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[. [NTRODUCTION

Let J € R?"*2" (n is a fixed non-zero positive integer) be skew-symmetric and nonsingular (i.e. J7 = —.J)
and 7 be a positive real. Consider the following Hamiltonian system with 7-periodic coefficients

dX(t)
JE = HOX() o

X(0) = I
where t — H(t) € R?"*2" is a piecewise continuous matrix function on [0, 7] such that
H(t+7)=H(t) = (H(t)", vteR.

Throughout this paper, the identity and zero matrices of order k are denoted by I and 0y or just I and
0 whenever the order is clear from the context.

The solution of the system (1.1) is called the fundamental solution of the Hamiltonian system with

dX(t
7- periodic coefficients J% =H(t)X(t), VteR. It verifies Vt € R, X(t)TJX(t) = J and satisfies the

following relationship
X(t+pr)=XH)XP(r) £ XP(1)X(t), V(t,p) € R x N.

We say that the solution of (1.1) has a symplectic structure. Recall that a matrix W € R?"*2" has a
J-symplectic structure or W is J-symplectic (or J-orthogonal) if it verifies WTJW = J.

The symplectic matrices come very often from Hamiltonian differential systems with periodic co-
efficients (see [14, Chapter 3]). Besides many problems in physics and engineering lead to systems of
linear differential equations with periodic coefficients consequently to Hamiltonian systems with periodic
coefficients. This gives an important place to the study of these systems ; particularly to the study
of the stability of Hamiltonian systems which is closely related to the analysis of their perturbations.
Regarding stability (strong stability) of system (1.1), we have the following definition
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Definition 1.1 1. System (1.1) is stable if its solution X (t) remains bounded for all t € R.

2. System (1.1) is strongly stable if any Hamiltonian system with T-periodic coefficients sufficiently
close to (1.1)1is stable.

Specifically, system (1.1) is strongly stable if there exists e > 0 such that any Hamiltonian system with 7-
" . N - ~
periodic coefficients of the form J% = H(t)X(¢t) and satisfying |H — H|| = / |H(t) — H(t)||dt < ¢,

is stable. Therefore, we focus our study in this paper to study of a type of perturbation of Hamiltonian
system with periodic coefficients called rank-one pertubation studied by Mehl, et al. in [11, 12] but
within the framework of a structured matrix such as a symplectic matrix. In some of our work, we have
defined from the work of Mehl, et al. the rank-one perturbation of a Hamiltonian system with 7-periodic
coefficients [1, 2, 5].

In this paper, we consider the case of generic structure-preserving rank-2 perturbation of system (1.1).
Let us recall the meta-conjecture resulting from a numerical experiment with random perturbations [4].

Meta -Conjecture 1 Let W € RP*P be a structured matriz with respect to some indefinite inner product
and E € RP*P be a matriz of rank k so that W + E is of the same structure class as W. Then generically
the Jordan structure and sign characteristic of W + E are the same that one would obtain by performing
a sequence of k generic structure-preserving rank-one perturbations on W.

Let us give some reminders on generic sets [3, 11]

Definition 1.2 1. A set Q C R?™ s said to be algebraic if there exists a finite set of polynomials
P1(T1, ey S20), ooy PR (X1, oy T2 ) with Teal coefficients such that (o, g, ..., an,)T € Q if and only if
pjlar,...,a0,) =0, Vj=1,..,k.

2. An algebraic set Q C R?" is said non-trivial if Q # R?".

3. A non-trivial set Q € R*" is said to be generic if Q is not empty and R*™ \ Q is contained in a
finite union of non-trivial algebraic sets.

Recall a result of [12] to the case of unstructured generic rank-one perturbation theory

Theorem 1.1 Let W e C*¢ be a matriz having the pairwise distinct eigenvalues Ay, ..., Ap with geomet-
ric multiplicities 71, ...,1, and having the Jordan canonical form

@‘ﬁl,k()\l) S D @ﬂp,k(Ap)’
k=1 k=1

where lj1 > -+ > 1, j = 1,...,p. Consider the rank one matriz £ = wT, with u,v € C*. The
generically (with respect to the entries of u and v) the Jordan blocks of W + E with eigenvalue \; are
Just the r; — 1 smallest Jordan blocks of W with eigenvalue A;, and all other eigenvalues of W + E are
simple ; if r; = 1, then generically A\; is not an eigenvalue W + E.

More precisely, there is a generic set Q C C* x C* such that for every (u,v) € 2, the Jordan structure of
W + wv® is described in (a) and (b) bellow :

(a) the Jordan structure of W+ uvT for the eigenvalues A1, ..., Ap 48 given by
r1 Tp
DT )@ &P Tr, . (M)
k=2 k=2

(b) the eigenvalues of W +wv™ that are different from any of A1, ..., \p, are all simple.

In the rest of the paper, we will recall, in section 2, the rank-one perturbation of symplectic matrices
and the Hamiltonian system with periodic coefficients. In this part, an adaptation of Theorem 1.1 to
the case of symplectic matrices will be given. As for section 3, it defines the rank-2 perturbation as a
double rank-one perturbation of a Hamiltinian system with periodic coefficients.
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[I.  GENERALITY ON A RANK-ONE PERTURBATION THEORY

a) Generic rank-one perturbation of a symplectic matrix

Consider a symplectic matrix W € R?"*2" and an anti-symmetric matrix J € R?"*2", Recall that the
spectrum of any symplectic matrix of order 2n is divided into three groups of eigenvalues : ng eigenvalues
inside the unit circle, no, = ng eigenvalues outside the unit circle and symmetrically placed with respect
to the first group, and n; = 2(n — ng) eigenvalues on the unit circle [8, 9, 10]. These types of matrices
which belong to a group of so-called structured matrices, have simple and useful spectral properties that
we recall in the following theorem ([8])

Theorem 2.1 Let We R?*™*2" be a symplectique matrice. Then any eigenvalue of W verifies : .for all
eigenvalue \ of W,

1. if X € C*, with |\ # 1, then X\, 1/ and 1/\ are eigenvalues of W;
2. if A € C with |\| = 1 then X\ is an eigenvalue of W;
3. if A e R¥, 1/X is an eigenvalue of W.

Regarding a rank-one perturbation treated by Mel, et al. in [11], we have the following lemma :
Lemma 2.1 If W and W € R27X2n gpe J-symplectiques such that
rg (W — W) =1,
then there exists a vector u € R?"™ verifying
W = (I + cuu )W, (2.1)

where ¢ = +1. Moreover for all u € R?", the matriz W is J-symplectic.

Proof
The hypothesis

rg (W — W) =1,
implies that there exists two non-zero vectors 2 and v € R2" such that
W =W+’
Thus, 1% J-symplectic implies WTJW = J and we have
(W +aD)TJ(W +avT) =J

WTIW 40t JW + Wl ot + vl Jaol = J
N—— N——
=J =0

this implies
vul JW 4+ W Juw® =0, (2.2)
which gives, by multiplying on the right by v,

val JWo + W JuwTv = 0.
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‘We deduce

~T
5 u' JWo .
wTja = —v———, (since v # 0)
vTy
~T
utw
= —v—=—, where w=JWo.
vTw
By setting
B aTw
"= Ty
We get WTJu = —nov which shows that v and W7 Ju are collinear. Thus, there is a non-zero real
constant « such as v = —aW7TJ4. Therefore

W= (I—I— aaﬂTJ) W, where o = %1.

Since the matrix awu’ J is J-Hamiltonian ((Jaﬂ'dTJ)T = Jauu®), according to point 3) of Lemma
2.3 of [4], there is a vector u € R®" and a constant ¢ = £1 such that auu’ J = cuu® J. Therefore

W= (I—I—cuuTJ) W, where ¢ = +1.

Moreover, for any u € R2", we easily show that W.JW = J.

We have the following general definitions

Definition 2.1 Let We R27%27 be q symplectic matriz. We call rank-one perturbation of W, any sym-
plectic matriz W of the form

W = (I+ cuuT)W, (2.3)
where ¢ = +1 and u € R,

In Theorem (1.1), if we consider a J-symplectic matrix W € R?"*2" and take v = W71 JTu, we get
the following theorem

Theorem 2.2 Let W € R?*"?" be q matriz having the pairwise distinct eigenvalues A1, ..., Aap with
geometric multiplicities r1,...,72, and having the Jordan canonical form

DI, e o @ T, o), (2.4)
k=1 k=1

where L1 > -+ > 1j,., j =1,..,2p. Consider the rank one matric E = wul JW, with u € R?™. Then
generically (with respect to the entries of u) the Jordan blocks of W + E with eigenvalue \; are just the
r; — 1 smallest Jordan blocks of W with eigenvalue A\, and all other eigenvalues of W + E are simple ;
if r; = 1, then generically \; is not an eigenvalue W + E.

More precisely, there is a generic set Q C C2" such that for every u € ), the Jordan structure of
(I +wu™J)W is described in (a) and (b) bellow :

(a) the Jordan structure of (I + uuTJ) W for the eigenvalues A1, ..., Ay 15 given by

T2p

@ \—%lk()\l) DD @ﬂZp,k(AQP)
k=2 k=1

(b) the eigenvalues of (I + uuTJ) W that are different from any of A1, ..., Aap, are all simple.
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Proof
Note that, A\ being an eigenvalue of W, 1/, A et 1/X are also eigenvalues of W. So the number of

eigenvalues W is even. Thus, W will have the Jordan canonical form (2.4).

According to (a) of Theorem (1.1), the structure of W by the eigenvalues A1, A2,...,Agp is given by

T2p

@ﬂm@(/\l) oD jézp,k(/\Qp) ;
k=2 1

k=

and from point (b) of the same Theorem, the eigenvalues of (I + uu® J)W which are different from
A1, ..., Agp are all simple.

b) Generic rank-one perturbation of the Hamiltonian system with periodic coefficients

Let u be a vector of a generic set 2 C R?". Consider the Hamiltonian systems with 7-periodic coefficients

J%t(t) =[H{t)+ EW)] X(1), (2.5)

where ¢t — H(t) and ¢ — E(t) are piecewise continuous matrix functions on [0, 7] such that for all
teR and 7 >0,

H(t+7)=H(t)=H"(t) e R**" and E(t+7)= E(t) = E"(t) € R*""*",

Definition 2.2 We call a rank-one perturbation of the fundamental solution (X(t)),cp of (1.1) any
matriz function of the form

X(t) = (I+cuu )X (t),Vt € R (2.6)
where ¢ = £1.

The rank-one perturbations of fundamental solution of (1.1) are J-symplectic [2, 5]. Therefore, we collect
some properties of Hamiltonian systems with periodic coeflicients of the type (2.5) in Proposition 2.1

Proposition 2.1 1. Let t € R and (X(t)),cp be the fundamental solution of (1.1). If a solution
()Z'(t)) of (2.5) is of the form
teR
X(t) = (I+ct)ut)u” (t)J)X(t), (2.7)
where t = u(t) € R?™ is a vector function and t — c(t) is a function with value in {—1,+1}. Then

there exists a constant vector u such that u(t) = u, c(t) = ¢ = £1 is a real constant and E(t) is of
the form

E@t) = (cJuu Ht)T + cJuu” H(t) 4+ 2 (uu™)T H(t) (uu J). (2.8)
2. Let u be a non-zero vector of R?". Consider the perturbed Hamiltonian equation of (1.1)

J%ft) = [H(t) + E(t)] X (t) (2.9)

where t — H(t) is piecewise continuous and

B(t) = (cJuu Ht))" + cJuu” H(t) + ¢ (uu™)T H(t)(uu® J).

Then X (t) = (I + cuuT)X (t) is a solution of (2.9)
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3. System (2.9) can be put in the form

J@ = (I —cuu)THt)(I — cuuT)X(t),Vt € R
dt (2.10)

X(00) = I+cuullJ.

Proof

T

1. Suppose u(t) is not constant. Then u(¢)u(t)” is not also constant. We have

dX(t)
dt

J = J(I +ct)yu)yu (t)]) =2 +J 7

X(®) [d(C(t)U(t)uT(t))
dt

] JX(t)

= J(I + c(t)u)u &)J)J THE)X(t) + J [W] JX(t)
=[(I- c(®)u®)u® ())TH () (I — c(t)u(t)u” (t)J)+
C u UT ~ ~
JWJ(I - c(t)u(t)uT(t)J)] X(t) with X(t) = (I + c(t)u(t)u” (t)J)X (t)
= [H(t)+

(c(t) Ju®)u ) H()T + c(t) Ju(t)u ) H(t) + ct)?(w)u” )V H () (u(t)u (1)) X (1)

E(t)

=[H@) + E@) + F()] X (1),

We note that F(t) + F(t) is not symmetric because E(t) is symmetric and F(¢) is not symmetric.
Which gives us a contradiction. To have H(t) + E(t) + F(t) symmetric, we must have F(t) =
0, Vt € R. Then c(t)u(t)ul (t) is constant. In particular, c(t)u(t)u® (t) = c(0)u(0)u(0)? Vt € R.
We deduce that there is a constant vector v = u(0) and a real constant ¢ = ¢(0) € {—1,+1} such
that E(t) is of the form (2.8).

2. By deriving )Z'(t), we get

dX(t)
dt

o dX (1)
1 _—
T

=J(I+cuwu® J)J ' H(t)X(t), from (1.1)

J =J(I + cuu® J)J

Global Journal of Science Frontier Research (F) Volume XXI Issue I Version I m Year 2021

=[H(t) + cJuu" H(t)] X(t)
= [H(t) + cJuuTH(t)] (I—- CUUTJ)X(t)

[ | because the matrix (I — cuu”J) is the inverse of (I + cuu”J) see [14]

= |H(t) + (cJuu Ht)T + cJuu H(t) 4+ A (uu )T H(t)(uu” J) | X(t)

E(t)
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4. L. Batzke, C. Mehl, A. C.M. Ran and L. Rodman, Generic rank-k Perturbations
of Structured Matrices.

We then obtain equation (2.9) with
E(t) = c(Juu Ht))" + cJuu” H(t) + ¢ (uu® J)T H(t)(uu™ J).
This shows that X (£) = (I + cuu™ J)X (t) is a solution of (2.9).
3. Indeed, it suffices to develop (I — uu® J)T H(t)(I — uu'J) to obtain

(I — cun THE)(I — cuu'J) = H(t)+

(cJTuu H)T + cJTuu H(t) + A (wu® )T H(t) (uu™ )

E(t)

[TI. GENERIC DOUBLE RANK-ONE PERTURBATION OF HAMILTONIAN SYSTEM WITH
PerioDIC COEFFICIENTS

In this section, we consider two vectors ui and us taken in a generic set  of R??such that ulTJ us = 0.
Note that this holds if u; = us. On the other hand, we can consider generic vectors belonging to isotropic
(or Lagrangian) subspaces. A subspace X C R?" is called isotropic if X L JX. The maximum isotropic
subspaces containing X are of dimension n [4]. Hence we have this definition

Definition 3.1 A subspace L of R*™ is called a Lagrangian subspace if it is of the dimension n and
=zl Jy =0, Vr,y € L.
We first consider the rank-one pertubation
X1(t) = (I +couul J)X(t), Vt€R and c¢==+1

of the solution (X (¢))er of system (1.1) using the vector u. Then we perturb the solution a second time
using the second vector us. We get

Xo(t) = (I + cougul J)(I + cruguf J)X (t),¥t € R and ¢1,¢p € {—1,+1} (3.1)

We have the following Proposition

Proposition 3.1 The double rank-one perturbation of the solution of (1.1) is the solution of the following
system

X(t -
J% = (I - cougud NT(I — cyuruT NTH#)(I — cyugul ) (I — cousud J) X (t)
(3.2)
)?(()) = (I + cougud J)(I + crusuf J)

Proof
The double rank-one perturbation of the solution of (1.1) is given by (3.1). Then ¥t € R and ¢1,¢3 €
{=1,+1}, we have

dXs(t)
dt

X(t
= (I—|—02u2u2TJ)(I+clu1u1TJ)%,

= (I + cougud J)(I + crugul J)J Y H(t) X (1),

= [(I + cougul N(J 1+ cruruYH () (I + crugul J) 1T + czugugJ)fl] X
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(I + cougu J)(I + crugul )X (t),

Xa(t)

= [(I + cougud J)J (I — crugui J)TH(#)I + cruru] J) (I + caugud J) '] Xo(t)

=J ! [(I — CQUngJ)T(I — clululTJ)TH(t)(I — clulu{J)(I — cquugJ)] Xo(t),

because for all vector u and ¢ € {—1,+1}, we have (I + cuu®J)™! = (I — cuuTJ). Moreover
X2(0) = (I + cauzud J)(I + cruruf J)X(0).

Remark 3.1 The double rank-one perturbation Xo(t) ( or X(t)) of X (t) can be put in the form
Xo(t) = X(t) + cougua JX () + crugu JX (), VtER c1,c0 € {—1,+1}; (3.3)
or by putting the vectors uy and ug as column of a matriz U = [u; ug] € R2nx2
Xo(t) = (I +USUT X () = X(t) + USUTTX (1) (3.4)

C1 0

where Y1 = < 0 ¢
2

) € R**2 s a diagonal matriz with c1,co € {—1,+1}.

We have the following Definition
Definition 3.2 We call a generic rank-2 perturbation of system (1.1), any system given by (3.2).
From (3.2), the following corollary gives another writing of system (3.2)
Corollary 3.1 System (3.2) can be put in the form below
A (I —USUTHTH) (I —US,UTI)X (1)
dt (3.5)
(I+U%UTT)

<
I

>)
=
I

720w+ B@) X()
dt (3.6)
X(0) = I+UsUTJ
where
B(t) = JUSUTH(t) 4+ (JUSLUTH)T + (US UL T H(#)(US,UT )
Proof

To have (3.5), It suffices to notice that

(I — cyusul J)(I — cougunJ) = I — crugul J — cougud J

— T — [u1 )] [ “ 002 ] (s us)” T

=T —-UXUTJ

© 2021 Global Journals
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Similarly, we have (I + ciuiu? J)(I + couguaJ) =1+ USUTJ.
Next, by developing (I — US.UT )T H(t)(I — UX,UTJ) in (3.5), we get
(I —USUTNTH)(I - USUTT) = H(t) + E(t)

where E(t) = JUSUTH(t) + (JUSUTH(t)T + (USUT )T H()(UXUTJ). Hence we have (3.6).

Notes
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