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Certain Oberhettinger’s Integrals Associated
with Product of General Polynomials and
Incomplete H- Function

Harshita Garg

Abstract- In this paper, we developed Oberhettinger's integral formulas containing the product of general
polynomials and incomplete H-functions. These integral formulas are very useful to obtain the Mellin transform
of various simpler special functions. The Mellin transform of special functions find their applications in
mathematical statistics, number theory and the theory of asymptotic expansions. The main findings of the
present work are very useful in solving the problems arising in digital signals, image processing, finance and
ship target recognition by sonar system and radar signals.
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. [NTRODUCTION

Several integral formulas containing generalized special functions have been
explored by many authors F15]. These integrals play a focal role in solving
scientific and engineering problems. Here we develop Oberhettinger’s integral formulas
containing the product of general polynomials and incomplete H- functions. Many
authors established several unified integral formulas containing a various kind of special
functions [6-8]. The findings of this work are general in nature and very useful in science,
engineering and finance. Here we find some special cases by specializing the parameters
of general polynomials and incomplete H-functions (for example, Fox’s H-function,
Incomplete Fox-Wright functions, Fox-Wright functions and incomplete generalized
hypergeometric functions) and also listed few known results. The main results of this
work are very useful in solving the problems arising in digital signals, image processing,
finance and ship target recognition by sonar system and radar signals [9-12].

The incomplete Gamma functions I" (&, z) and Y (&, z) are defined as following:

Y (§2) = [ t5 e tat (R(&)>0;z=0) (D)
And

[z = [ tle tde (z=0; R(¢) > 0when z = 0) )
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Respectively, satisfy the decomposition formula given by:

I'Ez)+YEz)=T® (R() > 0) ... (3)
The condition which we have used on the parameter z in and anywhere else in this paper is
unrestricted of R(x) (xe C).
The incomplete generalized hypergeometric functions .I'; and .y, are defined by Srivastava et
al. [13] in terms of incomplete Gamma functions I'(s,z) and Y (s, z) as following:
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Where Zis the Mellin- Barnes type contour having T-ico as the starting point and CT+ioo (T € R) as
the end point with the usual indentations to separate a set of poles from another of the integrand
in each and every case.

The incomplete H- function yec"f (x)and ij (x)are introduced by Srivastava et. Al. [14] as
following:
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The incomplete H- functions y:{ (x)and Ty (X)in (6) and (7) respectively exists for all z>0

under the same set of conditions and same set of contour stated in the articles presented by
Kilbas et al. [15], Mathai and Saxena [16] and Mathai et al. [17].

Some special cases of incomplete H-function are as following:
(i)
d

If we take z=0 in (6), then the incomplete H- function I';’{ (X) reduces to Fox’s H-function [18].

rjf{x

(i) If we take c=1, d=e and replace f by f+1 and take suitable parameter, then the function (6)
and (7) reduces to incomplete Fox-Wright function (" and P! (for details see [14]).

(ul,Ul),(uz,Uz),...,(ue,Ue) ... (8)

0L AT b,
T (v, V) (vy, Y, ) (VL V

(V1’V1)’ (Vz WV, )’---' (Vf Vi )
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(1U1'U1'Z)'(1Uj,Uj)z,e}eq,f(r){(ul’ul'Z)’(uj’gj)le;x} ... (9)
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(iii)

If we take z=0 in (9), then incomplete Fox-Wright function P reduces to well-known Fox-
Wright function \¥, (for details see [18]).
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et (VV)
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(v,

N

(iv) If we take Uj =V =1 (j=1,...,e, k=1,...,) in (9) and (10), then incomplete Fox-Wright
function reduces to the incomplete generallzed hypergeometric functions .y, and I, (see [13]).

PO (ul’l’z)'(uj’fl')z,e; T, (ul’z)’u27""ue;x .. (12)
(Vj’l)l,f’ Vy,e Vo
And
(UL z)(u; ), (Uy,Z), Uy U,
pn |t e |- L Eh T ter 13
et { (vj,l)“; e/ V.V (13)
The general polynomials are defined by Srivastava [19] as following:
[n/m] [ne/me] (—p -n
SR UTIRE ) Sy 3 el LR L T PP 1 R eV
a=0  a,=0 a: ag:
Where nj =0, 1, 2... Vi=(1,..,8); m,..,m, are arbitrary positive integers and the coefficients

Aln,, a;...;Nng, e ] are arbltrary constants real or complex.

In this paper we use the following integral formula [20],

Ty“(y+k+\/y+72k) dy = 221({2) D2 - 5) - (19)

'd+7+9)
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[I. THE MAIN INTEGRAL FORMULA

In this section we obtain Oberhettinger’s integral formulas containing product of
incomplete H -function and general polynomials. These integral formulas are very useful
to obtain the Mellin transform of several simpler special functions.

Theorem 1: If T, 3 € C with 0 <R () <R (T) and y>0, then the following integral
formula holds:

v y+ ke ly? +2ky) 50 { 4 5

y+k+\/y2+2ky) (y+k+\/y2+2ky)

O ey 8

3 71‘*2 a;

(ul,Ul,Z) (U,Uj)zﬁdy_zwk = 1(20)
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k (vj,Vj)lvf,(l—r—Zai,lj,(—r—Zai —5,1] ... (16)

All the conditions of incomplete H- function I} 4(x)in (6) are satisfied.

Proof: Let the left hand side of the assertion (16) is denoted by A and using (6) and (14) in the
left hand side of (16), we get

S

- [, /m,] [n Im (—n n
A= Iy5l(y+k+\/y + 2k ) - l)mlal“'( )mas Alng, ag).ong, o]
0

0:5—0 Oll I o I

a a e
tl ts 1 X
{(er k+y? +2ky)} L(y+ k++y*+ 2ky)] zﬂl!((er k+4y? +2ky)} (& zydsdy

Where (&, z) is defined in (6).

Now changing the order of summation, integration and contour integral involved therein (which
is permissible under the stated conditions), we get
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Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function Notes
o (X), we get the result (16).

Theorem- 2

Ifc, 6 € Cwith 0 <R (8) <R (T) and y > 0, then the following integral formula holds:
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All the conditions of incomplete H- function 75"? (x)in (7) are satisfied.

Proof: Let the left hand side of the assertion (17) is denoted by A and using (7) and (14) in the
left hand side of (17), we get
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Where F (&, z) is defined in (7)

Now changing the order of summation, integration and contour integral involved therein (which

is permissible under the stated conditions), we get

[n/m] [ng/mg] (_nl)ma (_ns)
1

A=y

=0 a;=0 al ' as I
Notes

Jy={y+ kv w2y dyag
0

T A[nl,al;...;ns,as].tl"l....ts"‘iij'F(f. Z)X*
2y

Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function

y24(x), we get the result (17).

[TI.  SpreciaL CASES

In this section, we obtain some interesting special cases of main results (16) and (17).

0) If T, 8 € C with 0 <R(8) <R(T) and y > 0 and incomplete H-function reduces
into incomplete hypergeometric function with the help of (12) and (13), then the

following integral formula occurs:
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S
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Given that both integrals exist.

Proof: Again if we take U; =Vj=1in (16) and (17), we get the required results.

And

(i) Ifc, 8 € C with 0 <R(8) <R(T) and y > 0 and incomplete H-function reduces

into incomplete Wright functions, then the following integral formula occurs:

Tym(“k*mysn’i‘f:"nf[( i t
0 y

K4y + 2ky)’m’ (y+ k +\/Sy2 + 2ky)

)

F'r(2s)

.e“Pﬁl")[(ul’Ul'Z)’(UJ"Ui)ze; X

5
dy =27k
(Vj’Vj )1,f; (y+k+w/y2 +2kyﬂ d

[n/m]  [ng/mg] (_nl)

(-n,)
M AN, @ NG o J
=0 a;=0 al! s!

ol (u,U,,2), (uj,uj)Zye,(1+r+zs“ai D+ a-61)
- i=1 i=1
e+2 & 42 k

(vj,Vj)lvf,(T+ZS:ai,1),(l+r+ZS:0!i+5,1) ... (20)

Ty‘” (y vk y? 2ky) s { ( : t
0

y+k+4y? + 2ky)’m’ (y+ k Jr\/sy2 + 2ky)

© 2022 Global Journals

Notes



s

(u,U,,2),(u,U,), X oY
€ dy=2""k = I'(26
Vi Vl)lf (y+k+\/y2+2ky) g (@)

()
'eLPf

a th. s

[ny/m]  [ng/mg] (_nl)m1a1 (_ns)msocS A[n a
] ' 11 1’

ol

| " S 1
=0 a;=0 al - s

Notes
.U, 2) (uj,Uj)zye,(l+T+izsllai 1), (r+izsl:ai ~51)

|2
v,V e+ Y D, e+ Y o+ 8
' i=1 i=1

e+2 - f42 k

. (2D)

Given that each member of assertion (20) and (21) are exist.

Proof: with the help of (9) and (10), we get the above results.

(i)  Ifc, 8 € Cwith 0 <R(3) <R(T), y >0 and incomplete H-function reduces into
Fox-Wright generalized hypergeometric function and general polynomials
reduces into unity, then the following integral formula holds:

y‘”(y+k+\/y + 2k ) ‘P[ J’V )“ X )]dyzzwk‘”l“(%)

J)lf (y+k+\/y + 2Ky

O ey 8

. (22)

(v,.v,) (D) @+7+570)

ins?

x|lu;U;), @+ 7). —5,1)}

s P
e+2 f+2|:k

Given that each member of assertion (22) is exist.

Proof: Let general polynomials reduces into unity and with the help of (11), we get the above
result.

[V. CONCLUSIONS

In this paper, we obtained some engrossing integrals containing the product of incomp-
lete H-function and general polynomials, which are expressed in terms of incomplete H-
functions. We have also given some special cases by specializing the parameters of general
polynomials and incomplete H-functions (Incomplete Fox-Wright functions, incomplete hyper-
geometric  functions, Fox - Wright generalized hypergeometric functions). These results
are general in nature and very useful in science, engineering and finance.

© 2022 Global Journals

Global Journal of Science Frontier Research (F) Volume XXII Issue I Version I E Year 2022



Global Journal of Science Frontier Research (F) Volume XXII Issue I Version I E Year 2022

10.

11.

12

13.

14.

15.

16.

REFERENCES REFERENCES REFERENCIAS

. Bansal, M.K., Choi, J. A Note on Pathway Fractional Integral Formulas

Associated with the Incomplete H- Functions. Int. J. Appl. Comput. Math.
2019,5,133. [CrossRef]

Bansal, M.K., Jolly, N., Jain, R. Kumar, D. An integral operator involving
generalized Mittag-Leffler function and associated fractional calculus results
J.Anal.2019, 27,727-740. [Cross Ref]

Chaurasia, V.B.L., Kumar, D. The integration of certain product involving
special functions. Sci. Ser. A Math. Sci. 2010, 19, 7-12.

Chaurasia, V.B.L., Singh, J. Certain integral properties pertaining to special
functions. Sci. Ser. A Math. Sci. 2010, 19, 1-6.

Kumar, D., Ayant, F. A new class of integrals involving generalized
hypergeometric function and multivariable Aleph-function. Kragujevac J.
Math. 2020, 44, 539-550.

Brychkov, Y.A. Handbook of Special Functions, Derivatives, Integrals, Series
and Other formulas, CRC Press, Boca Raton, FL, USA,2008.

Garg, M., Mittal, S. On a new unified integral. Proc. Indian Acad. Sci. 2004,
114, 99-101. [Cross Ref]

Srivastava, H.M., Exton, H. A generalization of the Weber-Schafheitlin
integral. J. Reine Angew. Math.1979, 309, 1-6.

Epstein, B. Some Applications of the Mellin Transform in statistics.
Ann.Math.Stat. 1948, 19, 370-379.[CrossRef]

Yao K. Spherically Invariant Random Processes, Theory and Applications. In
communications, information and Network security, The Springer
International series in Engineering and computer science(Communications
and Information Theory); Bhagava, V.K., Poor, H.V., Tarokh V., Yoon, S.,
Eds.; Springer: Berlin/Heidelberg, Germany, 2003; Volume 712, pp. 315-332.
Yao,K., Simon, M.K., Biglieri,E. A Unified Theory on Wireless
Communications Fading Statistics based on SIRP. In Proceedings of the fifth
IEEE Workshop on Signal Processing Advances in Wireless Communications,
Lisbon, Portugal, 11-14, July 2004, pp. 134-139.

. Chaurasia, V.B.L., Kumar, D. Applications of special functions, and SIRP in

Wireless Communication Fading statistics. Glob. J. Sci. Front.Res.2010, 10,
14-19.

Srivastava, H.M., Chaudhary, M.A., Agarwal, R.P. The Incomplete
Pochhamer symbols and Their Applications to Hypergeometric and Related
Functions. Integral Transform. Spec. Funct. 2012, 23, 659-683.[CrossRef]
Srivastava, H.M., Saxena, R.K., Parmar, R.K. Some families of the
Incomplete Hfunctions and the Incomplete H -functions and Associated
Integral Transforms and Operators of Fractional Caalculus with Applications.
Russ.J.Math.Phys. 2018, 25, 116-138.[CrossRef]

Kilbas, A.A., Srivastava, H.M. Trujillo, J.J. Theory and Applications of
Fractional Differential Equations; (North-Holland Mathematical Studies);

Elsevier(North Holland) Science Publishers: Amsterdam, The Netherland’
London, UK, New York, NY, USA, 2006, P.204.

Mathai, A.M., Saxena, R.K. The H function with Applications in Statistics
other Disciplines; Wiley Eastern, New Delhi, India; Wiley Halsted: New York,
NY, USA, 1978.

© 2022 Global Journals

Notes



17. Mathai, A.M., Saxena, R.K., Haubold, H.J. The H Function: Theory and
Applications; Springer; New York, NY, USA, 2009.

18. Srivastava, H.M., Gupta, K.C., Goyal, S.P. The H- Functions of One and
Two Variables with Applications, South Asian Publishers, New Delhi, India,
1982.

19. Srivastava, H.M., A multilinear generating function for the Konhauser sets of
biorthogonal polynomials suggested by the Laguerre polynomials, Pacific J.

Notes Math. 1985, 117, 183-191. Oberhettinger, F. Tables of Mellin Transforms,

Springer, New York, NY, USA, 1974.

© 2022 Global Journals

Global Journal of Science Frontier Research (F) Volume XXII Issue I Version I E Year 2022



	Certain Oberhettinger’s Integrals Associated with Product of General Polynomials and Incomplete H- Function
	Author
	Keywords
	I. Introduction
	II. The Main Integral Formula
	III. Special Cases
	IV. Conclusions
	References Références Referencias

