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Towards the Efficiency of the Ratio Estimator
for Population Median in Survey Sampling

Matthew Joshua Iseh

Absract- This study leveraged on the fact that researchers in survey sampling sometimes do not take into consideration
the tool that will be most appropriate in the measure of location. As a result, users of statistics often go for the mean or
total, which has been widely discussed in the finite population sampling literature, unlike the median, which is more
complicated to deal with given that it has to do with ordered data. This study suggests an estimator of population
median in single and double sampling technique with two auxiliary variables. From the result obtained, it is established
that the proposed estimators perform better when the considered variables are from a highly skewed distribution, such
as income, expenditure, scores. In addition, it was observed that the proposed estimators were less bias and more
efficient than the existing estimators of their class.

[. [NTRODUCTION

Most times in survey sampling, some researchers do not take into consideration
the tool that will be most appropriate in the measure of location. As a result, users of
Statistics often go for the mean or total which has been widely discussed in the finite
population sampling literature unlike the median which is more complicated to deal
with since it has to do with ordered data. However, it has been established that the
median unlike the mean performs better when the considered variables are from a
highly skewed distribution. In surveys involving the estimation of income, expenditure,
scores, etc., it is very reasonable to assume that the population median unlike the
population mean is known, hence the possibility of incorporating auxiliary information
in the formulation of such estimators.

Authors like Gross (1980), Kuk and Mak (1989), Singh et al. (2003), Singh and
Solanki (2013), Aladag and Cingi (2015), have made useful contributions in estimation
of population median. Works by Enang et.al. (2016) on alternative exponential median
estimator, Shabbir, and Gupta (2017) on a generalized difference type estimator for
population median and Iseh (2020)on enhancing efficiency of ratio estimator of
population median by calibration techniques were added advantage in this area.
However, it should also be noted that not much has been done in estimating population
median.On further improvement of the median estimator, Singh, Joarder, and Tracy
(2001), extended the ratio estimator to two-phase sampling, whileSingh, Singh, and
Upadhyaya (2007) suggested the ratio-type estimator in two-phase sampling using two
auxiliary variables. In addition, Jhajj, Kaur, and Jhajj (2016), defined a ratio
exponential-type estimator in two phase sampling with two auxiliary variables. On the
lines of Shabbir and Gupta (2017), Baig, Masood and Tarray (2019) suggested an
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improved class of difference-type estimators for population median using two auxiliary
variables under simple random scheme and two phase sampling scheme.

So far, the shortcoming of the existing estimators is that, while some of these
estimators are less biased with large mean square error (MSE), others are highly biased
with less MSE. Based on these developments as a benchmark, this study proposes a
separate ratio exponential-type estimator in simple random sampling and two phase
sampling schemes with two auxiliary variables that will be more precise with greater
gains in efficiency to estimate the median for finite population.

a) Notations

Consider a finite population U = {uq,u,, ..., uy} with size N. Let Y, X,and Z be
the study and auxiliary variables respectively. Let y; represents the samples of the
interest variable and x;and z;represents the samples of the auxiliary variablesknown for
every unit in the population for the i element drawn under SRSWOR. Let
fyr(My),fx(My), and f;(M;)represent the density functions of the random variables with
My,Mx, and M, being the samples from the population median My, My and M,
respectively, with correlation coefficient pu,p, = 4(P;; —0.25), where Pjy =
P(YSMY nXSMx), pMYMZ =4‘(P11 —025), where Pll =P(YSMynZSMz),
and py,y, = 4(P;; —0.25), where P;; =P(X <MyNZ<M;), (considering the
continuous distributions of all variablesy,x, and x with their marginal densities
respectively as N — o).

For large sample approximations, the following are obtainable:

M)’ =My(1+€0), Mx =Mx(1+€1), MZ =MZ(1+62)7
M,—M M,—M M,—M
ey = yMYy e, = MXX e, = MZZ
1-f
E(eg) =E(e1) =E(e;) =0 /1=?
E(ef) = ACj, E(ef) = ACf, E(e3) = AC},

E(epe1) = ACy, Cyy Puym, E(eoez) = ACy, Cy,Puym,

Cuy = {My fy(My)}™? Cuy = {Mxfx(My)} Cryy, = {Mynfx(Myp)} ™
_ Cuypmymy _ CMgPuymy
ey = Cuy ka Cuy

where, it is also assumed that the distribution functionfy(My), fy(My), and fy(My)are
nonnegative.

[[.  EXISTING ESTIMATORS UNDER SIMPLE RANDOM SAMPLING

This section considers some existing estimators in simple random sampling in
estimating population median and the expression of bias and MSE up to the first order
approximation as follows;
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A: The median estimator (per unit) due to Gross (1980) is given by

MG = My
var(Mg) = AMEC, (1)

B: The median estimator (classical ratio) by Kuk and Mak (1989) is given by

_ _(My
Me=M\@,
X

B(Mg) = AMyCf;, (1 — k1)

MSE(Mg) = AM§[Cfi, + Cij, (1 — 2ky)] (2)

C: The median estimator (exponential ratio) following Bahl and Tuteja (1991) is given
by

_ _ My — M,
Mgp = Myexp | ———=~
My + M,

AMyCfy, (3 — 4ky)

B(MER) = 8
2
MSE (Mgg) = AM? [CAZ,,Y + CMTX(1 — 4k1)] (3)

D: The median estimator (chain ratio-type) by Kadilar and Cingi (2003) is given by

My
Mcp = M, ﬁ

X

B(Mcg) = AMyCly, (1 + 2k;)

MSE(Mcg) = AME[CR, + 4Ch, (1 + ky)] (4)

E: The median estimator (product-type) following Robson (1957) and Murthy (1964) is
given by

B(Mp) = AMYCI\Z/IXkl

MSE(Mp) = AME[Cf, + Ciy, (1 + 2ky)] (5)
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F: The median estimator (exponential product-type) following Bahl and Tuteja (1991)
is given by

_ _ M, — My
Mgp = My exp |[———=~
My + M,

AMy Cfy, (4ky — 1)

B(Mgp) =
(#1er) ¢
_ i
MSE(Mgp) = AM} [C,%,Y +=E 1+ 4k1)] (6)
G: The median estimator (alternative exponential) due to Enang et.al. (2016) is given
by
_ _ My — M _ M,-M
My = a; |M,exp .2 | RS M, exp e
My + M, My + M,
B(Myp) = AMyCE, (4k1 — 8k, + 1)
MSE(Myg) = AM§F Cii, (1 = Py, 2) (7)

H: Shabbir and Gupta (2017) suggested generalized difference-type estimator for
population median as

e o o aMy + b aa(My — M,)
Mgp = [maty +ma(My — M) KaIVIx +5) “Pa{(y = DMy + 11, } + 2b

where my; and m, are unknown constants whose values are to be determined.

Let a and b are defined to be unknown population parameters and a4, a, and y
are scalar quantities which can take different values like ¢y =b=0anda; =a=y =1
1-2AM}

1+/1M§(1—pMYMX2

At the optimum values of my ) = ) and

My Puymy Cmy
My opt) = M_X ll + M1 (opt) {T -2

X

The expressions for the bias and the mean square error up to the first order of
approximation are as follows:

B(Mgp) = (ml(opt) — 1)My + mZ(Opt) {AMY (% CIZVIX - CMy) + AMXCI\Z/I)(} and

AME
1+/1M3(1—pMYM

MSE(M5,) = 5 (2, (1= pwyr, ?) (1 - 2C3,) - i, ] 8)
X
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I: Baig, Masood and Tarray (2019) suggested an improved class of difference-type
estimators for population median using two auxiliary variables

_ _ _ M, — M, M, — M,
M} =M, + m{(My — M,))| [myexp| ———= )+ (1 — m,)exp | ———
p [ y 1( X x)]l 2 P<MZ+MZ> ( 2) p<Mz+Mz
Where m;and m, are unknown constant.
N " 1 !
otes B(Mp) =1 [mlMXCMXZ <m2 - E) + MYCMYZ <E - mz)] My
MyC -
where My ) = 4 M’;/EPZXMEI)TYZMZ p>MYMX) and
X MX pMXMZ
CMz(pI%/[XMZ_1)+2CMy(prMZpMyMX_pMyMz)
M2 (opt) =
szZ(p,@XMZq)
AMECE
01 — vim 2 2 2
MSE(MP) - m[(l _pMXMZ _pMYMX _pMYMZ + szxMZpMyMXpMyMz)] (9)
A

[I[. THE PROPOSED ESTIMATOR UNDER SIMPLE RANDOM SAMPLING WITH ONE

VARIABLE
v Vi M M, My —M,)
Mg, s(a) = M, I:CZMT); +(1-0a) W] exp [(M;t+1\7lx) (10)
v —€1 e  ef
Mg, (a) = My(1 +ep)[1 + e; — 2ae; + aeilexp - 1— - + -+
—~ [ 1 1 1 ,
Mg (a) = My |1+ eo + (E_ 2“) e+ (E_ Za) eper + (Za —g) 61]
—~ B 1 1 1
Mg (a) — My = My €0 + (E - 2a) e+ (E — 2a) epe; + (2a — 5) elz] (11)
. 5 [ 1 1
Bias (s (a)) = My | (20 = 5) ACH, + (5 = 2a) ACu, Cury Pty | (12)

Squaring both sides of (11), retaining terms to the second-degree and taking
expectations, the MSE of M, (a) to the first order of approximation is obtained as;

i 2 2 1 2. 1
MSE (Mm (a)) = MZ|ACE, + (E - Za) ACE, +2 (E - Za) ACut, Cot, Paty (13)
minimizing (13) with respect to a gives
a = 2k1+1
4
MSEOpf (MSTS (a)) = AM}%CI\Z/[y (1 - pI%’Iny) (]‘4)
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And the optimum bias becomes

, = 3
BlaSOpt (MSTS (a)) = AMY I:g CIZVIX - Cllz/lypl%/[yMX + CMyCMXpMny] (15)

a) A Case of Two Variables under Simple Random Sampling

Mg (@) = M, [a Gt + (1= ) 3] exn [GE5 (16)
Bias (M3ys(2)) = AMy [aCh, +2Ch, + (1 = 2a)Cug, Cory Py — (1 — 2a) LMLz _
CMyCMépMyMZ:I (17)
MSE (M35 (a)) = AM [cﬁy + (1 - 2a)%C}, + C’?’TZ — (1 = 2a)Cy, Cut, Praym, +
2(1 - Za)CMX Cymy Puymy — Cuy CMZpMyMZ] (18)

2
ZCMX+2CMXCMprxMy_CMXCszMxMZ
2
ach

Minimizing (18) with respect to a givesa =

Substituting into (18) gives

CZ
MSE (M srs (“)) = AMj [Czezy(l — Pty ) + %(1 — pitymy) + Cuty Coty (Pry vy Py vy — PMYMZ)]

2 k 2
MSEope (Mirs (@) = 2MF| B, + 72— (% = k1) = Cu, Cur, oy, | (19)
And the minimum bias given as

CMX Cuypmymy CuyCMmzpPMyMy

Blasopt (M STSs (0()) AMY[ += CMZ 2 - 4 - Cl\zflypl%/IXMy -

2 2
CMZpMXMZ CMyCMZpMyMZ

2 . + Cuy CMZ.DMXMZ.DMXMy] (20)

b) Application

The bias and MSE values of the existing and proposed estimators are computed
using two different populations under simple random sampling. The percent relative
efficiencies of the estimators are obtained as follows:

%RE = MSE (M) x 100
T TMSE()

where MSE (M) is the MSE of classical median estimator whileMSE(.) denotes the MSE
of estimators mentioned here. The population statistics and the results of analyses are
shown as follows:
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Population 1: Let Population 1: Let y; x and z respectively be the number of fish
caught by the marine recreational fisherman in years 1995, 1994 and 1993 in USA given
by Singh (2003a)

N=69; n=17, My =2068; My =2011; M, = 2307;

Pmymy = 0.1505; Pmym,; =

0.1431; pyy, i, = 0.3166; fy(My) = 0.00014; fy(My) = 0.00014; and f;(M) = 0.00013.

Population 2: Let y as the U.S. exports to Singapore in billions of Singapore dollars, x
as the money supply figures in billions of Singapore dollars and z is the local supply in
U.S. dollars given by Aczel and Sounderpandian (2004).

Py, = 0.8624:f, (My) = 0.0763;f¢(My) = 0.0526; andf,(M;) = 0.0024;

Table 1: Results for Simple Random Sampling

Population I Population II

Estimator | Absolute bias MSE PRE Absolute bias MSE PRE
1\716 0 565443.6 100 0 1.23 100
1\7IR 246.3 988372.8 57.2 0.08 0.82 150
MER 87.27 627420.2 90.1 0.01 0.72 170.8
MCR 373.78 3307296 17.1 0.59 9.31 13.2
MP 42.32 1338418 42.2 0.17 4.06 30.3
MEP 14.98 802442.8 70.5 0.05 2.34 52.6
MAE 408.87 552636.1 102.3 0.03 0.69 178.3
Mgp 3373.88 491568.8 115.0 1.54 0.52 236.5
1‘7111> 46089.73 502378.1 112.6 0.48 0.31 396.8
My () 144.55 552636.1 1023 0.15 0.69 1783
MS*TS (a) 207.98 520612.8 108.6 0.13 0.38 323.7

¢) Median Estimators under Two Phase Sampling

Consider a finite population with Nunits U = {uq,u,, ..., uy}. Theit® unit ofthe
population values forthe study variable y, auxiliary variables x and z are y;; x; andz;
respectively. Under two-phase sampling design, a sample of size n'is drawn using simple
random sampling without replacement at first phase and the values on x andzare
obtained on the units of the sample. In second phase, a simple random samplingwithout
replacement criteria is used for drawing sample of size n from the first phasesample and
the values on the variables y; x and z are taken on selected units.To obtain the
properties of the proposed median estimator under two-phase samplingscheme the
following existing estimators are summarized as;

i) Singh, Joarder, and Tracy suggested a ratio estimator for median in two phase
Sampling

s = 2
SA — M x
X
~ _ 1 1 (1 pM)(My)
B(MSA) B (Tl _F> 4fy(My
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MSE () = B[ 1) (b2 (et (0t g, Y]

Singh, Singh, and Upadhyay (2007) studied a ratio-type estimator of median
using two auxiliary variables

(N M\ M\
MS = My = = = N
M, M, M, otes

| e
Where Aiopt = ({Myfy(MY) ( 1"1%4)(1‘42_1 ),

w prMZpMyMZ_pMyMX
My My ’

aope = (
20Pt ™ \{My fy (My) Pitymy =1

a _ ({szz(Mz)) ('DMXMZ'DMYMX_'DMYMZ)
3opt {My fy(My) Phrym, 1

_ My)} 2 1 1
B(MS)E {fY( Y)} )2 [(

22\ (1= p2 _ 2
8My(1—p1%1XMZ n n)(l pMXMz){(pMny prszMyMZ)

5 {My fy (My)
— L4PMyMy (pMyMX - pMXMZpMyMZ) + —{fox(Mx) (pMyMX - pMXMZpMyMZ)

1 1
+ (; - N) (Puyr; = Prtymy Putyry) {(pMyMZ = Pt Py iy )

M M
+ 2pp, M, (pMyMX - pMXMZpMyMZ) + —{ vfr(My) (1- P%//XMZ)
{Mx fx (My)

1 1 ,
+ (n_ - N) (pMyMX - pMXMZpMyMZ) {pMXMZ (pMyMX - pMXMZpMyMZ)

M M
— 2Pmy My PMyM, (1 - .01%4XMZ) + (W) Pmymy (1 - pl%/IXMZ)}]

o\ My 2 1 1 1 1 1\ Phymy Pl M, —2p p PMyM
MSE(MS) =~ %[(Z_ﬁ) _ (T_N)pl%lxMz _ (;_?) MyMy MyM(Zl_pI%IMXy:ZX) MyMzPMy z](22)

ii) Jhajj, Kaur, and Jhajj (2016) defined ratio-exponential-type estimator as

=1, (1) () oo ()
M =M, |—= o~ —_—
i y(M) <MZ “PIN\ "My + 11,
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Mzfz(Mz) PMyMzPMyMz—PMyMy
Where v = (—
Lopt {My fy(My) Pmxmy P;ﬁXMZ—l ’

{MZfZ(MZ)) (pMXMZpMYMX_pMYMZ> X _ (Z{MXfX(MX)) (pMXMZpMYMZ_pMYMX)
) opt —

Vaope = (
Zopt = \{My fy (My) Py —1 {My fy (My) Phimy—1

B(Myy)

Notes

{fy (My)} 2 1 1 ,
- 8MY(1 _ pl%/l y )2 [(E_F) {(pMny - pMXMZpMyMz)

— 2pmymy (Puy vy — Prymy Py, ) (1 = Pt m,)

{My fy (My)
" <{MXfX(Mx)) (o, by = Puayma Py, )(1 = pIZVIXMz)}

1 1
+ (E_N) ('DMYMZ _prszMny){(pMyMZ _pMXMZpMyMX)

+ 200, m, (Puy sy — Pray vy Pyymy) = 20my 0, (P, — Pray ity Pty nay ) (1 — Piay)

{My fy (My)
" <{MZfZ(Mz)) (o, = P, Pty ) (1 = pIZVIXMz)}

1 1
+ (n_ - N) (pMyMX — PMyM;PMy My, )pMXMZ {pMXMZ (pMyMX - pMXMZpMyMZ)

- ZpMyMz(l - 'DI%IXMZ)}

<{Myfy(My)

L1y Pt P, = P )1~ )

oo~ UrMy) 21 1 11 1 1\ Phtymy+Piiymy—2P p p
MSE(MYH) =~ % [(; — ﬁ) _ (7 _ ﬁ) pl%’lyMZ _ (; _ 7) MyMy MYM(Zl_p;XY:ZX) MxMg MyMZ](23)

iii) Baig, Masood and Tarray (2019) suggested an improved class of difference-type
estimators for population median under two phase sampling with two auxiliary
variables

o = PN Mz — M, M, — M,
ML =M, +m,(M, — M myexp| ————— |+ (1 —my)exp| ———
P [ y 1( x x)]l 2 P(MZ_I_MZ) ( 2) p(MZ+MZ

where m; and m, are unknown constant.

P 1,1 1\/1
B(MP) = My 2 (E - N) (E - mz) PMmyMy, CMy CMZ
My C M

MxCumy Cumy
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SE) = ¢ 2) (1 2) s, (D] o

d) Proposed Median Estimator Under Two Phase Sampling

2,(@) = i, [ 5+ (1 = ) ] exp [ (25)

Notes
_ ! ! ‘2
M2, (@) = My(1 + eg)[a(l + e))(1 + e)) L + (1 — a)(1 + e)(1 + e})exp {% [1 - %2 + % }

. = 3
Bias (M5 (a)) = My [a(d = 2)Ch, +24,Ch, + (A = A1) (1 = 2a) Cyry Cory Paay 1y —

Ay M} (26)

—~ CZ
MSE (MD (a)) = M? [(,1 — ) (4a? — 4a + 1D)Ch, + AL+ ACk, +2(A— ) (1 -

Za)CMX CMprxMy - AchYCMZpMYMZ:l (27)
For optimum value of the MSE of M2 (a), the value of a is given as a = k12+1;

then (27) becomes
A Ci
MSE,,; (Mé)rs (a)) = My [ACIIZ/IY — (A= 2A)Ci, pirym, + M % — A4 Cyy Criy PMy My (28)

And the optimum bias becomes

_ ct
Bias,pe (12:(@)) = My |2 = A) x4 (1= 2) HxSePuaie 1 25, ¢ — 3 -

CvvCym.,p
Ay Pl — Ay x| (29)

e) Numerical study under two-phase sampling

Here three different populations will be considered to validate the theoretical
claims of both the existing and the proposed estimators. The population statistics and
the results of analyses are shown as follows:

Population 3: Let Population 1: Let y; x and z respectively be the number of fish
caught by the marine recreational fisherman in years 1995, 1994 and 1993 in USA given
by Singh (2003a).

N=69n =24n=17; M, =2068; My =2011; M, = 2307; Pmym, = 0.1505;
0.00013.

2021 Global Journals
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Population 4: Let y as the U.S. exports to Singapore in billions of Singapore dollars, x

as the money supply figures in billions of Singapore dollars and z is the local supply in
U.S. dollars given by Aczel and Sounder pandian (2004).

0.7592; pyr,, = 0.8624;f,(My) = 0.0763:f, (My) = 0.0526; andf, (M,) = 0.0024;

Population 5: Let y be the district-wise tomato production (tones) in 2003, x as a
district-wise tomato production (tones) in 2002 and z as a district-wise tomato
production (tones) in 2001 given by MFA (2004).

N =97;n" = 46;n = 33; My = 1242; My = 1233;M; = 1207; py, y, = 0.2096; py, yy, = 0.15;
Py, = 0.123;f, (My) = 0.00021;fy (My) = 0.0002; and f;(M;) = 0.0002;

From the numerical study of three real life data sets, the following remarks are
deduced;

Table 2: Results for Two Phase Sampling

Population III Population IV Population V

Estimator| AB MSE PRE AB MSE PRE AB MSE PRE
M 0 346606 100 0 1.23 100 0 64795.1 100
Mg,y 0 729125.3 47.54 0.00 1.89 65.08 0 146126.9 44.3

M 58.72 391934.3 88.43 0.35 -85.12 -1.45 8.49 69573.62 93.1
Myy 259.20 363711.8 95.30 0.09 -85.60 -1.44 286.51 70062.2 92.5
1\71113 32818.5 294885.2 117.54 1.21 0.01 12300 894.49 65213.1 99.4
MSDTS (a) 8.20 310481.2 111.64 0.07 0.29 424.14 8.57 84943.4 76.3

N/B: AB=Absolute bias

[V. DISCUSSION

From the result in Table 1, it is observed that the proposed estimator

M:..(a) has outperformed other existing estimators considered in this study and as a
result considered the more preferred estimator with respect to this set of data. However,

the existing estimator M) had greater efficiency but heavily biased in both population I

and II respectively. Again, as shown in Table 2, the proposed estimator M2, (a)has an
overwhelming performance in terms of higher gains in efficiency and minimum bias as
compared to the existing estimators considered in this study. This superiority in the
gain in efficiency and minimum bias of the proposed estimator is because of the
endearing properties of the separate ratio product—type estimator. However, M{;, notice
ably from population III, IV, and V had slight gain in efficiency over the proposed
estimator but highly biased, and not recommended for estimation of population median.

It is important to note that, although the existing estimator Mg, is
asymptotically unbiased from the sets of data considered in this study, it was less
efficient, and should not form a bet for median estimation. It becomes imperative to
seek for an estimator that isless bias with minimum MSEthat will enhance the
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improvement of the estimation of the median of a finite population of which the
proposed estimator has bridged the gap.

V. CONCLUSION

This study was towards formulating an improved exponential-type estimator for
population median using both simple random and two-phase sampling with two
auxiliary variables. The bias and mean square error were obtained. From the theoretical
derivations and numerical illustrations, it is evident to say that among the existing and
proposed estimators, the proposed estimators under simple random sampling and two-
phase sampling exhibit superior performance both in negligible bias and in gain in
efficiency. It suffices to conclude that the proposed estimators perform better than
existing estimators considered in this work in estimating population median when the
population median of the auxiliary variables are known and positively correlated with
the study variable. However, though the suggested estimator performed poorly with less
efficiency in population V, probably because of the data type, it was still shown to have
less bias compared to other estimators of its class. The idea of using separate ratio-
product exponential-type estimator in this case has really paid off in improving on the
efficiency of the median estimator under stratified random sampling. In addition, the
proposed estimator will be suitable and highly recommended when the variable
considered is from a distribution that is highly skewed.
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