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Absiract- We formulate a supply-chain problem by:(1)casting it in the model of critical-path analysis as defined by
predecessor/successor relations, and (2)allowing for mutual dependency among the activity nodes and applying
Leontief’s input-output structure.

Keywords: scheduling bottleneck, network disruption, pandemic disequilibria.

[. [NTRODUCTION

Issue 1 Version I

Recent global supply-chain problems have received acute attention from every
corner on the planet. While ad hoc ex-post analyses are perhaps timely[l], [2],
preventative ex-ante treatments are more fundamental. Standard topics of supply chain
management include: the bullwhip effect, vertical integration, and point-by-point
statistical ~control[3];this paper seeks to add to the list the critical paths
method(CPM)[4], [5] (for applications of CPM, cf. [6], [7]), which bears the common
construct of a partially ordered set. In addition, we extend the scope of a directed tree
of uni-directional edges/paths connecting all the vertices/nodes[8], [9], to a network of
mutually dependent economic agents, which then readily leads to Leontief’s input-
output table for the gross domestic product (GDP) [10].As such, Section 2 below will
connect CPM to a supply-chain problem, and Section 3 will show how an input-output
analysis can address a global disruption over an economy, where we will incorporate the
apparatus of elasticities of substitution, proportional changes in the ratio of two factors
due to a change in the ratio of their prices. Section 4 will draw a summary.

Frontier Research (F) Volume XXII

[I. SupprLy CHAIN BY CPM

Let Az{ai|i =12,---,ne N—{l}} be a set of activities with strict partial order
relations <, where "a, <@ " denotes a; being a predecessor of @, and denote the set of
all the largest elements of A by L, which have no successors. By Hausdorff maximum

Global Journal of Science

principle [11], there exists a maximal simply ordered subset B, of A that has its largest

element a el ;ie., B, is a critical path.

approaches, Int. J. Prod. Res., 38 (9), 2000, 2099-2123.

Next, collect all these critical paths {Bm} and conduct the usual CPM analysis
for each B_[6]; then one arrives at a complete set of optimal solutions for a supply-
chain problem.

5. Wei, J. and Krajewski, L., A model for comparing supply chain schedule integration
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[1I.  SurprLy CHAIN BY INPUT-OUTPUT ANALYSIS

Let A= (31j )n ) be a matrix of the trading values of economic agent 7 sold to agent

Jin GDP. Obtain the row sums Zn:aﬁ, Vvi=12,---,n; analogously, obtain the column sums
= n n

i%vj —1,2,...,n. Measure the economic value of agentk by (Zaw +Za1kJEVk’ k=12,--n,

=) j=1 i=1

which represents the total trade value of %, analogous to the sum of exports and

imports of an economy.

Next, let %, = (aij) be a matrix of elasticities of substitution between

! nxn—k

inputs 7 and j for producer k&, k=1,2,---,n, where o

i« =1 and oy, =0;,. Analogously,

let Spue X E(Sﬁ )nxnﬁk be a matrix of elasticities of substitution between outputs 7

and j for consumer &, k=1,2,---,n, where §,, =1 and §;, =S;,.

Fix k& as a producer; measure its inputs substitutability by the product of the

output k

elements of the upper triangular sub-matrix of X,

, orIl,_;oy.; analogously,
measure the outputs substitutability for consumer & by IT,_;§;,;now combine these two
measures of substitutability for 4 as a producer and as a consumer by
(H. Ok 'Hi<j$j;k)E§k' Finally, measure the economic significance of &k by v, /& =y,,and

i<j

establish a decreasing sequence <7’k.> ,by which one can address an economy-wide
i/ j=1,2,-n

supply chain problem more a propos, in particular, paying special attention to the case
of y, =oo.
IV.  SUMMARY

As has been observed in recent years, there are mainly three kinds of situations
that disrupt a general economy: that due to labor shortage for certain specific tasks,
that due to the lack of special components in a production process, and that due to
disparate outlet distributions when the same commodity does not have a universal
availability; all these problems can be alleviated or even prevented by an ex-ante

detailed CPM analysis. The Covid-19 pandemic has inflicted losses of GDP’s across
countries of different degrees; here we contend that by conducting an input-output
analysis as outlined above, the public sectors of an economy may act to balance supply
and demand strategically over the markets. In summary, this paper has presented two
methodologies for dealing with a supply-chain problem. Future studies might pursue
Gantt Charts for all the commonly experienced supply chain problems as well as an
estimation of the elasticities of substitution in the frame of the above conducted
Leontief input-output analyses.
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Bianchi Type-I Anisotropic String Cosmological Models in the
Chassis of Normal Gauge for Lyra's Manifold with Variable
Deceleration Parameter

By Shilpi Singhal & Vandna Srivastava

Abstract- Present paper is the study of the anisotropic spatially Bianchi type-l (B-I) homgeneous
cosmological models in the chassis of normal gauge for Lyra's manifold. A deterministic solution
has been obtained by taking de- celeration parameter to be dependent on time which results in
average scale factor a(t) = [sinh(at)]® has been obtained. Modified field equations given by
Einstein for the homogeneous Binachi Type | metric are solved. Our models are in accelerating
phase which is consistent to the recent observations. It has been found that the displacement
vector 8 behaves like cosmological term A in the normal gauge treatment and the solutions are
consistent with recent observations of SNe la. It has been found that massive strings dominate in
the decelerating universe whereas strings dominate in the accelerating universe. The strings
dominate in the early universe and eventually disappear from the universe for sufficiently large
times. This is in consistent with the current observations. Some physical and geometric
behaviour of these models are also discussed.
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Bianchi Type-| Anisotropic String

Cosmological Models in the Chassis of

Variable Deceleration Parameter

Shilpi Singhal * & Vandna Srivastava °

Abstract- Present paper is the study of the anisotropic spatially Bianchi type-lI (B-I)
homgeneous cosmological models in the chassis of normal gauge for Lyra's manifold. A
deterministic solution has been obtained by taking de- celeration paramleter to be
dependent on time which results in average scale factor a(t) = [sinh(at)]™ has been
obtained. Modified field equations given by Einstein for the homogeneous Binachi Type
I metric are solved. Our models are in accelerating phase which is consistent to the
recent observations. It has been found that the displacement vector 3 behaves like
cosmological term A in the normal gauge treatment and the solutions are consistent with
recent observations of SNe la. It has been found that massive strings dominate in the
decelerating universe whereas strings dominate in the accelerating universe. The strings
dominate in the early universe and eventually disappear from the universe for sufficiently
large times. This is in consistent with the current observations. Some physical and
geometric behaviour of these models are also discussed.

. [NTRODUCTION

Binachi type-I cosmological models are analogous and anisotropic in nature
and also which gives physically and geometrically better structure and inturn
helps in describingand understanding the physical properties of early universe.
Binachi-I give rise to an ellipsoidal structure of the universe inspite of infla-
tion.It has been evident by many theories that the universe is accelerating [1-8].
Recent observations of large scale distribution of galaxies and supernovae , a
negative-gravity like substance known as dark energy seems to dominate the
Universe [8-18], which accelerates the rate at which the universe is expanding.
As the universe expands the dark energy clusters more weakly than matter and
also dilutes more slowly than matter. Present time rate of expansion is given
by Hubble parameter H whereas expansion of current observable universe is
speeding up is given by deceleration parameter.These are vital observational
parameters for analysing various properties of any cosmological structures.The
time dependence of deceleration parameter and its effect on various cosmologi-

Author a: Department of Mathematics, DIT University, Dehradun-248001, India.

e-mail: shilpi.singhal@dituniversity.edu.in

Author o: Department of Mathematics, Applied Sciences, MIET, Meerut-250005, Uttar Pradesh, India.
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Normal Gauge for Lyra's Manifold with
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cal models has also been analysed by Pradhan et al. [19]. Time dependence of
deceleration parameter q is in concurrence with the present study of escalting
universe

[[. FieLD EQUATIONS AND METRIC

Considering totally anisotropic B-I metric,
ds* = A%dz® + B?dy® + C%dz* — dt?, (1)

Here A, B and C' are the metric potentials.
The energy-momentum tensor for massive string jn perfect fluid is

TV = —Xz;@? + pgl + (p + p)o?, (2)
Isotropic pressure is given by p; Rest energy density for the strings is given by
p ; is tension density of string is given by A; x* represents unit space-like vector
and v’ is the particle’s four-velocity where 22 = 0 = 2% = 2% and 2! # 0. Also

vvt = —zxt = —1, vz = 0. (3)

let
zt = (A71,0,0,0). (4)

and
p=A+ pp. (5)

where represents particle density is being represented by p, In normal gauge,
the field equations has been obtained by Sen [4] and given as

1. 3 . 3. .
R} = Sgl R+ S6i' — Jglone" = —8nT}, (6)

The field equation given by Einstein (6) with (2) for the metric (1)will result in:

BC 3 B C

R 72 J— —_— — =

BC+4/B +B—|-C+p A=0, (7)
CA 3, A C

a‘f’iﬁ +Z+5+p—0, (8)
AB 3, A B

E—Fiﬂ +Z+§+p—0, (9)

AB BC CA 3,
a8 seteati? = (10)

Tf ;=0 will give

A B C . A
(p+p) A+B+C>+p__A’ (11)

I{d

61
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simultaneously Right hand side of Eq. (6) gives

<RJ — 5 R) - g G Z (gfqﬁmk)U =0. (12)

’,

Equation (12)gives

&

o’
e

Sgl¢ {(%‘“ &l }—o (13)

Eq. (13) reduces to

44
B 76(%965’ 4)+¢4F34] + 9" ¢4 [ Py }— m[ 00+ s }
1 9
59ig"10" [514 —¢4Fj§4} =0. (14)
which gives
, A B C\ .
B A+B+C>——ﬂﬁ. (15)

[II.  SoOLuTIONS OF THE FIELD EQUATIONS

There are five equations from (7)-(10) and (15)where), p, p, 8 which are the
cosmological parameters and A, B C' metric potentials are the unknowns. For
finding its explicit solution Firstly we assumed that the expansion scalar (0)of
cosmological constant is directly proportionate to the integrant o', of the shear
tensor o7, which will give following relation:

Aw = BC, (16)
where m is any positive value which is well explained by Thorne [79]. Also
o <0.3H

For spatially homogeneous metric, Collins et al. [82] have found out,that the
ratio of o which gives normal congruence of any cosmological model to the 6
which gives homogeneous expansion of the model is constant i.e. 7 is constant.

The Hubble parameter is
A B ¢

Next, we take decelaration parameter to be time dependent

which results in

a = [sinh(at)]/" (19)
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also we know

a® =V = ABC (20)
Subtracting (8) from (9), and taking integral twice, we obtain
B —1
ol kyexplks | (ABC)™ dt], (21)

where ki and ks are the constants.

Solving the equations (16), (19) and (21), we get

A = sinh(at) 7D, (22)

B = \/ky sinh(at) 707D exp[%]F(t) : (23)
1 . 3 —kg

C = —= sinh(at) 7 FD exp[——]F () (24)

Vi 2

Hence the model (1) will result in
ds* = sinh(at) D da? + oy sinh(a — dt?t) T explka F(t)]dy?

-|-ki sinh(at) Z T T) exp|—ko F'(t)]d22. (25)
1

Now solving Eq. (15)results 8 =0 or B (% + % + %) = 0. which results in

. A B C
B+8 A+B+C>O’ (26)
which leads to
B 3a
=~ + — coth =0. 2
5+ ncot (at) =0 (27)
Integrating Eq. (27), we obtain
8= [sinh(ozt)]_%7 (28)
where k is an constant.
V = (AB?) = a*(t) = [sinh(at)]?/™ (29)

The Hubble parameter for our derived model is given by
e}
H = —coth(at) (30)
n

Also,
q+1=n(1—tanh?at) (31)

© 2022 Global Journals
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here n and « are positive. The value of ¢ which is a time dependent parameter
defines the nature of the universe. From Eq.[31] we can see that ¢ > 0 when

tanh(at) < (@)% and ¢ < 0 when tanh(at) > (@)% . Current studies,

n
suggests that the present universe is escalating and value of deceleration param-

eter lies between the interval of —1 < ¢ < 0.Currently (t9 = 12.36Gyr) with
(go = —0.52) (Amirshashchi et al.)(Yu,Ratna and Wang) based on OHD+JLA
Data, we have the following equation for o and n.

Rt ato = tanh ™! {1 _ *1;‘10 )} : (32)

here the current value of H is denoted by Hy and the present age of universe
by to . We consider the three cases based on different data:

1 » 0.48\1%
- Y e 33
= Ta.360mh { ( n )] (33)

For the present Universe,it is quite clear that the model holds good for n > 0.48.

It has been observed by Halford [4] that the cosmological constant A and
displacement field ¢; in Lyra’s manifold behaves in same manner . From Eq.
(28), B(T) which is the displacement vector reduces with the rise of cosmic
time when kandn are positive and at large times it attains a very small positive
value. Recent observations of cosmological bodies Riess et al. [99, 100]; SNe Ia
(Garnavich et al. [94, 95];Schmidt et al. [101]); Perlmutter et al. [96]—[98]; sug-
gest that cosmological constant is positive A having value A(Gh/c?) ~ 107123,
B(T) so obtained in our derived cosmological model is in consensus with recent
observations.

The equations for various parameters (p), (p),(A) and (p,) for our model (?7?)
are given by

 —3sinh(at) 2/ —(1 +m)2n?— (=3 + 4n + 4m¥—3 + 2n) + 6m(—1 + 2n))a? sinh(at)®/™)

Halford, W.D.: Austr. J. Phys. 23, 863 (1970).

= 8(1 4+ m)?n?
(34)
_ —3sinh(at) 2G4/ cosh(2at) (1 + m)?n? + 3(1 + 2m + 4m?)a? sinh(at)6/n)
Pz = 8(1 4+ m)?n?
(35)
P =p1+Dp2
3sinh(at)=2G3+m)/n (—(1 +m)%n2—(3—4n+ 2m(—9 + 2n) + 4 m?(—3 + 2n))a? sinh(at))
- Pr1 = 8(1+ m)?n?
(36)
_ 3sinh(at) 23T/ Meosh(2at)((1 4+ m)?n® + 3(—1 + 6m + 4m?)a? sinh(at))
Pr2 = 8(1+m)2n?
(37)
Pp = Pp1 + Pp2
3(2m — 1)a?(3 — 2n + 3 cosh(2at)cosh?(at))
A= — (38)
4(1 +m)n?
3,3(1 4+ 4m)a? coth®(at) . 6
== h(at)®/" 39
p= 3N RO 4 san) (39)
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Under the appropriate choice of constants the energy density and particle den-
sity satisfies the energy conditions. We can see that at T' = 0 all the cosmological
parameters diverge which implies that the derived model has a uniqueness at
initial time .Uniqueness of this type is a Point Type and is explained by (Mac-
Callum [102]). The cosmological parametersh,p, p, , p, and starts with very
large values. For m < 1 these parameters decreases with the extension of the
current universe.In the starting of universe the values of p, and A were large
implying that strings were dominating the beginning of the universe i.e. at ini-
tial times.At extremely large values of times, the cosmological parameters p,
and A approaches zero which implies that for extremely large values of times
the strings vanishes and because of this the strings are not being detectable in
the present time.

[V. RESULT AND DISCUSSION

We can see from Fiq.1 that for n < 1,our derived model is progressing in escalat-
ing phase whereas for n > 1, the model is progressing from early de-escalating
phase to present escalated phase. It can be seen that our model is evolving only
in an escalted phase (¢ < 0) for assuming n = 0.5 and o = 0.0164 (case I) and

in (case IT) n = 0.75 and o = .0560.this is the value of joint OHD+JLA dataset
used (Amirhashchi et al. [56, 57]).

S025———
—
- N
~
A N
-0.30 N
AN
AN
N
-0.35- A
AN
_ _ _ N\

q ——— Case=1 n=0.05, a=0.0164 N

-0.404|— — Case=1II n=0.75, a=0.056 \\

N\
AN
AN
-0.45
—0450-X

Figure 1: (a)Plot of ¢ to t. Here (a) Case I n = 0.5,a = 0.0164 (b) Casell
n = 0.75,a = 0.0560

Figure.2(a) corresponding to the Eq.30 , Plot of Hubble parameter (H) to
t. H decreases with increase of t. Figure.2(b)depicts the behaviour of spatial
volume V with respect to t. Spatial V increases as cosmic time tends to infinity
and becomes zero at t = 0. From Eq. (36) and fig.3, we can see that isotropic
pressure p increases with the increase of time and p approches to zero for t> 0,
n> .48.

From Eq.(38), We can see that the particle density denoted by p, decreases
with the increase of cosmic time and remains positive i.e. p, > 0 for all time.
Fig.4 is the plot of particle density with respect to time . Here it is to be noted
that p, approaches to zero at large value of times in both cases. It is worth
mentioning that p, is decreasing fastly in case 1 in comparison to case 2.

From Eq.(39), we can also see that the tension density A increases with the
increase of time and it is always A < 0. fig.5 is the plot of string tension density
with respect to time. It can be seen that the A remains negative in both cases.

Ref
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Notes

However, it tends towards infinity for t> 0. fig.6 is the plot of p with respect
to cosmic time.We can see that energy density decreases more sharply in case 1
than 2 with increase of time t and tends to zero as time increases.

104

—— Case=I n=0.5, 0=0.0164

— — Case=1I n=0.75, a=0.0560

0.8

—— Case=1 n=0.5, a=0.0164

06901 Case=1I n=0.75, «=0.056

0.4

0.2

Figure 2: Plot of Hubble Parameter and Volume to ¢t Here (a) Casel n = 0.5, =
0.0164 (b) Casell n = 0.75, a = 0.0560.

V. CONCLUSION

In this paper,Anisotropic spatially homogeneous Bianchi-I cosmological models
with perfect fluid within the chassis of normal gauge in Lyra’s manifold consid-
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Figure 5: Plot of Particle Density p, to t Here (a) Casel n = 0.5, = 0.0164
(b) Casell n = 0.75, « = 0.0560.
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Figure 6: Plot of String Tension A to t Here (a) Casel n = 0.5, = 0.0164 (b)
Casell n = 0.75, « = 0.0560.

We have taken that the normal congruence of the model to the homogeneous
expansion to be constant. i.e.Z = constant. All the physical quantities are

0
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Figure 7: Plot of energy density p to ¢t Here (a) Casel n = 0.5, = 0.0164 (b)
Casell n = 0.75, a = 0.0560.

extremely large at initial time and becomes zero as T" — oo which is a Point
Type uniqueness (MacCallum 1971) at initial time in the derived model.

The derived cosmological model presents the dynamics of strings for various
values of (n,a) = (0.5,0.0164) and (0.75,0.0560) for various modes of advance-
ment of universe . In the beginning of the universe the strings dominates and
at extremely large values of times vanishes which is in concurrence with the
current observations.

Further parameters Isotropic Pressure p, Particle Density p,, energy density
p has been analysed to study their impact with increase in time. The particle
density reduces with the increase of cosmic time and becomes negligible at ex-
tremely large value of times whereas isotropic pressure and is always negative
and at late times it also follows the same pattern and becomes negligible.This
negative sign for the pressure (repulsive force)can be explained as a source of
the escalation at initial time.

The investigation of such cosmological models in the chassis of Lyra’s mani-
fold gives rise to new mode for theoretical formulation for relativistic gravitation
and a new prospect for further analysis in astrophysics and cosmology.
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[. INTRODUCTION

Let F: D C S — S be a differentiable function, where S = R or S = C and
D is an open nonempty set.
We are interested in computing a solution x* of equation

F(z) =0. (L.1)

The point z* is needed in closed form. But this form is attained only in special
cases. That explains why most solution methods for (1.1) are iterative. There
is a plethora of local convergence results for high convergent iterative methods
based on Taylor expansions requiring the existence of higher than one derivatives
not present on these methods. But there is very little work on the semi-local
convergence of these methods or the local convergence using only the derivative
of the operator appearing on these methods. We address these issues using a
method by S. Kumar defined by

2o €D, Tpi1 =Ty — A,_LlF(Jcn)7 (1.2)

where A, = F'(z,,) — vF(xy,), v € S. It was shown in [6] that the order of this

*

method is three and for e,, = z,, — =¥,

ent1 = (v —az)e; +0(e), (1.3)
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(m) (%
where a,, = % FF,(ggf) ), m = 2,3,.... It follows that the convergence requires

the existence of F/, F”', F"' but F”', F""" do not appear on method (1.2). So, these
assumptions limit the applicability of the method. Moreover, no computable
error bounds on |z, — 2*| or uniqueness of the solution results are given.

For example [1]: Let E = E; =R, D = [-0.5,1.5]. Define A on D by

_f Blogt?+t5 —tt ift#£0
W)_{ 0 ift=0.

Then, we get t* = 1, and
N'(t) = 6logt* + 60t> — 24t + 22.

Obviously N/ (t) is not bounded on D. So, the convergence of scheme (1.2) is
not guaranteed by the previous analyses in [6]. We address all these concerns by
using conditions only on F’ in both the local and semi-local case that appears
on method (1.2). This way we expand the applicability of this method. Our
technique is very general so it can be used to extend the applicability of other
methods along the same lines [2-5,7-10]. Throughout this paper U(z,r) = {y :
| —y| <r}and Ulz,r]={y: |z —y| <r} for x € S and r > 0.

The rest of the paper is set up as follows: In Section 2 we present the
semi-local analysis, where in Section 3 we present local analysis. The numerical
experiments are presented in Section 4.

[I. SEmi-LocAL ANALYSIS

Let Lg, L,v,d be given positive parameters and n > 0. Define scalar sequence

{tn} by

tO = Oytl =1,

L(tny1 — tn)2 + 2[7[0(tn + 1) (tns1 — tn)
2(1 = (Lo + [710)tn+1))

tn+2 = tn+1 + (21)

Next, we shall prove that this equence is majorizing for method (1.2). But
first we need to define more parameters and scalar functions:

- Lt
2(1 = (Lo + |y]6)t1)’

Qg

A =L —8(Lo + |y]6)(1|7]8 - L),
functions f:[0,1) — R, ¢g:[0,1) — R by

2|v|o 2t(L )
iy = 200 200X oty —

g(t) =2(Lo + |[7]6)t* + Lt +2|y]0 — L
and sequences of polynomials f, : [0,1) — R by

fu) = Lt"n4+2y0(1+t+...+t" Hn+1y

+2t(Lo + |y]0) (L 4+t + ... +t")n — 2t.

'6-T “(TT0T) ‘TT0C “S "UIeN "IN =y
®

‘f -y ‘suorjenbe Iesuruou pue uorjeziwjdo pPoULIR)SUOIUN IOJ POYIOU S, UOIMIN
JO SOI[TUIR} POIONIJSU0D A[[RILIJOUWIODL) G ‘YGUIS ‘Y 'S ‘TewoJ, ‘A ‘Temuey] ‘G ‘rewny] 9



Notes

Notice that A is the discreminant of g. Consider that any of these conditions
hold:

(C1) There exists minimal 8 € (0,1) such that f(8) = 0 and A < 0. Then,
suppose ag < .

(C2) There exists minimal 8 € (0,1) such that f(3) =0, « € (0,1) : f(a) =0,
and A > 0. Then, suppose ag < a < 3.

(C3) f(t)#£0forallte[0,1) and A <0.

(C4) f(t) # 0 and A > 0. Notice that g has two solutions: 0 < 1 < s9 < 1.
Suppose ag < s € (81, $2] and f(s) < 0.

Let us denote these conditions by (C).
Next, we present convergence results for sequence (2.1).

Lemma 2.1 Suppose:
(Lo + |1]6)tnss < 1. (2.2)

Then, the following assertions hold
0<ty <t (2.3)

and

= lim t, < ———. (2.4)

Proof. Assertions follow from (2.1) and (2.2), where t* is the unique least upper
bound of sequence {t,}.

The next result is shown under stronger conditions but which are easier to
verify than (2.2).

Lemma 2.2 Suppose: conditions (C) hold. Then, assertions (2.3) and (2.4)
hold too.

Proof. Mathematical induction on m is used to show

L(tmi1r = tm) + 21710(tm + 1)
2(1 = (Lo + [7[0)tm+a

(Im) : (2.5)

This estimate hols for m = 0 by the definition of ag and conditions (C). Then,
we get 0 <to—t) < aft; —tg) =anand ty <t +an = 11:";277 < 2. Suppose

0 < tmir —tm < o and t,, < 222"y Then, (2.5) holds if

11—«

La™p+296(1+a+...+a™ Hn+n)
+2a(Lo + |y[0)(1+a+...+a™)n -2 <0 (2.6)

or

fm(t) <0 at t = a. (2.7)
We need a relationship between two consecutive polynomials f,, :
Frt®) = Frst®) = fnl®) + Funl)
= LT+ 21y[8(L4+t+ ...+ ™)+ 2/|on

+2t(Lo + [Y[6) (L +t+ ... + ™+ fu(2)
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—Lt™n = 2|y|6(1 +t + ...+t —2|y|on
—2t(Lo + [y|6)(L +t + ...+ ™ 1) — 2|y[on
—26(Lo+ |y[0) (L +t+ ... +t")n+ 2t

= fm(t) +g(t)t"n,
fm+1(t) = fm(t) + g(t)tmﬁ~ (28)

Define function f : [0,1) — R by

m—>00

It then follows from (2.6) and (2.9) that

Joo(t) = f(2). (2.10)
Case (C1) We have by (2.8) that

fm (@) < frnta(t). (2.11)
So, (2.7) holds if
f(t) <0, (2.12)

which is true by the choice of 5.

Case(C2) Then, again (2.11) and (2.12) hold by the choice of o and p.
Case(C4) We have

fm+1(t) S fm(t>7

so (2.7) holds if f1(«) <0, which is true by (C4).
The induction for items (2.5) so the induction for (2.3) is completed too
leading again to the verification of the assertions for m in (2.4) replaced

by .
Next, we introduce the conditions (A) to be used in the semi-local conver-
gence of method (1.2).
Suppose:
(A1) There exist 2o € D, 7 > 0 such that Ay # 0 and || Ay F(zo)| < n.
(A2) There exists Ly > 0 such that ||Ag"(F'(v) — F'(z0))|| < Lo|jv — x| for
all v € D. Set Dy = U(xy, L%J) ND.
(A3) There exist L > 0,6 > 0 such that || Ay (F'(v) — F'(w))|| < L||v —w| and

145 (F () = F(@o))|| < 8llv = o,

for all v,w € Dy.

(A4) Conditions of Lemma 2.1 or Lemma 2.2 hold
and

(A5) Ulzo,t*] C D.

Next, we show the semi-local convergence of method (1.2) under the condi-
tions (A).

Notes
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8. Ortega, L.M., Rheinboldt, W.C., Iterative Solution of Nonlinear Equations in

Several Variables, Academic press, New York, (2000).

Theorem 2.3 Suppose that conditions (A) hold. Then, sequence {x,} gen-
erated by method (1.2) is well defined remains in U(zg,t*) and converges to a
solution of equation (1.1) such that z* € Ulxg, t*].

Proof. Mathematical induction is used to show
[ens1 = Tnll < tng1 — ta- (2.13)
This estiamte holds by (A1) and (1.2) for n = 0. Indeed, we have
|21 = zol| = |Ag Flao)l| = =t1 —to <1,
so x1 € U(xg,t*). Suppose (2.13) holds for all values of m smaller or equal to

n — 1. Next, we show A,,+1 # 0. Using the definition of A,,11, (A2), (A3) we
get in turn that

[AG (Amyr — Al = 145 (F'(@n11) = YF (@mia1) — F'(20) + 7F (20))
< NAGHEF (@mgr) = F' (o)l + VI Ag (F(@my1) — Fzo))l|
< Lollemsr — @oll + [7l6]|lzmsr — ol
< Lo(tmt1 — to) + |70 (tms1 — to)

where we also used by the induction hypotheses that
[2mi1 —zoll < N#mer — 2wl + 2m — 2l + .. 4 21 — 20|
< lmg1 —to = tmgr <t

80 Tm41 € U(zo,t*). It also follows from (2.14) that A,,+1 # 0 and

1
1
Apll <
mea Aoll < 1 — (Lo + |[v|0m+1)

1A (2.15)

by the Banach lemma on inverses of functions [8]. Moreover, we can write by
method (1.2):

F(mi1) = F(xmir) — F(zm) — F/(xm)(xm-&-l —Zm) + 'YF/(xm)(xm-&-l - Tp),
(2.16)

since F () = —(F'(zm) —7F(Tm))(@m+1—Tm)- By (A3) and (2.16), we obtain
in turn

47 Pl < 1 [ A5 o+ 0z — )
)01 — )|
HAG F @) st =
< Slemes = oml?

N (IAG " (F(@m+1) = F(zo)ll + |45 F (o) D |21 — |

(Lo + [7[6)tms1 <1, (2.14)
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IN

L
g(tm+1 — tm)? + YO l|2mt1 = zoll + 1) (tms1 — tm)

IN

L 2
*tm *tm
S (bt = t)

Y Otmsr +0) (g1 — tim)- (2.17)

It then follows from (1.2), (2.15) and (2.17) that

@ave — Tl < 1A Aol 4G F @)l < tge — tasr,  (218)

and

[Zmy2 — w0l < |Tmie — Zmsr | + [[Tme1 — o

< g2 =t Flme1 —to =ty < t*. (219)

But sequence {t,,} is fundamental. So, sequence {z,,} is fundamental too (by
(2.18)), so it converges to some x* € Ulxg,t*]. By letting m — oo in (2.17),
we deduce that F(z*) = 0.

Next, we present a uniqueness of the solution result for equation (1.1).

Proposition 2.4 Suppose
(1) There exists xo € D, K > 0 such that F'(zo) # 0 and

1F" (0) ™  (F" (v) = F' (o)) || < Kllv — o (2.20)

for allv € D.
(2) The point x* € Ulxg,a] C D is a simple solution of equation F(x) =0 for
some a > 0.
(3) There exists b > a such that
K(a+b) <2.

Set B = Ulxg,b] N D. Then, the only solution of equation F(xz) =0 in B is x*.

Proof. Set M = fol F'(2* 4 0(z* — 2*))d for some z € B with F(z*) = 0. Then,
in view of (2.20)

1F" (o)~ (M = F'(wo))|| < K/O (1= 0)||lwo — ™[] + O|zo — 27|))dO

K
< Sla+b <1,

so, z* = x* follows from M # 0 and M (2* —2*) = F(z*) — F(z*)=0—-0=0.

Notes



Notes

[II. LocaL CONVERGENCE
Let By, 8 and B; be positive parameters. Set
B2 = Bo + 16|51

Define function A : [0, é) — R by

Bt Rl

M0 = 50— T A0

Suppose this function has a minimal zero p € (0, é) We shall use conditions
(H). Suppose:

(H1) The point z* € D is a simple solution of equation (1.1).

(H2) There exists Sy > 0 such that

[F(2) " (F" (v) = F'(2")]| < Bollo — 27|

for all v € D. Set Dy = U(z*, 5-) N D.

(H3) There exist § > 0,57 > 0 such that

[F' ()~ (F' (v) = F'(w))|| < Bllv — w]|
and

IF" (@)~ (F(v) = F@))] < Billv — 27

for all v,w € Ds.

(H4) Function h(t) — 1 has a minimal solution p € (0, 1).
and

(H5) Ulz*, p] C D.
Notice that A(z*) = F’(x*). Then, we get the estimates

IF" (@) (F () = vF (wn) = F'(a%) + v F (27|

< F' @) THE (@) = F' @)+ WIF (@) 7 EF (@) — F()
< Bollem — || + [v[Brllwm — 7|
= Ballwm — 27| < Bop <1,
[F (@) (A = F'(@n))ll = F' (@) (F (@) = vF () = F'(2m))|
= WlIF @) Flen)
< lBillem — 2,
Tmi1 — 2% = T — 2" = F' (@) F(@m) + F' (1) " F(@m) — Ap F(2m)

= (tm =" = F'(@m) " Fzm) + (F'(@n) ™ = AZDF(2)

= (xm—2* — F'(2,) ' F(z,))

HF () " (A = F' (@) A F (),
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leading to

Bllam — |2
2(1 = Bollwm — =)

s — "] <

Btz — 2|2

_l’_
(1= Bollzm —2*[)(A = Ballzm — z*[)
< h(p)||zm —z¥|| = ||lxm — =¥ < p.
(lom =2l = llom — "] Notos
So, we get
[zm+1 — 2% < p(llzm —2*||) < p, p= h(|lzo — z7|) (3.1)

and x,+1 € U(x™, p). Hence, we conclude by (3.1) that lim,, o z,, = z*.
Therefore, we arrive at the local convergence result for method (1.2).

Theorem 3.1 Under conditions (H) further suppose that xo € U(z*,p).
Then, sequence {x,} generated by method (1.2) is well defined in U(xo,p), re-
mains in U(xg, p) and converges to x*.

Next, we present a uniqueness of the solution result for equation (1.2).
Proposition 3.2 Suppose
(1) The point x* is a simple solution of equation F(x) =0 in U(z*,7) C D for
some T > 0.
(2) Condition (H2) holds.
(8) There exists T* > T such that
507'* < 2.
Set By = Ulxzg, 7] N D. Then, the only solution of equation (1.1) in By is x*.

Proof. Set M, = fol F'(z* 4+ 0(z* — 2*))d for some z* € By with F(z*) = 0.
Then, using (H2), we get in turn that

1
IF" (@)~ (My = F'(@)]| - < /0(1*9)||2**w*||d9

o
2

IN

<1,

so, z* = z* follows from M; # 0 and M;(z* —2*) = F(z*) - F(z*) =0-0=0.

[V. NUMERICAL EXAMPLE

We verify convergence criteria using method (1.2) for v =0, so § = 0.

Example 4.1 (Semi-local case) Let us consider a scalar function F defined
on the set D = Ulxg,1 — q] for q € (0, %) by

F(x)=2°—q.
Choose x¢g = 1. Then, we obtain the estimates n = I%q,
|[F' (o) N (F' () = F'(20))| = |a* — |
< 2+ @ollz — @0l < (lz — @o| + 2Jao)[z — zo



Notes

= (1-=q¢+2)z—x0|=3B—9q)|x— 0],

for allx € D, so Ly =3 — q, DozU(a;O,LLO)ﬁD:U(gUO’LLO)7

|F' (o) 7 (F'(y) = F'(2)] = |y* =2

IN

(ly = ol + |z — ol + 2|mo|)|y — =
< (-

Lo Lo
forall z,y € D and so L = 2(1 + %0)

Next, set y =z — F'(x)" F(z),2 € D. Then, we have

- 52% +q
322

y+r=x—F(z) 'F(z) +x

Define fundtion F on the interval D = [q,2 — q] by

_ 523 + ¢
F(z) = .
(@) ==
Then, we get by this definition that
_ 15z* — 62q
F’ = —
(z) o7

5(z — q)(2® + 2q+ ¢°)
33 ’

5

where p = i/—q is the critical point of function F. Notice that ¢ <p <2 —q. It
follows that this function is decreasing on the interval (q,p) and increasing on

ly + 2|y — 2| < (Jy — x0 + 2 — 20 + 220) ||y — 2|

1 1
Tt Ay -2l =200+ )y —al,
0

the interval (q,2 — q), since x> +xq + ¢*> > 0 and 23 > 0. So, we can set

52—-¢q)%+q

K =
2 9(2 - ¢)?

and
Ky < Ly.

ButifoDo:[lfLio,lJrL%], then

50° 4+ q
902 "’

L=

where o = ;L%Z and K < K for all q € (0, %) For g = 0.45, we have

n 1 2 3 4 5
tn 0.1835 | 0.2712 | 0.5061 | 0.3138 | 0.3142 | 0.5142
(Lo + |1]0)tns1 | 04675 | 0.6916 | 0.7804 | 0.8001 | 0.8011 | 0.8011

Thus condition (2.2) satisfied.
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Example 4.2 Let F: [-1,1] — R be defined by

Flz)=e"—1
Then, we have for x* = 0,0p=¢e¢— 1,8 = e and B1 = 0. So, we have
p = 0.3827.
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R Fractional Order Riemann Curvature Tensor
in Differential Geometry

Wedad Saleh

Absiract- This study discussed some interesting aspects and features of fractional
curvature in the differential manifold. In particular, Riemannian fractional curvature tensor,
Livi-Civita fractional connection and Bianchi fractional identity are presented.

[. [NTRODUCTION

In mathematics, several special functions appear in many applications
such as the Gamma function that plays some significant roles in the
theory of integral differential equations in particular fractional calcu-
lus. Thus, we begin with some definitions, for the details we refer to
1, 15, 8].

The Gamma function of a positive integer 7 is again a positive integer,
while the gamma function I'(—7n) of a negative integer changes to
infinities. The Gamma function any positive n value is defined as
follows:

I'(n) = / tte~tdt.
0

The Gamma function I'(n) is considered as a generalization of the
factorial and I'(n) is defined for n > 0 by the integral

[(n) = /0 T pletay,
I

In the classical sense since I'(0) = 0 then it follows that I'(n) is

chemistry. Oliver & Boyd, (1956).

not defined for integers n < 0. However, the extension formula gives

15.1. N. Sneddon. Special functions of mathematical physics and

finite values for I'(n), for R(n) < 0 since I'(n) is analytic everywhere
except at n =0, —1, -2, ..., and the residue at n = k is given by

(-1)*

Res,—xI'(n) = o

Author: Department of Mathematics, Taibah University, Al- Medina, Saudi Arabia.
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Now, if n > 0, then
I'(n+1) =nl(n). (1.1)

Equation (1.1) can be used to define I'(n) forn < 0and n # —1,—2,...
and further, this is one of the most important formulas that were sat-
isfied by the Gamma function.

Even though the Gamma function is defined as a locally summable
function on the real line by [17]

I'(n) = / t" e~ dt, n > 0. (1.2)
0

In the classical sense, I'(n) function was not defined for the negative
integer thus, there was an open problem to give a satisfactory defini-
tion. However, by using the neutral limit, it has been shown in [21]
that the Gamma function (1.2) is defined as follows:

o

I'(n) =N —lim t"te~tdt
e=0 [

for n #0,—1,—2, ..., and this function can be defined by neutral limit
such as

(o)

I'(—n) =N —lim t"lemtdt
e=0 /.

o0
= / e tdt
1

+/01 -l [e‘t — Y (_le)ltZ] dt — i%,n e N.

=0
It was also proven in [20] the existence of r the derivative of the
Gamma function and defined it by equation
o0

Ir'™0)=N—1lim [ t'In"te'at

e=0 J,_
0 1
:/ t_llnrte_tdt—k/ t'In" ¢t [e7t — 1] dt
1 0

I'"(—n) = N — lim " n" te~tdt

e—0 c
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cman. Results on the Gamma function.

Applied Mathematics & Information Sciences (AMIS), 62

22. B. Fisher and A. Kili,
(2012), 173-176.

:/ 7" U n" te~ldt
1

r

n-%!

=1

Thus, the definition can be extended to the whole real line where,

’

r(0) =T'(1) = —,
where v denotes Euler’s constant, see [22].

For a function f: V C R — R with 0 € V| the fractional derivative of
order « is defined by:

a1 ["f(s) = f(0)
%f(t)_f‘(—a)/o (t— 5o ds, a <0 (1.3)

d* 1L dv [ f(s) - f(0)
%f@) = m%/o mds, a>0 (14)

where n is the first integer greater than or equal to a.
The relation (1.3) gives a fractional integral and (1.4) gives a frac-
tional derivative.

We express some of the operators of fractional derivatives, see for
example, [4, 7,9, 10, 12, 16].

o I(1
A (1+7)

- e R C dl 0,-1,....—
dte F(l—i—'y—{—a) , a € Ror (a € C)and 1+ # 0, y ey T
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dn da dn+a
2 o f () = T f(B), neN,

dtm™ dte
d” d~ d”
3. dta(fl( )+ [2(1) = %fl(t) + %fQ(t)v
4 @ C @ t), where C'i
. dta< f() = %f( ), where C'is a constant,
d° T
5. G (B0 = 5" s SO,

It is well known that fractional calculus is an essential and advanta-
geous branch of mathematics, having a broad range of applications at
almost every department of sciences. Techniques of fractional calcu-
lus have been employed in the modeling of many different phenomena
in engineering, physics , and mathematics. The problem in fractional
calculus is not only essential but also quite challenging ,which usually
involves complicated mathematical solution techniques. However, a
general solution theory for almost every issue in this area has yet to be
established. Each application has developed its approaches and imple-
mentations. Consequently, a single standard method for the problems
in fractional calculus has not emerged yet. Therefore, funding reli-
able and efficient solution techniques along with fast implementation
methods are significantly essential and still active research areas.

Further, it is also realized that the operators of fractional integra-
tion and derivation have physical and geometric interpretations, which
streamline along with their utilization for related issues in various
fields of science( see [2, 8, 10, 11, 12, 14, 18, 19]). Moreover, the
fractional differential calculus on a differential manifold is studied in
2, 3, 4, 6, 13]. Even though fractional calculus is a handy and im-
portant topic, however, the research on geometric interpretation and
applications are limited ,and not many in current literature. Thus, in
this study, we focus on the Riemannian curvature tensor, Livi-Civita
connection and Bianchi’s identity on fractional differentiable manifolds
and discuss some related properties. We also give some examples.

[1. FRACTIONAL DIFFERENTIAL CALCULUS ON MANIFOLDS

Assume that N be an m-dimensional differential manifold (V,z;) a

local coordinate system on N and Vo = {z € V:0 < z; < b;,i =
m} [5].

For a function f: Vj — R, the fractional derivative with respect to

xi:

9 f(x) =

1 an Ti f(l‘l,...,J}Z‘,]_,S,l‘iJrl,...,l‘m)—f(.iL‘l,...7$i,170,$i+1,...,$m)
I'ln—a) ™ J, (z; — s)a—nt1

ds,

Ref

'996—€96 (066T) ‘[I0X MoN

“JUO)) SOTUOIIS[Y pur 90RdSOIOY ‘JeN ‘HHH] SWo)SAg [0I1)U0))

ur uonjeorddy snmore) [euorpoer ‘estyg A

MY "IN ¢



Notes

where 0, = 0 0

= o 0..0 n times, 7 is fixed, o > 0).

For a € (0,1),v > —1,

r(l1+-~) A _

I Y =
al (mz) I“(l _'_A/ _ a) L2

5.
A fractional vector field V' C N is an object of the form X* = X0, where
X2 eSQy(N) i=1,.,m.

The fractional vector fields on V and x{, is generated by the operators 05, =
1,2,...,m are denoted by x{, . If ¢: & = x(t),t € I is a parameterized curve in U
then the fractional tangent vector field of c¢ is given by

2(t) = ﬁ@f‘xi(t)@f‘.

A fractional covariant derivative is given by
Vs Y = XPO8Y) + Y00

where X, Y € x¢; and I fk the functions defining the coefficients of a fractional
linear connection on N. They are determined by the relations

Vggag = Fi]kajq'

Since it is essential to study fractional vector fields on a differentiable manifold
N. For R"™, there is an obvious way to do this. Recall that x*(R™) denotes

the space of fractional differentiable vector fields defined on R. Examples are

the fractional vector fields 905 Bua determined by the natural coordinate
u u

functions w1, ..., Un. ! "

Definition 2.1. Fractional Riemannian metric F' on m-dimensional manifold N

defines for every point p € N, the scalar product of fractional tangent vectors in

the fractional tangent space T;*N depending on the point p.

Let A% = A70f and B = B{'05' any two fractional vectors tangent to the mani-
fold N at the point p with coordinates z = (21, ..., xm) (A%, B* € T;*N) the scalar
product is equal to

(A% B plp = Af(2)gi;(2)Bj] (z)
g1 gin\ [BY
= (47,..47)
where
1. F(A*, B%) = F(B*,A%), i.e., §;j = §;; (symmetricity condition).
2. F(A, A%) > 0if A% £ 0, Le. gyufud >0, jyufud = 0 iff uf = .. = ul =
0 (positive definiteness).
3. F(A% B®) |p=a, i.e. g;j(x) are smooth function where 0 < o < 1.
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Components of tensor field F' in coordinate system are matrix valued functions
9ij(x)

[1I. RULE OF TRANSFORMATION FOR ENTRIES OF THE
Matrix 0ij (X)

Gij(x)- entries of the matrix || g;; || are components of tensor field F in a given
coordinate system.

How do these components transform under transformation of coordinates {z;} —

{zir}?

F

gij dxf‘ ® da:?

B 85E ox
- g"?’(a 5 4T > o

<
Q

Q
<

dI"/)

<.

oxr& ox®
— Ity g o
= axq glj axo‘, d.'L',L/ ® dxj/
2 J

= gi/j/dl‘?f &® dl‘?x
Hence,

dz& . O0xf

J
99 = Gy ag” 99,

Example 2.2. Consider R? with fractional polar coordinates in the domain y > 0,
X = (r*cos“p, r*sin®“p), then

X

o = (a! cos™ @, alsin® ).

X

ae = (a'e“”ro‘ sin® @, alr® cos® cp) .

_— (a!)? [cos?™ ¢ + sin®** ] (al)?re [e2om + ll sin® ¢ cos® ¢
9ij = (ah)2re [ev™ + 1] sin® pcos® ¢ (al)?r?® [20™ sin** ¢ + cos®® o]

We have that

F = (a!)? [cos®® ¢ + sin®* o] (dre)?
+2(al)?r® [[€"*7 + 1] sin® ¢ cos® @] dr®dp®

+(Ol')2 2a [621a7r <p—|—COS } (d(pa)Q}.
Notice that , as expected, when o = 1, one recovers the classical formula.

= (dr)? + 7% (dg)® .

Notes



Notes

Table 1: C = cosp, S =singp

o= 0.1 0.2

Grr 0.905[C%-2 + 50-2] 0.843[C01 + S04

Tro = Goor 0.905r0-17; 4- 1159202 0

gy 0.905r2[— 502 — C07] 0.843r04[-5%4 4 1]

F 0.905[C02 + §9-2]dr9-2 0.843[C04 4 §0-4]gp04
+1.8101r%1[i + 1]5°2C2(dr) ! (dp)* +

+0.905r02[— 502 — C02](dyp)2 0.843r04[—5%4 4 CO4](dyp)"4
Table 2: C' = cos @, S =sin g

a= 0.3 0.4

Grr 0.805[C?-6 4 50-6] 0.787[C%% 4 508

Gro = Jer 0.805r%3[[i + 1]5°2C%] 1.574r04893003

gy 0.805r06[—5%6 4 O] 0.787r08[S08 + C0¥]

F 0805[006 + 50'6](d7")0'6 0787[008 + 50'8]((1’/“)0'8

+1.61r°3[[i + 1]S93C3)(dr) > (de)?
+0.805r"5[— 596 4+ CO9](dp) ¢

+3.14870-4 504004 g4 dpt
—1—0.7871"0'8 [50.8 + 00.8] (dgo)'s

Remark 2.1. Let N is an m-dimensional Riemannian manifold with fractional
metric tensor §,then we shall denote the fractional derivatives of the elements of
tensor g as follows:

and

8(1
Gijk = 87?91’]”

o“ o¢
Gij ki = @@9@‘
82(1

(e} «
Oz 0xs!

= gij,i,j,k,l:17...,ﬂ.

Definition 2.3. Asymmetric fractional connection is called Levi-Civita fractional
connection if it is compatible with metric, i.e., if it preserves the scalar product:

Oxa (Y, Z%) = (VX Y, Z2%) + (Y, VXa Z%)

for arbitrary fractional vector fields X, Y?, and Z%.

In local coordinates Christoffel symbols of Levi-Civita fractional connection are

given by:

- 1. . ~ ~
I = 5695 it + 0731 — 07 Giy).
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Table 4: C'= cosp, S = siny

a= 0.5 0.6
Grr 0.785[C + 9] 0.798[C12 + S12]
Gro = Joor 0.785r0-5[; 4- 11595005 0
Gop 0.785r[—S + C] 0.798r12[S12 4 C12]
F 0.785[C + S]r(dr) 0.798[C** + S1-2](dr)!2
+1.57r05[i 4+ 1]5%5C5(dr) 0 (d)°> +
0.785r[—S + Cldyp +0.798r1-2[S1-2 4+ C1-2](dyp)!2
Table 5: C'= cos ¢, S = siny
a = 0.7 0.8
Grr 0.826[C** + S4] 0.867[C*6 + S16]
Gro = Jer 0.826r° i + 1]5%7C°7 1.73470-8 59808
f](pgo 0.8267‘1'4[—51'4 4 01.4} 0.8677"1'6[51'6 4 01.6]
F 0.826[C1* + ST4](dr)14 0.867[C16 + S1-5](dr)!-0

+1.652r07[i 4 1]S°7C%7(dr )" (dg)°"
+0.826T1'4[—51'4 4 01‘4](6190)1.4

+3.46810-850-8C0-8 0808
+0.867r1 0[S + O] (dp) 0

o = 0.9 1
Grr 0.925[C1% + S8 1
gﬁﬂ = ggm“ 0.925T0'9[i + 1]80'900'9 0
G 0.925r 8[= S8 4 CTF] r?
7 0.925[CT + ST8)(dr) L (dr)?
+1.85r0-9[3 + 11599009 (dr)09(dip)0-2 +
+0.925r18[—S18 4 L8] (dyp) 18 12 (dy)?
Proof. Since
Ojei=1I]len (2.1)
[Mener = (05%e)e (2.2)
[Fgm = Of(cia) - e(dfe)
= 0jgu — fz?emei
= 0%9i — I} gmi» (2:3)
then
.Z:‘Z-Tgml + fl?gmi = 0} i1, (2.4)
which implies that
fz’Tgml + f[?lgmv = a;lgﬂ (25)

In this equation, the index m is a dummy, so only the indices i,j ,and [ are specified.
We can cyclically permute these indices to generate two more equations:
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since I3} =

We can now add (2.5)to (2.9) and subtract (2.8)to get

since g™

T G
37 g
I i then
I Gimi

m ~
il

we can write

Example 2.2. For 2-dimential polar coordinates X =

+ I G = 0 Gji

+F g?ﬂl—8 glg

+Fl gmy*al 91]

+ I Gmi = 05 iy

2077 Gt = 05 Gar + 0L G1; — O Gij
207 G g™ = G (05 Gt + 08 G1; — OF i)
= 6% , then
1 )
Fz]; 2 kl(a gzl + 8 gl] 8lagij)v
me L op . .
I = 597 Gig + Qig.s = Jisa)-

The metric tensor and its inverse here are:

_ (al)? [cos® ¢ 4 sin®* ]
glj - (CY'

gij _ (A:41(a!)2,r2a [ 2a7rz QO + COS SO]

(a!)QTa [ 2am +1
12pe [e(”i + 1} sin® pcos® ¢ (al)?r2@ [620"”

(r*cos®p, r*sin®p).

l sin® ¢ cos <p]>

<p—|—cos

— A7 al)2re [2a”+1} sin® <pcos gp)

pcos® p A7 (al)? [cos®™ ¢ + sin® * ]

“Hal)?re [e zon + 1] sin®
where
A = (a)'72 { [cos?® o + sin®® ] [¢207 5in2® ¢ + cos®
Therefore,

07 Gij = <

s = (s

Then ,

0

(a)(2a)! [ omi 1] cos®psin®yp
ro [ ami + 1} [ ami sin2a

go] — [eo‘” + 1] sin® ¢ cos2® cp}

(al)3 [e@™ + 1] sin® p cos® ¢
(a)? [e*™ + 1] sin® peos® ¢  (al)(2a)lr® [e22™ sin*

© + cos?® ]

(o

3" (0% G + 0% Gir —

(a|)3,r.o¢ [ ami
N(2a)!r?®

O Grr)

© + cos2® go})

+ 1] [e2™ sin** ¢ + cos®® ¢
(2™ + 1] sin® p cos™ ¢ '
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pp

rr

PP

= —A N (a)’r* [e*™ +1] % $in2 p cos?® ¢,
s 1. . . .
F:go = 59”(53%1 + 8?.9&,0 - 8lagrw)

= 1:17‘

or
1 ~rl/go~ o~ -~
= 39 (0591 + 0910 — 0" G

= (a)?r*(24) " {[e2*™sin®*p + cos® @] [2(al)?r™ [e*™ + 1] [e*™ sin®** ¢ + cos®* ¢

— (& (2a)lr® [620‘7” sin® ¢ + sin®® e]] = (a)(2a)lr® [e*™ +1] sin®* p cos® ¢},

1. -~ o~ -~
ig(pl(a@grl + ar gir — al grr)
= —(ah?(24)7! {(a!)(Qa)!ro‘ (2™ +1] ? in2e @ cos®® @ + [cos® @ +sin®** ] [e*™ +1]

x [(al)®r® [e*™ sin®* @ + cos®® ] + (a!)? sin® p cos® ¢ — (al)(2a)! cos® psin® ] },

~ 1. B B B
F;pap - §g<pl(aggrl + agglap - alagrcp)

= (a)?(24) 7" {=(a!)(2a)Pr* [e*™ + 1] cos®* psin®* ¢

+(a)(2a)!r® [cos® ¢ + sin®* @] [e**™ sin®* ¢ + cos® p] }

= Fap@m
1 ~pl(aa~ -~ -~
= 59 (acpgwl + 8@9190 = 0" Gpy)

= (a)?r?*(2A4)7" {= [e*™ + 1] sin® p cos® ¢ [2(a!)? [e*™ + 1] [e*™ sin®* ¢ + cos® ]
—(al)(2a)! [e**™ sin®* @ + cos®® ]| + (al)(2a)! [e*™ + 1] [sin®* ¢ + cos® ] sin® p cos® ¢} .

[V. FRACTIONAL CURVATURE

Definition 3.1. The fractional curvature R of order o of a Riemannian mani-
fold N is a correspondence that associates to every pair X, Y € x* a mapping

R(X*,Y): x*(N) x x*(N) = x*(N) given by

R(X*Y*)Z" = V%a V¥a 2% = Ve Ve 2% = Vxa,ya) 27,

where Z“ € x* and 7% is the fractional Riemannian connection.

© 2022 Global Journals
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Remark 3.1.

R(X*YN)Z* = V%o Ve 2% = Va Ve 2% = Vika ya 2°
= —(V¥e Vka Z% = Vka Vye Z% = Vlya, xa1Z%)

= —R(Y* X%z

N Proposition 3.2. The fractional curvature R of a Riemannian manifold has the
otes following properties:

1. R is bilinear in x*(N) x x*(N), that is,
R(fX® 4 gY® ZYYW* = fR(X®, ZYYW® 4+ gR(Y™, Z*)W*,
R(X®, fY® + gZ )W = fFR(X®, Y)W + gR(X®, Z¥)W*,
where f,g € (M), X*,Y* Z* W € x*(N)

2. For any X*,Y* € x*(N), R(X*,Y?) is linear
R(X*Y)(Z + W) = R(X*, YY) Z% + R(X*,Y*)W*,
R(X*,Y*)(fZ%) = fR(X*,Y*)Z",
where Z* W< € x*(N)
Proof. 1.
R(fX™ 4 gV, Z4)W®
= Vixatgye Vza W = VZa Vixayrgye W = Vixapgye, za)W*
= (f Vo +9VYe) Ve W = VZa(f Vie W* + g Vv W)
= Viixe zo)4glye.z0)—(2o )Xo —(Zg) v W
= [ V% VZa W + g VVa VzaW* = (Z2°f) Vka W
[ VZa VkeW* = (Z2%) Vya W = gV Za VyaW* = f Vlxa 7o) W
—9 Viye,za) W+ (Z°f) Vo W +(Z2%) VYo W®
= f(Vke VZe W = VZa Ve W = Vixa za)W?)
+9(Vyea Vza W = Ve Ve W = Vo za) W)
= fR(X®, Z)W + gfR(Y™, Z*)W*.
Also,

R(X®, fY* + gZ*)W* —R(fY* +92%,X%)

= —fRY®, X)W — gR(Z%, X*)W*

= fR(X®, Y)W+ gR(X®, Z¥)W*,
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R(X*,Y)(Z*4+ W)

= Ve Vye (Z94+ W) = Uya Ve (2% + W) = Ulya yo (2% + W)

=VXe Vya 2%+ Ve Vye W = V¥a Via Z°
= Vya Vxa W = Vixa yo) 2% = Vixa yo W
= (Vke V¥a 2% = V¥a VXe 2% = Vixe ya)Z)
(Ve Vye W = U¥a Ve W* = Ulixa ya)W®)
= R(X™,Y*)Z*+ R(X*, Y)W,

Also,

R(X™Y*)(fZ2%)
= Vke Vye (fZ2) = V¥a VXa (fZ7) = Vixa,ya)(fZ7)
=Vx((YUN)Z + [ Ve 2%) = Uy (X)Z% + [ Vka Z7)
—(([(XYN)Z% + f Vixe,ye Z7)
= XY ZY+ (YOf) Uka 2%+ (XVf) Uy 2%+ f VXe VY Z”
“YUX)ZY + (XVf) Uya 2%+ (V) Uke 2%+ [ V¥a VkaZ®

—([X*YN)Z = f Vixaya) Z°

= (XY Z% + [(Vsa Ve 2% = VYa Ve 2% = Vixa ya) 27) — (X%, Y] ) 2°

= fR(X*,Y%)Z~,
Proposition 3.3 (Bianchi Fractional Identity).
R(X®,YNZY+ R(Y®, Z¥)X* + R(Z%, X*)Y* = 0.
Proof.
R(X*Y*)Z*+ R(Y®, Z¥)X™ + R(Z%, X*)Y*
= V%o Vya 2% = V¥a Vie 2% = Vixa yo Z°
+ Ve VzaX? = V%o Ve XY = Vo za) X
+ V%a VxeY ™ = Vka VZa Y = ViZe xo) Y
= V%Y, 2%+ UyalZ2%, X + VZa [ X, V]
= Vixeye] 2% = Viye zo)X* = Viza xo)Y"

= [Xaa [YavZa]] + [Ya’ [Za’Xa]] + [Za’ [Xavya]] =0.
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In local coordinates

R(97,07)0% = Rij0f,

and

(2RI ]

Rijom = (R(O2,0)08,05,)

= (Rl 0%)

Notes

= Ri (OF,0n)

l ~
= Rijkgml~

The fractional Riemannian curvature tensor acts on fractional vector fields as
follows:

R(X®, Y™, 29 W) = <R(XQ,YC‘)ZQ,W“>.

Proposition 3.4. 1. Rijri + Rjpis + Ryiji = 0.

2. Rijri = —Rjin.

4. Rijui = Ry
Proof. 1. is just the Bianchi fractional identity again.
2. - -
Riw = (RO7,0)08.07)

(~ Ry 000507 )
= —(ROy.000.07)

= _-éjikl«
3. is equivalent to R;jr; = 0, whose proof follows:

R = (R02,00)08.07)

i Yj

= (Ve V8o O = Ve V82 O — Vb0 0008 )

but
b Vop O, 0% ) = 07 (V508,08 ) = (V508 V5 08 )
(Ve Voe 08,0 ) = 07 (V505,08 ) — (0808, V5,05 )
and
(e o198 05 ) = 5 (00,05 08 08)
then

R = 03 (Vo8 08) — 08 (V500,08 ) + 5 [07,0] (07, 07)
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(2R ]

1 1 1
= OO OF,0F)) — 50 (97 (OF0F)) + 5 [0, 05 (07 0%

1 1
= 5 [or. o] op. o) + 5 [08. 07 (0 o) = 0.

70 Y] 7Yy
4. By Bianchi fractional identity we have
Rijri + Rjgis + Ryiji = 0
Rjii + Riji + Rijri = 0
Rklij + Rlikj + Riklj =0
Riiji + Rijic + Rjx = 0
summing the equations above, we obtain
2Rpiji + 2Ry = 0,
then
Rkijl = _Eljki = lekz‘-
Proposition 3.5. The following expression holds
2Rijkm = Gjmki + Grm.gi — Gjkmi — Gimoks — Grmois + Giksms — fokff;nﬁrs + Qfﬂffmgrs-
Proof. From the definition of the Christoffel symbols, vgzx o5 = f‘;}@?,
2(vse05,05) = 2(Thop.on)
= 205G
= Gim,j t Gjm,i — Gijm;
an appropriate rearrangement of the indices yields the following expression:

2(Vs08.00) = 2([500.00)

= Qf;kgim
= Gjmk + Gkm,j — Gjkm- (3.1)
Of < Ve 0k, Oy, >=< Ve Ve O, 05 > + < Ve Ok, Voe Oy >
whence, by (3.1)
2( Ve VBe 08,00 ) +2( V508, Ve0n) = 207 (508,05 )
= 0 (Gimg" (O gj1 + 05 g — O gjx))
= Gjmki + Gkm,ji — Jjk,mi-
(3.2)

By switching ¢ and j we also have that

2( V5 Voe 0705 +2(VBeOR V5p08) = Gimiks + Gemais — Gikmi- (3:3)
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Combining (3.2) and (3.3) yields

2( Ve Ve O, 00 ) —2(VBe Voo 05, 05) =

Gjm,ki + Gkem,ji — Gjk,mi — Gim,kj — Gkm,ij + Gik,mj
~2(V8:08, V05 ) +2 (V808 V595 ) -
i K J
By definition

R(02,0) 0 = e V3o OF — V3 Vi OF

whence
WRijrm = 2 <R(ag, %) agl>
= 2(V8 V8 0,05) —2( V5 VB 9. 05),
so we have proven that
2Ry jim =
Gjm,ki + Gkem,ji — Gjk,mi — Gim,kj — Gkm,ij + Gik,mj
=250 05, V50 ) + 2 (V50 08, V30051 )
By the definition of the Christoffels,
(V808 vie00) = (Dh08. 15,07 )
= I35, (08,09

_ 7T s o=
- Fiijmg’l‘S7

(V5: 00, 78005) = (I3.00, T3,02 )
= 55, 00,00
= jrkf{gvngTSa

then

s ~

2Rijkm = Gimoki + Grm.ji — Gikmi — Jimokj — Gemaig + Gikng — 201 DimGrs + 205 5 Grs-

Remark 3.6. If o = 1,then

2Rijkm = Gjm ki + Gkm ji — Gikmi — Gimkj — Gkmij + Gikomj — 205 i Grs + 215,175, Grs-

Since Grm,ji = Gkm,ij, then

2Rijkm = Gjm.ki — Gjkmi — Gim,kj + Gikmj — 2L L grs + 200 L,

Grs
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then
2Rijkm = Gjm.ki + Gkm.ji — Gikymi — Gim,kj — Gkmoig + Gikomg — 205 i Grs + 205015, Grs.

Remark 3.7. For any pair of fractional tangent vectors X, Y € TN we shall
denote with I'(X®,Y®) the following fractional vector in TyN:

F(X*Y*) =5 XY/ o5 Notes
Proposition 3.8. The following expressions hold for any pair X*,Y* € T¢N:
2R(X*, Y, Y X%)
=05 (Gimg™) (OR gs1 + 05 gt — 07 ;i) + Gimg" (050 g1 + 0505 g — 05 O} gjx)
—0% (Gim9") (O gur + 0% g — O gir) — Gjmg”" (050 g + 050 g — O50F gire)
+2 | P (X, v) 2 =20 (X%, X, (v, 7).
Proof. Since
G XEVPVEX T G = (XOYET00, Yo X0 T5,00)
= (P y), DX, Y) = DXy ) |1,

and

<X;'X“ s oo naykaf;"kaw

m>im-—s)

G XPYSYEXO T,

(DX, x2), [, v™)),
This completes the proof.

Remark 3.9. If a =1, then
2R(X,Y,Y, X) = Gjm.ki — Gjk,mi — Gim,kj + Jik,mj
+2[| D(X,Y) ||> =2(['(X, X), [(Y,Y)).
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Certain Oberhettinger’s Integrals Associated
with Product of General Polynomials and
Incomplete H- Function

Harshita Garg

Abstract- In this paper, we developed Oberhettinger's integral formulas containing the product of general
polynomials and incomplete H-functions. These integral formulas are very useful to obtain the Mellin transform
of various simpler special functions. The Mellin transform of special functions find their applications in
mathematical statistics, number theory and the theory of asymptotic expansions. The main findings of the
present work are very useful in solving the problems arising in digital signals, image processing, finance and
ship target recognition by sonar system and radar signals.

Keywords: incomplete H-functions, gamma functions, improper integrals, general polynomials.

. [NTRODUCTION

Several integral formulas containing generalized special functions have been
explored by many authors F15]. These integrals play a focal role in solving
scientific and engineering problems. Here we develop Oberhettinger’s integral formulas
containing the product of general polynomials and incomplete H- functions. Many
authors established several unified integral formulas containing a various kind of special
functions [6-8]. The findings of this work are general in nature and very useful in science,
engineering and finance. Here we find some special cases by specializing the parameters
of general polynomials and incomplete H-functions (for example, Fox’s H-function,
Incomplete Fox-Wright functions, Fox-Wright functions and incomplete generalized
hypergeometric functions) and also listed few known results. The main results of this
work are very useful in solving the problems arising in digital signals, image processing,
finance and ship target recognition by sonar system and radar signals [9-12].

The incomplete Gamma functions I" (&, z) and Y (&, z) are defined as following:

Y (§2) = [ t5 e tat (R(&)>0;z=0) (D)
And

[z = [ tle tde (z=0; R(¢) > 0when z = 0) )
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Respectively, satisfy the decomposition formula given by:

I'Ez)+YEz)=T® (R() > 0) ... (3)
The condition which we have used on the parameter z in and anywhere else in this paper is
unrestricted of R(x) (xe C).
The incomplete generalized hypergeometric functions .I'; and .y, are defined by Srivastava et
al. [13] in terms of incomplete Gamma functions I'(s,z) and Y (s, z) as following:

- 1:1 Z f - n
[T~ [1rv;+0) '

j=1

Vi Vi)

U 7). J - [Ty | F(ul+£,z)f[1“(uj+€) ,
eFf[ v e’x} =2 X

. ﬁr(vj) F(ul+s,z)f[1“(uj+s)
=2t — T(-5)(-X)*ds @
7”1_[1"(uj)rE [1T(v;+9)

(larg ()<,

And

|:(u112),U2,....,Ue; :| =]j_1[r(vj) i y(u, +€,Z)Hr(uj +7) X_f
e ﬁr(uj) (=0 Yii

V.,...,V¢,
e Ve T(v,+0)

f
-1

. ﬁr(vj) y(u1+s,z)ﬁr(uj+s)
= = = ['(-s)(—x)°ds ... (5)
TTIr)® [T, +s)

(larg (-x)I<m,

Where Zis the Mellin- Barnes type contour having T-ico as the starting point and CT+ioo (T € R) as
the end point with the usual indentations to separate a set of poles from another of the integrand
in each and every case.

The incomplete H- function yec"f (x)and ij (x)are introduced by Srivastava et. Al. [14] as
following:

© 2022 Global Journals
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17. Mathai, A.M., Saxena, R.K., Haubold, H.J. The H Function: Theory and

Applications; Springer; New York, NY, USA, 2009.

(u,U,,2),(u,,U,),..., (u,,U,)
(Vl’Vl)’ (V21V2 )1--"(Vf Vs )

(ul,Ul,z),(uj 'Uj)z,e:| :F°'d[x

(v V.)f

iTtiA,

ref(x)=rgyf {x

1 s
—Z—mlf(s,z)x ds ... (6)

c d
r@-u, -U;s,)[[(v;+V;9)[[r@-u;-U;s)
j=1 j=2

Where f(s,z) = - -
[Tra-v,-v,;9)[[T(u;+U;s)

j=c+1 j=d+1

And
c.d __cd (ul’Ul'Z)’(uj'Ui)z,e _ _cd (ul’Ul’Z)’(UZ’UZ)"“’(ue’Ue)
erf(X)_ye’f ” (Vi'vi)l,f et (Vl,Vl),(Vz,VZ),...,(Vf,Vf)
1 "
zz_mIF(s,z)x ds L
Where

y(l-u, —Uls,z)f[l“(vj +Vj.s)li[1“(1—uj -U;s)
F(s,z)= - i 2
[[ra-v,-v;9)[]ru;+U;s)

j=c+1 j=d+1

The incomplete H- functions y:{ (x)and Ty (X)in (6) and (7) respectively exists for all z>0

under the same set of conditions and same set of contour stated in the articles presented by
Kilbas et al. [15], Mathai and Saxena [16] and Mathai et al. [17].

Some special cases of incomplete H-function are as following:
(i)
d

If we take z=0 in (6), then the incomplete H- function I';’{ (X) reduces to Fox’s H-function [18].

rjf{x

(i) If we take c=1, d=e and replace f by f+1 and take suitable parameter, then the function (6)
and (7) reduces to incomplete Fox-Wright function (" and P! (for details see [14]).

(ul,Ul),(uz,Uz),...,(ue,Ue) ... (8)

0L AT b,
T (v, V) (vy, Y, ) (VL V

(V1’V1)’ (Vz WV, )’---' (Vf Vi )
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(1U1'U1'Z)'(1Uj,Uj)z,e}eq,f(r){(ul’ul'Z)’(uj’gj)le;x} ... (9)

le
1_‘ef+l|:

01, 0-v,.v;), Vi)
And
Lo (1—U1,U1,Z),(1_ujyuj)2’e ” (ul’Ul’Z)’(uj'Uj)z,e; 10
7e:f+l|:_x (0,1),(1—VJ-,Vj )11f =¥ )I: (Vj WV )1,f; X} -0
(iii)

If we take z=0 in (9), then incomplete Fox-Wright function P reduces to well-known Fox-
Wright function \¥, (for details see [18]).

o {(ul,ul,o) (0, }e\{,{

et (VV)

1f’

.. (1)

(U, v, U)e:x}

(v,

N

(iv) If we take Uj =V =1 (j=1,...,e, k=1,...,) in (9) and (10), then incomplete Fox-Wright
function reduces to the incomplete generallzed hypergeometric functions .y, and I, (see [13]).

PO (ul’l’z)'(uj’fl')z,e; T, (ul’z)’u27""ue;x .. (12)
(Vj’l)l,f’ Vy,e Vo
And
(UL z)(u; ), (Uy,Z), Uy U,
pn |t e |- L Eh T ter 13
et { (vj,l)“; e/ V.V (13)
The general polynomials are defined by Srivastava [19] as following:
[n/m] [ne/me] (—p -n
SR UTIRE ) Sy 3 el LR L T PP 1 R eV
a=0  a,=0 a: ag:
Where nj =0, 1, 2... Vi=(1,..,8); m,..,m, are arbitrary positive integers and the coefficients

Aln,, a;...;Nng, e ] are arbltrary constants real or complex.

In this paper we use the following integral formula [20],

Ty“(y+k+\/y+72k) dy = 221({2) D2 - 5) - (19)

'd+7+9)
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[I. THE MAIN INTEGRAL FORMULA

In this section we obtain Oberhettinger’s integral formulas containing product of
incomplete H -function and general polynomials. These integral formulas are very useful
to obtain the Mellin transform of several simpler special functions.

Theorem 1: If T, 3 € C with 0 <R () <R (T) and y>0, then the following integral
formula holds:

v y+ ke ly? +2ky) 50 { 4 5

y+k+\/y2+2ky) (y+k+\/y2+2ky)

O ey 8

3 71‘*2 a;

(ul,Ul,Z) (U,Uj)zﬁdy_zwk = 1(20)

vy,

I X
! (y+k+\/y2+2ky)

[y /m]  [ng/mg] (—nl)mla1 (_ns)msas A[n 104
. : RICREE

=0 =0 O(l I Ots I

a Jto. s

asa

(ul,Ul,z),(uj,Uj)ZE,(—r—iai,lj,(l—r—iai +5,1j
'r:;gff{rz m | s s
k (vj,Vj)lvf,(l—r—Zai,lj,(—r—Zai —5,1] ... (16)

All the conditions of incomplete H- function I} 4(x)in (6) are satisfied.

Proof: Let the left hand side of the assertion (16) is denoted by A and using (6) and (14) in the
left hand side of (16), we get

S

- [, /m,] [n Im (—n n
A= Iy5l(y+k+\/y + 2k ) - l)mlal“'( )mas Alng, ag).ong, o]
0

0:5—0 Oll I o I

a a e
tl ts 1 X
{(er k+y? +2ky)} L(y+ k++y*+ 2ky)] zﬂl!((er k+4y? +2ky)} (& zydsdy

Where (&, z) is defined in (6).

Now changing the order of summation, integration and contour integral involved therein (which
is permissible under the stated conditions), we get
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[y /my ] [ns/mq] (_nl)

ma (_ns)ma @ a1 -
A=Y s AN, e Ny a ] s.z—mjf(g, )X ¢
L

a,! a,!

;=0 as=0

Ty {y ke yr vk gy
0

Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function Notes
o (X), we get the result (16).

Theorem- 2

Ifc, 6 € Cwith 0 <R (8) <R (T) and y > 0, then the following integral formula holds:

Yol ke yTa i) so { Lt

y+k+\/y2+2ky) (y+k+\/y2+2ky) '

O ey 8

s

c.d X (ul’Ul'Z) (u"Uj)Ze 1-5 5_T_Zai

7o ldy=2"k 7 1(20)
{(y+k+1/y2+2ky) (V Vi

! IR (-Ny) g, (1)

a ]t

;"S“S Alng, a;.

' " S 1
=0 as=0 al - as -

(ul,Ul,Z),(uj,Uj)zve,(—T—Zs:ai ,1],(1—1—204 +5,1j

c,d+2 i=1

7e+2 f+2| 7, s s
k v;.v,), [1 T—Zai,l),[—r—_z@i—mj . (17)

All the conditions of incomplete H- function 75"? (x)in (7) are satisfied.

Proof: Let the left hand side of the assertion (17) is denoted by A and using (7) and (14) in the
left hand side of (17), we get

© [ny/m] [n/m] n n
A:Iy“(y+k+1/y +2k ) L ...( s, Aln,,ag;.;ng o)
0

al—O aS—O al I a '

o o iy
b g 1 X
I[(y+k+\/y2+2kyﬂ ,...,((Y+k+\/y2+2kyﬂ 272'1'[{(5/+k+\/y2+2ky)] F (&, z)dsdy
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Where F (&, z) is defined in (7)

Now changing the order of summation, integration and contour integral involved therein (which

is permissible under the stated conditions), we get

[n/m] [ng/mg] (_nl)ma (_ns)
1

A=y

=0 a;=0 al ' as I
Notes

Jy={y+ kv w2y dyag
0

T A[nl,al;...;ns,as].tl"l....ts"‘iij'F(f. Z)X*
2y

Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function

y24(x), we get the result (17).

[TI.  SpreciaL CASES

In this section, we obtain some interesting special cases of main results (16) and (17).

0) If T, 8 € C with 0 <R(8) <R(T) and y > 0 and incomplete H-function reduces
into incomplete hypergeometric function with the help of (12) and (13), then the

following integral formula occurs:

O ey 8

vy o+ MT St h 2 E

S
T

- {(ul,z),uz,...,ue; X
e f

5_
d =21—5k
Vyyeo Vi (y+k+\/y2+2kyﬂy

(ngml Indmd (—n))_ (-n,),
: . IS“S Alng, o ng, a e

o S a,! ol

(u,, z),uz,...,ue,—r—ioci ,l—r—iozi +6
1—‘f+2 5 si:l S =
k Vi, Vs ,l—r—Zai,—r—Zai -0
i=1

i=1

‘e+2

And

='r(es)

y+k+4y* + 2ky)’m’ (y+ K++y?+ 2ky)

... (18)

O ey 8

vy +k h/M)T-SnTiJnTS{ ( : -

y+k+\/y2+2ky)”“’(y+k+\/y2+2ky)
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S

i o-1-) o
(ul’ Z)'uz"".’ue’ X dy = 29k ; I'(20)
Vi, Vs (y+k+\/y2+2ky)

eVt

(/ml [ngml (—n)  (=n,).
: S 'S“S Alng,apieang, ot 18

=0 =0 0(1 I as :

y (ul,z),uz,...,ue,—r—iz_lloci,l—r—iz_l:oci +5
o2V 42 E s s
vl,...,vf,l—r—Zai,—r—zai -0 ... (19)
i=1 i=1

Given that both integrals exist.

Proof: Again if we take U; =Vj=1in (16) and (17), we get the required results.

And

(i) Ifc, 8 € C with 0 <R(8) <R(T) and y > 0 and incomplete H-function reduces

into incomplete Wright functions, then the following integral formula occurs:

Tym(“k*mysn’i‘f:"nf[( i t
0 y

K4y + 2ky)’m’ (y+ k +\/Sy2 + 2ky)

)

F'r(2s)

.e“Pﬁl")[(ul’Ul'Z)’(UJ"Ui)ze; X

5
dy =27k
(Vj’Vj )1,f; (y+k+w/y2 +2kyﬂ d

[n/m]  [ng/mg] (_nl)

(-n,)
M AN, @ NG o J
=0 a;=0 al! s!

ol (u,U,,2), (uj,uj)Zye,(1+r+zs“ai D+ a-61)
- i=1 i=1
e+2 & 42 k

(vj,Vj)lvf,(T+ZS:ai,1),(l+r+ZS:0!i+5,1) ... (20)

Ty‘” (y vk y? 2ky) s { ( : t
0

y+k+4y? + 2ky)’m’ (y+ k Jr\/sy2 + 2ky)
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(u,U,,2),(u,U,), X oY
€ dy=2""k = I'(26
Vi Vl)lf (y+k+\/y2+2ky) g (@)

()
'eLPf

a th. s

[ny/m]  [ng/mg] (_nl)m1a1 (_ns)msocS A[n a
] ' 11 1’

ol

| " S 1
=0 a;=0 al - s

Notes
.U, 2) (uj,Uj)zye,(l+T+izsllai 1), (r+izsl:ai ~51)

|2
v,V e+ Y D, e+ Y o+ 8
' i=1 i=1

e+2 - f42 k

. (2D)

Given that each member of assertion (20) and (21) are exist.

Proof: with the help of (9) and (10), we get the above results.

(i)  Ifc, 8 € Cwith 0 <R(3) <R(T), y >0 and incomplete H-function reduces into
Fox-Wright generalized hypergeometric function and general polynomials
reduces into unity, then the following integral formula holds:

y‘”(y+k+\/y + 2k ) ‘P[ J’V )“ X )]dyzzwk‘”l“(%)

J)lf (y+k+\/y + 2Ky

O ey 8

. (22)

(v,.v,) (D) @+7+570)

ins?

x|lu;U;), @+ 7). —5,1)}

s P
e+2 f+2|:k

Given that each member of assertion (22) is exist.

Proof: Let general polynomials reduces into unity and with the help of (11), we get the above
result.

[V. CONCLUSIONS

In this paper, we obtained some engrossing integrals containing the product of incomp-
lete H-function and general polynomials, which are expressed in terms of incomplete H-
functions. We have also given some special cases by specializing the parameters of general
polynomials and incomplete H-functions (Incomplete Fox-Wright functions, incomplete hyper-
geometric  functions, Fox - Wright generalized hypergeometric functions). These results
are general in nature and very useful in science, engineering and finance.
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FORMAT STRUCTURE
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Choice of the main keywords is the first tool of writing a research paper. Research paper writing is an art. Keyword search
should be as strategic as possible.

One should start brainstorming lists of potential keywords before even beginning searching. Think about the most
important concepts related to research work. Ask, “What words would a source have to include to be truly valuable in a
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It may take the discovery of only one important paper to steer in the right keyword direction because, in most databases,
the keywords under which a research paper is abstracted are listed with the paper.

Numerical Methods

Numerical methods used should be transparent and, where appropriate, supported by references.

Abbreviations

Authors must list all the abbreviations used in the paper at the end of the paper or in a separate table before using them.
Formulas and equations

Authors are advised to submit any mathematical equation using either MathJax, KaTeX, or LaTeX, or in a very high-quality
image.

Tables, Figures, and Figure Legends

Tables: Tables should be cautiously designed, uncrowned, and include only essential data. Each must have an Arabic
number, e.g., Table 4, a self-explanatory caption, and be on a separate sheet. Authors must submit tables in an editable
format and not as images. References to these tables (if any) must be mentioned accurately.
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for figures in black and white or submit a Color Work Agreement form. EPS files must be saved with fonts embedded (and
with a TIFF preview, if possible).

For scanned images, the scanning resolution at final image size ought to be as follows to ensure good reproduction: line
art: >650 dpi; halftones (including gel photographs): >350 dpi; figures containing both halftone and line images: >650 dpi.

Color charges: Authors are advised to pay the full cost for the reproduction of their color artwork. Hence, please note that
if there is color artwork in your manuscript when it is accepted for publication, we would require you to complete and
return a Color Work Agreement form before your paper can be published. Also, you can email your editor to remove the
color fee after acceptance of the paper.

Tirs FOR WRITING A GOOD QUALITY SCIENCE FRONTIER RESEARCH PAPER

Techniques for writing a good quality Science Frontier Research paper:

1. Choosing the topic: In most cases, the topic is selected by the interests of the author, but it can also be suggested by the
guides. You can have several topics, and then judge which you are most comfortable with. This may be done by asking
several questions of yourself, like "Will | be able to carry out a search in this area? Will | find all necessary resources to
accomplish the search? Will | be able to find all information in this field area?" If the answer to this type of question is
"yes," then you ought to choose that topic. In most cases, you may have to conduct surveys and visit several places. Also,
you might have to do a lot of work to find all the rises and falls of the various data on that subject. Sometimes, detailed
information plays a vital role, instead of short information. Evaluators are human: The first thing to remember is that
evaluators are also human beings. They are not only meant for rejecting a paper. They are here to evaluate your paper. So
present your best aspect.

2. Think like evaluators: If you are in confusion or getting demotivated because your paper may not be accepted by the
evaluators, then think, and try to evaluate your paper like an evaluator. Try to understand what an evaluator wants in your
research paper, and you will automatically have your answer. Make blueprints of paper: The outline is the plan or
framework that will help you to arrange your thoughts. It will make your paper logical. But remember that all points of your
outline must be related to the topic you have chosen.

3. Ask your guides: If you are having any difficulty with your research, then do not hesitate to share your difficulty with
your guide (if you have one). They will surely help you out and resolve your doubts. If you can't clarify what exactly you
require for your work, then ask your supervisor to help you with an alternative. He or she might also provide you with a list
of essential readings.

4. Use of computer is recommended: As you are doing research in the field of science frontier then this point is quite
obvious. Use right software: Always use good quality software packages. If you are not capable of judging good software,
then you can lose the quality of your paper unknowingly. There are various programs available to help you which you can
get through the internet.

5. Use the internet for help: An excellent start for your paper is using Google. It is a wondrous search engine, where you
can have your doubts resolved. You may also read some answers for the frequent question of how to write your research
paper or find a model research paper. You can download books from the internet. If you have all the required books, place
importance on reading, selecting, and analyzing the specified information. Then sketch out your research paper. Use big
pictures: You may use encyclopedias like Wikipedia to get pictures with the best resolution. At Global Journals, you should
strictly follow here.
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6. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right? It is a good habit
which helps to not lose your continuity. You should always use bookmarks while searching on the internet also, which will
make your search easier.

7. Revise what you wrote: When you write anything, always read it, summarize it, and then finalize it.

8. Make every effort: Make every effort to mention what you are going to write in your paper. That means always have a
good start. Try to mention everything in the introduction—what is the need for a particular research paper. Polish your
work with good writing skills and always give an evaluator what he wants. Make backups: When you are going to do any
important thing like making a research paper, you should always have backup copies of it either on your computer or on
paper. This protects you from losing any portion of your important data.

9. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality.
Using several unnecessary diagrams will degrade the quality of your paper by creating a hodgepodge. So always try to
include diagrams which were made by you to improve the readability of your paper. Use of direct quotes: When you do
research relevant to literature, history, or current affairs, then use of quotes becomes essential, but if the study is relevant
to science, use of quotes is not preferable.

10. Use proper verb tense: Use proper verb tenses in your paper. Use past tense to present those events that have
happened. Use present tense to indicate events that are going on. Use future tense to indicate events that will happen in
the future. Use of wrong tenses will confuse the evaluator. Avoid sentences that are incomplete.

11. Pick a good study spot: Always try to pick a spot for your research which is quiet. Not every spot is good for studying.

12. Know what you know: Always try to know what you know by making objectives, otherwise you will be confused and
unable to achieve your target.

13. Use good grammar: Always use good grammar and words that will have a positive impact on the evaluator; use of
good vocabulary does not mean using tough words which the evaluator has to find in a dictionary. Do not fragment
sentences. Eliminate one-word sentences. Do not ever use a big word when a smaller one would suffice.

Verbs have to be in agreement with their subjects. In a research paper, do not start sentences with conjunctions or finish
them with prepositions. When writing formally, it is advisable to never split an infinitive because someone will (wrongly)
complain. Avoid clichés like a disease. Always shun irritating alliteration. Use language which is simple and straightforward.
Put together a neat summary.

14. Arrangement of information: Each section of the main body should start with an opening sentence, and there should
be a changeover at the end of the section. Give only valid and powerful arguments for your topic. You may also maintain
your arguments with records.

15. Never start at the last minute: Always allow enough time for research work. Leaving everything to the last minute will
degrade your paper and spoil your work.

16. Multitasking in research is not good: Doing several things at the same time is a bad habit in the case of research
activity. Research is an area where everything has a particular time slot. Divide your research work into parts, and do a
particular part in a particular time slot.

17. Never copy others' work: Never copy others' work and give it your name because if the evaluator has seen it anywhere,
you will be in trouble. Take proper rest and food: No matter how many hours you spend on your research activity, if you
are not taking care of your health, then all your efforts will have been in vain. For quality research, take proper rest and
food.

18. Go to seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.

19. Refresh your mind dfter intervals: Try to give your mind a rest by listening to soft music or sleeping in intervals. This
will also improve your memory. Acquire colleagues: Always try to acquire colleagues. No matter how sharp you are, if you
acquire colleagues, they can give you ideas which will be helpful to your research.

© Copyright by Global Journals | Guidelines Handbook .

XV



20. Think technically: Always think technically. If anything happens, search for its reasons, benefits, and demerits. Think
and then print: When you go to print your paper, check that tables are not split, headings are not detached from their
descriptions, and page sequence is maintained.

21. Adding unnecessary information: Do not add unnecessary information like "I have used MS Excel to draw graphs."
Irrelevant and inappropriate material is superfluous. Foreign terminology and phrases are not apropos. One should never
take a broad view. Analogy is like feathers on a snake. Use words properly, regardless of how others use them. Remove
guotations. Puns are for kids, not grunt readers. Never oversimplify: When adding material to your research paper, never
go for oversimplification; this will definitely irritate the evaluator. Be specific. Never use rhythmic redundancies.
Contractions shouldn't be used in a research paper. Comparisons are as terrible as clichés. Give up ampersands,
abbreviations, and so on. Remove commas that are not necessary. Parenthetical words should be between brackets or
commas. Understatement is always the best way to put forward earth-shaking thoughts. Give a detailed literary review.

22. Report concluded results: Use concluded results. From raw data, filter the results, and then conclude your studies
based on measurements and observations taken. An appropriate number of decimal places should be used. Parenthetical
remarks are prohibited here. Proofread carefully at the final stage. At the end, give an outline to your arguments. Spot
perspectives of further study of the subject. Justify your conclusion at the bottom sufficiently, which will probably include
examples.

23. Upon conclusion: Once you have concluded your research, the next most important step is to present your findings.
Presentation is extremely important as it is the definite medium though which your research is going to be in print for the
rest of the crowd. Care should be taken to categorize your thoughts well and present them in a logical and neat manner. A
good quality research paper format is essential because it serves to highlight your research paper and bring to light all
necessary aspects of your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING
Key points to remember:

e  Submit all work in its final form.
e Write your paper in the form which is presented in the guidelines using the template.
e Please note the criteria peer reviewers will use for grading the final paper.

Final points:

One purpose of organizing a research paper is to let people interpret your efforts selectively. The journal requires the
following sections, submitted in the order listed, with each section starting on a new page:

The introduction: This will be compiled from reference matter and reflect the design processes or outline of basis that
directed you to make a study. As you carry out the process of study, the method and process section will be constructed
like that. The results segment will show related statistics in nearly sequential order and direct reviewers to similar
intellectual paths throughout the data that you gathered to carry out your study.

The discussion section:

This will provide understanding of the data and projections as to the implications of the results. The use of good quality
references throughout the paper will give the effort trustworthiness by representing an alertness to prior workings.

Writing a research paper is not an easy job, no matter how trouble-free the actual research or concept. Practice, excellent
preparation, and controlled record-keeping are the only means to make straightforward progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general
guidelines.

To make a paper clear: Adhere to recommended page limits.
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Mistakes to avoid:

e Insertion of a title at the foot of a page with subsequent text on the next page.

e Separating a table, chart, or figure—confine each to a single page.

e Submitting a manuscript with pages out of sequence.

e In every section of your document, use standard writing style, including articles ("a" and "the").
e Keep paying attention to the topic of the paper.

e Use paragraphs to split each significant point (excluding the abstract).

e  Align the primary line of each section.

e  Present your points in sound order.

e Use present tense to report well-accepted matters.

e Use past tense to describe specific results.

e Do not use familiar wording; don't address the reviewer directly. Don't use slang or superlatives.
e Avoid use of extra pictures—include only those figures essential to presenting results.

Title page:

Choose a revealing title. It should be short and include the name(s) and address(es) of all authors. It should not have
acronyms or abbreviations or exceed two printed lines.

Abstract: This summary should be two hundred words or less. It should clearly and briefly explain the key findings reported
in the manuscript and must have precise statistics. It should not have acronyms or abbreviations. It should be logical in
itself. Do not cite references at this point.

An abstract is a brief, distinct paragraph summary of finished work or work in development. In a minute or less, a reviewer
can be taught the foundation behind the study, common approaches to the problem, relevant results, and significant
conclusions or new questions.

Write your summary when your paper is completed because how can you write the summary of anything which is not yet
written? Wealth of terminology is very essential in abstract. Use comprehensive sentences, and do not sacrifice readability
for brevity; you can maintain it succinctly by phrasing sentences so that they provide more than a lone rationale. The
author can at this moment go straight to shortening the outcome. Sum up the study with the subsequent elements in any
summary. Try to limit the initial two items to no more than one line each.

Reason for writing the article—theory, overall issue, purpose.

e Fundamental goal.

e To-the-point depiction of the research.

e Consequences, including definite statistics—if the consequences are quantitative in nature, account for this; results of
any numerical analysis should be reported. Significant conclusions or questions that emerge from the research.

Approach:

0 Single section and succinct.

An outline of the job done is always written in past tense.

Concentrate on shortening results—limit background information to a verdict or two.

Exact spelling, clarity of sentences and phrases, and appropriate reporting of quantities (proper units, important
statistics) are just as significant in an abstract as they are anywhere else.

(ol olNe]

Introduction:

The introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background
information to be capable of comprehending and calculating the purpose of your study without having to refer to other
works. The basis for the study should be offered. Give the most important references, but avoid making a comprehensive
appraisal of the topic. Describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the
reviewer will give no attention to your results. Speak in common terms about techniques used to explain the problem, if
needed, but do not present any particulars about the protocols here.
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The following approach can create a valuable beginning:

0 Explain the value (significance) of the study.

0 Defend the model—why did you employ this particular system or method? What is its compensation? Remark upon
its appropriateness from an abstract point of view as well as pointing out sensible reasons for using it.

0 Present a justification. State your particular theory(-ies) or aim(s), and describe the logic that led you to choose
them.

0 Briefly explain the study's tentative purpose and how it meets the declared objectives.

Approach:

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job
is done. Sort out your thoughts; manufacture one key point for every section. If you make the four points listed above, you
will need at least four paragraphs. Present surrounding information only when it is necessary to support a situation. The
reviewer does not desire to read everything you know about a topic. Shape the theory specifically—do not take a broad
view.

As always, give awareness to spelling, simplicity, and correctness of sentences and phrases.
Procedures (methods and materials):

This part is supposed to be the easiest to carve if you have good skills. A soundly written procedures segment allows a
capable scientist to replicate your results. Present precise information about your supplies. The suppliers and clarity of
reagents can be helpful bits of information. Present methods in sequential order, but linked methodologies can be grouped
as a segment. Be concise when relating the protocols. Attempt to give the least amount of information that would permit
another capable scientist to replicate your outcome, but be cautious that vital information is integrated. The use of
subheadings is suggested and ought to be synchronized with the results section.

When a technique is used that has been well-described in another section, mention the specific item describing the way,
but draw the basic principle while stating the situation. The purpose is to show all particular resources and broad
procedures so that another person may use some or all of the methods in one more study or referee the scientific value of
your work. It is not to be a step-by-step report of the whole thing you did, nor is a methods section a set of orders.

Materials:
Materials may be reported in part of a section or else they may be recognized along with your measures.
Methods:

O Report the method and not the particulars of each process that engaged the same methodology.

0 Describe the method entirely.

0 To be succinct, present methods under headings dedicated to specific dealings or groups of measures.

0 Simplify—detail how procedures were completed, not how they were performed on a particular day.

0 If well-known procedures were used, account for the procedure by name, possibly with a reference, and that's all.
Approach:

It is embarrassing to use vigorous voice when documenting methods without using first person, which would focus the
reviewer's interest on the researcher rather than the job. As a result, when writing up the methods, most authors use third
person passive voice.

Use standard style in this and every other part of the paper—avoid familiar lists, and use full sentences.
What to keep away from:

O Resources and methods are not a set of information.
0 Skip all descriptive information and surroundings—save it for the argument.
O Leave out information that is immaterial to a third party.
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Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part as entirely objective
details of the outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Use statistics and tables, if suitable, to
present consequences most efficiently.

You must clearly differentiate material which would usually be incorporated in a study editorial from any unprocessed data
or additional appendix matter that would not be available. In fact, such matters should not be submitted at all except if
requested by the instructor.

Content:

0 Sum up your conclusions in text and demonstrate them, if suitable, with figures and tables.

0 Inthe manuscript, explain each of your consequences, and point the reader to remarks that are most appropriate.

0 Present a background, such as by describing the question that was addressed by creation of an exacting study.

0 Explain results of control experiments and give remarks that are not accessible in a prescribed figure or table, if
appropriate.

O Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or
manuscript.

What to stay away from:

0 Do not discuss or infer your outcome, report surrounding information, or try to explain anything.

0 Do notinclude raw data or intermediate calculations in a research manuscript.
0 Do not present similar data more than once.
0 A manuscript should complement any figures or tables, not duplicate information.
0 Never confuse figures with tables—there is a difference.
Approach:

As always, use past tense when you submit your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report.

If you desire, you may place your figures and tables properly within the text of your results section.
Figures and tables:

If you put figures and tables at the end of some details, make certain that they are visibly distinguished from any attached
appendix materials, such as raw facts. Whatever the position, each table must be titled, numbered one after the other, and
include a heading. All figures and tables must be divided from the text.

Discussion:

The discussion is expected to be the trickiest segment to write. A lot of papers submitted to the journal are discarded
based on problems with the discussion. There is no rule for how long an argument should be.

Position your understanding of the outcome visibly to lead the reviewer through your conclusions, and then finish the
paper with a summing up of the implications of the study. The purpose here is to offer an understanding of your results
and support all of your conclusions, using facts from your research and generally accepted information, if suitable. The
implication of results should be fully described.

Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact, you must explain
mechanisms that may account for the observation. If your results vary from your prospect, make clear why that may have
happened. If your results agree, then explain the theory that the proof supported. It is never suitable to just state that the
data approved the prospect, and let it drop at that. Make a decision as to whether each premise is supported or discarded
or if you cannot make a conclusion with assurance. Do not just dismiss a study or part of a study as "uncertain."

© Copyright by Global Journals | Guidelines Handbook .

XIX



Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results
that you have, and take care of the study as a finished work.

0 You may propose future guidelines, such as how an experiment might be personalized to accomplish a new idea.

0 Give details of all of your remarks as much as possible, focusing on mechanisms.

0 Make a decision as to whether the tentative design sufficiently addressed the theory and whether or not it was
correctly restricted. Try to present substitute explanations if they are sensible alternatives.

0 One piece of research will not counter an overall question, so maintain the large picture in mind. Where do you go
next? The best studies unlock new avenues of study. What questions remain?

0 Recommendations for detailed papers will offer supplementary suggestions.

Approach:

When you refer to information, differentiate data generated by your own studies from other available information. Present
work done by specific persons (including you) in past tense.

Describe generally acknowledged facts and main beliefs in present tense.

THE ADMINISTRATION RULES
Administration Rules to Be Strictly Followed before Submitting Your Research Paper to Global Journals Inc.

Please read the following rules and regulations carefully before submitting your research paper to Global Journals Inc. to
avoid rejection.

Segment draft and final research paper: You have to strictly follow the template of a research paper, failing which your
paper may get rejected. You are expected to write each part of the paper wholly on your own. The peer reviewers need to
identify your own perspective of the concepts in your own terms. Please do not extract straight from any other source, and
do not rephrase someone else's analysis. Do not allow anyone else to proofread your manuscript.

Written material: You may discuss this with your guides and key sources. Do not copy anyone else's paper, even if this is
only imitation, otherwise it will be rejected on the grounds of plagiarism, which is illegal. Various methods to avoid
plagiarism are strictly applied by us to every paper, and, if found guilty, you may be blacklisted, which could affect your
career adversely. To guard yourself and others from possible illegal use, please do not permit anyone to use or even read
your paper and file.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS

decision of Paper. This report will be the property of Global Journals.

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XXI

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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