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Abstract- S. Kumar provided the local convergence of a third convergent order method
for solving equations defined on the real line. We study the semi-local convergence of
this method defined on the real line or complex plain. The local convergence is also
provided but under weaker conditions.
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[. INTRODUCTION

Let F: D C S — S be a differentiable function, where S = R or S = C and
D is an open nonempty set.
We are interested in computing a solution x* of equation

F(z) =0. (L.1)

The point z* is needed in closed form. But this form is attained only in special
cases. That explains why most solution methods for (1.1) are iterative. There
is a plethora of local convergence results for high convergent iterative methods
based on Taylor expansions requiring the existence of higher than one derivatives
not present on these methods. But there is very little work on the semi-local
convergence of these methods or the local convergence using only the derivative
of the operator appearing on these methods. We address these issues using a
method by S. Kumar defined by

2o €D, Tpi1 =Ty — A,_LlF(Jcn)7 (1.2)

where A, = F'(z,,) — vF(xy,), v € S. It was shown in [6] that the order of this

*

method is three and for e,, = z,, — =¥,

ent1 = (v —az)e; +0(e), (1.3)

Author a: Learning Commons, University of North Texas at Dallas, Dallas, TX, USA.

e-mail: samundra.regmi@untdallas.edu

Author o: Department of Mathematical Sciences, Cameron University, Lawton, OK 73505, USA.
e-mail: iargyros@cameron.edu

Author p: Department of Mathematical and Computational Sciences, National Institute of Technology
Karnataka, India-575 025. e-mail: sgeorge@nitk.edu.in

Author 62 Department of Computing and Technology, Cameron University, Lawton, OK 73505, USA.
e-mail: christopher.argyros@cameron.edu

© 2022 Global Journals

Research (F) Volume XXII

Frontier

Global Journal of Science



(F) Volume XXII

Research

Frontier

Global Journal of Science

© 2022 Global Journals

(m) (%
where a,, = % FF,(ggf) ), m = 2,3,.... It follows that the convergence requires

the existence of F/, F”', F"' but F”', F""" do not appear on method (1.2). So, these
assumptions limit the applicability of the method. Moreover, no computable
error bounds on |z, — 2*| or uniqueness of the solution results are given.

For example [1]: Let E = E; =R, D = [-0.5,1.5]. Define A on D by

_f Blogt?+t5 —tt ift#£0
W)_{ 0 ift=0.

Then, we get t* = 1, and
N'(t) = 6logt* + 60t> — 24t + 22.

Obviously N/ (t) is not bounded on D. So, the convergence of scheme (1.2) is
not guaranteed by the previous analyses in [6]. We address all these concerns by
using conditions only on F’ in both the local and semi-local case that appears
on method (1.2). This way we expand the applicability of this method. Our
technique is very general so it can be used to extend the applicability of other
methods along the same lines [2-5,7-10]. Throughout this paper U(z,r) = {y :
| —y| <r}and Ulz,r]={y: |z —y| <r} for x € S and r > 0.

The rest of the paper is set up as follows: In Section 2 we present the
semi-local analysis, where in Section 3 we present local analysis. The numerical
experiments are presented in Section 4.

[I. SEmi-LocAL ANALYSIS

Let Lg, L,v,d be given positive parameters and n > 0. Define scalar sequence

{tn} by

tO = Oytl =1,

L(tny1 — tn)2 + 2[7[0(tn + 1) (tns1 — tn)
2(1 = (Lo + [710)tn+1))

tn+2 = tn+1 + (21)

Next, we shall prove that this equence is majorizing for method (1.2). But
first we need to define more parameters and scalar functions:

- Lt
2(1 = (Lo + |y]6)t1)’

Qg

A =L —8(Lo + |y]6)(1|7]8 - L),
functions f:[0,1) — R, ¢g:[0,1) — R by

2|v|o 2t(L )
iy = 200 200X oty —

g(t) =2(Lo + |[7]6)t* + Lt +2|y]0 — L
and sequences of polynomials f, : [0,1) — R by

fu) = Lt"n4+2y0(1+t+...+t" Hn+1y

+2t(Lo + |y]0) (L 4+t + ... +t")n — 2t.

'6-T “(TT0T) ‘TT0C “S "UIeN "IN =y
®

‘f -y ‘suorjenbe Iesuruou pue uorjeziwjdo pPoULIR)SUOIUN IOJ POYIOU S, UOIMIN
JO SOI[TUIR} POIONIJSU0D A[[RILIJOUWIODL) G ‘YGUIS ‘Y 'S ‘TewoJ, ‘A ‘Temuey] ‘G ‘rewny] 9



Notes

Notice that A is the discreminant of g. Consider that any of these conditions
hold:

(C1) There exists minimal 8 € (0,1) such that f(8) = 0 and A < 0. Then,
suppose ag < .

(C2) There exists minimal 8 € (0,1) such that f(3) =0, « € (0,1) : f(a) =0,
and A > 0. Then, suppose ag < a < 3.

(C3) f(t)#£0forallte[0,1) and A <0.

(C4) f(t) # 0 and A > 0. Notice that g has two solutions: 0 < 1 < s9 < 1.
Suppose ag < s € (81, $2] and f(s) < 0.

Let us denote these conditions by (C).
Next, we present convergence results for sequence (2.1).

Lemma 2.1 Suppose:
(Lo + |1]6)tnss < 1. (2.2)

Then, the following assertions hold
0<ty <t (2.3)

and

= lim t, < ———. (2.4)

Proof. Assertions follow from (2.1) and (2.2), where t* is the unique least upper
bound of sequence {t,}.

The next result is shown under stronger conditions but which are easier to
verify than (2.2).

Lemma 2.2 Suppose: conditions (C) hold. Then, assertions (2.3) and (2.4)
hold too.

Proof. Mathematical induction on m is used to show

L(tmi1r = tm) + 21710(tm + 1)
2(1 = (Lo + [7[0)tm+a

(Im) : (2.5)

This estimate hols for m = 0 by the definition of ag and conditions (C). Then,
we get 0 <to—t) < aft; —tg) =anand ty <t +an = 11:";277 < 2. Suppose

0 < tmir —tm < o and t,, < 222"y Then, (2.5) holds if

11—«

La™p+296(1+a+...+a™ Hn+n)
+2a(Lo + |y[0)(1+a+...+a™)n -2 <0 (2.6)

or

fm(t) <0 at t = a. (2.7)
We need a relationship between two consecutive polynomials f,, :
Frt®) = Frst®) = fnl®) + Funl)
= LT+ 21y[8(L4+t+ ...+ ™)+ 2/|on

+2t(Lo + [Y[6) (L +t+ ... + ™+ fu(2)
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—Lt™n = 2|y|6(1 +t + ...+t —2|y|on
—2t(Lo + [y|6)(L +t + ...+ ™ 1) — 2|y[on
—26(Lo+ |y[0) (L +t+ ... +t")n+ 2t

= fm(t) +g(t)t"n,
fm+1(t) = fm(t) + g(t)tmﬁ~ (28)

Define function f : [0,1) — R by

m—>00

It then follows from (2.6) and (2.9) that

Joo(t) = f(2). (2.10)
Case (C1) We have by (2.8) that

fm (@) < frnta(t). (2.11)
So, (2.7) holds if
f(t) <0, (2.12)

which is true by the choice of 5.

Case(C2) Then, again (2.11) and (2.12) hold by the choice of o and p.
Case(C4) We have

fm+1(t) S fm(t>7

so (2.7) holds if f1(«) <0, which is true by (C4).
The induction for items (2.5) so the induction for (2.3) is completed too
leading again to the verification of the assertions for m in (2.4) replaced

by .
Next, we introduce the conditions (A) to be used in the semi-local conver-
gence of method (1.2).
Suppose:
(A1) There exist 2o € D, 7 > 0 such that Ay # 0 and || Ay F(zo)| < n.
(A2) There exists Ly > 0 such that ||Ag"(F'(v) — F'(z0))|| < Lo|jv — x| for
all v € D. Set Dy = U(xy, L%J) ND.
(A3) There exist L > 0,6 > 0 such that || Ay (F'(v) — F'(w))|| < L||v —w| and

145 (F () = F(@o))|| < 8llv = o,

for all v,w € Dy.

(A4) Conditions of Lemma 2.1 or Lemma 2.2 hold
and

(A5) Ulzo,t*] C D.

Next, we show the semi-local convergence of method (1.2) under the condi-
tions (A).

Notes
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Theorem 2.3 Suppose that conditions (A) hold. Then, sequence {x,} gen-
erated by method (1.2) is well defined remains in U(zg,t*) and converges to a
solution of equation (1.1) such that z* € Ulxg, t*].

Proof. Mathematical induction is used to show
[ens1 = Tnll < tng1 — ta- (2.13)
This estiamte holds by (A1) and (1.2) for n = 0. Indeed, we have
|21 = zol| = |Ag Flao)l| = =t1 —to <1,
so x1 € U(xg,t*). Suppose (2.13) holds for all values of m smaller or equal to

n — 1. Next, we show A,,+1 # 0. Using the definition of A,,11, (A2), (A3) we
get in turn that

[AG (Amyr — Al = 145 (F'(@n11) = YF (@mia1) — F'(20) + 7F (20))
< NAGHEF (@mgr) = F' (o)l + VI Ag (F(@my1) — Fzo))l|
< Lollemsr — @oll + [7l6]|lzmsr — ol
< Lo(tmt1 — to) + |70 (tms1 — to)

where we also used by the induction hypotheses that
[2mi1 —zoll < N#mer — 2wl + 2m — 2l + .. 4 21 — 20|
< lmg1 —to = tmgr <t

80 Tm41 € U(zo,t*). It also follows from (2.14) that A,,+1 # 0 and

1
1
Apll <
mea Aoll < 1 — (Lo + |[v|0m+1)

1A (2.15)

by the Banach lemma on inverses of functions [8]. Moreover, we can write by
method (1.2):

F(mi1) = F(xmir) — F(zm) — F/(xm)(xm-&-l —Zm) + 'YF/(xm)(xm-&-l - Tp),
(2.16)

since F () = —(F'(zm) —7F(Tm))(@m+1—Tm)- By (A3) and (2.16), we obtain
in turn

47 Pl < 1 [ A5 o+ 0z — )
)01 — )|
HAG F @) st =
< Slemes = oml?

N (IAG " (F(@m+1) = F(zo)ll + |45 F (o) D |21 — |

(Lo + [7[6)tms1 <1, (2.14)
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L
g(tm+1 — tm)? + YO l|2mt1 = zoll + 1) (tms1 — tm)

IN

L 2
*tm *tm
S (bt = t)

Y Otmsr +0) (g1 — tim)- (2.17)

It then follows from (1.2), (2.15) and (2.17) that

@ave — Tl < 1A Aol 4G F @)l < tge — tasr,  (218)

and

[Zmy2 — w0l < |Tmie — Zmsr | + [[Tme1 — o

< g2 =t Flme1 —to =ty < t*. (219)

But sequence {t,,} is fundamental. So, sequence {z,,} is fundamental too (by
(2.18)), so it converges to some x* € Ulxg,t*]. By letting m — oo in (2.17),
we deduce that F(z*) = 0.

Next, we present a uniqueness of the solution result for equation (1.1).

Proposition 2.4 Suppose
(1) There exists xo € D, K > 0 such that F'(zo) # 0 and

1F" (0) ™  (F" (v) = F' (o)) || < Kllv — o (2.20)

for allv € D.
(2) The point x* € Ulxg,a] C D is a simple solution of equation F(x) =0 for
some a > 0.
(3) There exists b > a such that
K(a+b) <2.

Set B = Ulxg,b] N D. Then, the only solution of equation F(xz) =0 in B is x*.

Proof. Set M = fol F'(2* 4 0(z* — 2*))d for some z € B with F(z*) = 0. Then,
in view of (2.20)

1F" (o)~ (M = F'(wo))|| < K/O (1= 0)||lwo — ™[] + O|zo — 27|))dO

K
< Sla+b <1,

so, z* = x* follows from M # 0 and M (2* —2*) = F(z*) — F(z*)=0—-0=0.

Notes
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[II. LocaL CONVERGENCE
Let By, 8 and B; be positive parameters. Set
B2 = Bo + 16|51

Define function A : [0, é) — R by

Bt Rl

M0 = 50— T A0

Suppose this function has a minimal zero p € (0, é) We shall use conditions
(H). Suppose:

(H1) The point z* € D is a simple solution of equation (1.1).

(H2) There exists Sy > 0 such that

[F(2) " (F" (v) = F'(2")]| < Bollo — 27|

for all v € D. Set Dy = U(z*, 5-) N D.

(H3) There exist § > 0,57 > 0 such that

[F' ()~ (F' (v) = F'(w))|| < Bllv — w]|
and

IF" (@)~ (F(v) = F@))] < Billv — 27

for all v,w € Ds.

(H4) Function h(t) — 1 has a minimal solution p € (0, 1).
and

(H5) Ulz*, p] C D.
Notice that A(z*) = F’(x*). Then, we get the estimates

IF" (@) (F () = vF (wn) = F'(a%) + v F (27|

< F' @) THE (@) = F' @)+ WIF (@) 7 EF (@) — F()
< Bollem — || + [v[Brllwm — 7|
= Ballwm — 27| < Bop <1,
[F (@) (A = F'(@n))ll = F' (@) (F (@) = vF () = F'(2m))|
= WlIF @) Flen)
< lBillem — 2,
Tmi1 — 2% = T — 2" = F' (@) F(@m) + F' (1) " F(@m) — Ap F(2m)

= (tm =" = F'(@m) " Fzm) + (F'(@n) ™ = AZDF(2)

= (xm—2* — F'(2,) ' F(z,))

HF () " (A = F' (@) A F (),
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leading to

Bllam — |2
2(1 = Bollwm — =)

s — "] <

Btz — 2|2

_l’_
(1= Bollzm —2*[)(A = Ballzm — z*[)
< h(p)||zm —z¥|| = ||lxm — =¥ < p.
(lom =2l = llom — "] Notos
So, we get
[zm+1 — 2% < p(llzm —2*||) < p, p= h(|lzo — z7|) (3.1)

and x,+1 € U(x™, p). Hence, we conclude by (3.1) that lim,, o z,, = z*.
Therefore, we arrive at the local convergence result for method (1.2).

Theorem 3.1 Under conditions (H) further suppose that xo € U(z*,p).
Then, sequence {x,} generated by method (1.2) is well defined in U(xo,p), re-
mains in U(xg, p) and converges to x*.

Next, we present a uniqueness of the solution result for equation (1.2).
Proposition 3.2 Suppose
(1) The point x* is a simple solution of equation F(x) =0 in U(z*,7) C D for
some T > 0.
(2) Condition (H2) holds.
(8) There exists T* > T such that
507'* < 2.
Set By = Ulxzg, 7] N D. Then, the only solution of equation (1.1) in By is x*.

Proof. Set M, = fol F'(z* 4+ 0(z* — 2*))d for some z* € By with F(z*) = 0.
Then, using (H2), we get in turn that

1
IF" (@)~ (My = F'(@)]| - < /0(1*9)||2**w*||d9

o
2

IN

<1,

so, z* = z* follows from M; # 0 and M;(z* —2*) = F(z*) - F(z*) =0-0=0.

[V. NUMERICAL EXAMPLE

We verify convergence criteria using method (1.2) for v =0, so § = 0.

Example 4.1 (Semi-local case) Let us consider a scalar function F defined
on the set D = Ulxg,1 — q] for q € (0, %) by

F(x)=2°—q.
Choose x¢g = 1. Then, we obtain the estimates n = I%q,
|[F' (o) N (F' () = F'(20))| = |a* — |
< 2+ @ollz — @0l < (lz — @o| + 2Jao)[z — zo
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= (1-=q¢+2)z—x0|=3B—9q)|x— 0],

for allx € D, so Ly =3 — q, DozU(a;O,LLO)ﬁD:U(gUO’LLO)7

|F' (o) 7 (F'(y) = F'(2)] = |y* =2

IN

(ly = ol + |z — ol + 2|mo|)|y — =
< (-

Lo Lo
forall z,y € D and so L = 2(1 + %0)

Next, set y =z — F'(x)" F(z),2 € D. Then, we have

- 52% +q
322

y+r=x—F(z) 'F(z) +x

Define fundtion F on the interval D = [q,2 — q] by

_ 523 + ¢
F(z) = .
(@) ==
Then, we get by this definition that
_ 15z* — 62q
F’ = —
(z) o7

5(z — q)(2® + 2q+ ¢°)
33 ’

5

where p = i/—q is the critical point of function F. Notice that ¢ <p <2 —q. It
follows that this function is decreasing on the interval (q,p) and increasing on

ly + 2|y — 2| < (Jy — x0 + 2 — 20 + 220) ||y — 2|

1 1
Tt Ay -2l =200+ )y —al,
0

the interval (q,2 — q), since x> +xq + ¢*> > 0 and 23 > 0. So, we can set

52—-¢q)%+q

K =
2 9(2 - ¢)?

and
Ky < Ly.

ButifoDo:[lfLio,lJrL%], then

50° 4+ q
902 "’

L=

where o = ;L%Z and K < K for all q € (0, %) For g = 0.45, we have

n 1 2 3 4 5
tn 0.1835 | 0.2712 | 0.5061 | 0.3138 | 0.3142 | 0.5142
(Lo + |1]0)tns1 | 04675 | 0.6916 | 0.7804 | 0.8001 | 0.8011 | 0.8011

Thus condition (2.2) satisfied.
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Example 4.2 Let F: [-1,1] — R be defined by

Flz)=e"—1
Then, we have for x* = 0,0p=¢e¢— 1,8 = e and B1 = 0. So, we have
p = 0.3827.
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