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Abstract- In this paper, it is about a theory of double rank-one perturbation of a Hamiltonian 
system with periodic coefficients. Some reminders of the rank-one perturbation and an 
adaptation of a theorem given in [C. Mehl, et al., Linear Algebra Appl. J., 435(2011), 687-716] to 
the cases of symplectic matrices have been made.
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Let J ∈ R2n×2n (n is a fixed non-zero positive integer) be skew-symmetric and nonsingular (i.e. JT = −J)
and τ be a positive real. Consider the following Hamiltonian system with τ -periodic coefficients


J
dX(t)

dt
= H(t)X(t)

X(0) = I

(1.1)

where t 7→ H(t) ∈ R2n×2n is a piecewise continuous matrix function on [0, τ ] such that

H(t+ τ) = H(t) = (H(t))T , ∀t ∈ R.

Throughout this paper, the identity and zero matrices of order k are denoted by Ik and 0k or just I and
0 whenever the order is clear from the context.

The solution of the system (1.1) is called the fundamental solution of the Hamiltonian system

τ - periodic coefficients J
dX(t)

dt
=H(t)X(t), ∀t∈R . It verifies ∀t ∈ R, X(t)TJX(t) = J and satisfies the

following relationship

X(t+ pτ) = X(t)Xp(τ) 6= Xp(τ)X(t), ∀(t, p) ∈ R× N.

We say that the solution of (1.1) has a symplectic structure. Recall that a matrix W ∈ R2n×2n has a
J-symplectic structure or W is J-symplectic (or J-orthogonal) if it verifies WTJW = J .

The symplectic matrices come very often from Hamiltonian differential systems with periodic co-
efficients (see [14, Chapter 3]). Besides many problems in physics and engineering lead to systems of
linear differential equations with periodic coefficients consequently to Hamiltonian systems with periodic
coefficients. This gives an important place to the study of these systems ; particularly to the study
of the stability of Hamiltonian systems which is closely related to the analysis of their perturbations.
Regarding stability (strong stability) of system (1.1), we have the following definition

Keywords: hamiltonian system, rank-one perturbation, symplectic matrix.
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1. System (1.1) is stable if its solution X(t) remains bounded for all t ∈ R.
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2. System (1.1) is strongly stable if any Hamiltonian system with τ -periodic coefficients
close to (1.1)

Specifically, system (1.1) is strongly stable if there exists ε > 0 such that any Hamiltonian system with τ -

periodic coefficients of the form J
X̃(t)

dt
= H̃(t)X̃(t) and satisfying ‖H − H̃‖ ≡

∫ τ

0

‖H(t)− H̃(t)‖dt < ε,

is stable. Therefore, we focus our study in this paper to study of a type of perturbation of Hamiltonian
system with periodic coefficients called rank-one pertubation studied by Mehl, et al. in [11, 12] but
within the framework of a structured matrix such as a symplectic matrix. In some of our work, we have
defined from the work of Mehl, et al. the rank-one perturbation of a Hamiltonian system with τ -periodic
coefficients [1, 2, 5].

In this paper, we consider the case of generic structure-preserving rank-2 perturbation of system (1.1).
Let us recall the meta-conjecture resulting from a numerical experiment with random perturbations [4].

Let W ∈ Rp×p be a structured matrix with respect to some indefinite inner product
and E ∈ Rp×p be a matrix of rank k so that W +E is of the same structure class as W . Then generically
the Jordan structure and sign characteristic of W +E are the same that one would obtain by performing
a sequence of k generic structure-preserving rank-one perturbations on W .

Let us give some reminders on generic sets [3, 11]

1. A set Ω ⊆ R2n is said to be algebraic if there exists a finite set of polynomials
p1(x1, ..., s2n), ..., pk(x1, ..., x2n) with real coefficients such that (α1, α2, ..., α2n)T ∈ Ω if and only if
pj(α1, ..., α2n) = 0, ∀j = 1, ..., k.

2. An algebraic set Ω ⊂ R2n is said non-trivial if Ω 6= R2n.

3. A non-trivial set Ω ∈ R2n is said to be generic if Ω is not empty and R2n \ Ω is contained in a
finite union of non-trivial algebraic sets.

Recall a result of [12] to the case of unstructured generic rank-one perturbation theory

Let W ∈ C`×` be a matrix having the pairwise distinct eigenvalues λ1, ..., λp with geomet-
ric multiplicities r1, ..., rp and having the Jordan canonical form

r1⊕
k=1

J`1,k(λ1)⊕ · · · ⊕
rp⊕
k=1

J`p,k(λp),

where lj,1 ≥ · · · ≥ lj,rj , j = 1, ..., p. Consider the rank one matrix E = uvT , with u, v ∈ C`. The
generically (with respect to the entries of u and v) the Jordan blocks of W + E with eigenvalue λj are
just the rj − 1 smallest Jordan blocks of W with eigenvalue λj, and all other eigenvalues of W + E are
simple ; if rj = 1, then generically λj is not an eigenvalue W + E.
More precisely, there is a generic set Ω ⊆ C`×C` such that for every (u, v) ∈ Ω, the Jordan structure of
W + uvT is described in (a) and (b) bellow :

(a) the Jordan structure of + uvT for the eigenvalues λ1, ..., λp is given by

r1⊕
k=2

J`1,k(λ1)⊕ · · · ⊕
rp⊕
k=2

J`p,k(λp) ;

(b) the eigenvalues of W + uvT that are different from any of λ1, ..., λp, are all simple.

In the rest of the paper, we will recall, in section 2, the rank-one perturbation of symplectic matrices
and the Hamiltonian system with periodic coefficients. In this part, an adaptation of Theorem 1.1 to
the case of symplectic matrices will be given. As for section 3, it defines the rank-2 perturbation as a
double rank-one perturbation of a Hamiltinian system with periodic coefficients.

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

Definition 1.1

Meta -Conjecture 1

Definition 1.2

Theorem 1.1
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Consider a symplectic matrix W ∈ R2n×2n and an anti-symmetric matrix J ∈ R2n×2n. Recall that the
spectrum of any symplectic matrix of order 2n is divided into three groups of eigenvalues : n0 eigenvalues
inside the unit circle, n∞ = n0 eigenvalues outside the unit circle and symmetrically placed with respect
to the first group, and n1 = 2(n − n0) eigenvalues on the unit circle [8, 9, 10]. These types of matrices
which belong to a group of so-called structured matrices, have simple and useful spectral properties that
we recall in the following theorem ([8])

Let W∈ R2n×2n a symplectique matrice. Then any eigenvalue of W verifies : .for all
eigenvalue λ of W ,

1. if λ ∈ C , with |λ| 6= 1, then λ̄, 1/λ and 1/λ̄ are eigenvalues of W;

2. if λ ∈ C with |λ| = 1 then λ̄ is an eigenvalue of W;

3. if λ ∈ R , 1/λ is an eigenvalue of W.

Regarding a rank-one perturbation treated by Mel, et al. in [11], we have the following lemma :

If W and W̃ ∈ R2n×2n are J-symplectiques such that

rg
(
W̃ −W

)
= 1,

then there exists a vector u ∈ R2n verifying

W̃ = (I + cuuTJ)W, (2.1)

where c = ±1. Moreover for all u ∈ R2n, the matrix W̃ is J-symplectic.

The hypothesis

rg
(
W̃ −W

)
= 1,

implies that there exists two non-zero vectors û and v ∈ R2n such that

W̃ = W + ûvT .

Thus, W̃ J-symplectic implies W̃TJW̃ = J and we have

(W + ûvT )TJ(W + ûvT ) =J

WTJW︸ ︷︷ ︸
=J

+vûTJW +WTJûvT + v ûTJû︸ ︷︷ ︸
=0

vT = J

this implies

vûTJW +WTJûvT = 0, (2.2)

which gives, by multiplying on the right by v,

vûTJWv +WTJûvT v = 0.

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

II. Generality on a Rank-One Perturbation Theory

a) Generic rank-one perturbation of a symplectic matrix

Theorem 2.1 

ProofProof

Lemma 2.1
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Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

We deduce

WTJû = −v û
TJWv

vT v
, (since v 6= 0)

= −v û
Tw

vT v
, where w = JWv.

By setting

n =
ûTw

vT v
,

We get WTJû = −nv which shows that v and WTJû are collinear. Thus, there is a non-zero real
constant α such as v = −αWTJû. Therefore

W̃ =
(
I + αûûTJ

)
W, where α = ±1.

Since the matrix αûûTJ is J-Hamiltonian (
(
JαûûTJ

)T
= JαûûT ), according to point 3) of Lemma

2.3 of [4], there is a vector u ∈ R2n and a constant c = ±1 such that αûûTJ = cuuTJ . Therefore

Ŵ =
(
I + c uuTJ

)
W, where c = ±1.

Moreover, for any u ∈ R2n, we easily show that W̃JW̃ = J .

We have the following general definitions

Let W∈R2n×2n a symplectic matrix. We call rank-one perturbation of W, any sym-
plectic matrix W̃ of the form

W̃ = (I + T )W, (2.3)

where c = ±1 and u ∈ R2n.

In Theorem (1.1), if we consider a J-symplectic matrix W ∈ R2n×2n and take v = WTJTu, we get
the following theorem

Let W ∈ R2n×2n be a matrix having the pairwise distinct eigenvalues λ1, ..., λ2p with
geometric multiplicities r1, ..., r2p and having the Jordan canonical form

r1⊕
k=1

J`1,k(λ1)⊕ · · · ⊕
r2p⊕
k=1

J`2p,k(λ2p), (2.4)

where lj,1 ≥ · · · ≥ lj,rj , j = 1, ..., 2p. Consider the rank one matrix E = uuTJW , with u ∈ R2n. Then
generically (with respect to the entries of u) the Jordan blocks of W +E with eigenvalue λj are just the
rj − 1 smallest Jordan blocks of W with eigenvalue λj, and all other eigenvalues of W + E are simple ;
if rj = 1, then generically λj is not an eigenvalue W + E.
More precisely, there is a generic set Ω ⊆ C2n such that for every u ∈ Ω, the Jordan structure of(
I + uuTJ

)
W is described in (a) and (b) bellow :

(a) the Jordan structure of
(
I + uuTJ

)
W for the eigenvalues λ1, ..., λ2p is given by

r1⊕
k=2

J`1,k(λ1)⊕ · · · ⊕ J`2p,k(λ2p)

(b) the eigenvalues of
(
I + uuTJ

)
W that are different from any of λ1, ..., λ2p, are all simple.

Definition 2.1 

Theorem 2.2 

© 2021 Global Journals
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Note that, λ being an eigenvalue of W , 1/λ, λ̄ et 1/λ̄ are also eigenvalues of W . So the number of
eigenvalues W is even. Thus, W will have the Jordan canonical form (2.4).

According to (a) of Theorem (1.1), the structure of W by the eigenvalues λ1, λ2,...,λ2p is given by

r1⊕
k=2

J`1,k(λ1)⊕ · · · ⊕ J`2p,k(λ2p) ;

and from point (b) of the same Theorem, the eigenvalues of (I + uuTJ)W which are different from
λ1, ..., λ2p are all simple.

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

Let u be a vector of a generic set Ω ⊂ R2n. Consider the Hamiltonian systems with τ -periodic coefficients

J
dX̃(t)

dt
= [H(t) + E(t)] X̃(t), (2.5)

where t 7→ H(t) and t 7→ E(t) are piecewise continuous matrix functions on [0, τ ] such that for all
t ∈ R and τ > 0,

H(t+ τ) = H(t) = HT (t) ∈ R2n×2n and E(t+ τ) = E(t) = ET (t) ∈ R2n×2n.

We call a rank-one perturbation of the fundamental solution (X(t))t∈R of (1.1) any
matrix function of the form

X̃(t) = (I + cuuTJ)X(t), ∀t ∈ R (2.6)

where c = ±1.

The rank-one perturbations of fundamental solution of (1.1) are J-symplectic [2, 5]. Therefore, we collect
some properties of Hamiltonian systems with periodic coefficients of the type (2.5) in Proposition 2.1

1. Let t ∈ R and (X(t))t∈R be the fundamental solution of (1.1). If a solution(
X̃(t)

)
t∈R

of (2.5) is of the form

X̃(t) = (I + c(t)u(t)uT (t)J)X(t), (2.7)

where t 7→ u(t) ∈ R2n is a vector function and t 7→ c(t) is a function with value in {−1,+1}. Then
there exists a constant vector u such that u(t) = u, c(t) = c = ±1 is a real constant and E(t) is of
the form

E(t) = (cJuuTH(t))T + cJuuTH(t) + c2(uuT )TH(t)(uuTJ). (2.8)

2. Let u be a non-zero vector of R2n. Consider the perturbed Hamiltonian equation of (1.1)

J
dX̃(t)

dt
= [H(t) + E(t)] X̃(t) (2.9)

where t 7→ H(t) is piecewise continuous and

E(t) = (cJuuTH(t))T + cJuuTH(t) + c2(uuT )TH(t)(uuTJ).

Then X̃(t) = (I + cuuT )X(t) is a solution of (2.9)

Proof

b) Generic rank-one perturbation of the Hamiltonian system with periodic coefficients

Definition 2.2 

Proposition 2.1
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3. System (2.9) can be put in the form
J
X̃(t)

dt
= (I − cuuT )TH(t)(I − cuuT )X̃(t), ∀t ∈ R

X̃(0) = I + cuuTJ.

(2.10)

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

1. Suppose u(t) is not constant. Then u(t)u(t)T is not also constant. We have

J
dX̃(t)

dt
= J(I + c(t)u(t)uT (t)J)

X(t)

dt
+ J

[
d(c(t)u(t)uT (t))

dt

]
JX(t)

= J(I + c(t)u(t)uT (t)J)J−1H(t)X(t) + J

[
d(c(t)u(t)uT (t))

dt

]
JX(t)

=
[
(I − c(t)u(t)uT (t)J)TH(t)(I − c(t)u(t)uT (t)J)+

J
d(c(t)u(t)uT (t))

dt
J(I − c(t)u(t)uT (t)J)

]
X̃(t) with X̃(t) = (I + c(t)u(t)uT (t)J)X(t)

= [H(t)+

(c(t)Ju(t)u(t)H(t))T + c(t)Ju(t)uT (t)H(t) + c(t)2(u(t)uT (t)J)TH(t)(u(t)uT (t)J)︸ ︷︷ ︸
E(t)

 X̃(t)

+

J d(c(t)u(t)uT (t))

dt
J(I − c(t)u(t)uT (t)J)︸ ︷︷ ︸
F (t)

 X̃(t)

= [H(t) + E(t) + F (t)] X̃(t),

We note that E(t) + F (t) is not symmetric because E(t) is symmetric and F (t) is not symmetric.
Which gives us a contradiction. To have H(t) + E(t) + F (t) symmetric, we must have F (t) =
0, ∀t ∈ R. Then c(t)u(t)uT (t) is constant. In particular, c(t)u(t)uT (t) = c(0)u(0)u(0)T ∀t ∈ R.
We deduce that there is a constant vector u = u(0) and a real constant c = c(0) ∈ {−1,+1} such
that E(t) is of the form (2.8).

2. By deriving X̃(t), we get

J
dX̃(t)

dt
=J(I + cuuTJ)J−1J

dX(t)

dt

=J(I + cuuTJ)J−1H(t)X(t), from (1.1)

=
[
H(t) + cJuuTH(t)

]
X(t)

=
[
H(t) + cJuuTH(t)

]
(I − cuuTJ)X̃(t)

because the matrix (I − cuuTJ) is the inverse of ( I + cuuTJ) see [14]

=

H(t) + (cJuuTH(t))T + cJuuTH(t) + c2(uuTJ)TH(t)(uuTJ)︸ ︷︷ ︸
E(t)

 X̃(t)

Proof

© 2021 Global Journals
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We then obtain equation (2.9) with

E(t) = c(JuuTH(t))T + cJuuTH(t) + c2(uuTJ)TH(t)(uuTJ).

This shows that X̃(t) = (I + cuuTJ)X(t) is a solution of (2.9).

3. Indeed, it suffices to develop (I − uuTJ)TH(t)(I − uutJ) to obtain

(I − cuuTJ)TH(t)(I − cuutJ) = H(t)+

(cJTuuTH(t))T + cJTuuTH(t) + c2(uuTJ)TH(t)(uuTJ)︸ ︷︷ ︸
E(t)

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

In this section, we consider two vectors u1 and u2 taken in a generic set Ω of R2n such uT1 Ju2 = 0.
Note that this holds if u1 = u2. On the other hand, we can consider generic vectors belonging to isotropic
(or Lagrangian) subspaces. A subspace X ⊆ R2n is called isotropic if X ⊥ JX . The maximum isotropic
subspaces containing X are of dimension n [4]. Hence we have this definition

A subspace L of R2n is called a Lagrangian subspace if it n and

xTJy = 0, ∀x, y ∈ L.

We first consider the rank-one pertubation

X1(t) = (I + c1u1u
T
1 J)X(t), ∀t ∈ R and c = ±1

of the solution (X(t))t∈R of system (1.1) using the vector u. Then we perturb the solution a second time
using the second vector u2. We get

X2(t) = (I + c2u2u
T
2 J)(I + c1u1u

T
1 J)X(t), ∀t ∈ R and c1, c2 ∈ {−1,+1} (3.1)

We have the following Proposition

The double rank-one perturbation of the solution of (1.1) is the solution of the following
system

J
X̂(t)

dt
= (I − c2u2uT2 J)T (I − c1u1uT1 J)TH(t)(I − c1u1uT1 J)(I − c2u2uT2 J)X̂(t)

X̂(0) = (I + c2u2u
T
2 J)(I + c1u1u

T
1 J)

(3.2)

The double rank-one perturbation of the solution of (1.1) is given by (3.1). Then ∀t ∈ R and c1, c2 ∈
{−1,+1}, we have

dX2(t)

dt
= (I + c2u2u

T
2 J)(I + c1u1u

T
1 J)

X(t)

dt
,

= (I + c2u2u
T
2 J)(I + c1u1u

T
1 J)J−1H(t)X(t),

=
[
(I + c2u2u

T
2 J)(J−1 + c1u1u

T
1 )H(t)(I + c1u1u

T
1 J)−1(I + c2u2u

T
2 J)−1

]
×
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(I + c2u2u
T
2 J)(I + c1u1u

T
1 J)X(t)︸ ︷︷ ︸

X2(t)

,

=
[
(I + c2u2u

T
2 J)J−1(I − c1u1uT1 J)TH(t)(I + c1u1u

T
1 J)−1(I + c2u2u

T
2 J)−1

]
X2(t)

= J−1
[
(I − c2u2uT2 J)T (I − c1u1uT1 J)TH(t)(I − c1u1uT1 J)(I − c2u2uT2 J)

]
X2(t),

because for all vector u and c ∈ {−1,+1} I + cuuTJ)−1 = (I − cuuTJ). Moreover
X2(0) = (I + c2u2u

T
2 J)(I + c1u1u

T
1 J)X(0).

The double rank-one perturbation X2(t) ( or X̂(t)) of X(t) can be put in the form

X2(t) = X(t) + c2u2u
T
2 JX(t) + c1u1u1JX(t), ∀t ∈ R c1, c2 ∈ {−1,+1}; (3.3)

or by putting the vectors u1 and u2 as column of a matrix U = [u1 u2] ∈ R2n×2

X2(t) = (I + UΣ2U
TJ)X(t) = X(t) + UΣ2U

TJX(t) (3.4)

where Σ1 =

(
c1 0
0 c2

)
∈ R2×2 is a diagonal matrix with c1, c2 ∈ {−1,+1}.

Generic Rank-2 Perturbation of Hamiltonian Systems with Periodic Coefficients

We have the following Definition

We call a generic rank-2 perturbation of system (1.1), any system given by (3.2).

From (3.2), the following corollary gives another writing of system (3.2)

System (3.2) can be put in the form below
J
X̂(t)

dt
= (I − UΣ2U

TJ)TH(t)(I − UΣ2U
TJ)X̂(t)

X̂(0) = (I + UΣ2U
TJ)

(3.5)

or in a following simple form 
J
X̂(t)

dt
= (H(t) + E(t)) X̂(t)

X̂(0) = I + UΣ2U
TJ

(3.6)

where

E(t) = JUΣ2U
TH(t) + (JUΣ2U

TH(t))T + (UΣ2U
TJ)TH(t)(UΣ2U

TJ)

To have (3.5), It suffices to notice that

(I − c1u1uT1 J)(I − c2u2u2J) = I − c1u1uT1 J − c2u2uT2 J

= I − [u1 u2]

[
c1 0
0 c2

]
[u1 u2]TJ

= I − UΣ2U
TJ

Remark 3.1 

Definition 3.2 

Corollary 3.1 

Proof
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Similarly, we have (I + c1u1u
T
1 J)(I + c2u2u2J) = I + UΣ2U

TJ .

Next, by developing (I − UΣ2U
TJ)TH(t)(I − UΣ2U

TJ) in (3.5), we get

(I − UΣ2U
TJ)TH(t)(I − UΣ2U

TJ) = H(t) + E(t)

where E(t) = JUΣ2U
TH(t) + (JUΣ2U

TH(t))T + (UΣ2U
TJ)TH(t)(UΣ2U

TJ). Hence we have (3.6).

Many thanks to the referees for the helpful remarks and suggestions.
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