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Absiract- In this article we introduce the sequence spaces Co(u, A2,F ) p), c(u, AZ,F ) p) and
foo(U, A27 F,p) for ' = (fk) a sequence of moduli, p = (pk)sequence of positive reals and u € U
the set of all sequences and establish some inclusion relations.
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[.  INTRODUCTION

Let N, R and C be the sets of all natural, real and complex numbers respectively.

We write
w={x=(x):xr € Ror C},

the space of all real or complex sequences. Let /., ¢ and ¢y denote the Banach
spaces of bounded, convergent and null sequences respectively.

The following subspaces of w were first introduced and discussed by Maddox [10-12].
Hp) = €w: ) oyl < oo}

lo(p) ={r €W sup || < oo}

c(p) ={rew: liin |z — U|P* = 0, for some !l € C'}

cop) ={rew: lilgn |z |PE = 0}

where p = (py) is a sequence of strictly positive real numbers.

The idea of difference sequence sets

Xp={r=(a) €w: Ax = (2 — x11) € X}

6. Kizmaz, H. On Certain sequence spaces, Canad.Math.Bull.24(1981) 169-176.

where X = (., ¢ or ¢y was introduced by Kizmaz [6].

Kizmaz [6] defined the following sequence spaces,
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loo(D) = {x = (z1) € w: (Dxy) € U}
c(A)={x=(xp) €w: (Axg) € ¢}
co(D) ={x = (x) ew: (Axy) € ¢}
where Az = (2 — xg41). These are Banach spaces with the norm R ;
(&
lzlla = la] + [[Az]]o.
Mikail [14] defined the sequence spaces

loo(DN?) = {z = (73) €w: (A%x) € loo}

Ve

-RT(€661) L1 qrepy: 1] -2ISoq ‘sooeds oousnbos 0dULIOIIP oWIOS U() ‘[IeNIN ‘T

c(A?) = {z = (1) Ew: (A’x) € ¢}
co(A?) ={z = (z1) Ew: (A1) € co}

Where (A%r) = (A2zy,) = (Axy, — Axpy).

The sequence spaces £ (A?), c(A?) and ¢o(A?) are Banach spaces with the norm
ll2lla = loa] + |22] + [[ A% |o.
Mikail and Colak [15] defined the sequence spaces
loo(A™) ={z = () €Ew: (A"xy) € loo}
c(A™) ={x = (z) €w: (AMay) € ¢}

co(A™) ={x = (21) €w: (A™zy) € o}

where m € N,
A = (xg),
Ax = (T — Tpg1),
Ay = (A" oy — A" ),
and so that

© 2021 Global Journals



and showed that these are Banach spaces with the norm

m

lella =D lail + |A™ ] oo

=1

Let U be the set of all sequences u = (uy) such that uy # 0 (k= 1,2,3....).
Ref Malkowsky[13] defined the following sequence spaces

loo(u, AN) = {x = (x1) € w: (D) € loo}
clu, ) ={x = (x) € w: (uplxy) € ¢}

co(u, AN) ={x = (x) € w: (uplxy) € o}
where u € U.

The concept of paranorm (see[12]) is closely related to linear metric spaces. It is a

generalization of that of absolute value.

Let X be a linear space. A function g : X — R is called paranorm, if for all

x,y e X,
(PI) g(z) =0 if x =0,
(P2) g(—z) = g(=),

)
(P3) g(x +y) < g(x) +9(y),
(P4) If ()\,) is a sequence of scalars with \, — A (n — o0) and z,,a € X with
T, — a (n — o0) , in the sense that g(z, —a) - 0 (n — o0) , in the sense that
g Az, — Aa) - 0 (n — 00).
A paranorm g for which g(z) = 0 implies x = 0 is called a total paranorm on X,

and the pair (X, g) is called a totally paranormed space.
The idea of modulus was structured by Nakano[16].

A function f : [0,00)—[0,00) is called a modulus if
P1)f(t) = 0 if and only if t = 0,

P2) f(t+u)< f(t)+ f(u) for all t,u>0,

P3) f

Math. Soc.1 (1969), 316-322.

is increasing, and

12. Maddox, I.J. Some properties of paranormed sequence spaces, J. London.

(
(
(
(P4) f is continuous from the right at zero.

Ruckle [17-19] used the idea of a modulus function f to construct the sequence space

X(f) = {o = (a) : 3 fllanl) < o0
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This space is an FK space. Ruckle[17-19] proved that the intersection of all such
X(f) spaces is ¢, the space of all finite sequences.

The space X(f) is closely related to the space l; which is an X(f) space with
f(z) =z for all real z > 0. Thus Ruckle[17-19] proved that, for any modulus f.

X(f) C & and X(f)* = (s

The space X(f) is a Banach space with respect to the norm
[e.e]
el = flax]) < oo,
k=1

Spaces of the type X (f) are a special case of the spaces structured by Gramsch in[4].
From the point of view of local convexity, spaces of the type X (f) are quite patho-
logical. Symmetric sequence spaces, which are locally convex have been frequently

studied by Garling[2-3], K6the[9] and Ruckle[17-19].

Kolk [7-8] gave an extension of X (f) by considering a sequence of moduli F' = (f)

and defined the sequence space
X(F) = {x = (zx) « (fr(lze])) € X}
Khan and Lohani [5] defined the following sequence spaces

loo(u, N, F) = {x = () € w:sup fi(|luplzy|) < oo}

k>0

c(u, AV F) ={z = (24) Ew: klim fr(lurDxy —1]) = 0,1 € C}
—00

colu, N, F) =4z = (x) Ew : I}:Igofkﬂukﬁxkb =0}

where v € U.

If we take x;, instead of Az,then we have the following sequence spaces

loo(u, F) = {z = (z)) € w: iglgfkﬂukl’kb < oo}

c(u, F)={x = (x) €Ew: kh_>m fr(lugx —1|) = 0,1 € C}

co(u, ) = {z = (zx) € w lim fi(Jurae]) = 0}
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where u € U.

Asma and Colak[1] defined the following sequence spaces

loo(u, Ny p) = {2 = (z1) € w: (Jug Dz )P € loo(p)}
c(u, B, p) ={z = (zx) € w: (lupDag|)™ € c(p)}

co(u, A\, p) = {x = (x) € w: (JurDxg|)* € co(p)}

where u € U, p = (px) be any sequence of positive reals.

Khan and Lohani [5] defined the following sequence spaces

loo(u, N Fyp) = {2z = (1) Ew: ili%)(fk(]ukﬁazkb)p’“ < oo}
c(u, A\, Fyp) ={x = (zp) Ew: kh_)m (fe(lugAzy, —1]))P* = 0,1l € C}

o, 5, Fp) = {o = () € w - Jim (fil|ueargl) )7 = 0)

which are paranormed spaces paranormed with

Q(z) = sup(fi(JupAi])P) 7 < a

k>0

where H = max(1,sup px) and a = fi.(1), | = sup(|upDxgl).
k>0 k>0

II.  MAIN REsULTS

In this article we introduce the following class of sequence spaces.

loo(u, N2, Fp)={z=(x}) €w: sup(fk(|u;€A23£k|))p’c < o0}
k>0
c(u, A*, F,p) = {x = (z3) €w: klim (fu(lupD2xy, —1)))P* = 0,1 € C}
—00

colu, A%, Fp) = {w = () € w: Jim (JijuxA%re]))" = 0}

Theorem 2.1. {4 (u, A\? F) is a Banach space with norm

lzllaz = sup(fi(lurA%zi])) < o,
k>0

where a = f,(I) and [ = sup(|upA\2xy]).
k>0
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Proof. Let(x") be a cauchy sequence in o (u, A% F) for each i € N.

Let r, zy be fixed.Then for each % > () there exists a positive integer N such that
. . €
||z* — 2?||p2 < —  for all i, j> N
TZo
Using the definition of norm, we get

2.0 _ AN2..J
up £y (A% = A%

. A )<«a, foralli,j> N
k>0 |78 — 27| | a2

ie,
ur(A%z), — A%
[|2* = 29| a2

)<a, foralli,j>N

i

Hence we can find r > 0 with fi(%52) > a such that

jun(A2a, — A2
o — 2]l

rxo

Ji( ) < fk(T)

2.4 2,.J
- 0
|uk (D), — A%xy)|  ra

|t —ad|lp2 7 2

This implies that
, ; rTy € €
up(A%zt — A2 < —— = =
us(A2, - ) < B2E = 2

Since uy # 0 for all k, we have

A%zl — AZJZZ; < for all i, j> N

N

Hence (A?z}) is a cauchy sequence in R.

For each € > 0 there exists a positive integer N such that |A%zt — A?z;| < € for all
> N.

Using the continuity of F' = (f;) we can show that

sup fio(|ug(A%2h — lim A%2))|) < a,
k>N j—00

Thus

sup fi(Jup(A2z), — Ny)]) < a,
k>N

since (2°) € loo(u, A?, F) and F' = (f}) is continuous it follows that z € (o (u, A2, F)
Thus o (u, A?, F) is complete.
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Theorem 2.2. (. (u, A% F,p) is a complete paranormed space with

Qu(x) = sup(fi(Jur A2y )7 <

k>0

where H = maxz(1,suppy) and o = fi(1), I = sup(JupA2x4]).
k>0 k>0

Proof. Let (z') be a cauchy sequence in (o (u, A2, F,p) for each i € N.

Let » > 0, xq be fixed.Then for each % > 0 there exists a positive integer N such
that

Qu(z' — 27 )p2 <  forall i,j> N
)

Using the definition of paranorm, we get

A2t — A2 J P
|u (D2t xk)|>ﬁ’€ <a, foralli, j> N

G

ie,

A2yt — A2 J
e LA xk)|)p’“ <a, foralli,j>N
Qu(l‘z — x])AQ

Ji(

Hence we can find r > 0 with fi(%52) > a such that

Jun (A%}, — Ao g
s ) < fi(7)

T
u(l'l — .x])Az

Jun (A7) — A%a)| _ rag
Qu(xt — ) p2  — 2

This implies that
rTo € €

ug(APxg, — Alay)| < ERTNED)

Since uy # 0 for all k, we have

A%l — A%2| < € for all i,j> N

\)

Hence (A%z}) is a cauchy sequence in R.

For each € > 0 there exists a positive integer N such that |A%z} — A?z;| < € for all
1> N.

Using the continuity of F' = (fi) we can show that

sup fr.(|ug (A2 — hm AN )|)%k <«
k>N
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Thus

sup fi,(|up(A%z), — AN%z) )7 <
k>N

since (') € lo(u, A% F,p) and F = (f}) is continuous it follows that x € (o (u, A2, F, p)
Thus o (u, A2, F, p) is complete.

Theorem 2.3. Let 0 < p, < g < oo for each k. Then we have
C()(U, AZ: F>p) g CO(U'v A27 F7 q)
Proof. Let x € cy(u, A%, F,p) that is

i (il (A7) ) = 0

This implies that
Fillun(A%zp)]) < 1

for sufficiently large k, since modulus function is non decreasing.

Hence we get

lim (felJue(A%00))" < Tim (fillus (A2 )P = 0

k—ro0
Therefore © € cy(u, A% F, q).

Theorem 2.4. (a) Let 0 < inf p;, < pr < 1. Then we have
colu, A% F,p) C co(u, A? F).
(b) Let 1 < pp < sgppk < 00. Then we have
co(u, A F) C cou, A, F,p).
Proof. (a) Let z € c¢y(u, A% F,p), that is
]}gilo(fkﬂuk<A2xk)|))pk =0
Since 0 < inf p, < pp. < 1,

Jin (el A%e))) < fim (filue(A%z) D)™ =0
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Se ® 9

12.
13.
14.
15.

16.
17.

18.
19.

Hence x € co(u, A? F).

(b) Let px > 1 for each k and sup py, < 0.
k

Suppose that x € co(u, A%, F).

Then for each € > 0 there exists a positive integer N such that
fe(up(A%zy)]) < e forallk > N

Since 1 < pp < suppp < 00, we have
k

i (fulfu (A% < Jim (Fullun(A%)]) < e < 1

Therefore x € co(u, A2, F,p).
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