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Abstract-

 

This paper proposes a half-step third derivative hybrid block method with two cases of order four for solution 
of third Order Ordinary Differential Equations.

 

Method of interpolation and collocation of power series approximate 
solution was used to generate the continuous hybrid linear multistep method,

 

which was then evaluated at non-
interpolating points to give a continuous block method. The discrete block method was recovered when the continuous 
block was evaluated at all step points.

 

The basic properties of the methods were investigated and were found to be 
zero-stable, consistent and convergent. The develop half-step method is applied to solve some third order initial value 
problems of ordinary differential equations and from the numerical results obtained, it is observed that our methods 
gives better approximation than the existing method compared with.
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Introduction

 

This paper consider third order initial value problems of the form
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Where f

 

is continuous within the interval of integration, solving higher order 
derivatives method by reducing them to a system of first-order approach involves more 
functions to evaluate which then leads to a computational burden as in Kayode

 

and 
Obuarhua (2013) and James et al. (2013). Various approaches

 

have been proposed to 
find the analytic solution of (1) ranging from predictor-corrector method to hybrid 
methods. Despite the success recorded by the predictor-corrector methods, its major 
setback is that the predictor are in reducing order of accuracy especially when the value 
of the step-length is high and moreover the result are at overlapping interval. The 
hybrid method was established to circumvent the Dahlquist barrier theorem which gives 
a better approximation to solutions of initial value problems of stiff ordinary differential 
equations than the k-step method.

 

Scholars who recently adopted the hybrid method other than the direct method 
in approximating (1) include among others Adesanya et al. (2013), Adebayo and 
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Adebola (2016), Adoghe and Omole (2019), Kuboye and Omar (2015), Olabode and 
Momoh (2016), Kayode and Adeyeye (2011) and Mohammed and Adeniyi (2014). We 
adopted the  method of collocation and interpolation of the power series approximation 
as the basis function to generate continuous linear multistep method as other scholars 
in solving (1). The derivation of continuous linear multistep methods for direct solution 
of ordinary differential equations have been discussed over the years in literature and 
these include, among others collocation, interpolation, integration, interpolating 
polynomials and basis functions such as, Chebyshev polynomials, trigonometric 
functions, exponential functions.   

In this paper, we developed half-step third derivative hybrid block method of 
order four with two cases for direct solution of third order ordinary differential equation 
which is implemented in block. The method developed evaluates less function per step 
and circumventing the Dahlquist barrier’s by introducing a hybrid points.  

The paper is organized as follows: First is a discussion of the new half-step third 
derivative hybrid block method and the materials for the development of the  method. 
This is followed by a consideration of analysis of the basic properties of the new half-
step third derivative hybrid block method, which include convergence, stability region, 
numerical experiments where the efficiency of the derived method is tested on some stiff 
numerical examples and discussion of results. Lastly, the study concludes by comparing 
the results obtained with an existing work of Adeyeye and Omar (2018), Adebayo and 
Adebola (2016), Adoghe and Omole (2019) and Mohammed and Adeniyi (2014).  

II.  Derivation  of  the  New  Half-Step  Hybrid  Block  Method  

In this section we intend to develop a family of half-step third derivative hybrid 
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Consider the power series approximate solution of the form 
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where 3=r
 

and 5=s are the numbers of interpolation and collocation points respectively, 
is considered to be a solution to (1).

 

The third derivative of (3) gives 
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Substituting (4) into (1) gives 
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Collocating (5) at all points 
2
1,,,,0, wvussnx =+  and Interpolating Equation (3) at

vurrnx ,,0, =+ , gives a system of non linear equation of the form 
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Solving (6) for sai '  using Gaussian elimination method, gives a continuous 

hybrid linear multistep method of the form  
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Differentiating (7) twice yields 
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Where  
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a)

 

Specification of the New Half-step Third Derivative Method

 

The family of hybrid half-step method with three off-grid hybrid points u,v and 
w which are rational numbers. Equation (7) is evaluated at the non-interpolating points 
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The
 
modified form of (9) gives the half-step hybrid block for case one in the form
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III. Analysis of  basic Properties of the Method 

a)
 
Order of the Block

 

According to fatunla (1991) and lambert (1973) the truncation error associated 
with (9) is defined by
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Assumed that 
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xy can be differentiated. Expanding (12) in Taylor’s series and 
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The modified form of (9) gives the half-step hybrid block for case two in the form

Notes



Definition:  Linear operator L and associated block formula are said to be of order  

3.03.021..,10, +≠+=+=+==== pCpCandpCpCpCCCifp  is called the error 
constant and implies that the truncation error is given by 
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For case one of our the new half-step third derivative method,  
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(13)
 

expanding (13) in Taylor series and comparing the coefficient of h gives 
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=
077839.8,08127.1,08124.1,081252.1,080422.9,075508.1

,07551.1,075509.1,095361.5,116066.8,116772.5,118985.3
8  

Hence our method is of order four (4).
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For case two of  the new half-step third derivative method, 
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(14) 

expanding (14) in Taylor series and comparing the coefficient of h gives 
07...3210 ====== CCCCC and 

T
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eeeeeeC





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





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





−−−−−−
−−−−−−

=
072338.7,077623.1,07718.1,077296.1,087171.6,084681.4

,080195.3,081577.2,085501.1,09897.5,097803.2,094857.1
8

 

Hence our method is of order four (4). 

b)
 
Consistency

 

The hybrid block method (13) and (14) is said to be consistent if it has an order 
more than or equal to one.

 

Therefore, the new half-step third derivative hybrid block method is consistent.

 

c)

 
Zero Stability of Our Method

 

Definition 2:

 

A block method (10) and (11) is said to be zero-stable if as 0→h
 

, the 

root kizi )1(1, =
 

of the first characteristic polynomial ( ) 0=zρ
 

that is   

( ) 0det
0

)( =







= ∑

=

−
k

j

iki zAzρ
 
Satisfies 1≤iz

 
and for those roots with iz =1, multiplicity 

must not exceed two. 
 

Hence, the new half-step third derivative hybrid block method is zero-stable.

 

d)

 

Regions of Absolute Stability 

 

For case one:

 

The stability polynomial for half step with three off

 

step point gives 
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Stability Region for Case Two

 

For case two: 

 

The stability polynomial for half step with three offstep point gives 

 

 

Stability Region for Case One
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e) Numerical Example 
Problem I We consider a highly stiff problem 

,10'',00',10,0'''''' −====−+− 




























 yyyyyyy  

Exact Solution: 100
1,cos ==





 hxxy  

Table 1:
 
Comparison of the proposed new half-step method with Adoghe & Omole 

(2019)
 

x-values

 

Error in case 
one of

 

our method

 Error in case two

 

our method

 Error in 
Adoghe & 

Omole 2019

 

0.01

 

6.100e-20

 

3.0000e-20

 

0.0000e+00

 

0.02

 

1.200e-19

 

6.0000e-20

 

1.1102e-16

 

0.03

 

1.900e-19

 

1.2000e-19

 

4.4409e-16

 

0.04

 

2.500e-19

 

1.6000e-19

 

5.8842e-15

 

0.05

 

3.200e-19

 

1.9000e-19

 

2.6201e-14

 

0.06

 

3.900e-19

 

2.5000e-19

 

8.3822e-14

 

0.07

 

4.500e-19

 

2.8000e-19

 

2.0750e-13

 

0.08

 

5.100e-19

 

3.2000e-19

 

4.4142e-13

 

0.09

 

5.600e-19

 

3.5000e-19

 

8.4743e-13

 

0.10

 

6.300e-19

 

4.0000e-19

 

1.5086e-12

 

 

Problem II
 
We consider a highly stiff problem

 

,10'',00',10,03'7''5''' −====+++ 




























 yyyyyyy

 

Exact Solution: 10
1, =

−
+

−
=





 h

x
ex

x
exy
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Table 2: Comparison of the proposed new half-step method with Mohammed & Adeniyi 
2014  

x-values
 Error in case one of 

our method 
Error in case two  

our method  
Error in Mohammed & 

Adeniyi 2014  

0.1
 

1.0434e-14
 

4.1832e-15
 

1.0000e-10
 

0.2
 

9.8731e-14
 

1.8599e-14
 

3.0000e-10
 

0.3
 

3.1317e-13
 

4.4245e-14
 

7.0000e-10
 

0.4
 

6.6668e-13
 

8.0431e-14
 

7.0000e-10
 

0.5

 

1.1507e-12

 

1.2552e-13

 

6.0000e-10

 

0.6

 

1.7445e-12

 

1.7743e-13

 

2.0000e-10

 

0.7

 

2.4220e-12

 

2.3395 e-13

 

9.0000e-10

 

0.8

 

3.1554e-12

 

2.9298e-13

 

2.8000e-09

 

0.9

 

3.9178e-12

 

3.5259e-13

 

5.4000e-09

 

1.0

 

4.6852e-12

 

4.1112e-13

 

3.5000e-09

 

 

Problem III:

 

We consider the third order ODE

 

10'',00',10,'4''' ===+−= 




























 yyyxyy

 

Exact Solution: 
10
1,8

22cos116
3 =+−= 















 hxxxy

 

Table 3:

 

Comparison of the proposed new half-step method with Adebayo &

 

Adebola 
(2016)

 

x-values

 

Error in case one 
of our method

 

Error in case two

 

our method

 

Error in  Adebayo 
&Adebola (2016)

 

0.1

 

7.9512e-14

 

3.1484e-14

 

2.970e-08

 

0.2

 

8.6717e-13

 

1.5843e-13

 

1.988e-07

 

0.3

 

3.1385e-12

 

4.2379e-13

 

6.508e-07

 

0.4

 

7.5504e-12

 

8.5820e-13

 

1.5480e-06

 

0.5

 

1.4585e-11

 

1.4765e-12

 

3.062e-06

 

0.6

 

2.4504e-11

 

2.2752e-12

 

5.3625e-06

 

0.7

 

3.7317e-11

 

3.2313e-12

 

8.6068e-06

 

0.8

 

5.2765e-11

 

4.3022e-12

 

1.2926e-05

 

0.9

 

7.0321e-11

 

5.4266e-12

 

1.8118e-05

 

1.0

 

8.9206e-11

 

6.5277e-12

 

2.5129e-05

 

Problem IV:

  

.10,50'',10',30,exp''' ≤≤==== 


































 xyyyxy

 

Exact Solution:                         
10
1222 =++=





 hwithxexxy
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Table 4: Comparison of the proposed new half-step method with Adeyeye & Omar 
(2018) 

x-values
 Error in case one of 

our method 
Error in case two 

our method 
Error in Adeyeye & 

Omar (2018) 
0.1 1.70091e-15 4.54792e-15 6.34270e-13 
0.2 1.91790e-14 3.06193e-14 2.32882e-12 
0.3 7.25153e-14 9.80503e-14 5.44348e-12 
0.4 1.83912e-13 2.28761-13 9.85317e-12 
0.5 3.77884e-13 4.46995e-13 1.59974e-11 
0.6 6.81541e-13 7.79496e-13 2.37223e-11 
0.7 1.12480e-12 1.25594e-12 3.35679e-11 
0.8 1.74091e-12 1.90890e-12 4.53443e-11 
0.9 2.56633e-12 2.77460e-12 5.97084e-11 
1.0 3.64152e-12 3.89290e-12 7.64322e-11 

IV. Conclusions
 

It is evident from the above tables that our proposed new half-step third 
derivative hybrid block methods are converging faster than the existing method and can 
handle stiff problems. 

 

Comparing the new method with the existing method respectively shows that the 
new half-step third derivative hybrid block method performs better on stiff and highly 
stiff problems than the existing method which is of high Order as compared to ours 
which is of Order four.
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