
Modeling�Supply�Chains Product�of�General�Polynomials

Variable�Deceleration�Parameter Fractional�Order�Riemann�Curvature

VOLUME�22����������ISSUE�1����������VERSION�1.0

Online ISSN : 2249-4626
Print ISSN : 0975-5896
DOI : 10.17406/GJSFR



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Global Journal of Science Frontier Research: F
Mathematics & Decision Sciences



 

 

 

 

 

 
 

  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Open Association of Research Society 
 

Volume 22 Issue 1 (Ver. 1.0)

Global Journal of Science Frontier Research: F
Mathematics & Decision Sciences



 

 

 

 

 

 

 Global Journals Inc.  
(A Delaware USA Incorporation with “Good Standing”; Reg. Number: 0423089)
Sponsors:
                 Open Scientific Standards 

Publisher’s Headquarters office

Offset Typesetting 

Packaging & Continental Dispatching  

Find a correspondence nodal officer near you

To find nodal officer of your country, please
email us at local@globaljournals.org

eContacts

Press Inquiries: press@globaljournals.org
Investor Inquiries: investors@globaljournals.org
Technical Support: technology@globaljournals.org
Media & Releases: media@globaljournals.org

Pricing (E  xcluding Air Parcel Charges):

            

Open Association of Research Society

Global Journals Incorporated
2nd, Lansdowne, Lansdowne Rd., Croydon-Surrey, 
Pin: CR9 2ER, United Kingdom

Global Journals Pvt Ltd
E-3130 Sudama Nagar, Near Gopur Square, 
Indore, M.P., Pin:452009, India

 

 

USA Toll Free: +001-888-839-7392 
USA Toll Free Fax: +001-888-839-7392 

945th Concord Streets,

United States of America
Framingham Massachusetts Pin: 01701,

Global Journals Headquarters®

Yearly Subscription (Personal & Institutional)
                   250 USD (B/W) & 350 USD (Color) 

© Global Journal of Science 

All rights reserved. 

This is a special issue published in version 1.0 
of “Global Journal of Science Frontier 

Research.” By Global Journals Inc.

All articles are open access articles distributed
under “Global Journal of Science Frontier 

Research”

Reading License, which permits restricted use. 
Entire contents are copyright by of “Global 

Journal of Science Frontier Research” unless 
otherwise noted on specific articles.

No part of this publication may be reproduced 
or transmitted in any form or by any means, 

electronic or mechanical, including 
photocopy, recording, or any information 

storage and retrieval system, without written 
permission. 

The opinions and statements made in this 
book are those of the authors concerned. 
Ultraculture has not verified and neither 

confirms nor denies any of the foregoing and
no warranty or fitness is implied.

Engage with the contents herein at your own 
risk.

The use of this journal, and the terms and 
conditions for our providing information, is 

governed by our Disclaimer, Terms and 
Conditions and Privacy Policy given on our 

By referring / using / reading / any type of 
association / referencing this journal, this 

signifies and you acknowledge that you have 
read them and that you accept and will be 

bound by the terms thereof.

All information, journals, this journal, 
activities undertaken, materials, services and 
our website, terms and conditions, privacy 
policy, and this journal is subject to change 

anytime without any prior notice.

Incorporation No.: 0423089
License No.: 42125/022010/1186

Registration No.: 430374
Import-Export Code: 1109007027

Employer Identification Number (EIN): 
USA Tax ID: 98-0673427

website http://globaljournals.us/terms-and-condition/
menu-id-1463/

Frontier Research. 2022 .



 

 

Editorial Board 
Global Journal of Science Frontier Research 

Dr. John Korstad  Dr. Alicia Esther Ares 

Ph.D., M.S. at Michigan University, Professor of Biology, 

Department of Biology Oral Roberts University,             

United States 

 Ph.D. in Science and Technology, University of General 

San Martin, Argentina State University of Misiones,          

United States 

Dr. Sahraoui Chaieb  Tuncel M. Yegulalp 

Ph.D. Physics and Chemical Physics, M.S. Theoretical 

Physics, B.S. Physics, cole Normale Suprieure, Paris, 

Associate Professor, Bioscience, King Abdullah 

University of Science and Technology United States 

 Professor of Mining, Emeritus, Earth & Environmental 

Engineering, Henry Krumb School of Mines, Columbia 

University Director, New York Mining and Mineral, 

Resources Research Institute, United States 

Andreas Maletzky  Dr. Gerard G. Dumancas 

Zoologist University of Salzburg, Department of Ecology 

and Evolution Hellbrunnerstraße Salzburg Austria, 

Universitat Salzburg, Austria 

 Postdoctoral Research Fellow, Arthritis and Clinical 

Immunology Research Program, Oklahoma Medical 

Research Foundation Oklahoma City, OK United States 

Dr. Mazeyar Parvinzadeh Gashti  Dr. Indranil Sen Gupta 

Ph.D., M.Sc., B.Sc. Science and Research Branch of 

Islamic Azad University, Tehran, Iran Department of 

Chemistry & Biochemistry, University of Bern, Bern, 

Switzerland 

 Ph.D., Mathematics, Texas A & M University, Department 

of Mathematics, North Dakota State University, North 

Dakota, United States 

Dr. Richard B Coffin  Dr. A. Heidari 

Ph.D., in Chemical Oceanography, Department of 

Physical and Environmental, Texas A&M University 

United States 

 Ph.D., D.Sc, Faculty of Chemistry, California South 

University (CSU), United States 

Dr. Xianghong Qi  Dr. Vladimir Burtman 

University of Tennessee, Oak Ridge National Laboratory, 

Center for Molecular Biophysics, Oak Ridge National 

Laboratory, Knoxville, TN 37922, United States 

 Research Scientist, The University of Utah, Geophysics 

Frederick Albert Sutton Building 115 S 1460 E Room 383, 

Salt Lake City, UT 84112, United States 

Dr. Shyny Koshy  Dr. Gayle Calverley 

Ph.D. in Cell and Molecular Biology, Kent State 

University, United States 

 Ph.D. in Applied Physics, University of Loughborough, 

United Kingdom 



 

Dr. Bingyun Li  Dr. Baziotis Ioannis 

Ph.D. Fellow, IAES, Guest Researcher, NIOSH, CDC, 

Morgantown, WV Institute of Nano and Biotechnologies 

West Virginia University, United States 

 Ph.D. in Petrology-Geochemistry-Mineralogy Lipson, 

Athens, Greece 

Dr. Matheos Santamouris  Dr. Vyacheslav Abramov 

Prof. Department of Physics, Ph.D., on Energy Physics, 

Physics Department, University of Patras, Greece 

 Ph.D in Mathematics, BA, M.Sc, Monash University, 

Australia 

Dr. Fedor F. Mende  Dr. Moustafa Mohamed Saleh Abbassy 

Ph.D. in Applied Physics, B. Verkin Institute for Low 

Temperature Physics and Engineering of the National 

Academy of Sciences of Ukraine 

 Ph.D., B.Sc, M.Sc in Pesticides Chemistry, Department of 

Environmental Studies, Institute of Graduate Studies & 

Research (IGSR), Alexandria University, Egypt 

Dr. Yaping Ren  Dr. Yilun Shang 

School of Statistics and Mathematics, Yunnan University 

of Finance and Economics, Kunming 650221, China 

 Ph.d in Applied Mathematics, Shanghai Jiao Tong 

University, China 

Dr. T. David A. Forbes   Dr. Bing-Fang Hwang 

Associate Professor and Range Nutritionist Ph.D. 

Edinburgh University - Animal Nutrition, M.S. Aberdeen 

University - Animal Nutrition B.A. University of Dublin- 

Zoology 

 Department of Occupational, Safety and Health, College of 

Public Health, China Medical University, Taiwan Ph.D., in 

Environmental and Occupational Epidemiology, 

Department of Epidemiology, Johns Hopkins University, 

USA Taiwan 

Dr. Moaed Almeselmani  Dr. Giuseppe A Provenzano 

Ph.D in Plant Physiology, Molecular Biology, 

Biotechnology and Biochemistry, M. Sc. in Plant 

Physiology, Damascus University, Syria 

 Irrigation and Water Management, Soil Science, Water 

Science Hydraulic Engineering , Dept. of Agricultural and 

Forest Sciences Universita di Palermo, Italy 

Dr. Eman M. Gouda  Dr. Claudio Cuevas 

Biochemistry Department, Faculty of Veterinary 

Medicine, Cairo University, Giza, Egypt 

 Department of Mathematics, Universidade Federal de 

Pernambuco, Recife PE, Brazil 

Dr. Arshak Poghossian  Dr. Qiang Wu 

Ph.D. Solid-State Physics, Leningrad Electrotechnical 

Institute, Russia Institute of Nano and Biotechnologies 

Aachen University of Applied Sciences, Germany 

 Ph.D. University of Technology, Sydney, Department of 

Mathematics, Physics and Electrical Engineering, 

Northumbria University 

 



 

Dr. Lev V. Eppelbaum  Dr. Linda Gao 

Ph.D. Institute of Geophysics, Georgian Academy of 

Sciences, Tbilisi Assistant Professor Dept Geophys & 

Planetary Science, Tel Aviv University Israel 

 Ph.D. in Analytical Chemistry, Texas Tech University, 

Lubbock, Associate Professor of Chemistry, University of 

Mary Hardin-Baylor, United States 

Prof. Jordi Sort  Angelo Basile 

ICREA Researcher Professor, Faculty, School or 

Institute of Sciences, Ph.D., in Materials Science 

Autonomous, University of Barcelona Spain 

 Professor, Institute of Membrane Technology (ITM) Italian 

National Research Council (CNR) Italy 

Dr. Eugene A. Permyakov  Dr. Bingsuo Zou  

Institute for Biological Instrumentation Russian Academy 

of Sciences, Director Pushchino State Institute of Natural 

Science, Department of Biomedical Engineering, Ph.D., 

in Biophysics Moscow Institute of Physics and 

Technology, Russia 

 Ph.D. in Photochemistry and Photophysics of Condensed 

Matter, Department of Chemistry, Jilin University, Director 

of Micro- and Nano- technology Center, China 

Prof. Dr. Zhang Lifei  Dr. Bondage Devanand Dhondiram 

Dean, School of Earth and Space Sciences, Ph.D., Peking 

University, Beijing, China 

 Ph.D. No. 8, Alley 2, Lane 9, Hongdao station, Xizhi 

district, New Taipei city 221, Taiwan (ROC) 

Dr. Hai-Linh Tran  Dr. Latifa Oubedda 

Ph.D. in Biological Engineering, Department of 

Biological Engineering, College of Engineering, Inha 

University, Incheon, Korea 

 National School of Applied Sciences, University Ibn Zohr, 

Agadir, Morocco, Lotissement Elkhier N66, Bettana Sal 

Marocco 

Dr. Yap Yee Jiun  Dr. Lucian Baia 

B.Sc.(Manchester), Ph.D.(Brunel), M.Inst.P.(UK) 

Institute of Mathematical Sciences, University of Malaya, 

Kuala Lumpur, Malaysia 

 Ph.D. Julius-Maximilians, Associate professor, Department 

of Condensed Matter Physics and Advanced Technologies, 

Department of Condensed Matter Physics and Advanced 

Technologies, University Wrzburg, Germany 

Dr. Shengbing Deng  Dr. Maria Gullo 

Departamento de Ingeniera Matemtica, Universidad de 

Chile. Facultad de Ciencias Fsicas y Matemticas. Blanco 

Encalada 2120, Piso 4., Chile 

 Ph.D., Food Science and Technology Department of 

Agricultural and Food Sciences, University of Modena and 

Reggio Emilia, Italy 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Dr. Fabiana Barbi Prof. Ulrich A. Glasmacher

B.Sc., M.Sc., Ph.D., Environment, and Society, State 

University of Campinas, Brazil Center for Environmental 

Studies and Research, State University of Campinas, 

Brazil

Institute of Earth Sciences, Director of the Steinbeis 

Transfer Center, TERRA-Explore, University Heidelberg, 

Germany

Dr. Yiping Li Prof. Philippe Dubois

Ph.D. in Molecular Genetics, Shanghai Institute of 

Biochemistry, The Academy of Sciences of China Senior 

Vice Director, UAB Center for Metabolic Bone Disease

Ph.D. in Sciences, Scientific director of NCC-L, 

Luxembourg, Full professor, University of Mons UMONS 

Belgium

Nora Fung-yee TAM Dr. Rafael Gutirrez Aguilar

DPhil University of York, UK, Department of Biology 

and Chemistry, MPhil (Chinese University of                   

Hong Kong)

Ph.D., M.Sc., B.Sc., Psychology (Physiological), National 

Autonomous, University of Mexico

Dr. Sarad Kumar Mishra Ashish Kumar Singh

Ph.D in Biotechnology, M.Sc in Biotechnology, B.Sc in 

Botany, Zoology and Chemistry, Gorakhpur University, 

India

Applied Science, Bharati Vidyapeeth's College of 

Engineering, New Delhi, India

Dr. Ferit Gurbuz Dr. Maria Kuman 

Ph.D., M.SC, B.S. in Mathematics, Faculty of Education, 

Department of Mathematics Education, Hakkari 30000, 

Turkey  

and Space, United States 

Ph.D, Holistic Research Institute,                       Department of Physics 



 

 

Contents of the Issue 

 

i. Copyright Notice 
ii. Editorial Board Members 
iii. Chief Author and Dean 
iv. Contents of the Issue 

 
1. Modeling Supply Chains by Critical Paths and Leontief Input-Output                  

Table. 1-3 
  

  
2.

 

Bianchi Type-I Anisotropic String Cosmological Models in the Chassis of 
Normal Gauge for Lyra's Manifold with Variable Deceleration Parameter.                 
5-17

 
4. Fractional Order Riemann Curvature Tensor in Differential Geometry. 29-46 
5. Certain Oberhettinger’s Integrals Associated with Product of General 

Polynomials and Incomplete H- Function. 47-57 
 
 
v. Fellows   
vi. Auxiliary Memberships 
vii. Preferred Author Guidelines 
viii. Index 
 

3. On the Convergence of a Single Step Third Order Method for Solving
Equations. 19 -28



© 2022. Gregory L. Light. This research/review article is distributed under the terms of the Attribution-NonCommercial-
NoDerivatives 4.0 International (CC BY-NC-ND 4.0). You must give appropriate credit to authors and reference this article if parts 
of the article are reproduced in any manner. Applicable licensing terms are at https://creativecommons.org/licenses/by-nc-
nd/4.0/. 

Global Journal of Science Frontier Research: F 
Mathematics and Decision Sciences 
Volume  22  Issue 1 Version 1.0  Year  2022 
Type : Double Blind Peer Reviewed International Research Journal  
Publisher: Global Journals  
Online ISSN: 2249-4626 & Print ISSN: 0975-5896 

 
 
Modeling Supply Chains by Critical Paths and Leontief Input-
Output Table          

By Gregory L. Light 
Providence College   

Abstract- We formulate a supply-chain problem by:(1)casting it in the model of critical-path 
analysis as defined by predecessor/successor relations, and (2)allowing for mutual dependency 
among the activity nodes and applying Leontief’s input-output structure.        

Keywords: scheduling bottleneck, network disruption, pandemic disequilibria. 

GJSFR-F Classification: DDC Code: 658.7, LCC Code: HD38.5 
 

ModelingSupplyChainsbyCriticalPathsandLeontiefInputOutputTable  

Strictly as per the compliance and regulations of:

 
 
 

 



 
 
 

Modeling Supply Chains by Critical Paths 
and Leontief Input-Output Table  

Gregory L. Light  

  

 
Abstract-

 

We formulate a supply-chain problem by:(1)casting it in the model of critical-path analysis

 

as defined by 
predecessor/successor relations, and (2)allowing for mutual dependency among the activity

 

nodes and

 

applying 
Leontief’s input-output structure.

 
Keywords: scheduling bottleneck, network disruption, pandemic disequilibria.

 I.
 

Introduction

 Recent global supply-chain problems have received acute attention from every 
corner on the planet. While ad hoc ex-post analyses are perhaps timely[1], [2], 
preventative ex-ante treatments are more fundamental. Standard topics of supply chain 
management include: the bullwhip effect, vertical integration, and point-by-point 
statistical control[3];this paper seeks to add to the list

 

the

 

critical paths

 method(CPM)[4], [5] (for applications of CPM, cf. [6], [7]), which bears the common 
construct of a partially ordered set. In addition, we extend the scope of a directed tree

 of uni-directional edges/paths

 

connecting all the vertices/nodes[8], [9], to a network of 
mutually dependent

 

economic agents, which then readily leads to Leontief’s input-
output table

 

for the gross domestic product (GDP) [10].As such, Section 2 below will 
connect CPM to a supply-chain problem, and Section 3 will show how an input-output 
analysis can address a global disruption over an economy, where

 

we will incorporate the 
apparatus of elasticities of substitution, proportional changes in the ratio of two factors 
due to a change in the ratio of their prices.

 

Section 4 will draw a summary.

 
II.

 
Supply

 
Chain

 
by

 
CPM

 
Let { }{ }A 1,2, , N 1ia i n≡ = ∈ − be a set of activities with strict partial order 

relations  , where " "j ka a

 

denotes ja

 

being a predecessor of ka , and denote the set of 

all the largest elements of A

 

by L , which have no successors. By Hausdorff maximum 

principle [11], there exists a maximal simply ordered subset Bm of A

 

that has its largest 
element Lma ∈ ; i.e., Bm

 

is a critical path. 

 
Next, collect all these critical paths { }mB

 

and conduct the usual CPM analysis 
for each Bm[6];  then one arrives at a complete  set of optimal solutions for a supply-
chain problem.
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III. Supply Chain by Input-Output Analysis 

Let ( )ij n n
a

×
=A  be a matrix of the trading values  of economic agent  i sold to agent  

j
 

in GDP. Obtain the row sums 
1

, 1, 2, , ;
n

ij
j

a i n
=

∀ =∑   
analogously, obtain the column sums 

1
, 1, 2, , .

n

ij
i

a j n
=

∀ =∑ 

 

Measure the economic value of agentk

 

by 
1 1

, 1, 2, , ,
n n

kj ik k
j i

a a v k n
= =

 
+ ≡ = 

 
∑ ∑ 

 
which represents the total trade value of k, analogous to the sum of exports and 
imports of an economy.

 Next, let ( )output k
inputs ij n n k

σ
× →

Σ ≡

 

be a matrix of elasticities of substitution between 

inputs i and j

 

for producer

 

k, 1,2, , ,k n= 

 

where ; 1ii kσ =

 

and ; ; .ij k ji kσ σ=

 

Analogously, 

let ( )consumer k
outputs ij n n k

S s
× →

≡

 

be a matrix of elasticities of substitution between outputs i

 
and j

 

for consumer k, 1,2, , ,k n= 

 

where ; 1ii ks =

 

and ; ; .ij k ji ks s=

 

Fix k

 

as a producer; measure its inputs substitutability by the product of the 

elements of the upper triangular sub-matrix of ;, or ;output k
inputs i j ij kσ<Σ Π

 

analogously, 

measure the outputs substitutability for consumer k

 

by ; ;i j ij ks<Π now combine these two 

measures of substitutability for k

 

as a producer and as a consumer by 

( ); ; .i j ij k i j ij k ksσ ξ< <Π ⋅Π ≡

 

Finally, measure the economic significance of k

 

by ,k k kv ξ γ≡ and

 

establish a decreasing sequence
1,2, ,

,
jk j n

γ
= 

by which one can address an economy-wide 

supply chain problem more à

 

propos, in particular, paying special attention to the case 

of .kγ = ∞

 

IV.

 

Summary
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Notes

As has been observed in recent years, there are mainly three kinds of situations 
that disrupt a general economy: that due to labor shortage for certain specific tasks, 
that due to the lack of special components in a production process, and that due to 
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availability; all these problems can be alleviated or even prevented by an ex-ante
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phase which is consistent to the recent observations. It has been found that the displacement 
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consistent with recent observations of SNe Ia. It has been found that massive strings dominate in 
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Binachi type-I cosmological models are analogous and anisotropic in nature
and also which gives physically and geometrically better structure and inturn
helps in describingand understanding the physical properties of early universe.
Binachi-I give rise to an ellipsoidal structure of the universe inspite of infla-
tion.It has been evident by many theories that the universe is accelerating [1-8].
Recent observations of large scale distribution of galaxies and supernovae , a
negative-gravity like substance known as dark energy seems to dominate the
Universe [8-18], which accelerates the rate at which the universe is expanding.
As the universe expands the dark energy clusters more weakly than matter and
also dilutes more slowly than matter. Present time rate of expansion is given
by Hubble parameter H whereas expansion of current observable universe is
speeding up is given by deceleration parameter.These are vital observational
parameters for analysing various properties of any cosmological structures.The

Abstract- Present paper is the study of the anisotropic spatially Bianchi type-I (B-I)
homgeneous cosmological models in the chassis of normal gauge for Lyra's manifold. A 
deterministic solution has been obtained by taking de- celeration parameter to be 
dependent on time which results in average scale factor has been 
obtained. Modified field equations given by Einstein for the homogeneous Binachi Type 
I metric are solved. Our models are in accelerating phase which is consistent to the
recent observations. It has been found that the displacement vector behaves like 
cosmological term in the normal gauge treatment and the solutions are consistent with 
recent observations of SNe Ia. It has been found that massive strings dominate in the 
decelerating universe whereas strings dominate in the accelerating universe. The strings 
dominate in the early universe and eventually disappear from the universe for sufficiently
large times. This is in consistent with the current observations. Some physical and 
geometric behaviour of these models are also discussed.
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Considering totally anisotropic B-I metric,

ds2 = A2dx2 +B2dy2 + C2dz2 − dt2, (1)

Here A, B and C are the metric potentials.
The energy-momentum tensor for massive string jn perfect fluid is

T ji = −λxixj + pgji + (ρ+ p)viv
j , (2)

Isotropic pressure is given by p; Rest energy density for the strings is given by
ρ ; is tension density of string is given by λ; xi represents unit space-like vector
and vi is the particle’s four-velocity where x2 = 0 = x3 = x4 and x1 6= 0. Also

viv
i = −xixi = −1, vixi = 0. (3)

let

xi = (A−1, 0, 0, 0). (4)

and

ρ = λ+ ρp. (5)

where represents particle density is being represented by ρp In normal gauge,
the field equations has been obtained by Sen [4] and given as

Rji −
1

2
gjiR+

3

2
φiφ

j − 3

4
gjiφkφ

k = −8πT ji , (6)

The field equation given by Einstein (6) with (2) for the metric (1)will result in:

ḂĊ

BC
+

3

4
β2 +

B̈

B
+
C̈

C
+ p− λ = 0, (7)

ĊȦ

CA
+

3

4
β2 +

Ä

A
+
C̈

C
+ p = 0, (8)

ȦḂ

AB
+

3

4
β2 +

Ä

A
+
B̈

B
+ p = 0, (9)

ȦḂ

AB
+
ḂĊ

BC
+
ĊȦ

CA
+

3

4
β2 = ρ. (10)

T ii;j = 0 will give

(ρ+ p)
Ȧ

A
+
Ḃ

B
+
Ċ

C

)
+ ρ̇ = −λȦ

A
, (11)

cal models has also been analysed by Pradhan et al. [19]. Time dependence of
deceleration parameter q is in concurrence with the present study of escalting
universe

II. Field Equations and Metric
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Equation (12)gives

φi

[
∂φj

∂xj
+ φlΓjlj

]
+ φj

[
∂φi
∂xj
− φlΓlij

]
− 1

2
gjiφk

[
∂φk

∂xj
+ φlΓklj

]
−

1

2
gjiφ

k

[
∂φk
∂xj
− φlΓlkj

]
= 0. (13)

Eq. (13) reduces to

β

[
∂(g44φ4)

∂x4
+ φ4Γ4

44

]
+ g44φ4

[
∂φ4
∂t
− φ4Γ4

44

]
− 1

2
g44φ4

[
∂φ4

∂x4
+ φ4Γ4

44

]
−

1

2
g44g

44φ4
[
∂φ4
∂t
− φ4Γ4

44

]
= 0. (14)

which gives

β2 Ȧ

A
+
Ḃ

B
+
Ċ

C

)
= −ββ̇. (15)

There are five equations from (7)-(10) and (15)whereλ, p, ρ, β which are the
cosmological parameters and A, B C metric potentials are the unknowns. For
finding its explicit solution Firstly we assumed that the expansion scalar (θ)of
cosmological constant is directly proportionate to the integrant σ1

1 of the shear
tensor σji which will give following relation:

A
1
m = BC, (16)

where m is any positive value which is well explained by Thorne [79]. Also

σ ≤ 0.3H

For spatially homogeneous metric, Collins et al. [82] have found out,that the
ratio of σ which gives normal congruence of any cosmological model to the θ

which gives homogeneous expansion of the model is constant i.e. σ
θ is constant.

The Hubble parameter is

3H =
Ȧ

A
+
Ḃ

B
+
Ċ

C

)
. (17)

Next, we take decelaration parameter to be time dependent

q =
−äa
ȧ2

= b(t), (18)

which results in

a = [sinh(αt)]1/n (19)

Bianchi Type-I Anisotropic String Cosmological Models in the Chassis of Normal Gauge for Lyra's 
Manifold with Variable Deceleration Parameter

simultaneously Right hand side of Eq. (6) gives(
Rji −

1

2
gjiR

)
;j

+
3

2

(
φiφ

j
)
;j
− 3

4

(
gjiφkφ

k
)
;j

= 0. (12)

III. Solutions of the Field Equations
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Solving the equations (16), (19) and (21), we get

A = sinh(αt)
3m

n(m+1) ; , (22)

B =
√
k1 sinh(αt)

3
2n(m+1) exp[

k2
2

]F (t) , (23)

C =
1√
k1

sinh(αt)
3

2n(m+1) exp[
−k2

2
]F (t) (24)

Hence the model (1) will result in

ds2 = sinh(αt)
6m

n(m+1) dx2 + k1 sinh(α− dt2t)
6

2n(m+1) exp[k2F (t)]dy2

+
1

k1
sinh(αt)

6
2n(m+1) exp[−k2F (t)]dz2. (25)

Now solving Eq. (15)results β = 0 or β̇
(
Ȧ
A + Ḃ

B + Ċ
C

)
= 0. which results in

β̇ + β
Ȧ

A
+
Ḃ

B
+
Ċ

C

)
= 0, (26)

Bianchi Type-I Anisotropic String Cosmological Models in the Chassis of Normal Gauge for Lyra's 
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which leads to

β̇

β
+

3α

n
coth(αt) = 0. (27)

Integrating Eq. (27), we obtain

β = [sinh(αt)]−
3
n , (28)

where k is an constant.

V = (AB2) = a3(t) = [sinh(αt)]3/n (29)

The Hubble parameter for our derived model is given by

H =
α

n
coth(αt) (30)

Also,

q + 1 = n(1− tanh2αt) (31)

also we know

a3 = V = ABC (20)

Subtracting (8) from (9), and taking integral twice, we obtain

B

C
= k1exp[k2

∫
(ABC)−1dt], (21)

where k1 and k2 are the constants. Notes
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here n and α are positive. The value of q which is a time dependent parameter
defines the nature of the universe. From Eq.[31] we can see that q > 0 when

tanh(αt) < ( (n−1)
n )

1
2 and q < 0 when tanh(αt) > ( (n−1)

n )
1
2 . Current studies,

suggests that the present universe is escalating and value of deceleration param-
eter lies between the interval of −1 < q < 0.Currently (t0 = 12.36Gyr) with
(q0 = −0.52) (Amirshashchi et al.)(Yu,Ratna and Wang) based on OHD+JLA
Data, we have the following equation for α and n.

αt0 = tanh−1

[
1− (

1 + q0
n

)

] 1
2

(32)

here the current value of H is denoted by H0 and the present age of universe
by t0 . We consider the three cases based on different data:

α =
1

12.36
tanh−1

[
1−

(
0.48

n

)] 1
2

(33)

For the present Universe,it is quite clear that the model holds good for n > 0.48.

It has been observed by Halford [4] that the cosmological constant Λ and
displacement field φi in Lyra’s manifold behaves in same manner . From Eq.
(28), β(T ) which is the displacement vector reduces with the rise of cosmic
time when kandn are positive and at large times it attains a very small positive
value. Recent observations of cosmological bodies Riess et al. [99, 100]; SNe Ia
(Garnavich et al. [94, 95];Schmidt et al. [101]); Perlmutter et al. [96]−[98]; sug-
gest that cosmological constant is positive Λ having value Λ(Gh̄/c3) ≈ 10−123.
β(T ) so obtained in our derived cosmological model is in consensus with recent
observations.

The equations for various parameters (p), (ρ),(λ) and (ρp) for our model (??)
are given by

p1 =
−3 sinh(αt)−2(3+n)/n(−(1 +m)2n2−(−3 + 4n+ 4m2(−3 + 2n) + 6m(−1 + 2n))α2/sinh(αt)6/n)

8(1 +m)2n2

(34)

p2 =
−3 sinh(αt)−2(3+n)/ncosh(2αt)((1 +m)2n2 + 3(1 + 2m+ 4m2)α2 sinh(αt)6/n)

8(1 +m)2n2

(35)

p = p1 + p2

ρp1 =
3sinh(αt)−2(3+n)/n (−(1 +m)2n2−(3−4n+ 2m(−9 + 2n) + 4 m2(−3 + 2n))α2 sinh(αt))

8(1 +m)2n2

(36)

ρp2 =
3sinh(αt)−2(3+n)/ncosh(2αt)((1 +m)2n2 + 3(−1 + 6m+ 4m2)α2 sinh(αt))

8(1 +m)2n2

(37)

ρp = ρp1 + ρp2

λ = −3(2m− 1)α2(3− 2n+ 3 cosh(2αt)cosh2(αt))

4(1 +m)n2
(38)

ρ =
3

4
(
3(1 + 4m)α2 coth2(αt)

(1 +m)2n2
+ sinh(αt)6/n) (39)
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Under the appropriate choice of constants the energy density and particle den-
sity satisfies the energy conditions. We can see that at T = 0 all the cosmological
parameters diverge which implies that the derived model has a uniqueness at
initial time .Uniqueness of this type is a Point Type and is explained by (Mac-
Callum [102]). The cosmological parametersλ,ρ, p, , ρp and starts with very
large values. For m < 1 these parameters decreases with the extension of the
current universe.In the starting of universe the values of ρp and λ were large
implying that strings were dominating the beginning of the universe i.e. at ini-
tial times.At extremely large values of times, the cosmological parameters ρp
and λ approaches zero which implies that for extremely large values of times
the strings vanishes and because of this the strings are not being detectable in
the present time.

We can see from Fiq.1 that for n ≤ 1,our derived model is progressing in escalat-
ing phase whereas for n > 1, the model is progressing from early de-escalating
phase to present escalated phase. It can be seen that our model is evolving only
in an escalted phase (q < 0) for assuming n = 0.5 and α = 0.0164 (case I) and

in (case II) n = 0.75 and α = .0560.this is the value of joint OHD+JLA dataset
used (Amirhashchi et al. [56, 57]).

(a)

(a)Plot of q to t. Here (a) Case I n = 0.5, α = 0.0164 (b) CaseII
n = 0.75, α = 0.0560

Figure.2(a) corresponding to the Eq.30 , Plot of Hubble parameter (H) to
t. H decreases with increase of t. Figure.2(b)depicts the behaviour of spatial
volume V with respect to t. Spatial V increases as cosmic time tends to infinity
and becomes zero at t = 0. From Eq. (36) and fig.3, we can see that isotropic
pressure p increases with the increase of time and p approches to zero for t> 0,
n> .48.

From Eq.(38), We can see that the particle density denoted by ρp decreases
with the increase of cosmic time and remains positive i.e. ρp > 0 for all time.
Fig.4 is the plot of particle density with respect to time . Here it is to be noted
that ρp approaches to zero at large value of times in both cases. It is worth
mentioning that ρp is decreasing fastly in case 1 in comparison to case 2.

From Eq.(39), we can also see that the tension density λ increases with the
increase of time and it is always λ < 0. fig.5 is the plot of string tension density
with respect to time. It can be seen that the λ remains negative in both cases.

IV. Result and Discussion

Figure 1: 
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However, it tends towards infinity for t> 0. fig.6 is the plot of ρ with respect
to cosmic time.We can see that energy density decreases more sharply in case 1
than 2 with increase of time t and tends to zero as time increases.

(b)

Plot of Hubble Parameter and Volume to t Here (a) CaseI n = 0.5, α =
0.0164 (b) CaseII n = 0.75, α = 0.0560.

In this paper,Anisotropic spatially homogeneous Bianchi-I cosmological models
with perfect fluid within the chassis of normal gauge in Lyra’s manifold consid-

Figure 2: 

V. Conclusion

(a)
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Plot of particle density ρp to time t

Plot of Isotropic Pressure p to t Here (a) CaseI n = 0.5, α = 0.0164
(b) CaseII n = 0.75, α = 0.0560 .

ering deceleration parameter to be time dependent has been studied.

Figure 3: 

Figure 4: 

(a)

Notes
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(a)

Plot of Particle Density ρp to t Here (a) CaseI n = 0.5, α = 0.0164
(b) CaseII n = 0.75, α = 0.0560.

(a)

Plot of String Tension λ to t Here (a) CaseI n = 0.5, α = 0.0164 (b)
CaseII n = 0.75, α = 0.0560.

We have taken that the normal congruence of the model to the homogeneous
expansion to be constant. i.e.σθ = constant. All the physical quantities are

Figure 5: 

Figure 6: 
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(a)

Plot of energy density ρ to t Here (a) CaseI n = 0.5, α = 0.0164 (b)
CaseII n = 0.75, α = 0.0560.

extremely large at initial time and becomes zero as T → ∞ which is a Point
Type uniqueness (MacCallum 1971) at initial time in the derived model.

The derived cosmological model presents the dynamics of strings for various
values of (n, α) = (0.5, 0.0164) and (0.75, 0.0560) for various modes of advance-
ment of universe . In the beginning of the universe the strings dominates and
at extremely large values of times vanishes which is in concurrence with the
current observations.

Further parameters Isotropic Pressure p, Particle Density ρp, energy density
ρ has been analysed to study their impact with increase in time. The particle
density reduces with the increase of cosmic time and becomes negligible at ex-
tremely large value of times whereas isotropic pressure and is always negative
and at late times it also follows the same pattern and becomes negligible.This
negative sign for the pressure (repulsive force)can be explained as a source of
the escalation at initial time.

The investigation of such cosmological models in the chassis of Lyra’s mani-
fold gives rise to new mode for theoretical formulation for relativistic gravitation
and a new prospect for further analysis in astrophysics and cosmology.

Figure 7: 
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Let F : D ⊂ S −→ S be a differentiable function, where S = R or S = C and
D is an open nonempty set.

We are interested in computing a solution x∗ of equation

F (x) = 0. (1.1)

The point x∗ is needed in closed form. But this form is attained only in special
cases. That explains why most solution methods for (1.1) are iterative. There
is a plethora of local convergence results for high convergent iterative methods
based on Taylor expansions requiring the existence of higher than one derivatives
not present on these methods. But there is very little work on the semi-local
convergence of these methods or the local convergence using only the derivative
of the operator appearing on these methods. We address these issues using a
method by S. Kumar defined by

x0 ∈ D, xn+1 = xn −A−1n F (xn), (1.2)

where An = F ′(xn)− γF (xn), γ ∈ S. It was shown in [6] that the order of this
method is three and for en = xn − x∗,

en+1 = (γ − a2)e2n +O(e3n), (1.3)

Abstract- S. Kumar provided the local convergence of a third convergent order method 
for solving equations defined on the real line. We study the semi-local convergence of 
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For example [1]: Let E = E1 = R, D = [−0.5, 1.5]. Define λ on D by

On the Convergence of a Single Step Third Order Method for Solving Equations

λ(t) =

{
t3 log t2 + t5 − t4 if t 6= 0

0 if t = 0.

Then, we get t∗ = 1, and

λ′′′(t) = 6 log t2 + 60t2 − 24t+ 22.

Obviously λ′′′(t) is not bounded on D. So, the convergence of scheme (1.2) is
not guaranteed by the previous analyses in [6]. We address all these concerns by
using conditions only on F ′ in both the local and semi-local case that appears
on method (1.2). This way we expand the applicability of this method. Our
technique is very general so it can be used to extend the applicability of other
methods along the same lines [2–5,7–10]. Throughout this paper U(x, r) = {y :
|x− y| < r} and U [x, r] = {y : |x− y| ≤ r} for x ∈ S and r > 0.

The rest of the paper is set up as follows: In Section 2 we present the
semi-local analysis, where in Section 3 we present local analysis. The numerical
experiments are presented in Section 4.

Let L0, L, γ, δ be given positive parameters and η ≥ 0. Define scalar sequence
{tn} by

t0 = 0, t1 = η,

tn+2 = tn+1 +
L(tn+1 − tn)2 + 2|γ|δ(tn + η)(tn+1 − tn)

2(1− (L0 + |γ|δ)tn+1))
. (2.1)

Next, we shall prove that this equence is majorizing for method (1.2). But
first we need to define more parameters and scalar functions:

α0 =
Lt1

2(1− (L0 + |γ|δ)t1)
,

4 = L2 − 8(L0 + |γ|δ)(1|γ|δ − L),

functions f : [0, 1) −→ R, g : [0, 1) −→ R by

f(t) =
2|γ|δη
1− t

+
2t(L0 + |γ|δ)η

1− t
+ 2|γ|δη − 2t,

g(t) = 2(L0 + |γ|δ)t2 + Lt+ 2|γ|δ − L

and sequences of polynomials fn : [0, 1) −→ R by

fn(t) = Ltnη + 2|γ|δ(1 + t+ . . .+ tn−1)η + η

+2t(L0 + |γ|δ)(1 + t+ . . .+ tn)η − 2t.

where am = 1
m!

F (m)(x∗)
F ′(x∗) , m = 2, 3, . . . . It follows that the convergence requires

the existence of F ′, F ′′, F ′′′ but F ′′, F ′′′ do not appear on method (1.2). So, these
assumptions limit the applicability of the method. Moreover, no computable
error bounds on |xn − x∗| or uniqueness of the solution results are given.

II. Semi-Local Analysis
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(C2) There exists minimal β ∈ (0, 1) such that f(β) = 0, α ∈ (0, 1) : f(α) = 0,
and 4 > 0. Then, suppose α0 ≤ α ≤ β.

(C3) f(t) 6= 0 for all t ∈ [0, 1) and 4 ≤ 0.

(C4) f(t) 6= 0 and 4 > 0. Notice that g has two solutions: 0 ≤ s1 < s2 < 1.
Suppose α0 ≤ s ∈ (s1, s2] and f(s) ≤ 0.

Let us denote these conditions by (C).
Next, we present convergence results for sequence (2.1).

Suppose:

(L0 + |γ|δ)tn+1 < 1. (2.2)

Then, the following assertions hold

0 ≤ tn ≤ tn+1 (2.3)

and

t∗ = lim
n−→∞

tn ≤
1

L0 + |γ|δ
. (2.4)

Assertions follow from (2.1) and (2.2), where t∗ is the unique least upper
bound of sequence {tn}.

The next result is shown under stronger conditions but which are easier to
verify than (2.2).

Suppose: conditions (C) hold. Then, assertions (2.3) and (2.4)
hold too.

Mathematical induction on m is used to show

(Im) :
L(tm+1 − tm) + 2|γ|δ(tm + η)

2(1− (L0 + |γ|δ)tm+1
≤ α. (2.5)

This estimate hols for m = 0 by the definition of α0 and conditions (C). Then,

we get 0 ≤ t2− t1 ≤ α(t1− t0) = αη and t2 ≤ t1 +αη = 1−α2

1−α η <
η

1−α . Suppose

0 ≤ tm+1 − tm ≤ αmη and tm ≤ 1−αm

1−α η. Then, (2.5) holds if

Lαmη + 2|γ|δ((1 + α+ . . .+ αm−1)η + η)

+2α(L0 + |γ|δ)(1 + α+ . . .+ αm)η − 2α ≤ 0 (2.6)

or

fm(t) ≤ 0 at t = α. (2.7)

We need a relationship between two consecutive polynomials fm :

fm+1(t) = fm+1(t)− fm(t) + fm(t)

= Ltm+1η + 2|γ|δ(1 + t+ . . .+ tm)η + 2|γ|δη

+2t(L0 + |γ|δ)(1 + t+ . . .+ tm+1)η + fm(t)

Notice that 4 is the discreminant of g. Consider that any of these conditions
hold:

(C1) There exists minimal β ∈ (0, 1) such that f(β) = 0 and 4 ≤ 0. Then,
suppose α0 ≤ β.

Lemma 2.1 

Proof. 

Lemma 2.2 

Proof. 

Notes
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−Ltmη − 2|γ|δ(1 + t+ . . .+ tm−1)η − 2|γ|δη

−2t(L0 + |γ|δ)(1 + t+ . . .+ tm−1)η − 2|γ|δη

−2t(L0 + |γ|δ)(1 + t+ . . .+ tm)η + 2t

= fm(t) + g(t)tmη,

so

fm+1(t) = fm(t) + g(t)tmη. (2.8)

Define function f∞ : [0, 1) −→ R by

f∞(t) = lim
m−→∞

fm(t). (2.9)

It then follows from (2.6) and (2.9) that

f∞(t) = f(t). (2.10)

Case (C1) We have by (2.8) that

fm(t) ≤ fm+1(t). (2.11)

So, (2.7) holds if

f∞(t) ≤ 0, (2.12)

which is true by the choice of β.

Case(C2) Then, again (2.11) and (2.12) hold by the choice of α and β.

Case(C4) We have

fm+1(t) ≤ fm(t),

so (2.7) holds if f1(α) ≤ 0, which is true by (C4).

The induction for items (2.5) so the induction for (2.3) is completed too
leading again to the verification of the assertions for 1

L0+|γ|δ in (2.4) replaced

by η
1−α .

Next, we introduce the conditions (A) to be used in the semi-local conver-
gence of method (1.2).

Suppose:

(A1) There exist x0 ∈ D, η ≥ 0 such that A0 6= 0 and ‖A−10 F (x0)‖ ≤ η.

(A2) There exists L0 > 0 such that ‖A−10 (F ′(v) − F ′(x0))‖ ≤ L0‖v − x0‖ for
all v ∈ D. Set D0 = U(x0,

1
L0

) ∩D.
(A3) There exist L > 0, δ > 0 such that ‖A−10 (F ′(v)−F ′(w))‖ ≤ L‖v−w‖ and

‖A−10 (F (v)− F (x0))‖ ≤ δ‖v − x0‖,

for all v, w ∈ D0.

(A4) Conditions of Lemma 2.1 or Lemma 2.2 hold
and

(A5) U [x0, t
∗] ⊂ D.

Next, we show the semi-local convergence of method (1.2) under the condi-
tions (A).

Notes
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Suppose that conditions (A) hold. Then, sequence {xn} gen-
erated by method (1.2) is well defined remains in U(x0, t

∗) and converges to a
solution of equation (1.1) such that x∗ ∈ U [x0, t

∗].

Mathematical induction is used to show

‖xn+1 − xn‖ ≤ tn+1 − tn. (2.13)

This estiamte holds by (A1) and (1.2) for n = 0. Indeed, we have

‖x1 − x0‖ = ‖A−10 F (x0)‖ = η = t1 − t0 < t∗,

so x1 ∈ U(x0, t
∗). Suppose (2.13) holds for all values of m smaller or equal to

n − 1. Next, we show Am+1 6= 0. Using the definition of Am+1, (A2), (A3) we
get in turn that

‖A−10 (Am+1 −A0)‖ = ‖A−10 (F ′(xn+1)− γF (xm+1)− F ′(x0) + γF (x0))‖

≤ ‖A−10 (F ′(xm+1)− F ′(x0))‖+ |γ|‖A−10 (F (xm+1)− F (x0))‖

≤ L0‖xm+1 − x0‖+ |γ|δ‖xm+1 − x0‖

≤ L0(tm+1 − t0) + |γ|δ(tm+1 − t0)

= (L0 + |γ|δ)tm+1 < 1, (2.14)

where we also used by the induction hypotheses that

‖xm+1 − x0‖ ≤ ‖xm+1 − xm‖+ ‖xm − xm−1‖+ . . .+ ‖x1 − x0‖

≤ tm+1 − t0 = tm+1 < t∗,

so xm+1 ∈ U(x0, t
∗). It also follows from (2.14) that Am+1 6= 0 and

‖A−1m+1A0‖ ≤
1

1− (L0 + |γ|δm+1)
(2.15)

by the Banach lemma on inverses of functions [8]. Moreover, we can write by
method (1.2):

F (xm+1) = F (xm+1)− F (xm)− F ′(xm)(xm+1 − xm) + γF ′(xm)(xm+1 − xm),
(2.16)

since F (xm) = −(F ′(xm)−γF (xm))(xm+1−xm). By (A3) and (2.16), we obtain
in turn

‖A−10 F (xm+1)‖ ≤ ‖
∫ 1

0

A−10 (F ′(xm + θ(xm+1 − xm))

−F ′(xm))dθ(xm+1 − xm)‖

+‖A−10 F ′(xm)‖‖xm+1 − xm‖

≤ L

2
‖xm+1 − xm‖2

+|γ|(‖A−10 (F (xm+1)− F (x0)‖+ ‖A−10 F (x0)‖)‖xm+1 − xm‖

Theorem 2.3 

Proof. 
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)

≤ L

2
(tm+1 − tm)2 + |γ|(δ‖xm+1 − x0‖+ η)(tm+1 − tm)

≤ L

2
(tm+1 − tm)2

+|γ|(δtm+1 + η)(tm+1 − tm). (2.17)

It then follows from (1.2), (2.15) and (2.17) that

|xm+2 − xm+1‖ ≤ ‖A−1m+1A0‖‖A−10 F (xm+1)‖ ≤ tm+2 − tm+1, (2.18)

and

‖xm+2 − x0‖ ≤ ‖xm+2 − xm+1‖+ ‖xm+1 − x0‖

≤ tm+2 − tm+1 + tm+1 − t0 = tm+2 < t∗. (2.19)

But sequence {tm} is fundamental. So, sequence {xm} is fundamental too (by
(2.18)), so it converges to some x∗ ∈ U [x0, t

∗]. By letting m −→ ∞ in (2.17),
we deduce that F (x∗) = 0.

Next, we present a uniqueness of the solution result for equation (1.1).

Suppose

(1) There exists x0 ∈ D,K > 0 such that F ′(x0) 6= 0 and

‖F ′(x0)−1(F ′(v)− F ′(x0))‖ ≤ K‖v − x0‖ (2.20)

for all v ∈ D.

(2) The point x∗ ∈ U [x0, a] ⊆ D is a simple solution of equation F (x) = 0 for
some a > 0.

(3) There exists b ≥ a such that

K(a+ b) < 2.

Set B = U [x0, b] ∩D. Then, the only solution of equation F (x) = 0 in B is x∗.

Set M =
∫ 1

0
F ′(z∗+ θ(x∗− z∗))d for some z ∈ B with F (z∗) = 0. Then,

in view of (2.20)

‖F ′(x0)−1(M − F ′(x0))‖ ≤ K

∫ 1

0

((1− θ)‖x0 − x∗‖+ θ‖x0 − z∗‖)dθ

≤ K

2
(a+ b) < 1,

so, z∗ = x∗ follows from M 6= 0 and M(z∗ − x∗) = F (z∗)− F (x∗) = 0− 0 = 0.

Proposition 2.4 

Proof. 

Notes
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Let β0, β and β1 be positive parameters. Set

β2 = β0 + |δ|β1.

Define function h : [0, 1
β2

) −→ R by

h(t) =
βt

2(1− β0t)
+

|γ|β2
1t

(1− β0t)(1− β2t)
.

Suppose this function has a minimal zero ρ ∈ (0, 1
β2

). We shall use conditions

(H). Suppose:

(H1) The point x∗ ∈ D is a simple solution of equation (1.1).

(H2) There exists β0 > 0 such that

‖F ′(x∗)−1(F ′(v)− F ′(x∗))‖ ≤ β0‖v − x∗‖

for all v ∈ D. Set D1 = U(x∗, 1
β0

) ∩D.

(H3) There exist β > 0, β1 > 0 such that

‖F ′(x∗)−1(F ′(v)− F ′(w))‖ ≤ β‖v − w‖

and

‖F ′(x∗)−1(F (v)− F (x∗))‖ ≤ β1‖v − x∗‖

for all v, w ∈ D1.

(H4) Function h(t)− 1 has a minimal solution ρ ∈ (0, 1).
and

(H5) U [x∗, ρ] ⊂ D.

Notice that A(x∗) = F ′(x∗). Then, we get the estimates

‖F ′(x∗)−1(F (xn)− γF (xn)− F ′(x∗) + γF (x∗)‖

≤ ‖F ′(x∗)−1(F ′(xm)− F ′(x∗))‖+ |γ|‖F ′(x∗)−1(F (xm)− F (x∗))‖

≤ β0‖xm − x∗‖+ |γ|β1‖xm − x∗‖

= β2‖xm − x∗‖ < β2ρ < 1,

‖F ′(x∗)−1(Am − F ′(xm))‖ = ‖F ′(x∗)−1(F ′(xm)− γF (xm)− F ′(xm))‖

= |γ|‖F ′(x∗)−1F (xm)‖

≤ |γ|β1‖xm − x∗‖,

xm+1 − x∗ = xm − x∗ − F ′(xm)−1F (xm) + F ′(xm)−1F (xm)−A−1m F (xm)

= (xm − x∗ − F ′(xm)−1F (xm)) + (F ′(xm)−1 −A−1m )F (xm)

= (xm − x∗ − F ′(xm)−1F (xm))

+F ′(xm)−1(Am − F ′(xm))A−1m F (xm),

III. Local Convergence

Notes
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leading to

‖xm+1 − x∗‖ ≤
β‖xm − x∗‖2

2(1− β0‖xm − x∗‖)

+
|γ|β2

1‖xm − x∗‖2

(1− β0‖xm − x∗‖)(1− β2‖xm − x∗‖)

< h(ρ)‖xm − x∗‖ = ‖xm − x∗‖ < ρ.

So, we get

‖xm+1 − x∗‖ ≤ p(‖xm − x∗‖) < ρ, p = h(‖x0 − x∗‖) (3.1)

and xm+1 ∈ U(x∗, ρ). Hence, we conclude by (3.1) that limm−→∞ xm = x∗.
Therefore, we arrive at the local convergence result for method (1.2).

Under conditions (H) further suppose that x0 ∈ U (x∗ , ρ).
Then, sequence {xn} generated by method (1.2) is well defined in U(x0, ρ), re-
mains in U(x0, ρ) and converges to x∗.

Next, we present a uniqueness of the solution result for equation (1.2).

Suppose

(1) The point x∗ is a simple solution of equation F (x) = 0 in U(x∗, τ) ⊂ D for
some τ > 0.

(2) Condition (H2) holds.

(3) There exists τ∗ ≥ τ such that

β0τ
∗ < 2.

Set B1 = U [x0, τ
∗] ∩D. Then, the only solution of equation (1.1) in B1 is x∗.

Set M1 =
∫ 1

0
F ′(z∗ + θ(x∗ − z∗))d for some z∗ ∈ B1 with F (z∗) = 0.

Then, using (H2), we get in turn that

‖F ′(x∗)−1(M1 − F ′(x∗))‖ ≤
∫ 1

0

(1− θ)‖z∗ − x∗‖dθ

≤ β0
2
τ∗ < 1,

so, z∗ = x∗ follows from M1 6= 0 and M1(z∗−x∗) = F (z∗)−F (x∗) = 0− 0 = 0.

We verify convergence criteria using method (1.2) for γ = 0, so δ = 0.

(Semi-local case) Let us consider a scalar function F defined
on the set D = U [x0, 1− q] for q ∈ (0, 12 ) by

F (x) = x3 − q.

Choose x0 = 1. Then, we obtain the estimates η = 1−q
3 ,

|F ′(x0)−1(F ′(x)− F ′(x0))| = |x2 − x20|

≤ |x+ x0||x− x0| ≤ (|x− x0|+ 2|x0|)|x− x0|

Theorem 3.1 

Proposition 3.2 

Proof. 

IV. Numerical Example

Example 4.1 

Notes
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|F ′(x0)−1(F ′(y)− F ′(x)| = |y2 − x2|

≤ |y + x||y − x| ≤ (|y − x0 + x− x0 + 2x0)||y − x|

= (|y − x0|+ |x− x0|+ 2|x0|)|y − x|

≤ (
1

L0
+

1

L0
+ 2)|y − x| = 2(1 +

1

L0
)|y − x|,

for all x, y ∈ D and so L = 2(1 + 1
L0

).

Next, set y = x− F ′(x)−1F (x), x ∈ D. Then, we have

y + x = x− F ′(x)−1F (x) + x =
5x3 + q

3x2
.

Define fundtion F̄ on the interval D = [q, 2− q] by

F̄ (x) =
5x3 + q

3x2
.

Then, we get by this definition that

F̄ ′(x) =
15x4 − 6xq

9x4

=
5(x− q)(x2 + xq + q2)

3x3
,

where p = 3

√
2q
5 is the critical point of function F̄ . Notice that q < p < 2− q. It

follows that this function is decreasing on the interval (q, p) and increasing on
the interval (q, 2− q), since x2 + xq + q2 > 0 and x3 > 0. So, we can set

K2 =
5(2− q)2 + q

9(2− q)2

and

K2 < L0.

But if x ∈ D0 = [1− 1
L0
, 1 + 1

L0
], then

L =
5%3 + q

9%2
,

where % = 4−q
3−q and K < K1 for all q ∈ (0, 12 ). For q = 0.45, we have

n 1 2 3 4 5
tn 0.1833 0.2712 0.3061 0.3138 0.3142 0.3142

(L0 + |γ|δ)tn+1 0.4675 0.6916 0.7804 0.8001 0.8011 0.8011

Thus condition (2.2) satisfied.

= (1− q + 2)|x− x0| = (3− q)|x− x0|,

for all x ∈ D, so L0 = 3− q, D0 = U(x0,
1
L0

) ∩D = U(x0,
1
L0

),

Notes
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Let F : [−1, 1] −→ R be defined by

F (x) = ex − 1

Then, we have for x∗ = 0, β0 = e − 1, β = e
1

e−1 and β1 = 0. So, we have
ρ = 0.3827.
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)

In mathematics, several special functions appear in many applications
such as the Gamma function that plays some significant roles in the
theory of integral differential equations in particular fractional calcu-
lus. Thus, we begin with some definitions, for the details we refer to
[1, 15, 8].

The Gamma function of a positive integer η is again a positive integer,
while the gamma function Γ(−η) of a negative integer changes to
infinities. The Gamma function any positive η value is defined as
follows:

Γ(η) =

∫ ∞

0

tη−1e−tdt.

The Gamma function Γ(η) is considered as a generalization of the
factorial and Γ(η) is defined for η > 0 by the integral

Γ(η) =

∫ ∞

0

tη−1e−t dt.

In the classical sense since Γ(0) =
Γ(1)

0
, then it follows that Γ(η) is

not defined for integers η ≤ 0. However, the extension formula gives

Abstract- This study discussed some interesting aspects and features of fractional 
curvature in the differential manifold. In particular, Riemannian fractional curvature tensor, 
Livi-Civita fractional connection and Bianchi fractional identity are presented.

Author: Department of Mathematics, Taibah University, Al- Medina, Saudi Arabia. 
e-mail:  wed_10_777@hotmail.com 

finite values for Γ(η), for ℜ(η) ≤ 0 since Γ(η) is analytic everywhere
except at η = 0,−1,−2, ..., and the residue at η = k is given by

Resη=kΓ(η) =
(−1)k

k!
.
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Fractional O rder Riemann Curvature Tensor in Differential Geometry

Now, if η > 0, then

Γ(η + 1) = ηΓ(η). (1.1)

Equation (1.1) can be used to define Γ(η) for η < 0 and η ̸= −1,−2, . . .
and further, this is one of the most important formulas that were sat-
isfied by the Gamma function.

Even though the Gamma function is defined as a locally summable
function on the real line by [17]

Γ (η) =

∫ ∞

0

tη−1e−tdt, η > 0. (1.2)

In the classical sense, Γ(η) function was not defined for the negative
integer thus, there was an open problem to give a satisfactory defini-
tion. However, by using the neutral limit, it has been shown in [21]
that the Gamma function (1.2) is defined as follows:

Γ (η) = N − lim
ε→0

∫ ∞

ε

tη−1e−tdt

for η ̸= 0,−1,−2, ..., and this function can be defined by neutral limit
such as

Γ (−n) = N − lim
ε→0

∫ ∞

ε

t−n−1e−tdt

=

∫ ∞

1

t−n−1e−tdt

+

∫ 1

0

t−n−1

[
e−t −

n∑
i=0

(−1)i

i!
ti

]
dt−

n−1∑
i=0

(−1)i

i!(n− i)
, n ∈ N.

It was also proven in [20] the existence of r the derivative of the
Gamma function and defined it by equation

Γ (r)(0) = N − lim
ε→0

∫ ∞

ε

t−1 lnr te−tdt

=

∫ ∞

1

t−1 lnr te−tdt+

∫ 1

0

t−1 lnr t
[
e−t − 1

]
dt

Γ (r)(−n) = N − lim
ε→0

∫ ∞

ε

t−n−1 lnr te−tdt
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=

∫ ∞

1

t−n−1 lnr te−tdt

+

∫ 1

0

t−n−1 lnr t

[
e−t −

n∑
i=0

(−1)i

i!
ti

]
dt

−
n−1∑
i=0

(−1)i

i!
r!(n− i)−r−1

for r ∈ N0 and n ∈ N. Also,

Γ(−r) =
(−1)r

r!
(r)− (−1)r

r!
γ

for r = 1, 2, . . . , where

(r) =
r∑

i=1

1

i
.

Thus, the definition can be extended to the whole real line where,

Γ(0) = Γ
′
(1) = −γ,

where γ denotes Euler’s constant, see [22].

For a function f : V ⊂ R → R with 0 ∈ V , the fractional derivative of
order α is defined by:

dα

dtα
f(t) =

1

Γ(−α)

∫ t

0

f(s)− f(0)

(t− s)1+α
ds, α < 0 (1.3)

dα

dtα
f(t) =

1

Γ(n− α)

dn

dtn

∫ t

0

f(s)− f(0)

(t− s)α−n+1
ds, α > 0 (1.4)

where n is the first integer greater than or equal to α.
The relation (1.3) gives a fractional integral and (1.4) gives a frac-
tional derivative.

We express some of the operators of fractional derivatives, see for
example, [4, 7, 9, 10, 12, 16].

1.
dα

dtα
tγ =

Γ(1 + γ)

Γ(1 + γ + α)
tγ−α, α ∈ R or (α ∈ C) and 1+γ ̸= 0,−1, ...,−n,
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3.
dα

dtα
(f1(t) + f2(t)) =

dα

dtα
f1(t) +

dα

dtα
f2(t),

4.
dα

dtα
(Cf(t)) = C

dα

dtα
f(t), where C is a constant,

5.
dα

dtα
f(βt) = βα dα

[d(βt)]α
f(βt).

It is well known that fractional calculus is an essential and advanta-
geous branch of mathematics, having a broad range of applications at
almost every department of sciences. Techniques of fractional calcu-
lus have been employed in the modeling of many different phenomena
in engineering, physics , and mathematics.The problem in fractional
calculus is not only essential but also quite challenging ,which usually
involves complicated mathematical solution techniques. However, a
general solution theory for almost every issue in this area has yet to be
established. Each application has developed its approaches and imple-
mentations. Consequently, a single standard method for the problems
in fractional calculus has not emerged yet. Therefore, funding reli-
able and efficient solution techniques along with fast implementation
methods are significantly essential and still active research areas.

Further, it is also realized that the operators of fractional integra-
tion and derivation have physical and geometric interpretations, which
streamline along with their utilization for related issues in various
fields of science( see [2, 8, 10, 11, 12, 14, 18, 19]). Moreover, the

2.
dn

dtn
dα

dtα
f(t) =

dn+α

dtn+α
f(t), n ∈ N,

fractional differential calculus on a differential manifold is studied in
[2, 3, 4, 6, 13]. Even though fractional calculus is a handy and im-
portant topic, however, the research on geometric interpretation and
applications are limited ,and not many in current literature. Thus, in
this study, we focus on the Riemannian curvature tensor, Livi-Civita
connection and Bianchi’s identity on fractional differentiable manifolds
and discuss some related properties. We also give some examples.

Assume that N be an m-dimensional differential manifold (V, xi) a
local coordinate system on N and V0 = {x ∈ V : 0 ≤ xi ≤ bi, i =
1, 2, ...,m} [5].

For a function f : V0 → R, the fractional derivative with respect to
xi :

∂α
i f(x) =

1

Γ (n− α)
∂n
xi

∫ xi

0

f(x1, ..., xi−1, s, xi+1, ..., xm)− f(x1, . . . , xi−1, 0, xi+1, . . . , xm)

(xi − s)α−n+1
ds,

II. Fractional Differential Calculus on Manifolds
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where ∂n
xi

=
∂

∂xi
◦ ∂

∂xi
◦ ... ◦ ∂

∂xi
(n times, i is fixed, α ≥ 0).

For α ∈ (0, 1), γ > −1,

∂α
i (xi)

γ =
Γ (1 + γ)

Γ (1 + γ − α)
; ∂α

i = δji .

A fractional vector field V ⊂ N is an object of the form Xα = Xα
i ∂

α
i , where

Xα
i ∈ ℑV (N) i = 1, ...,m.

The fractional vector fields on V and χα
V is generated by the operators ∂α

i , i =
1, 2, ...,m are denoted by χα

V . If c : x = x(t), t ∈ I is a parameterized curve in U
then the fractional tangent vector field of c is given by

xα(t) =
1

Γ (1 + α)
∂α
t xi(t)∂

α
i .

A fractional covariant derivative is given by

▽α
XαY α = Xα

i (∂
α
i Y

α
j + Γ̃ j

ikY
α
k )∂α

j

where Xα, Y α ∈ χα
U and Γ̃ j

ik the functions defining the coefficients of a fractional
linear connection on N. They are determined by the relations

▽α
∂α
i
∂α
k = Γ̃ j

ik∂
α
j .

Since it is essential to study fractional vector fields on a differentiable manifold
N . For Rn, there is an obvious way to do this. Recall that χα(Rn) denotes
the space of fractional differentiable vector fields defined on R. Examples are

the fractional vector fields
∂α

∂uα
1

, ...,
∂α

∂uα
n

determined by the natural coordinate

functions u1, ..., un.

Fractional Riemannian metric F on m-dimensional manifold N
defines for every point p ∈ N , the scalar product of fractional tangent vectors in
the fractional tangent space Tα

p N depending on the point p.

Let Aα = Aα
i ∂

α
i and Bα = Bα

j ∂
α
j any two fractional vectors tangent to the mani-

fold N at the point p with coordinates x = (x1, ..., xm) (Aα, Bα ∈ Tα
p N) the scalar

product is equal to

⟨Aα, Bα⟩F |p = Aα
i (x)g̃ij(x)B

α
j (x)

= (Aα
1 , ..., A

α
n)


g̃11 ... g̃1n
. ... .
. ... .
. ... .

g̃n1 ... g̃nn



Bα

1

.

.

.
Bα

n


where

1. F (Aα, Bα) = F (Bα, Aα), i.e., g̃ij = g̃ji (symmetricity condition).

2. F (Aα, Aα) > 0 if Aα ̸= 0, i.e. g̃iju
α
i u

α
j ≥ 0, g̃iju

α
i u

α
j = 0 iff uα

1 = ... = uα
n =

0 (positive definiteness).

3. F (Aα, Bα) |p=x, i.e. g̃ij(x) are smooth function where 0 < α < 1.

Definition 2.1. 
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Components of tensor field F in coordinate system are matrix valued functions
g̃ij(x)

F = g̃ij(x)d
αxi ⊗ dαxj .

g̃ij(x)- entries of the matrix ∥ g̃ij ∥ are components of tensor field F in a given
coordinate system.

How do these components transform under transformation of coordinates {xi} →
{xi′} ?

F = g̃ijdx
α
i ⊗ dxα

j

= g̃ij

(
∂xα

i

∂xα
i′
dxα

i′

)
⊗

∂xα
j

∂xα
j′
dxα

j′

)

=
∂xα

i

∂xα
i′
g̃ij

∂xα
j

∂xα
j′
dxα

i′ ⊗ dxα
j′

= g̃i′j′dx
α
i′ ⊗ dxα

j′ .

Hence,

g̃i′j′ =
∂xα

i

∂xα
i′
g̃ij

∂xα
j

∂xα
j′
.

Consider R2with fractional polar coordinates in the domain y > 0,
X = (rαcosαφ, rαsinαφ), then

∂αX

∂rα
= (α! cosα φ, α! sinα φ) .

∂αX

∂φα
=

(
α!eiαπrα sinα φ, α!rα cosα φ

)
.

g̃ij =

(
(α!)2

[
cos2α φ+ sin2α φ

]
(α!)2rα

[
e2απ + 1

]
sinα φ cosα φ

(α!)2rα
[
eαπi + 1

]
sinα φ cosα φ (α!)2r2α

[
e2απi sin2α φ+ cos2α φ

])
We have that

F = (α!)2
[
cos2α φ+ sin2α φ

]
(drα)

2

+2(α!)2rα
[[
eiαπ + 1

]
sinα φ cosα φ

]
drαdφα

+(α!)2r2α
[
e2iαπ sin2α φ+ cos2α φ

]
(dφα)

2}.

Notice that , as expected, when α = 1, one recovers the classical formula.

F = (dr)
2
+ r2 (dφ)

2
.

III. Rule of Transformation for Entries of the

Matrix

Example 2.2. 

Notes
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α = 0.1 0.2

g̃rr 0.905[C0.2 + S0.2] 0.843[C0.4 + S0.4]

g̃rφ = g̃φr 0.905r0.1[i+ 1]S0.2C0.2 0

g̃φφ 0.905r0.2[−S0.2 − C0.2] 0.843r0.4[−S0.4 + C0.4]

F 0.905[C0.2 + S0.2]dr0.2 0.843[C0.4 + S0.4]dr0.4

+1.8101r0.1[i+ 1]S0.2C0.2(dr).1(dφ).1 +
+0.905r0.2[−S0.2 − C0.2](dφ).2 0.843r0.4[−S0.4 + C0.4](dφ)0.4

α = 0.3 0.4

g̃rr 0.805[C0.6 + S0.6] 0.787[C0.8 + S0.8]

g̃rφ = g̃φr 0.805r0.3[[i+ 1]S0.3C0.3] 1.574r0.4S0.3C0.3

g̃φφ 0.805r0.6[−S0.6 + C0.6] 0.787r0.8[S0.8 + C0.8]

F 0.805[C0.6 + S0.6](dr)0.6 0.787[C0.8 + S0.8](dr)0.8

+1.61r0.3[[i+ 1]S0.3C0.3](dr).3(dφ).3 +3.148r0.4S0.4C0.4dr.4dφ.4

+0.805r0.6[−S0.6 + C0.6](dφ).6 +0.787r0.8[S0.8 + C0.8](dφ).8

Let N is an m-dimensional Riemannian manifold with fractional
metric tensor g̃,then we shall denote the fractional derivatives of the elements of
tensor g̃ as follows:

g̃ij,k =
∂α

∂xα
k

g̃ij ,

and

g̃ij,kl =
∂α

∂xα
l

∂α

∂xα
k

g̃ij

=
∂2α

∂xα
l ∂x

α
k

g̃ij , i, j, k, l = 1, ..., n.

Asymmetric fractional connection is called Levi-Civita fractional
connection if it is compatible with metric, i.e., if it preserves the scalar product:

∂α
Xα ⟨Y α, Zα⟩ = ⟨▽α

XαY α, Zα⟩+ ⟨Y α,▽α
XαZα⟩

for arbitrary fractional vector fields Xα, Y α, and Zα.

In local coordinates Christoffel symbols of Levi-Civita fractional connection are
given by:

Γ̃ k
ij =

1

2
g̃kl(∂α

j g̃il + ∂α
i g̃lj − ∂α

l g̃ij).

Remark 2.1. 

Definition 2.3. 
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C = cosφ, S = sinφTable 1:

C = cosφ, S = sinφTable 2: 

Notes
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α = 0.5 0.6

g̃rr 0.785[C + S] 0.798[C1.2 + S1.2]

g̃rφ = g̃φr 0.785r0.5[i+ 1]S0.5C0.5 0

g̃φφ 0.785r[−S + C] 0.798r1.2[S1.2 + C1.2]

F 0.785[C + S]r(dr) 0.798[C1.2 + S1.2](dr)1.2

+1.57r0.5[i+ 1]S0.5C0.5(dr)0.5(dφ)0.5 +
0.785r[−S + C]dφ +0.798r1.2[S1.2 + C1.2](dφ)1.2

α = 0.7 0.8

g̃rr 0.826[C1.4 + S1.4] 0.867[C1.6 + S1.6]

g̃rφ = g̃φr 0.826r0.7[i+ 1]S0.7C0.7 1.734r0.8S0.8C0.8

g̃φφ 0.826r1.4[−S1.4 + C1.4] 0.867r1.6[S1.6 + C1.6]

F 0.826[C1.4 + S1.4](dr)1.4 0.867[C1.6 + S1.6](dr)1.6

+1.652r0.7[i+ 1]S0.7C0.7(dr)0.7(dφ)0.7 +3.468r0.8S0.8C0.8dr0.8dφ0.8

+0.826r1.4[−S1.4 + C1.4](dφ)1.4 +0.867r1.6[S1.6 + C1.6](dφ)1.6

α = 0.9 1

g̃rr 0.925[C1.8 + S1.8] 1

g̃rφ = g̃φr 0.925r0.9[i+ 1]S0.9C0.9 0

g̃φφ 0.925r1.8[−S1.8 + C1.8] r2

F 0.925[C1.8 + S1.8](dr)1.8 (dr)2

+1.85r0.9[i+ 1]S0.9C0.9(dr)0.9(dφ)0.9 +

+0.925r1.8[−S1.8 + C1.8](dφ)1.8 r2 (dφ)2

Proof. Since

∂α
j ei = Γ̃m

ij em (2.1)

Γ̃m
ij emel = (∂α

j ei)el (2.2)

Γ̃m
ij gml = ∂α

j (ei.el)− ei(∂
α
j el)

= ∂α
j gil − Γ̃m

lj emei

= ∂α
j gil − Γ̃m

lj gmi, (2.3)

then

Γ̃m
ij gml + Γ̃m

lj gmi = ∂α
j gil, (2.4)

which implies that

Γ̃m
ij g̃ml + Γ̃m

lj g̃mi = ∂α
j g̃il. (2.5)

In this equation, the indexm is a dummy, so only the indices i,j ,and l are specified.
We can cyclically permute these indices to generate two more equations:

Notes

© 2022 Global Journals
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C = cosφ, S = sinφTable 4: 

C = cosφ, S = sinφTable 5: 
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Γ̃m
jl g̃mi + Γ̃m

il g̃mj = ∂α
l g̃ji (2.6)

Γ̃m
li g̃mj + Γ̃m

ji g̃ml = ∂α
i g̃lj (2.7)

since Γ̃m
ij = Γ̃m

ji , then

Γ̃m
lj g̃mi + Γ̃m

il g̃mj = ∂α
l g̃ij (2.8)

Γ̃m
il g̃mj + Γ̃m

ij g̃ml = ∂α
i g̃lj . (2.9)

We can now add (2.5)to (2.9) and subtract (2.8)to get

2Γ̃m
ij g̃ml = ∂α

j g̃il + ∂α
i g̃lj − ∂α

l g̃ij

2Γ̃m
ij g̃mlg̃

kl = g̃kl(∂α
j g̃il + ∂α

i g̃lj − ∂α
l g̃ij)

since g̃mlg̃
kl = δkm, then

Γ̃ k
ij =

1

2
g̃kl(∂α

j g̃il + ∂α
i g̃lj − ∂α

l g̃ij),

we can write

Γ̃ k
ij =

1

2
g̃kl(g̃il,j + g̃lj,i − g̃ij,l).

For 2-dimential polar coordinates X = (rαcosαφ, rαsinαφ).

The metric tensor and its inverse here are:

g̃ij =

(
(α!)2

[
cos2α φ+ sin2α φ

]
(α!)2rα

[
e2απ + 1

]
sinα φ cosα φ

(α!)2rα
[
eαπi + 1

]
sinα φ cosα φ (α!)2r2α

[
e2απi sin2α φ+ cos2α φ

])

g̃ij =

(
A−1(α!)2r2α

[
e2απi sin2α φ+ cos2α φ

]
−A−1(α!)2rα

[
e2απ + 1

]
sinα φ cosα φ

−A−1(α!)2rα
[
e2απ + 1

]
sinα φ cosα φ A−1(α!)2

[
cos2α φ+ sin2α φ

] )
.

where

A = (α!)4r2α
{[
cos2α φ+ sin2α φ

] [
e2απi sin2α φ+ cos2α φ

]
−
[
eαπi + 1

]
sin2α φ cos2α φ

}
Therefore,

∂α
r g̃ij =

(
0 (α!)3

[
eαπi + 1

]
sinα φ cosα φ

(α!)3
[
eαπi + 1

]
sinα φ cosα φ (α!)(2α)!rα

[
e2απi sin2α φ+ cos2α φ

])

∂α
φ g̃ij =

(
(α!)(2α)!

[
eαπi + 1

]
cosαφsinαφ (α!)3rα

[
eαπi + 1

] [
eαπi sin2α φ+ cos2α φ

]
(α!)3rα

[
eαπi + 1

] [
eαπi sin2α φ+ cos2α φ

]
(α!)(2α)!r2α

[
eαπi + 1

]
sinα φ cosα φ

)
.

Then ,

Γ̃ r
rr =

1

2
g̃rl(∂α

r g̃rl + ∂α
r g̃lr − ∂α

l g̃rr)

Example 2.2. 
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Γ̃ r
rφ =

1

2
g̃rl(∂α

φ g̃rl + ∂α
r g̃lφ − ∂α

l g̃rφ)

= 0

= Γ̃ r
φr,

Γ̃ r
φφ =

1

2
g̃rl(∂α

φ g̃φl + ∂α
φ g̃lφ − ∂α

l g̃φφ)

= (α!)2rα(2A)−1
{[
e2απisin2αφ+ cos2α φ

] [
2(α!)3rα

[
eαπi + 1

] [
eαπi sin2α φ+ cos2α φ

]
− (α!)(2α)!rα

[
e2απi sin2α φ+ sin2α φ

]]
− (α!)(2α)!rα

[
eαπi + 1

]
sin2α φ cos2α φ

}
,

Γ̃φ
rr =

1

2
g̃φl(∂α

φ g̃rl + ∂α
r g̃lr − ∂α

l g̃rr)

= −(α!)2(2A)−1
{
(α!)(2α)!rα

[
eαπi + 1

]2
sin2α φ cos2α φ+

[
cos2α φ+ sin2α φ

] [
eαπi + 1

]
×
[
(α!)3rα

[
eαπi sin2α φ+ cos2α φ

]
+ (α!)3 sinα φ cosα φ− (α!)(2α)! cosα φ sinα φ

]}
,

Γ̃φ
rφ =

1

2
g̃φl(∂α

φ g̃rl + ∂α
r g̃lφ − ∂α

l g̃rφ)

= (α!)2(2A)−1
{
−(α!)(2α)!2rα

[
eαπi + 1

]
cos2α φ sin2α φ

+(α!)(2α)!rα
[
cos2α φ+ sin2α φ

] [
e2απi sin2α φ+ cos2α φ

]}
= Γ̃φ

φr,

Γ̃φ
φφ =

1

2
g̃φl(∂α

φ g̃φl + ∂α
φ g̃lφ − ∂α

l g̃φφ)

= (α!)2r2α(2A)−1
{
−
[
eαπi + 1

]
sinα φ cosα φ

[
2(α!)3

[
eαπi + 1

] [
eαπi sin2α φ+ cos2α φ

]
−(α!)(2α)!

[
e2απi sin2α φ+ cos2α φ

]]
+ (α!)(2α)!

[
eαπi + 1

] [
sin2α φ+ cos2α φ

]
sinα φ cosα φ

}
.

The fractional curvature R̃ of order α of a Riemannian mani-
fold N is a correspondence that associates to every pair Xα, Y α ∈ χα a mapping
R̃(Xα, Y α) : χα(N)× χα(N) → χα(N) given by

R̃(Xα, Y α)Zα = ▽α
Xα ▽α

Y α Zα −▽α
Y α ▽α

Xα Zα −▽α
[Xα,Y α]Z

α,

where Zα ∈ χα and ▽α is the fractional Riemannian connection.

= −A−1(α!)5rα
[
eαπi + 1

]2
sin2α φ cos2α φ,

Definition 3.1. 

Notes

IV. Fractional Curvature

© 2022 Global Journals

1

Y
ea

r
20

22

38

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
II  
 I
ss
ue

  
  
 e

rs
io
n 

I 
 

V
I

  
 

( F
)

Fractional O rder Riemann Curvature Tensor in Differential Geometry



 
 

 
 

 
 
 
 
 
 
 
 
 
 

R̃(Xα, Y α)Zα = ▽α
Xα ▽α

Y α Zα −▽α
Y α ▽α

Xα Zα −▽α
[Xα,Y α]Z

α

= −(▽α
Y α ▽α

Xα Zα −▽α
Xα ▽α

Y α Zα −▽α
[Y α,Xα]Z

α)

= −R̃(Y α, Xα)Zα.

The fractional curvature R̃ of a Riemannian manifold has the
following properties:

1. R̃ is bilinear in χα(N)× χα(N), that is,

R̃(fXα + gY α, Zα)Wα = fR̃(Xα, Zα)Wα + gR̃(Y α, Zα)Wα,

R̃(Xα, fY α + gZα)Wα = fR̃(Xα, Y α)Wα + gR̃(Xα, Zα)Wα,

where f, g ∈ ℑ(M), Xα, Y α, Zα,Wα ∈ χα(N)

2. For any Xα, Y α ∈ χα(N), R̃(Xα, Y α) is linear

R̃(Xα, Y α)(Zα +Wα) = R̃(Xα, Y α)Zα + R̃(Xα, Y α)Wα,

R̃(Xα, Y α)(fZα) = fR̃(Xα, Y α)Zα,

where Zα,Wα ∈ χα(N)

Proof. 1.

R̃(fXα + gY α, Zα)Wα

= ▽α
fXα+gY α ▽α

Zα Wα −▽α
Zα ▽α

fXα+gY α Wα −▽α
[fXα+gY α,Zα]W

α

= (f ▽α
Xα +g▽α

Y α)▽α
Zα Wα −▽α

Zα(f ▽α
Xα Wα + g ▽α

Y α Wα)

−▽α
f [Xα,Zα]+g[Y α,Zα]−(Zαf)Xα−(Zαg)Y α Wα

= f ▽α
Xα ▽α

ZαWα + g ▽α
Y α ▽α

ZαWα − (Zαf)▽α
Xα Wα

−f ▽α
Zα ▽α

XαWα − (Zαg)▽α
Y α Wα − g ▽α

Zα ▽α
Y αWα − f ▽α

[Xα,Zα] W
α

−g ▽α
[Y α,Zα] W

α + (Zαf)▽α
Xα Wα + (Zαg)▽α

Y α Wα

= f(▽α
Xα ▽α

Zα Wα −▽α
Zα ▽α

Xα Wα −▽α
[Xα,Zα]W

α)

+g(▽α
Y α ▽α

Zα Wα −▽α
Zα ▽α

Y α Wα −▽α
[Y α,Zα]W

α)

= fR̃(Xα, Zα)Wα + gfR̃(Y α, Zα)Wα.

Also,

R̃(Xα, fY α + gZα)Wα = −R̃(fY α + gZα, Xα)

= −fR̃(Y α, Xα)Wα − gR̃(Zα, Xα)Wα

= fR̃(Xα, Y α)Wα + gR̃(Xα, Zα)Wα.

Remark 3.1.

Proposition 3.2. 
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2.

R̃(Xα, Y α)(Zα +Wα)

= ▽α
Xα ▽α

Y α (Zα +Wα)−▽α
Y α ▽α

Xα (Zα +Wα)−▽α
[Xα,Y α](Z

α +Wα)

= ▽α
Xα ▽α

Y α Zα +▽α
Xα ▽α

Y α Wα −▽α
Y α ▽α

Xα Zα

−▽α
Y α ▽α

XαWα −▽α
[Xα,Y α]Z

α −▽α
[Xα,Y α]W

α

= (▽α
Xα ▽α

Y α Zα −▽α
Y α ▽α

Xα Zα −▽α
[Xα,Y α]Z

α)

+(▽α
Xα ▽α

Y α Wα −▽α
Y α ▽α

Xα Wα −▽α
[Xα,Y α]W

α)

= R̃(Xα, Y α)Zα + R̃(Xα, Y α)Wα.

Also,

R̃(Xα, Y α)(fZα)

= ▽α
Xα ▽α

Y α (fZα)−▽α
Y α ▽α

Xα (fZα)−▽α
[Xα,Y α](fZ

α)

= ▽α
Xα((Y αf)Zα + f ▽α

Y α Zα)−▽α
Y α((Xαf)Zα + f ▽α

Xα Zα)

−(([Xα, Y α]f)Zα + f ▽α
[Xα,Y α] Z

α)

= Xα(Y αf)Zα + (Y αf)▽α
Xα Zα + (Xαf)▽α

Y α Zα + f ▽α
Xα ▽α

Y αZα

−Y α(Xαf)Zα + (Xαf)▽α
Y α Zα + (Y αf)▽α

Xα Zα + f ▽α
Y α ▽α

XαZα

−([Xα, Y α]f)Zα − f ▽α
[Xα,Y α] Z

α

= ([Xα, Y α]f)Zα + f(▽α
Xα ▽α

Y α Zα −▽α
Y α ▽α

Xα Zα −▽α
[Xα,Y α]Z

α)− ([Xα, Y α]f)Zα

= fR̃(Xα, Y α)Zα.

(Bianchi Fractional Identity).

R̃(Xα, Y α)Zα + R̃(Y α, Zα)Xα + R̃(Zα, Xα)Y α = 0.

Proof.

R̃(Xα, Y α)Zα + R̃(Y α, Zα)Xα + R̃(Zα, Xα)Y α

= ▽α
Xα ▽α

Y α Zα −▽α
Y α ▽α

Xα Zα −▽α
[Xα,Y α]Z

α

+▽α
Y α ▽α

ZαXα −▽α
Zα ▽α

Y α Xα −▽α
[Y α,Zα]X

α

+▽α
Zα ▽α

XαY α −▽α
Xα ▽α

Zα Y α −▽α
[Zα,Xα]Y

α

= ▽α
Xα [Y α, Zα] +▽α

Y α [Zα, Xα] +▽α
Zα [Xα, Y α]

−▽α
[Xα,Y α] Z

α −▽α
[Y α,Zα]X

α −▽α
[Zα,Xα]Y

α

= [Xα, [Y α, Zα]] + [Y α, [Zα, Xα]] + [Zα, [Xα, Y α]] = 0.

Proposition 3.3 

Notes

© 2022 Global Journals

1

Y
ea

r
20

22

40

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
II  
 I
ss
ue

  
  
 e

rs
io
n 

I 
 

V
I

  
 

( F
)

Fractional O rder Riemann Curvature Tensor in Differential Geometry



 
 

 
 

 
 
 
 
 
 
 
 
 
 

and

R̃ijkm =
〈
R̃(∂α

i , ∂
α
j )∂

α
k , ∂

α
m

〉
=

〈
R̃l

ijk∂
α
l , ∂

α
m

〉
= R̃l

ijk ⟨∂α
l , ∂

α
m⟩

= R̃l
ijkg̃ml.

The fractional Riemannian curvature tensor acts on fractional vector fields as
follows:

R̃(Xα, Y α, Zα,Wα) =
〈
R̃(Xα, Y α)Zα,Wα

〉
.

1. R̃ijkl + R̃jkil + R̃kijl = 0.

2. R̃ijkl = −R̃jikl.

3. R̃ijkl = −R̃ijlk.

4. R̃ijkl = R̃klij .

Proof. 1. is just the Bianchi fractional identity again.

2.
R̃ijkl =

〈
R̃(∂α

i , ∂
α
j )∂

α
k , ∂

α
l

〉
=

〈
−R̃(∂α

j , ∂
α
i )∂

α
k , ∂

α
l

〉
= −

〈
R̃(∂α

j , ∂
α
i )∂

α
k , ∂

α
l

〉
= −R̃jikl.

3. is equivalent to R̃ijkk = 0, whose proof follows:

R̃ijkk =
〈
R̃(∂α

i , ∂
α
j )∂

α
k , ∂

α
k

〉
=

〈
▽α

∂α
i
▽α

∂α
j
∂α
k −▽α

∂α
j
▽α

∂α
i
∂α
k −▽α

[∂α
i ,∂α

j ]∂
α
k , ∂

α
k

〉
,

but 〈
▽α

∂α
j
▽α

∂α
i
∂α
k , ∂

α
k

〉
= ∂α

j

〈
▽α

∂α
i
∂α
k , ∂

α
k

〉
−
〈
▽α

∂α
i
∂α
k ,▽α

∂α
j
∂α
k

〉
,

and 〈
▽α

[∂α
i ,∂α

j ]∂
α
k , ∂

α
k

〉
=

1

2

[
∂α
i , ∂

α
j

]
⟨∂α

k , ∂
α
k ⟩ ,

then

R̃ijkk = ∂α
j

〈
▽α

∂α
i
∂α
k , ∂

α
k

〉
− ∂α

i

〈
▽α

∂α
j
∂α
k , ∂

α
k

〉
+

1

2

[
∂α
i , ∂

α
j

]
⟨∂α

k , ∂
α
k ⟩

In local coordinates

R̃(∂α
i , ∂

α
j )∂

α
k = R̃l

ijk∂
α
l ,

Proposition 3.4.
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4. By Bianchi fractional identity we have

R̃ijkl + R̃jkil + R̃kijl = 0

R̃jkli + R̃klji + R̃ljki = 0

R̃klij + R̃likj + R̃iklj = 0

R̃lijk + R̃ijlk + R̃jlik = 0

summing the equations above, we obtain

2R̃kijl + 2R̃ljki = 0,

then

R̃kijl = −R̃ljki = R̃jlki.

The following expression holds

2R̃ijkm = g̃jm,ki + g̃km,ji − g̃jk,mi − g̃im,kj − g̃km,ij + g̃ik,mj − 2Γ̃ r
jkΓ̃

s
img̃rs + 2Γ̃ r

ikΓ̃
s
jmg̃rs.

Proof. From the definition of the Christoffel symbols, ▽α
∂α
i
∂α
j = Γ̃ k

ij∂
α
k ,

2
〈
▽α

∂α
i
∂α
j , ∂

α
m

〉
= 2

〈
Γ̃ k
ij∂

α
k , ∂

α
m

〉
= 2Γ̃ k

ij g̃mk

= g̃im,j + g̃jm,i − g̃ij,m,

an appropriate rearrangement of the indices yields the following expression:

2
〈
▽α

∂α
j
∂α
k , ∂

α
m

〉
= 2

〈
Γ̃ i
jk∂

α
i , ∂

α
m

〉
= 2Γ̃ i

jkg̃im

= g̃jm,k + g̃km,j − g̃jk,m. (3.1)

∂α
i < ▽α

∂α
j
∂α
k , ∂

α
m >=< ▽α

∂α
i
▽α

∂α
j
∂α
k , ∂

α
m > + < ▽α

∂α
j
∂α
k ,▽α

∂α
i
∂α
m >

whence, by (3.1)

2
〈
▽α

∂α
i
▽α

∂α
j
∂α
k , ∂

α
m

〉
+ 2

〈
▽α

∂α
j
∂α
k ,▽α

∂α
i
∂α
m

〉
= 2∂α

i

〈
▽α

∂α
j
∂α
k , ∂

α
m

〉
= ∂α

i

(
g̃imgil(∂α

k gjl + ∂α
j gkl − ∂α

l gjk)
)

= g̃jm,ki + g̃km,ji − g̃jk,mi.

(3.2)
By switching i and j we also have that

2
〈
▽α

∂α
j
▽α

∂α
i
∂α
k , ∂

α
m

〉
+ 2

〈
▽α

∂α
i
∂α
k ,▽α

∂α
j
∂α
m

〉
= g̃im,kj + g̃km,ij − g̃ik,mj . (3.3)

=
1

2
∂α
j (∂

α
i ⟨∂α

k , ∂
α
k ⟩)−

1

2
∂α
i

(
∂α
j ⟨∂α

k , ∂
α
k ⟩
)
+

1

2

[
∂α
i , ∂

α
j

]
⟨∂α

k , ∂
α
k ⟩

= −1

2

[
∂α
i , ∂

α
j

]
⟨∂α

k , ∂
α
k ⟩+

1

2

[
∂α
i , ∂

α
j

]
⟨∂α

k , ∂
α
k ⟩ = 0.

Proposition 3.5.
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Combining (3.2) and (3.3) yields

2
〈
▽α

∂α
i
▽α

∂α
j
∂α
k , ∂

α
m

〉
− 2

〈
▽α

∂α
j
▽α

∂α
i
∂α
k , ∂

α
m

〉
=

g̃jm,ki + g̃km,ji − g̃jk,mi − g̃im,kj − g̃km,ij + g̃ik,mj

−2
〈
▽α

∂α
j
∂α
k ,▽α

∂α
i
∂α
m

〉
+ 2

〈
▽α

∂α
i
∂α
k ,▽α

∂α
j
∂α
m

〉
.

By definition

R̃
(
∂α
i , ∂

α
j

)
∂α
k = ▽α

∂α
i
▽α

∂α
j
∂α
k −▽α

∂α
j
▽α

∂α
i
∂α
k

whence

2R̃ijkm = 2
〈
R̃(∂α

i , ∂
α
j )∂

α
k , ∂

α
m

〉
= 2

〈
▽α

∂α
i
▽α

∂α
j
∂α
k , ∂

α
m

〉
− 2

〈
▽α

∂α
j
▽α

∂α
i
∂α
k , ∂

α
m

〉
,

so we have proven that

2R̃ijkm =

g̃jm,ki + g̃km,ji − g̃jk,mi − g̃im,kj − g̃km,ij + g̃ik,mj

−2
〈
▽α

∂α
j
∂α
k ,▽α

∂α
i
∂α
m

〉
+ 2

〈
▽α

∂α
i
∂α
k ,▽α

∂α
j
∂α
m

〉
.

By the definition of the Christoffels,〈
▽α

∂α
i
∂α
k ,▽α

∂α
j
∂α
m

〉
=

〈
Γ̃ r
ik∂

α
r , Γ̃

s
jm∂α

s

〉
= Γ̃ r

ikΓ̃
s
jm ⟨∂α

r , ∂
α
s ⟩

= Γ̃ r
ikΓ̃

s
jmg̃rs,〈

▽α
∂α
j
∂α
k ,▽α

∂α
i
∂α
m

〉
=

〈
Γ̃ r
jk∂

α
r , Γ̃

s
im∂α

s

〉
= Γ̃ r

jkΓ̃
s
im ⟨∂α

r , ∂
α
s ⟩

= Γ̃ r
jkΓ̃

s
img̃rs,

then

2R̃ijkm = g̃jm,ki + g̃km,ji − g̃jk,mi − g̃im,kj − g̃km,ij + g̃ik,mj − 2Γ̃ r
jkΓ̃

s
img̃rs + 2Γ̃ r

ikΓ̃
s
jmg̃rs.

If α = 1,then

2Rijkm = gjm,ki + gkm,ji − gjk,mi − gim,kj − gkm,ij + gik,mj − 2Γ r
jkΓ

s
imgrs + 2Γ r

ikΓ
s
jmgrs.

Since gkm,ji = gkm,ij, then

2Rijkm = gjm,ki − gjk,mi − gim,kj + gik,mj − 2Γ r
jkΓ

s
imgrs + 2Γ r

ikΓ
s
jmgrs,

Remark 3.6.
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For any pair of fractional tangent vectors Xα, Y α ∈ Tα
p N we shall

denote with Γ̃ (Xα, Y α) the following fractional vector in Tα
p N :

Γ̃ (Xα, Y α) = Γ̃ k
ijX

α
i Y

α
j ∂α

k .

The following expressions hold for any pair Xα, Y α ∈ Tα
p N :

2R̃ (Xα, Y α, Y α, Xα)

= ∂α
i

(
g̃imgil

) (
∂α
k gjl + ∂α

j gkl − ∂α
l gjk

)
+ g̃imgil

(
∂α
i ∂

α
k gjl + ∂α

i ∂
α
j gkl − ∂α

i ∂
α
l gjk

)
−∂α

j

(
g̃jmgjl

)
(∂α

k gil + ∂α
i gkl − ∂α

l gik)− g̃jmgjl
(
∂α
j ∂

α
k gil + ∂α

j ∂
α
i gkl − ∂α

j ∂
α
l gik

)
+2 ∥ Γ̃ (Xα, Y α) ∥2 −2

〈
Γ̃ (Xα, Xα) , Γ̃ (Y α, Y α)

〉
.

Proof. Since

g̃rsX
α
i Y

α
j Y α

k Xα
mΓ̃ r

ikΓ̃
s
jm =

〈
Xα

i Y
α
k Γ̃ r

ik∂
α
r , Y

α
j Xα

mΓ̃ s
jm∂α

s

〉
=

〈
Γ̃ (Xα, Y α), Γ̃ (Xα, Y α)

〉
=∥ Γ̃ (Xα, Y α) ∥2,

and

g̃rsX
α
i Y

α
j Y α

k Xα
mΓ̃ r

jkΓ̃
s
im =

〈
Xα

i X
α
mΓ̃ s

im∂α
s , Y

α
j Y α

k Γ̃ r
jk∂

α
r

〉
=

〈
Γ̃ (Xα, Xα), Γ̃ (Y α, Y α)

〉
,

This completes the proof.

If α = 1, then

2R(X,Y, Y,X) = gjm,ki − gjk,mi − gim,kj + gik,mj

+2 ∥ Γ (X,Y ) ∥2 −2 ⟨Γ (X,X), Γ (Y, Y )⟩ .

then

2Rijkm = g̃jm,ki + g̃km,ji − g̃jk,mi − g̃im,kj − g̃km,ij + g̃ik,mj − 2Γ r
jkΓ

s
imgrs + 2Γ r

ikΓ
s
jmgrs.
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 Several    integral   formulas   containing   generalized   special    functions have   been

explored   by   many  authors  [1- 5] .  These   integrals   play   a   focal role  in  solving 

scientific and engineering problems. Here we develop Oberhettinger’s integral formulas 

containing the product of general polynomials and incomplete H- functions. Many 

authors established several unified integral formulas containing a various kind of special 

functions [6-8]. The findings of this work are general in nature and very useful in science, 

engineering and finance. Here we find some special cases by specializing the parameters 

of general polynomials and incomplete H-functions (for example, Fox’s H-function, 

Incomplete Fox-Wright functions, Fox-Wright functions and incomplete generalized 

hypergeometric functions) and also listed few known results. The main results of this 

work are very useful in solving the problems arising in digital signals, image processing, 

finance and ship target recognition by sonar system and radar signals [9-12].

The incomplete Gamma functions Г (ξ, z) and ϒ (ξ, z) are defined as following:

               ϒ (ξ, z) = ∫ 𝑡𝜉−1𝑒−𝑡𝑧

0
𝑑𝑡                  (Ɍ(𝜉) > 0 ; 𝑧 ≥ 0)                                           … (1)

And        

Г(ξ, z) = ∫ 𝑡𝜉−1𝑒−𝑡∞

𝑧
𝑑𝑡                  (𝑧 ≥ 0 ;  Ɍ(𝜉) > 0 𝑤ℎ𝑒𝑛 𝑧 = 0)                      … (2)

Abstract- In this paper, we developed Oberhettinger’s integral formulas containing the product of general 
polynomials and incomplete H-functions. These integral formulas are very useful to obtain the Mellin transform 
of various simpler special functions. The Mellin transform of special functions find their applications in 
mathematical statistics, number theory and the theory of asymptotic expansions. The main findings of the 
present work are very useful in solving the problems arising in digital signals, image processing, finance and 
ship target recognition by sonar system and radar signals.
Keywords: incomplete H-functions, gamma functions, improper integrals, general polynomials.
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H- Function

Respectively, satisfy the decomposition formula given by:

               Г(ξ, z) + ϒ (ξ, z) = Г(ξ)                    (Ɍ(𝜉) > 0)                                                     … (3)

The condition which we have used on the parameter z in and anywhere else in this paper is 

unrestricted of Ɍ(𝑥)  (xϵ C).

The incomplete generalized hypergeometric functions fe and fe are defined by Srivastava et 

al. [13] in terms of incomplete Gamma functions Г(s, z) and ϒ (s, z) as following:
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(|arg (-x)|< π, 
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Where ℒ is the Mellin- Barnes type contour having ꞇ-ί∞ as the starting point and ꞇ+ί∞ (ꞇ ϵ R) as 

the end point with the usual indentations to separate a set of poles from another of the integrand 

in each and every case.

The incomplete H- function )(,

, xdc

fe and )(,

, xdc

fe are introduced by Srivastava et. Al. [14] as 

following:
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The incomplete H- functions )(,

, xdc

fe and )(,

, xdc

fe in (6) and (7) respectively exists for all z≥0 

under the same set of conditions and same set of contour stated in the articles presented by 

Kilbas et al. [15], Mathai and Saxena [16] and Mathai et al. [17].

Some special cases of incomplete H-function are as following:

(i) 

If we take z=0 in (6), then the incomplete H- function )(,

, xdc

fe reduces to Fox’s H-function [18].
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  … (8)

(ii) If we take c=1, d=e and replace f by f+1 and take suitable parameter, then the function (6) 

and (7) reduces to incomplete Fox-Wright function )(fe and )(
fe (for details see [14]).

Ref

17
.M

a
th

a
i,
 
A

.M
.,
 
S
ax

en
a,

 
R

.K
.,
 
H

a
u
b
o
ld

, 
H

.J
. 

T
h
e 

H
 
F
u
n
ct

io
n
: 

T
h
eo

ry
 
a
n
d
 

A
p
p
li
ca

ti
on

s;
S
p
ri

n
ge

r;
 N

ew
 Y

or
k
, 
N

Y
, 
U

S
A

, 
20

09
.



 
 

 
 

 
 
 
 
 
 
 
 
 
 

© 2022 Global Journals

1

Y
ea

r
20

22

50

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
II  
 I
ss
ue

  
  
 e

rs
io
n 

I 
 

V
I

  
 

( F
)

Certain Oberhettinger’s Integrals Associated with Product of General Polynomials and Incomplete                    
H- Function

( ) ( )
( )

( ) ( )
( ) 











=















−

−−
− 

+ x
Vv

UuzUu

Vv

UuzUu
x

fJj

ejj

fe

fjj

ejje

fe ;,

;,,,,

,1),1,0(

,1,,,1

,1

,211)(

,1

,211,1

1,

                                  

… (9)

And

( ) ( )
( )

( ) ( )
( ) 











=















−

−−
−+ x

Vv

UuzUu

Vv

UuzUu
x

fJj

ejj

fe

fjj

ejje

fe ;,

;,,,,

,1),1,0(

,1,,,1

,1

,211)(

,1

,211,1

1,


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(iii) 

If we take z=0 in (9), then incomplete Fox-Wright function )(fe reduces to well-known Fox-

Wright function fe (for details see [18]).
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(iv) If we take Uj =Vk =1 (j=1,…,e, k=1,…,f) in (9) and (10), then incomplete Fox-Wright 

function reduces to the incomplete generalized hypergeometric functions fe and fe (see [13]).
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The general polynomials are defined by Srivastava [19] as following:
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Where ni = 0, 1, 2… s1,...,   s);(1,...,i mm= are arbitrary positive integers and the coefficients 

],n;...;,n[ ss11 A are arbitrary constants, real or complex.

In this paper we use the following integral formula [20],
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If ꞇ, δ Є C with 0 ≤ R (δ) < R (ꞇ) and y>0, then the following integral 

formula holds:
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All the conditions of incomplete H- function )(,

, xdc

fe in (6) are satisfied.

Let  the  left hand side of the assertion (16) is denoted by ∆ and using (6) and (14) in the 

left hand side of (16), we get
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Where f(ξ , z) is defined in (6).

Now changing the order of summation, integration and contour integral involved therein (which 

is permissible under the stated conditions), we get

II. The Main Integral Formula

In  this  section  we  obtain  Oberhettinger’s integral   formulas   containing  product  of

- function and  general  polynomials. 

to obtain the Mellin transform of several simpler 

 incomplete H These  integral  formulas are very useful

special functions.

Theorem 1: 

Proof: 

Notes
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Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function

)(,

, xdc

fe , we get the result (16).
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All the conditions of incomplete H- function )(,

, xdc

fe in (7) are satisfied.

Proof: Let the left hand side of the assertion (17) is denoted by ∆ and using (7) and (14) in the 

left hand side of (17), we get
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Where F (ξ, z) is defined in (7)

Now changing the order of summation, integration and contour integral involved therein (which 

is permissible under the stated conditions), we get
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Now by using (15) in above integral and reinterpreting it in the form of incomplete H-function

)(,

, xdc

fe , we get the result (17).

In this section, we obtain some interesting special cases of main results (16) and (17).

(i) If ꞇ, δ Є C with  0 < R(δ) < R(ꞇ) and y > 0 and incomplete H-function reduces 

into incomplete hypergeometric function with the help of (12) and (13), then the 

following integral formula occurs:
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Given that both integrals exist.

Again if we take Uj =Vj =1 in (16) and (17), we get the required results.

(ii) If ꞇ, δ Є C with  0 < R(δ) < R(ꞇ) and y > 0 and incomplete H-function reduces 

into incomplete Wright functions, then the following integral formula occurs:
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Given that each member of assertion (20) and (21) are exist.

with the help of (9) and (10), we get the above results.

(iii) If ꞇ, δ Є C with  0 < R(δ) < R(ꞇ),  y > 0 and incomplete H-function reduces into 

Fox-Wright generalized hypergeometric function and general polynomials 

reduces into unity, then the following integral formula holds:
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Given that each member of assertion (22) is exist.

Let general polynomials reduces into unity and with the help of (11), we get the above 

result.

In  this   paper, we  obtained  some  engrossing   integrals containing  the   product  of incomp-

lete  H-function   and   general   polynomials,  which  are expressed  in terms of incomplete H-

functions.  We have also given some special cases by  specializing  the parameters  of  general

polynomials and incomplete H-functions (Incomplete Fox-Wright functions, incomplete hyper-

geometric functions, Fox - Wright generalized 

are general in nature and very useful in science, engineering and finance. 

Proof: 

Proof: 

IV. Conclusions

hypergeometric functions). These results 

Notes
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Think like evaluators:

 

If you are in confusion or getting demotivated because your paper may not be accepted by the 
evaluators, then think, and try to evaluate your paper like an evaluator. Try to understand what an evaluator wants in your 
research paper, and you will automatically have your answer. Make blueprints of paper: The outline is the plan or 
framework that will help you to arrange your thoughts. It will make your paper logical. But remember that all points of your 
outline must be related to the topic you have chosen.

 

3.

 

Ask your

 

guides:

 

If you are having any difficulty with your research, then do not hesitate to share your difficulty with 
your guide (if you have one). They will surely help you out and resolve your doubts. If you can't clarify what exactly you 
require for your work, then ask your supervisor to help you with an alternative. He or she might also provide you with a list 
of essential readings.

 

4.

 

Use of computer is recommended:

 

As you are doing research in the field of science frontier then this point is quite 
obvious.

 

Use right software: Always use good quality software packages. If you are not capable of judging good software, 
then you can lose the quality of your paper unknowingly. There are various programs available to help you which you can 
get through the internet.

 

5.

 

Use the internet for help:

 

An excellent start for your paper is using Google. It is a wondrous search engine, where you 
can have your doubts resolved. You may also read some answers for the frequent question of how to write your research 
paper or find a model research paper. You can download books from the internet. If you have all the required books, place 
importance on reading, selecting, and analyzing the specified information. Then sketch out your research paper. Use big 
pictures: You may use encyclopedias like Wikipedia to get pictures with the best resolution. At Global Journals, you should 
strictly follow here.
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Techniques for writing a good quality Science Frontier Research paper:



6. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right? It is a good habit 
which helps to not lose your continuity. You should always use bookmarks while searching on the internet also, which will 
make your search easier. 

7. Revise what you wrote: When you write anything, always read it, summarize it, and then finalize it. 

8. Make every effort: Make every effort to mention what you are going to write in your paper. That means always have a 
good start. Try to mention everything in the introduction—what is the need for a particular research paper. Polish your 
work with good writing skills and always give an evaluator what he wants. Make backups: When you are going to do any 
important thing like making a research paper, you should always have backup copies of it either on your computer or on 
paper. This protects you from losing any portion of your important data. 

9. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. 
Using several unnecessary diagrams will degrade the quality of your paper by creating a hodgepodge. So always try to 
include diagrams which were made by you to improve the readability of your paper. Use of direct quotes: When you do 
research relevant to literature, history, or current affairs, then use of quotes becomes essential, but if the study is relevant 
to science, use of quotes is not preferable. 

10. Use proper verb tense: Use proper verb tenses in your paper. Use past tense to present those events that have 
happened. Use present tense to indicate events that are going on. Use future tense to indicate events that will happen in 
the future. Use of wrong tenses will confuse the evaluator. Avoid sentences that are incomplete. 

11. Pick a good study spot: Always try to pick a spot for your research which is quiet. Not every spot is good for studying. 

12. Know what you know: Always try to know what you know by making objectives, otherwise you will be confused and 
unable to achieve your target. 

13. Use good grammar: Always use good grammar and words that will have a positive impact on the evaluator; use of 
good vocabulary does not mean using tough words which the evaluator has to find in a dictionary. Do not fragment 
sentences. Eliminate one-word sentences. Do not ever use a big word when a smaller one would suffice. 

Verbs have to be in agreement with their subjects. In a research paper, do not start sentences with conjunctions or finish 
them with prepositions. When writing formally, it is advisable to never split an infinitive because someone will (wrongly) 
complain. Avoid clichés like a disease. Always shun irritating alliteration. Use language which is simple and straightforward. 
Put together a neat summary. 

14. Arrangement of information: Each section of the main body should start with an opening sentence, and there should 
be a changeover at the end of the section. Give only valid and powerful arguments for your topic. You may also maintain 
your arguments with records. 

15. Never start at the last minute: Always allow enough time for research work. Leaving everything to the last minute will 
degrade your paper and spoil your work. 

16. Multitasking in research is not good: Doing several things at the same time is a bad habit in the case of research 
activity. Research is an area where everything has a particular time slot. Divide your research work into parts, and do a 
particular part in a particular time slot. 

17. Never copy others' work: Never copy others' work and give it your name because if the evaluator has seen it anywhere, 
you will be in trouble. Take proper rest and food: No matter how many hours you spend on your research activity, if you 
are not taking care of your health, then all your efforts will have been in vain. For quality research, take proper rest and 
food. 

18. Go to seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 

19. Refresh your mind after intervals: Try to give your mind a rest by listening to soft music or sleeping in intervals. This 
will also improve your memory. Acquire colleagues: Always try to acquire colleagues. No matter how sharp you are, if you 
acquire colleagues, they can give you ideas which will be helpful to your research. 
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20. Think technically: Always think technically. If anything happens, search for its reasons, benefits, and demerits. Think 
and then print: When you go to print your paper, check that tables are not split, headings are not detached from their 
descriptions, and page sequence is maintained. 

21. Adding unnecessary information: Do not add unnecessary information like "I have used MS Excel to draw graphs." 
Irrelevant and inappropriate material is superfluous. Foreign terminology and phrases are not apropos. One should never 
take a broad view. Analogy is like feathers on a snake. Use words properly, regardless of how others use them. Remove 
quotations. Puns are for kids, not grunt readers. Never oversimplify: When adding material to your research paper, never 
go for oversimplification; this will definitely irritate the evaluator. Be specific. Never use rhythmic redundancies. 
Contractions shouldn't be used in a research paper. Comparisons are as terrible as clichés. Give up ampersands, 
abbreviations, and so on. Remove commas that are not necessary. Parenthetical words should be between brackets or 
commas. Understatement is always the best way to put forward earth-shaking thoughts. Give a detailed literary review. 

22. Report concluded results: Use concluded results. From raw data, filter the results, and then conclude your studies 
based on measurements and observations taken. An appropriate number of decimal places should be used. Parenthetical 
remarks are prohibited here. Proofread carefully at the final stage. At the end, give an outline to your arguments. Spot 
perspectives of further study of the subject. Justify your conclusion at the bottom sufficiently, which will probably include 
examples. 

23. Upon conclusion: Once you have concluded your research, the next most important step is to present your findings. 
Presentation is extremely important as it is the definite medium though which your research is going to be in print for the 
rest of the crowd. Care should be taken to categorize your thoughts well and present them in a logical and neat manner. A 
good quality research paper format is essential because it serves to highlight your research paper and bring to light all 
necessary aspects of your research. 

Informal Guidelines of Research Paper Writing 

Key points to remember: 

• Submit all work in its final form. 
• Write your paper in the form which is presented in the guidelines using the template. 
• Please note the criteria peer reviewers will use for grading the final paper. 

Final points: 

One purpose of organizing a research paper is to let people interpret your efforts selectively. The journal requires the 
following sections, submitted in the order listed, with each section starting on a new page: 

The introduction: This will be compiled from reference matter and reflect the design processes or outline of basis that 
directed you to make a study. As you carry out the process of study, the method and process section will be constructed 
like that. The results segment will show related statistics in nearly sequential order and direct reviewers to similar 
intellectual paths throughout the data that you gathered to carry out your study. 

The discussion section: 

This will provide understanding of the data and projections as to the implications of the results. The use of good quality 
references throughout the paper will give the effort trustworthiness by representing an alertness to prior workings. 

Writing a research paper is not an easy job, no matter how trouble-free the actual research or concept. Practice, excellent 
preparation, and controlled record-keeping are the only means to make straightforward progression. 

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general 
guidelines. 

To make a paper clear: Adhere to recommended page limits. 
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Mistakes to avoid: 

• Insertion of a title at the foot of a page with subsequent text on the next page. 
• Separating a table, chart, or figure—confine each to a single page. 
• Submitting a manuscript with pages out of sequence. 
• In every section of your document, use standard writing style, including articles ("a" and "the"). 
• Keep paying attention to the topic of the paper. 
• Use paragraphs to split each significant point (excluding the abstract). 
• Align the primary line of each section. 
• Present your points in sound order. 
• Use present tense to report well-accepted matters. 
• Use past tense to describe specific results. 
• Do not use familiar wording; don't address the reviewer directly. Don't use slang or superlatives. 
• Avoid use of extra pictures—include only those figures essential to presenting results. 

Title page: 

Choose a revealing title. It should be short and include the name(s) and address(es) of all authors. It should not have 
acronyms or abbreviations or exceed two printed lines. 

Abstract: This summary should be two hundred words or less. It should clearly and briefly explain the key findings reported 
in the manuscript and must have precise statistics. It should not have acronyms or abbreviations. It should be logical in 
itself. Do not cite references at this point. 

An abstract is a brief, distinct paragraph summary of finished work or work in development. In a minute or less, a reviewer 
can be taught the foundation behind the study, common approaches to the problem, relevant results, and significant 
conclusions or new questions. 

Write your summary when your paper is completed because how can you write the summary of anything which is not yet 
written? Wealth of terminology is very essential in abstract. Use comprehensive sentences, and do not sacrifice readability 
for brevity; you can maintain it succinctly by phrasing sentences so that they provide more than a lone rationale. The 
author can at this moment go straight to shortening the outcome. Sum up the study with the subsequent elements in any 
summary. Try to limit the initial two items to no more than one line each. 

Reason for writing the article—theory, overall issue, purpose. 

• Fundamental goal. 
• To-the-point depiction of the research. 
• Consequences, including definite statistics—if the consequences are quantitative in nature, account for this; results of 

any numerical analysis should be reported. Significant conclusions or questions that emerge from the research. 

Approach: 

o Single section and succinct. 
o An outline of the job done is always written in past tense. 
o Concentrate on shortening results—limit background information to a verdict or two. 
o Exact spelling, clarity of sentences and phrases, and appropriate reporting of quantities (proper units, important 

statistics) are just as significant in an abstract as they are anywhere else. 

Introduction: 

The introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background 
information to be capable of comprehending and calculating the purpose of your study without having to refer to other 
works. The basis for the study should be offered. Give the most important references, but avoid making a comprehensive 
appraisal of the topic. Describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the 
reviewer will give no attention to your results. Speak in common terms about techniques used to explain the problem, if 
needed, but do not present any particulars about the protocols here. 
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The following approach can create a valuable beginning: 

o Explain the value (significance) of the study. 
o Defend the model—why did you employ this particular system or method? What is its compensation? Remark upon 

its appropriateness from an abstract point of view as well as pointing out sensible reasons for using it. 
o Present a justification. State your particular theory(-ies) or aim(s), and describe the logic that led you to choose 

them. 
o Briefly explain the study's tentative purpose and how it meets the declared objectives. 

Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job 
is done. Sort out your thoughts; manufacture one key point for every section. If you make the four points listed above, you 
will need at least four paragraphs. Present surrounding information only when it is necessary to support a situation. The 
reviewer does not desire to read everything you know about a topic. Shape the theory specifically—do not take a broad 
view. 

As always, give awareness to spelling, simplicity, and correctness of sentences and phrases. 

Procedures (methods and materials): 

This part is supposed to be the easiest to carve if you have good skills. A soundly written procedures segment allows a 
capable scientist to replicate your results. Present precise information about your supplies. The suppliers and clarity of 
reagents can be helpful bits of information. Present methods in sequential order, but linked methodologies can be grouped 
as a segment. Be concise when relating the protocols. Attempt to give the least amount of information that would permit 
another capable scientist to replicate your outcome, but be cautious that vital information is integrated. The use of 
subheadings is suggested and ought to be synchronized with the results section. 

When a technique is used that has been well-described in another section, mention the specific item describing the way, 
but draw the basic principle while stating the situation. The purpose is to show all particular resources and broad 
procedures so that another person may use some or all of the methods in one more study or referee the scientific value of 
your work. It is not to be a step-by-step report of the whole thing you did, nor is a methods section a set of orders. 

Materials: 

Materials may be reported in part of a section or else they may be recognized along with your measures. 

Methods: 

o Report the method and not the particulars of each process that engaged the same methodology. 
o Describe the method entirely. 
o To be succinct, present methods under headings dedicated to specific dealings or groups of measures. 
o Simplify—detail how procedures were completed, not how they were performed on a particular day. 
o If well-known procedures were used, account for the procedure by name, possibly with a reference, and that's all. 

Approach: 

It is embarrassing to use vigorous voice when documenting methods without using first person, which would focus the 
reviewer's interest on the researcher rather than the job. As a result, when writing up the methods, most authors use third 
person passive voice. 

Use standard style in this and every other part of the paper—avoid familiar lists, and use full sentences. 

What to keep away from: 

o Resources and methods are not a set of information. 
o Skip all descriptive information and surroundings—save it for the argument. 
o Leave out information that is immaterial to a third party. 
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Results: 

The principle of a results segment is to present and demonstrate your conclusion. Create this part as entirely objective 
details of the outcome, and save all understanding for the discussion. 

The page length of this segment is set by the sum and types of data to be reported. Use statistics and tables, if suitable, to 
present consequences most efficiently. 

You must clearly differentiate material which would usually be incorporated in a study editorial from any unprocessed data 
or additional appendix matter that would not be available. In fact, such matters should not be submitted at all except if 
requested by the instructor. 

Content: 

o Sum up your conclusions in text and demonstrate them, if suitable, with figures and tables. 
o In the manuscript, explain each of your consequences, and point the reader to remarks that are most appropriate. 
o Present a background, such as by describing the question that was addressed by creation of an exacting study. 
o Explain results of control experiments and give remarks that are not accessible in a prescribed figure or table, if 

appropriate. 
o Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or 

manuscript. 

What to stay away from: 

o Do not discuss or infer your outcome, report surrounding information, or try to explain anything. 
o Do not include raw data or intermediate calculations in a research manuscript. 
o Do not present similar data more than once. 
o A manuscript should complement any figures or tables, not duplicate information. 
o Never confuse figures with tables—there is a difference.  

Approach: 

As always, use past tense when you submit your results, and put the whole thing in a reasonable order. 

Put figures and tables, appropriately numbered, in order at the end of the report. 

If you desire, you may place your figures and tables properly within the text of your results section. 

Figures and tables: 

If you put figures and tables at the end of some details, make certain that they are visibly distinguished from any attached 
appendix materials, such as raw facts. Whatever the position, each table must be titled, numbered one after the other, and 
include a heading. All figures and tables must be divided from the text. 

Discussion: 

The discussion is expected to be the trickiest segment to write. A lot of papers submitted to the journal are discarded 
based on problems with the discussion. There is no rule for how long an argument should be. 

Position your understanding of the outcome visibly to lead the reviewer through your conclusions, and then finish the 
paper with a summing up of the implications of the study. The purpose here is to offer an understanding of your results 
and support all of your conclusions, using facts from your research and generally accepted information, if suitable. The 
implication of results should be fully described. 

Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact, you must explain 
mechanisms that may account for the observation. If your results vary from your prospect, make clear why that may have 
happened. If your results agree, then explain the theory that the proof supported. It is never suitable to just state that the 
data approved the prospect, and let it drop at that. Make a decision as to whether each premise is supported or discarded 
or if you cannot make a conclusion with assurance. Do not just dismiss a study or part of a study as "uncertain." 
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Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results 
that you have, and take care of the study as a finished work. 

o You may propose future guidelines, such as how an experiment might be personalized to accomplish a new idea. 
o Give details of all of your remarks as much as possible, focusing on mechanisms. 
o Make a decision as to whether the tentative design sufficiently addressed the theory and whether or not it was 

correctly restricted. Try to present substitute explanations if they are sensible alternatives. 
o One piece of research will not counter an overall question, so maintain the large picture in mind. Where do you go 

next? The best studies unlock new avenues of study. What questions remain? 
o Recommendations for detailed papers will offer supplementary suggestions. 

Approach: 

When you refer to information, differentiate data generated by your own studies from other available information. Present 
work done by specific persons (including you) in past tense. 

Describe generally acknowledged facts and main beliefs in present tense. 

The Administration Rules 

Administration Rules to Be Strictly Followed before Submitting Your Research Paper to Global Journals Inc. 

Please read the following rules and regulations carefully before submitting your research paper to Global Journals Inc. to 
avoid rejection. 

Segment draft and final research paper: You have to strictly follow the template of a research paper, failing which your 
paper may get rejected. You are expected to write each part of the paper wholly on your own. The peer reviewers need to 
identify your own perspective of the concepts in your own terms. Please do not extract straight from any other source, and 
do not rephrase someone else's analysis. Do not allow anyone else to proofread your manuscript. 

Written material: You may discuss this with your guides and key sources. Do not copy anyone else's paper, even if this is 
only imitation, otherwise it will be rejected on the grounds of plagiarism, which is illegal. Various methods to avoid 
plagiarism are strictly applied by us to every paper, and, if found guilty, you may be blacklisted, which could affect your 
career adversely. To guard yourself and others from possible illegal use, please do not permit anyone to use or even read 
your paper and file. 
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Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data,

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring

                                          

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS 

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals.
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