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[. [NTRODUCTION

Recently, Integral transformations have played an important role in many fields
of science and engineering [1,10,14,15,], especially mathematical physics [5],
engineering mathematics [16,19], Cryptography [11], image processing [18],
mathematical electrodynamics [5] and, a few others, because they have been
successfully used in solving many problems in those fields. Integral transforms
are one of the most effective tools for solving problems in physics and
engineering to obtain a solution for a given differential equation or integral
equations by means of inverse transformation. The importance of an integral
transforms is that they provide powerful operational methods for solving initial
value problems and initial- boundary value problems for linear differential and
integral equations.

In view of many interesting properties which make visualization easier, we
introduced a new integral transform, termed as "Saxena and Gupta"
Transformation. Many of these transforms have been introduced which were
extensively used and applied on theory and applications, such as Laplace
[6,12,13,17], Fourier [15], Sumudu [4,12], Elzaki [3,8,9], Aboodh [2,19].
Among these, the most widely used is the Laplace transform. Here, a new
integral transform is proposed to avoid the complexity of previous transforms.
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Definition of New Transform

This transform of a function f(t) defined for all real numberst = 0 is the
function

f) =Z[f©] =2 [ fwt)e " dt (L)

The above integral convergent.

Definition of other transform

a) Aboodh transform: The Aboodh transform[2,19] A of a function f(t) fort
is greater than or equal to zero given by

[f(®)] =—f f®e™dt (0<k, <t<k,) .. (1.2)

b) Laplace transform: The Laplace transform [6],[12],[13],[17] of a
function f (t) for t is greater than zero given by

[f(D)] = ff(t)e t dt .. (1.3)

¢) Sumudu transform: The Sumudu transform S [4],[12] of a function f (t)for
t is greater than or equal to zero given by

S[f®)] = f f(ut)e tdt .. (1.4)

d) FElzaki transform: The Elzaki transform E [3],[8],[9] of a function f(t)for
t 1s greater than or equal to zero given by

E[f(D] =v [ f(e " dt ... (1.5)

e) Mahgoub transform: The Mahgoub (Laplace-Carson)M [1] transform of
the function f(t),t = 0 is given by

M[f(®D] =v [ f(H)e™ dt ... (1.6)

o

‘$9-,6 dd ‘1 "ON L 'TOA ‘sonewayiey parjddy pue aingd Jo [eurnor [eqo[n
‘ WIoJsuel], IyezTd, WIojsuel], [er3oiu] moN oYL, (1107) N Suel ‘Tez[d 6



[[.  PROPERTIES OF SAXENA AND GUPTA TRANSFORM

i) Linearty property
Let Z{f (t)} denote the New transform of the real function f.Let f,gbea
function such that Z{f }and Z{g} exist.

Notes
Z{af (t) + bg(t)} = aZ{f ()} + bZ{g(¢)

Proof: Let a,b € c or R be constant

oo

1
Zaf @ +bg®) = | e {af 1) + bg(ur))de

0

Z{af (£) + bg()} = = [7 e~ f (vt)dt + %fo‘” e Ut g(ut)dt

= aZ{f(t)} + bZ{g(t) ..(2.D

ii) Shifting property

If the function f(u) = Z{f} is the transform of the function f(t) then

Z{e®f} = (1_1au) f=) . (2.2)

1-av
Proof: Z{e®f} == [ e~ e™f(vt)dt

= 2 e~ f(ur)dt -~ (2.3)

x dx .
Let (1 —av)t =x,t= -, dt = ——and put these values in eq.(2.3)

(0]

zetfy == [ e f

0

Ux) dx

1—av/ 1—av
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o
2N = i = f e f (=) &

Z{e™f} = a _1a0)f_( - )

1—av

iii) The convolution of two function

Definition: Assume that f and g are peicewise continuous function, or one of
them is dirac’s generalized function [7]. The convolution of f and g is a
function denoted f * g by and given by the following expression

(f *)(®) = J, f@g(t —1)dr - (2.4)

For every piecewise continuous function f, g and h the following properties
hold.

1. Commutativity f*xg=g=*f

2. Associativity f*x(g*h)=(f*g) *h

3. Distributivity f* (g+h)=f*g+f*h

4. Neutral element f *x0 =10

5. Identity element f x1 = f

Theorem 1: 1If the function f and g have well defined transform Z{f}and
Z{g} then

Z{ f * g} =Vv*Z{f}Z{g} .. (2.5)
Proof Z{f x g} = J, e  (f x 9)(vt)dt

_ 1

= - fooo et [fooof(r)g(ut — 7)dt]dt ..(2.6)
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Let A=vt, dA=vdt putthese values in eq.(2.6) then

Z(f gy =11y e [[ F@g@ ~ Dde]drs

Notes = 217 [2e™ f()g(h - Tdrd - (27)

Put y=A-t, dy=d\ineq. (2.7) since the variable t is constant hence when
we integrate with respect to 1, we get

Z{f* g} =2 [T [T e f(@g()dudy

w _Y o _T
== e gy [ e f(Rdr - (28)
y T y dt
let x == and y = — then we have dx = — and dy = —
v ) v )

e *v g(Ux)dx] U e Vv f(Uy)dy‘
0

1
Z{f * g}=f0°° e ™ g(ux)dx. f0°° e f(vy)dy

Z{f * g} = v’ Z{f}. Z{g}

iv) The New Transform of Derivative and Integral
Derivative property:

If the function Z{F}and Z{F'} are well defined then
First derivative

D Y
2O =7 | e tf ot

0
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f(0)
=[R2+ o)
Z{F (1)} = "2 - [ - (2.9)
ivati fr (0) Notes
Second derivative Z{F"(t)} = —Z{f (1)} -
_ 1[F(u) _fO] _ 10
Z{F" (0 =22 - LQ L0 .(210)
Nth derivative
n F (U) _fO 10 ()
2@y =P - G - R - e
Z{FM (D} =32 - 30z 601::;(10_),{ . (2.11)

V) The New transform of Integral
Theorem 2: If the following Z[f(t)] is well defined then

z f F@de| = v2z(f)

Proof: Suppose that g(t-t)=1 then
z|[ r@c| = z| [ gt - Df@ar| =219 + 11
0 0

= v?Z[f]Z]g]
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= v*Z[f]
Vi) The inverse of New transform

Definition: Let the function f(v)=Z{F} is the transform of the function f(t),
then f(t) is called the inverse transform f(v) and we will write it as

F) =Z7'{f(v)}
Note: The inverse transform has the linear combination property

vii) Solution of some elementary function

1. when f(t) = 1 then
%fow e " f(ut)dt = %fo""e—t 1dt = 1/v[—e "t ] =1/ v

2. when f(t) = t then

1( 1(
—fe‘tf(ut)dtz—] e t.utdt =
v v

0 0

1
= 1/v[(=t = De7[7 = 5
3. when f(t) = t? then

(0] (00

1 1 1 2

- -t — -t 2 42 — _[(—+2 — _ —t1o — —

Ufe f(ut)dt Ufe v? t2dt = = [(—t? - 2t = 2)e™"]§ = —
0 0

4. when f(t) = t" then

= f et fwydt = = [7 et .utthdt = v (0t 1)

L

5. when f(t) = e® then

[ee] (00

1 1
—f e tf(vt)dt = —f e~t. et
v v

0 0
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(0]

1 e(av—l)t 1
_Glau—llﬂ v (1 —av)
6. when f(t) = sinat then
1] -t (t)dt—lf ~t sinaut dt
> e “f(u =3 e”".sinav
0 0
e~t. (sin(avt) + avcos(avt))]”
=1/v|= 2,2
a<v-+1 0
B a
Ca?v2+1
7. when f(t) = cosat then
1 1
;j e tf(vt)dt = G_f e~t.cosavt dt
0 0

a?v? +1

B lle‘t(ausin(aut) — cos(avt))]”
v

0

1
~v(a?v? + 1)

8. whenf (t) = sinhat then

17 1
;f e~tf(ut)dt = GJ e~t.sinhavt dt
0 0

1 e eaut _ e—avt
=— “tdt
(=)
0
1
—_— j et(al)—l)dt _j e—t(aU+1)dt
2v
0

0
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1 et

et 17 a
o — + = —
2vilav—1 av + 1]0 1 — a?v?

9. when f(t) = coshat then

(00]

%] e tf(vt)dt =

0

(00

1 —t
Gf e~ '.coshavt dt

1’[ <eaut+e—avt> _tdt
v 2 €
0

o

i f et(aU—l)dt + f e—t(aU‘l'l)dt]
0

o
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viii) New transform of some elementary function

© 2023 Global Journals

Table 1
Function New transform
S.NO.
f(® Z[f ()]
1
1 1 _
v
2 t 1
3 t2 20
4 t" u" I (n + 1)
, 1
a F—
> € v(1—av)
6 [ a
sinat T+ 2202
7 cosat 1
v (1+ a?v?)
_ a
8 sinhat 1~ 202
9 hat !
cosha
v (1 —a?v?)

Notes



Not es

ix) Compare between New transform and other transform

Table 2: Sumudu transform and New transform

SNO Function Sumudu transform New transform
- f® S[f(®)] Z[f(®)]
1 1 1 1
U
t v 1
t2 21/ v? 20
n-1
4 th n!/o" v
'(n+1)
5 eat ; ;
(1 —av) v (1 — av)
6 ot av a
sina _— _
1+ a?v? 1+ a?v?
1 1
7 cosat _——
(1 + a?v?) v (1 +a?v?)
8 sinhat @ _a
1 —a?v? 1—a?p?
9 hat - !
cosha —_—
(1 — a?v?) v (1 —a?v?)
Table 3: Aboodh transform and New transform
S.NO Function Aboodh transform New transform
S JiQ) A[f(®)] Z[f®)]
1 1 i 1
2 v
2 t i 1
3
]
3 t2 2_ 20
U4
4 tn n! v
vnt2 I'(n+1)
5 eat 1 ;
v(v—a) v (1 —av)
c , a a
sinat v(a?+ v?) 1+ a?v?
1 1
7 cosat
(a? + v?) v (14 a?v?)
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_ a a
8 sinhat U( vz _ az) 1 — azvz
9 hat = !
cosna (v? —a?) v (1—a?v?)
Table 4: Laplace transform and New transform
S.NO Function Laplace transform New transform
_ f@® LIf(®)] Z[f(®)]
1 1
1 1 — —
11) U
2 t 3 1
2!
3 t2 1)_3 20
n! n-1
4 tn n+1 -
S F'n+1)
c pat 1 1
s—a v (1 —av)
sinat a ?
l —_—
6 a® + s? 1+ a?v?
t > 1
7 cosa —
a® +s? v (1+a%v?)
. a a
8 sinhat
s? —qa? 1—a?v?
S 1
9 coshat -
s¢—a v (1 —a?v?)
Table 5: Mahgoub and New transform
S.NO Function Mahgoub transform New transform
| f(® M[f ()] Z[f(1)]
1
1 1 1 -
U
1
2 t — 1
U
21
3 t2 — 20
vz
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n n! pn—1
4 t 0 —_—
v (n+1)
5 edt 0 ;
(v—a) v (1—av)
6 sinat L L
a?+ v? 1+ a?v?
2 1
7 cosat v— -
(a4 v?) v (1+a?v?)
8 sinhat L L
12 — 2 1 — 6112172
9 coshat v o
(v? —a?) v (1—a?v?)
Table 6: Elzaki and New transform
SNO Function Elzaki transform New transform
- f® E[f(®)] Z[f(®)]
1 1 2 1
v
2 t v3 1
3 t? 2! v 20
. Tl' vn+2 Un—l
4 t -
'(n+1)
5 eat vz 1
(1 — av) v (1—av)
3 a
6 sinat av T 2.2
1 + g2 p?2 1+ asv
2 1
7 cosat v )
(14+a%v?) v (1+ a%v?)
3 a
8 sinhat av PR
1 — g2p2 1—a4v
2
9 coshat v 1
1 — a?p? v (1—a?v?)
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Conclusion: 1In this paper, we introduce a new integral transform. After that we
compare some integral transforms with this new integral transform. It has shows
that the new integral transform cover those exiting transforms such as Laplace,
Elzaki and Sumudu transform for different values. Also gave properties of new
transform and derivatives. Researcher can use this new integral transform for
solving ODE, integral equations and fractional differential and integral
equations.
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