recommended:

 

As you are doing research in the field of science frontier then this point is quite 
obvious.

 

Use right software: Always use good quality software packages. If you are not capable of judging good software, 
then you can lose the quality of your paper unknowingly. There are various programs available to help you which you can 
get through the internet.

 

5.

 

Use the internet for help:

 

An excellent start for your paper is using Google. It is a wondrous search engine, where you 
can have your doubts resolved. You may also read some answers for the frequent question of how to write your research 
paper or find a model research paper. You can download books from the internet. If you have all the required books, place 
importance on reading, selecting, and analyzing the specified information. Then sketch out your research paper. Use big 
pictures: You may use encyclopedias like Wikipedia to get pictures with the best resolution. At Global Journals, you should 
strictly follow here.
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6. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right? It is a good habit 
which helps to not lose your continuity. You should always use bookmarks while searching on the internet also, which will 
make your search easier. 

7. Revise what you wrote: When you write anything, always read it, summarize it, and then finalize it. 

8. Make every effort: Make every effort to mention what you are going to write in your paper. That means always have a 
good start. Try to mention everything in the introduction—what is the need for a particular research paper. Polish your 
work with good writing skills and always give an evaluator what he wants. Make backups: When you are going to do any 
important thing like making a research paper, you should always have backup copies of it either on your computer or on 
paper. This protects you from losing any portion of your important data. 

9. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. 
Using several unnecessary diagrams will degrade the quality of your paper by creating a hodgepodge. So always try to 
include diagrams which were made by you to improve the readability of your paper. Use of direct quotes: When you do 
research relevant to literature, history, or current affairs, then use of quotes becomes essential, but if the study is relevant 
to science, use of quotes is not preferable. 

10. Use proper verb tense: Use proper verb tenses in your paper. Use past tense to present those events that have 
happened. Use present tense to indicate events that are going on. Use future tense to indicate events that will happen in 
the future. Use of wrong tenses will confuse the evaluator. Avoid sentences that are incomplete. 

11. Pick a good study spot: Always try to pick a spot for your research which is quiet. Not every spot is good for studying. 

12. Know what you know: Always try to know what you know by making objectives, otherwise you will be confused and 
unable to achieve your target. 

13. Use good grammar: Always use good grammar and words that will have a positive impact on the evaluator; use of 
good vocabulary does not mean using tough words which the evaluator has to find in a dictionary. Do not fragment 
sentences. Eliminate one-word sentences. Do not ever use a big word when a smaller one would suffice. 

Verbs have to be in agreement with their subjects. In a research paper, do not start sentences with conjunctions or finish 
them with prepositions. When writing formally, it is advisable to never split an infinitive because someone will (wrongly) 
complain. Avoid clichés like a disease. Always shun irritating alliteration. Use language which is simple and straightforward. 
Put together a neat summary. 

14. Arrangement of information: Each section of the main body should start with an opening sentence, and there should 
be a changeover at the end of the section. Give only valid and powerful arguments for your topic. You may also maintain 
your arguments with records. 

15. Never start at the last minute: Always allow enough time for research work. Leaving everything to the last minute will 
degrade your paper and spoil your work. 

16. Multitasking in research is not good: Doing several things at the same time is a bad habit in the case of research 
activity. Research is an area where everything has a particular time slot. Divide your research work into parts, and do a 
particular part in a particular time slot. 

17. Never copy others' work: Never copy others' work and give it your name because if the evaluator has seen it anywhere, 
you will be in trouble. Take proper rest and food: No matter how many hours you spend on your research activity, if you 
are not taking care of your health, then all your efforts will have been in vain. For quality research, take proper rest and 
food. 

18. Go to seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

19. Refresh your mind after intervals: Try to give your mind a rest by listening to soft music or sleeping in intervals. This 
will also improve your memory. Acquire colleagues: Always try to acquire colleagues. No matter how sharp you are, if you 
acquire colleagues, they can give you ideas which will be helpful to your research. 
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20. Think technically: Always think technically. If anything happens, search for its reasons, benefits, and demerits. Think 
and then print: When you go to print your paper, check that tables are not split, headings are not detached from their 
descriptions, and page sequence is maintained. 

21. Adding unnecessary information: Do not add unnecessary information like "I have used MS Excel to draw graphs." 
Irrelevant and inappropriate material is superfluous. Foreign terminology and phrases are not apropos. One should never 
take a broad view. Analogy is like feathers on a snake. Use words properly, regardless of how others use them. Remove 
quotations. Puns are for kids, not grunt readers. Never oversimplify: When adding material to your research paper, never 
go for oversimplification; this will definitely irritate the evaluator. Be specific. Never use rhythmic redundancies. 
Contractions shouldn't be used in a research paper. Comparisons are as terrible as clichés. Give up ampersands, 
abbreviations, and so on. Remove commas that are not necessary. Parenthetical words should be between brackets or 
commas. Understatement is always the best way to put forward earth-shaking thoughts. Give a detailed literary review. 

22. Report concluded results: Use concluded results. From raw data, filter the results, and then conclude your studies 
based on measurements and observations taken. An appropriate number of decimal places should be used. Parenthetical 
remarks are prohibited here. Proofread carefully at the final stage. At the end, give an outline to your arguments. Spot 
perspectives of further study of the subject. Justify your conclusion at the bottom sufficiently, which will probably include 
examples. 

23. Upon conclusion: Once you have concluded your research, the next most important step is to present your findings. 
Presentation is extremely important as it is the definite medium though which your research is going to be in print for the 
rest of the crowd. Care should be taken to categorize your thoughts well and present them in a logical and neat manner. A 
good quality research paper format is essential because it serves to highlight your research paper and bring to light all 
necessary aspects of your research. 

Informal Guidelines of Research Paper Writing 

Key points to remember: 

• Submit all work in its final form. 
• Write your paper in the form which is presented in the guidelines using the template. 
• Please note the criteria peer reviewers will use for grading the final paper. 

Final points: 

One purpose of organizing a research paper is to let people interpret your efforts selectively. The journal requires the 
following sections, submitted in the order listed, with each section starting on a new page: 

The introduction: This will be compiled from reference matter and reflect the design processes or outline of basis that 
directed you to make a study. As you carry out the process of study, the method and process section will be constructed 
like that. The results segment will show related statistics in nearly sequential order and direct reviewers to similar 
intellectual paths throughout the data that you gathered to carry out your study. 

The discussion section: 

This will provide understanding of the data and projections as to the implications of the results. The use of good quality 
references throughout the paper will give the effort trustworthiness by representing an alertness to prior workings. 

Writing a research paper is not an easy job, no matter how trouble-free the actual research or concept. Practice, excellent 
preparation, and controlled record-keeping are the only means to make straightforward progression. 

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general 
guidelines. 

To make a paper clear: Adhere to recommended page limits. 
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Mistakes to avoid: 

• Insertion of a title at the foot of a page with subsequent text on the next page. 
• Separating a table, chart, or figure—confine each to a single page. 
• Submitting a manuscript with pages out of sequence. 
• In every section of your document, use standard writing style, including articles ("a" and "the"). 
• Keep paying attention to the topic of the paper. 
• Use paragraphs to split each significant point (excluding the abstract). 
• Align the primary line of each section. 
• Present your points in sound order. 
• Use present tense to report well-accepted matters. 
• Use past tense to describe specific results. 
• Do not use familiar wording; don't address the reviewer directly. Don't use slang or superlatives. 
• Avoid use of extra pictures—include only those figures essential to presenting results. 

Title page: 

Choose a revealing title. It should be short and include the name(s) and address(es) of all authors. It should not have 
acronyms or abbreviations or exceed two printed lines. 

Abstract: This summary should be two hundred words or less. It should clearly and briefly explain the key findings reported 
in the manuscript and must have precise statistics. It should not have acronyms or abbreviations. It should be logical in 
itself. Do not cite references at this point. 

An abstract is a brief, distinct paragraph summary of finished work or work in development. In a minute or less, a reviewer 
can be taught the foundation behind the study, common approaches to the problem, relevant results, and significant 
conclusions or new questions. 

Write your summary when your paper is completed because how can you write the summary of anything which is not yet 
written? Wealth of terminology is very essential in abstract. Use comprehensive sentences, and do not sacrifice readability 
for brevity; you can maintain it succinctly by phrasing sentences so that they provide more than a lone rationale. The 
author can at this moment go straight to shortening the outcome. Sum up the study with the subsequent elements in any 
summary. Try to limit the initial two items to no more than one line each. 

Reason for writing the article—theory, overall issue, purpose. 

• Fundamental goal. 
• To-the-point depiction of the research. 
• Consequences, including definite statistics—if the consequences are quantitative in nature, account for this; results of 

any numerical analysis should be reported. Significant conclusions or questions that emerge from the research. 

Approach: 

o Single section and succinct. 
o An outline of the job done is always written in past tense. 
o Concentrate on shortening results—limit background information to a verdict or two. 
o Exact spelling, clarity of sentences and phrases, and appropriate reporting of quantities (proper units, important 

statistics) are just as significant in an abstract as they are anywhere else. 

Introduction: 

The introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background 
information to be capable of comprehending and calculating the purpose of your study without having to refer to other 
works. The basis for the study should be offered. Give the most important references, but avoid making a comprehensive 
appraisal of the topic. Describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the 
reviewer will give no attention to your results. Speak in common terms about techniques used to explain the problem, if 
needed, but do not present any particulars about the protocols here. 
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The following approach can create a valuable beginning: 

o Explain the value (significance) of the study. 
o Defend the model—why did you employ this particular system or method? What is its compensation? Remark upon 

its appropriateness from an abstract point of view as well as pointing out sensible reasons for using it. 
o Present a justification. State your particular theory(-ies) or aim(s), and describe the logic that led you to choose 

them. 
o Briefly explain the study's tentative purpose and how it meets the declared objectives. 

Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job 
is done. Sort out your thoughts; manufacture one key point for every section. If you make the four points listed above, you 
will need at least four paragraphs. Present surrounding information only when it is necessary to support a situation. The 
reviewer does not desire to read everything you know about a topic. Shape the theory specifically—do not take a broad 
view. 

As always, give awareness to spelling, simplicity, and correctness of sentences and phrases. 

Procedures (methods and materials): 

This part is supposed to be the easiest to carve if you have good skills. A soundly written procedures segment allows a 
capable scientist to replicate your results. Present precise information about your supplies. The suppliers and clarity of 
reagents can be helpful bits of information. Present methods in sequential order, but linked methodologies can be grouped 
as a segment. Be concise when relating the protocols. Attempt to give the least amount of information that would permit 
another capable scientist to replicate your outcome, but be cautious that vital information is integrated. The use of 
subheadings is suggested and ought to be synchronized with the results section. 

When a technique is used that has been well-described in another section, mention the specific item describing the way, 
but draw the basic principle while stating the situation. The purpose is to show all particular resources and broad 
procedures so that another person may use some or all of the methods in one more study or referee the scientific value of 
your work. It is not to be a step-by-step report of the whole thing you did, nor is a methods section a set of orders. 

Materials: 

Materials may be reported in part of a section or else they may be recognized along with your measures. 

Methods: 

o Report the method and not the particulars of each process that engaged the same methodology. 
o Describe the method entirely. 
o To be succinct, present methods under headings dedicated to specific dealings or groups of measures. 
o Simplify—detail how procedures were completed, not how they were performed on a particular day. 
o If well-known procedures were used, account for the procedure by name, possibly with a reference, and that's all. 

Approach: 

It is embarrassing to use vigorous voice when documenting methods without using first person, which would focus the 
reviewer's interest on the researcher rather than the job. As a result, when writing up the methods, most authors use third 
person passive voice. 

Use standard style in this and every other part of the paper—avoid familiar lists, and use full sentences. 

What to keep away from: 

o Resources and methods are not a set of information. 
o Skip all descriptive information and surroundings—save it for the argument. 
o Leave out information that is immaterial to a third party. 
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Results: 

The principle of a results segment is to present and demonstrate your conclusion. Create this part as entirely objective 
details of the outcome, and save all understanding for the discussion. 

The page length of this segment is set by the sum and types of data to be reported. Use statistics and tables, if suitable, to 
present consequences most efficiently. 

You must clearly differentiate material which would usually be incorporated in a study editorial from any unprocessed data 
or additional appendix matter that would not be available. In fact, such matters should not be submitted at all except if 
requested by the instructor. 

Content: 

o Sum up your conclusions in text and demonstrate them, if suitable, with figures and tables. 
o In the manuscript, explain each of your consequences, and point the reader to remarks that are most appropriate. 
o Present a background, such as by describing the question that was addressed by creation of an exacting study. 
o Explain results of control experiments and give remarks that are not accessible in a prescribed figure or table, if 

appropriate. 
o Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or 

manuscript. 

What to stay away from: 

o Do not discuss or infer your outcome, report surrounding information, or try to explain anything. 
o Do not include raw data or intermediate calculations in a research manuscript. 
o Do not present similar data more than once. 
o A manuscript should complement any figures or tables, not duplicate information. 
o Never confuse figures with tables—there is a difference.  

Approach: 

As always, use past tense when you submit your results, and put the whole thing in a reasonable order. 

Put figures and tables, appropriately numbered, in order at the end of the report. 

If you desire, you may place your figures and tables properly within the text of your results section. 

Figures and tables: 

If you put figures and tables at the end of some details, make certain that they are visibly distinguished from any attached 
appendix materials, such as raw facts. Whatever the position, each table must be titled, numbered one after the other, and 
include a heading. All figures and tables must be divided from the text. 

Discussion: 

The discussion is expected to be the trickiest segment to write. A lot of papers submitted to the journal are discarded 
based on problems with the discussion. There is no rule for how long an argument should be. 

Position your understanding of the outcome visibly to lead the reviewer through your conclusions, and then finish the 
paper with a summing up of the implications of the study. The purpose here is to offer an understanding of your results 
and support all of your conclusions, using facts from your research and generally accepted information, if suitable. The 
implication of results should be fully described. 

Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact, you must explain 
mechanisms that may account for the observation. If your results vary from your prospect, make clear why that may have 
happened. If your results agree, then explain the theory that the proof supported. It is never suitable to just state that the 
data approved the prospect, and let it drop at that. Make a decision as to whether each premise is supported or discarded 
or if you cannot make a conclusion with assurance. Do not just dismiss a study or part of a study as "uncertain." 
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Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results 
that you have, and take care of the study as a finished work. 

o You may propose future guidelines, such as how an experiment might be personalized to accomplish a new idea. 
o Give details of all of your remarks as much as possible, focusing on mechanisms. 
o Make a decision as to whether the tentative design sufficiently addressed the theory and whether or not it was 

correctly restricted. Try to present substitute explanations if they are sensible alternatives. 
o One piece of research will not counter an overall question, so maintain the large picture in mind. Where do you go 

next? The best studies unlock new avenues of study. What questions remain? 
o Recommendations for detailed papers will offer supplementary suggestions. 

Approach: 

When you refer to information, differentiate data generated by your own studies from other available information. Present 
work done by specific persons (including you) in past tense. 

Describe generally acknowledged facts and main beliefs in present tense. 

The Administration Rules 

Administration Rules to Be Strictly Followed before Submitting Your Research Paper to Global Journals Inc. 

Please read the following rules and regulations carefully before submitting your research paper to Global Journals Inc. to 
avoid rejection. 

Segment draft and final research paper: You have to strictly follow the template of a research paper, failing which your 
paper may get rejected. You are expected to write each part of the paper wholly on your own. The peer reviewers need to 
identify your own perspective of the concepts in your own terms. Please do not extract straight from any other source, and 
do not rephrase someone else's analysis. Do not allow anyone else to proofread your manuscript. 

Written material: You may discuss this with your guides and key sources. Do not copy anyone else's paper, even if this is 
only imitation, otherwise it will be rejected on the grounds of plagiarism, which is illegal. Various methods to avoid 
plagiarism are strictly applied by us to every paper, and, if found guilty, you may be blacklisted, which could affect your 
career adversely. To guard yourself and others from possible illegal use, please do not permit anyone to use or even read 
your paper and file. 
 
 

XX

© Copyright by Global Journals | Guidelines Handbook



 
 

 
 

 
 
 
 
 
 
 
 
 
 

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data,

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring
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