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A Note on Few Interesting Approaches of
Solving Equations to Find the Number of
Real Zeros
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Absiraci- Be it in the world of mathematics or real life, it is often rewarding to think out-of-the box while solving a
problem. Accordingly, in this paper, our aim is to explore the various alternative approaches for solving algebraic
equations and finding the number of real zeros. We will further delve deeper into the conceptual part of mathematics
and understand how implementation of simple ideas can lead to an acceptable solution, which otherwise would have
been tedious by considering the conventional approaches. In the pursuit of achieving the objective of this paper, we will
consider few examples with full solutions coupled with precise explanation. It is also intended to leave something
meaningful for the readers to explore further on their own. The fundamental objective of this paper is to emphasize on
the importance of application of basic mathematical logic, concept of inequality, concept of domain and range of
functions, concept of calculus and last but not the least the graphical approach in solving mathematical equations. As a
further clarification on the scope of this paper, it is highly pertinent to bring to the understanding of the readers two
important aspects - firstly, we will only deal with equations involving real variables; and secondly, this paper does not
include topics related to number theory.

Keywords. greatest integer function, fractional part of integer, calculus, inequality, domain of definition,

periodic function.

[. INTRODUCTION

To put things in perspective, let us explain on what we actually mean by a

conventional approach. Let’s start with a simple equation such as Vx+v1 — x%2= 3. So
the conventional, rather the natural way might be trying to remove the square-root and

then solve for x without even paying attention to the fact that, the value of left hand
side (referred as LHS henceforth) cannot even exceed 2 for any real values of x but
why? Because, LHS is defined for 0 < x < 1. Hence, even without any calculation

whatsoever, it can be concluded that there is no real x for which the equation is
satisfied. It is worth mentioning that any effort towards removing the square-root will
only make the problem complex eventually leading to nowhere near conclusion.
Similarly let us consider another problem: what are all real non zero solutions of the
equation x3 + y3 = xy ? The first thing that may appear in the mind of many readers
is how to solve for two unknown real variables with only one equation having no other
constraints available. But on the other hand the absence of no additional constraints
gives rise to the possibility of existence of multiple solutions. Now what should be the
approach? Without any loss of generality, let us think completely out of the box and
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explore possibility of intersection of the straight line y = mx with the curvex® + y3 =
xy. Why are we doing this? We shall see the logic as we move along. The equation
becomes, x3 + m3 x3 = m x? that gives value of x in terms of m and the set of all real
m m
1+m3’ 1+m3
solutions. So, for all real values of m (except,m # —1 ), we can obtain all non zero real
solutions of the equation x3 + y3 = xy.

solutions are (x,y) = ( ),x # 0,y # 0 since we are only interested in non-zero

So a simple substitution was adequate to solve the equation. However, what does
it signify geometrically? Why does the substitution make lot of sense, let us explore in
the graph below:

x4 )»‘3 =Xy
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Point of Intersection of the curve with the straightline as highlighted in red colour are the soltuions that can be explicitly
obtained using all real values of the parameter ‘'m’ which actually denates the slope of the straight line

Fig. 1
It can be observed that for various values of m, we get different straight line and

an intersection point which is nothing but a solution of the equation x3 + y3 = xy . For
) = (0.286,-0.571). In

m m2

illustration, lets’ put,m = —2 yields a solution of (m,m

2

fact, (

m m . . . 3 3
—— ,——) is the parametric representation of the curve x =Xxy.
1+m3’ 1+ m3) p p ty y

Prior moving to the next section we shall leave one interesting problem for the

readers to explore. How many real solutions does the equation {x}Is"*] 4 {y}lsiny] =

© 2021 Global Journals

Notes



Notes

[x +y —x% — y?] have? Where, { } denotes the fractional part of integer and [ |
denotes the greatest integer function. In the next section, efforts have been made to
throw some light on this kind of problem.

In the subsequent section, we shall see few more examples with detailed solutions
that essentially focus on various basic yet interesting approaches for equation solving.

[I.  EXAMPLES

Example-1: Solve: a + b + ¢ =1, a3+ b’+ ¢3= 1/9 where a, b, ¢ > 0 real numbers.

Solution:

It is to be noted that nos. of variables exceed the nos. of equations provided.
However, it is not very difficult to see that a=b =c=1/3 is a solution since it
satisfies both equations but, the question still remains what are the other solutions? Or
whether there are any other solutions at all?

3,134 3 3 3,134 3
Using the m-th power Inequality, 2 H; te > (a+:+c) implies that arbire

3 =

3
G) So,a% + b3 + ¢ > 1/9, However given that a3+ b+ c3=1/9 hence, it is possible

if (and only if) a = b = c. Substituting this we get that, a=b = c = 1/3 which is the
only solution.
Geometrically, if x, y & z represents the variables a, b & c respectively then, the

solution indicates the point of tangency (1/3, 1/3, 1/3) of the plane z =1 — (x + y) and
the three-dimensional curve, z = (1/9 — (x3 + y3))1/3. VIEW-1 and VIEW-2 shows the
3D-plot of the curve and plane on the first quadrant since, x > 0,y = 0.
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Z=1—(x+y)
VIEW-1 showing plane z = 1-(x+y) touches the curve at VIEW-2 showing plane z = 1-(x+y) touches the curve at
the point (1/3,1/3,1/3) the point (1/3,1/3,1/3)
24 w20 2 42 sin w
Example-2: Solve: x4+ y°+ z°+ t°-x-y-z-t=log, . where x, y, z, t, w > 0 real [
numbers
Solution:

=> x4 y*+ 22+ t-x-y-z-t=log, (Sin W)

e
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=> x’+ y>+ 224+ tEx-y-z-t=log, (sinw) — log, e
=> x>+ y?+ 22+ t’x-y-z-t+1=1log, (sinw)

:>(x2 —x+%)+(y2 —y+%)+(z2 —Z+i)—|—(t2 —t+%):loge(sinw)
(= (=) + (=2 + (e~ 2) = 10g.(sinw)

Now, LHS is non-negative for all real x, y, z, and t while the function log, (sin w)

in the RHS is always negative since 0 < sinw < 1,w € RT except at w = (4n + 1) %, the
maximum value of RHS is zero. So, the equation to hold true for all real variables then
RHS must be equal to zero.

(x - %)2 + (y - %)2 + (z - %)2 + (t - %)2 =0 , which yields the solution x =y =z=¢t =0.5

0:5

i

Fig. 2: Graph of log(sinw)

]3"1‘!
m |

Example-3: Solve: y* — x® = 3x% + 1 where x, y are positive integers

-

Solution:
By rearranging we can write, y° = x° + 3x?+1
Now we know (x4+1)3= x*+ 3x*+3x+1> x*+ 3x>+ 1 since, x is a positive
integer.

So, *+ 3% +1 <(x+1)3 but x*+ 3x+1> x* because 3x>+1>0 for
all real x, Hence, combining these two conditions we can write that, x® < (x3 + 3x? +
1) < (x + 1)® so, the expression (X3+ 3x2+1) lies between two consecutive perfect
cubes hence, it is clear that, (X3+ 3X2+1) cannot be a perfect cube. But LHS is a

perfect cube i.e y® while RHS cannot be a perfect cube hence; the given equation does
not yield any solutions in positive integers.
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Example-4: Solve: (2sinx-3x)° +(3sinx-4x)° +(4sinx-5x)°= 0

Solution:
It is obvious that x=0 satisfies the given equation. Let us investigate whether
there are any non-trivial real solutions?

Let us consider f(x)= (2sinx-3x)’+(3sinx-4x)°+(4sinx-5x)°
f (x)=5(2sinx-3x)*(2cos x — 3)+5(3sinx-4x)*(3cos x — 4)+5(4sinx-5x)*(4cos x — 5)

, 3 4 5
f (x)=10(2sinx-3x)* (cos X — 5) +15(3sinx-4x)* (cos X — §) +20(4sinx-5x)* (cos X — Z)
Since, (2sinx-3x)* > 0, (3sinx-4x)* > 0 and (4sinx-5x)* > 0
Similarly, |cosx| < 1, hence, (cos X — %) <0, (cosx — %) < 0 and (cosx — ;) <0

Hence for all real x, f (x)<0

Hence, f(x) is a deceasing function from —oco to 400 (in the entire domain of
definition) and the function is continuous in its entire domain. So, it will intersect the
X-axis only once indicating that there is only one real solution. So, x = 0 is the only
(trivial) solution.

Example-5: Solve: x* + y* = [x —x? + 1] and 2x +y = 2 for all non-zero real x and y,
where | | denotes the greatest integer function
Solution:
i) =5 e —ox i (Y] 25 (k2 <5 g _ 1y
(x—x +1)—4 [x 2.x2+(2)]—4 (x ) <3 Since, (x 2) >0 for all
real x

2
(x - %) = 0 is omitted as we shall see later that x = % does not satisfy the equations.

Negative values of [x —x? + 1] are not admissible since, LHS of the first
equation i.e (x? +y?) is non-negative. Hence, only two values of the greatest integer

function possible as mentioned below:
0< (x—x%4+1)<1Then [x —x? + 1] = 0 the first equation becomes, x> + y%2 =0
1<(x—x%+1) <% Then [x — x% + 1] = 1 the first equation becomes, x? + y? = 1

However, x2 + y? = 0 is not possible since only non-trivial solutions are intended.

Hence, the set of equations required to be solved becomes, x%+y? =1 and
2x+y=2

These equations can now be solved with usual approach and the solutions are
(0.6, 0.8) and (1, 0).

It is an interesting aspect that the graph of x% + y? =1 should be a full circle
however it is shown as half-circle in the Fig-3 below, why? There is a valid reason to
this which is left for readers to explore.
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-1.6

Fig. 3

Example-6: Solve: a4 b’+ o= a’+ b+ ¢ + ZS[ﬁ] where a, b and c are integers
and [ ] denotes the greatest integer function

Solution:

a%+ bo+ d= ad+ b3+ 3 + 25[\/E] is a non-linear algebraic equation which at the first
look appears to be complicated to certain extent but with simple rearrangement, it can
be shown that there is no such real a, b and c that satisfy the equation. Let us re-
arrange the terms and re-write the equation as follows:

(a5 — a®)+(b° — b¥)+(c® — ¢3)= 25[Vn]
a’.a.(a+ 1(a—1)+bZb.(b+ 1)(b— 1)+ c®c.(c + 1)(c — 1)= 25 Since, [Vr] = 1
Since a, b and c are integers hence, a and (a + 1)are consecutive integers hence,

a(a+ 1) is an even number, hence, a(a+ 1), b(b + 1)and c(c + 1)are all even numbers

hence, each of (a®— a%), (b®— b3) and (c® — c3) are even hence, LHS is an even
number for all real a, b, ¢ while RHS is an odd number hence, there does not exist any
integer solutions.

Example-7: For what real values of parameter ’a’ the equation x*-ax+6=0 will have
positive solutions ?
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Solution:
It is clear that, x#0 since, x >0 for solution to be positive. The given equation

can be written by expressing the variable ‘a’ as a function of x’ like a:X3+S (x=#0)

; ; ; 3,8 _ (3424242 1322 2) gt
Applying the inequality AM > GM, x +-= (x +o+ - +x) > 4< /x .x.x.x> = 4(V/8)
So, the minimum value of the parameter ‘a’ for which real solution exist = 4(%)

NOteS Hence, only for all real ‘a’ satisfying a > 4(%) = 6.727 (approx) real solutions exist.
This is clearly manifested in the graph below. For different representative values
of a, series of graphs are drawn to demonstrate the mathematical logic as stated above.

% y = x*—6x+6 (a=6) y= x'-6.5x+6 (a=6.5)
? ' y=x"*-7x+6 (a=7)
7
15
)'/
This graph touches X-axis
S exactly for a =6.727 for which
4 /" |the equation will have two equal
1 7 real roots. For all values of
7 a > 6.727, the equation will
yd have two distinct roots since,
& the function intersects X-axis at
two distinct points.
0.5
-0i5 0 2 X
J/'I)
-0:5 '
v

y = x*~6.727x+6 (a = 6.727)
Fig. 4
FExample-S: How many real solutions of x? + {/sinx/+ Jfcosx/P = x + {/sinx/+ [cos x/},
Where { } denotes the fractional part of integer.

Solution:
Let us say, y ={f(x)} where f(x) = |sinx| + |cosx| hence, the equation gets

2
transformed to x?+y?=x+y which can be re-written as (x—%) +

Global Journal of Science Frontier Research (F) Volume XXI Issue II Version I E Year 2021

(y — %)2 = (\/1_5)2 which represents a circle.

Now the number of point of intersections between the function, y = {|sinx| +
|cos x|} and the circle will provide the nos. of solutions. O
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Hence, to find exact nos. of real solutions, it is important to draw graph
ofy = {f(x)}. This can be done several ways but we chose to do it using the concept of

calculus. The function {f(x)} is periodic with period of % S0, it repeats itself at every %
interval.

Differentiating f(x) both sides with respect to x and simplifying we get,

f’( ) (sinx. cosx sinx. cosx) sin 2x ( | — |sinx[)
X) = = — cosx| — |sinx |\|
2|sin x|. |cos x| otes

It can be shown that the function f(x) has local minima at x = %ﬂ and local

|sin x| B |cos x|

maxima at x =nm + %. By substituting these values of x, the maximum and minimum

Year 2021

for y = {f(x)} can be evaluated as 0 < {|sinx| + |cos x|} < (V2 — 1)

For 0 <x < % the function f(x) is increasing while for % <x< %, f(x) is
decreasing and this repeats itself for all n = +1,+2,43, ... since the function is periodic.
So, the graph of {|sinx| + |cos x|} should look as indicated below in fig-5. So, (x — %)2 +
(y — %)2 = (%)2 and y = {|sinx| + |cos x|} has two real zeros and only one of them is
non-trivial as indicated in the fig-5 below.

(E) Volume XXI Issue II Version I

= {lsin(x)| + eos(x) )

Frontier Research

Fig. 5
Two important things to note in the above example:

a) As intended in the question, the above method shows how to find the nos. of real
zeros (trivial and non-trivial) but it does not specify how to solve the equation to
get exact roots. But if graphs are drawn properly then it will provide an

approximate idea on the range values of x close to the actual root.
b) While it is easy to conclude that the function y = {|sinx| + |cos x|} has local maxima

Global Journal of Science

B at x =nm + % but it is relatively difficult to show that y = {|sinx| + |cos x|} has local

minima at x = %, even though it is quite clear from the graph. Readers are

requested to explore this analytically.
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[II. CONCLUSION

On the backdrop of all examples and explanations, a pertinent question that may
however arise that how one will anticipate the best possible approach to be adopted? It
is indeed a tough question to answer since there is no definitive rule. The objective of
this paper is to highlight about various approaches to solve an equation but exploring
the most relevant one depends on individual intuitiveness coupled with relentless effort.
The intention of this paper is to provide the readers with few basic tools and
conceptions which can effectively be used and rigorously inculcated to extend the
domain of mathematical understanding.

Even though the application of number theory and modular arithmetic was not
addressed in this paper, it is worth mentioning that number theory plays a vital role in
determining solutions various types of algebraic equations.
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