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Abstract-

 

In the  article  we  consider  the  problem of linear  extrapolation of zero-mean

 

wide-sense-stationary random  
process  both  discrete-time  and  continuous-time cases  under  conditions  of  the  absence  of  a   priori   information  
about  the  statistical

 

characteristics  of  disturbance  in   the  absence  of measurement  errors  under  scalar

 

observation    only  the   restricted   disturbance is  assumed.

 

We investigate a minimax approach, which guarantees the 
prediction of high quality at the least favorable disturbance spectrum. The simple implementation of an optimal adaptive 
minimax predictor and prediction based on Kalman – Bucy filter and their comparative characteristics has been 
obtained. Examples are given.

 

Keywords:

 

minimax, filtering, linear, extrapolation, stationary, saddle-point, disturbance, dispersion.

 
I.

 

Introduction

 
The   solution  to  a  similar  problem  for the  continuous-time  processes  was  

obtained for

 

the  first time  by  U. Grenander [1], where  the  problem  of  predicting  a  
stationary continuous  in

 

time   occasional  process  observed  without  noises  with 
only  its dispersion to be  known,  was

 

solved. This  paper  should  be   marked  as the  
first  one  where  the  minimax approach to  extrapolation  problem  for  stationary  
processes  was proposed. In  the  papers  by  M. Moklyachuk [2] the  minimax  
approach is applied toextrapolation, interpolation  and  filtering  problems  for  
functionals which  depend  on the  unknown   values  of   stationary  processes  and  
sequences. Many  investigators  have been  interested  in minimax  extrapolation  
problems  for the  stationarystochastic   sequences. J. Franke [4], J. Franke  and  H. V. 
Poor [5]  investigated the  minimax (robust)  extrapolation  and   filtering   problems  
for the  stationary   sequences   with  the help  of convex   optimization  methods. This  
approach  makes it  possible  to find  equations  that  determine  the least  favourable   
spectral   densities  for  various  classes  of densities.

 

Unlike  the  Kalman  method  [11,13]  or  more general  case  of Bayes  
evaluation, the  essence of the minimax  method is that  the   disturbances  are not  

considered   probability –described  for the full, i.e., as  for   instance  in  the  Kalman 
model, the    disturbances  are defined  by  a  no correlated

 

in   time process. Such  a 
problem, as  well  as  other  more  general  problems  may be  solved  using   the  
minimax  approach    which guaranties  the  prediction  of high quality  at the  least   
favorable  spectrum.
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In engineering motivation, the article differs from previous publications in that it 
contains an analytical study of the problem of predicting a scalar stationary process in a 
broad sense with the worst disturbance spectrum, about which only the variances in 
continuous and discrete time are known a priori, both in the medium and long term.  

Unlike previous works [ 3,4 ] devoted to methods and problems of forecasting 
using parametric time series models, this work uses a minimax approach to obtain more 
correct guaranteed results. In this case, the prediction algorithm, in contrast to the 
Kalman method or the more general case of Bayesian estimation, consists in the fact 
that disturbances are not considered probabilistically described in full, that is, for 
example, as in the Kalman model, disturbances  are set by a process uncorrelated in 
time and represents a correction of the forecast by the model and therefore does not 
coincide with simple forecasting. At the same time, the prediction efficiency increases 
with an increase in the depth of the filter memory in N steps.  

To compare the results, as well as to specifically explain how adaptation is 
carried out when finding an approximating model, the most general method based on  
the Kalman filter is given in the paper. At the same time, an algorithm is synthesized 
and the worst disturbance. spectrum is found.  

The aim of this work is to present new methods of solution of the linear 
extrapolation of zero-mean wide-sense-stationary random process for both discrete-time 
and continuous-time cases under conditions of the absence of a priori information about 
the statistical characteristics of disturbance in the absence of measurement errors under 
scalar observation. The existence of the saddle point of the extrapolation game in terms 
of the extreme properties of permissible spectral densities of linear filter and nature is 
also discussed.  

The above setting of the problem is characterized, in particular, for the tasks of 
determining the movements of the space object, the aircraft on radar or optical 
measurements.  Here, fluctuational (noise) measurement errors are in nature "white  
noise." The remaining components of errors and indignations are indefinite in nature - 
their dispersion is known or, in a more general case, dispersion matrix, i.e. an ellipsoid 

containing these errors at a fixed level of confidential information 𝛼𝛼  ≈ 0.1. 

II.  Statement  of  a  Problem  of  Minimax  Extrapolation  in  Case  of  the  Absence  
of  Measurement  Errors  in  Continuous  Time  

Let us assume that the real component of the measured signal ( )y t was formed 

from a certain disturbance ( )u t
 by means of the dynamic system:  

                                                                ( ) ( ) ( )x t Ax t bu t= +
                                     (1)  

Here A  is  the  constant  matrix  of  n n×  dimension; ( , )t∈ −∞ +∞ ;

( ) nx t R∈


 is  the  state  vector  of  the  system; 
nb R∈


is  the  constant   vector;

( )u t is   the    unknown  disturbance.  

Representing  a scalar  stationary  occasional  process  with  zero  mean  value   
with   the only  information  concerning  its  correlation  function  about  the  
constraint  on  its  dispersion, which  satisfies  inequality.  
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Notes



2 ( ) ,Mu t a≤  

Where M denotes the mathematical expectation of 
2 ( )u t ; a < ∞ is a fixed  

disturbance
 
power  and,  perhaps, the  constraint  on the concentration  area  of  its  

spectral  density-  ( )uH λ
 

at  λ Λ∈ ,  Λ is  the  given  subset of the   frequency  
axis.

 

The

 

measured  signal

 

upon   the  the

 

results  of  the  observations  on  the  time    

interval  ( , )tτ ∈ −∞ are

 

given

 

by  

                                                     
( ) ( ),Ty C xτ τ

 
=                                                (2)

 
where   

nC R∈


  -  is  the  constant  column  vector.

 The linear equations input-state-output (1) and (2) will be called in the future 
the meter-object system(1), (2).  

   
 

1.

 

The  meter-object  system  (1),(2) in the absence of measurement errors and 
disturbances is  the  system, i.e.:                                     

 1( , ,...,( ) )T n Trank C A C A C n− =
  

 
Throughout  this   paper,

 

let  “rank ”  be the matrix  operator  of 

 

the taking  
the  rank  over correspondent  compound matrix stated below here as:  

1, ,..., ( )T n TC A C A C−
  

 
It means thatif  at   least  one  of  its  the   minors  of   order  n   is   different  

from  zero  while  Every  minor  of   order  (n+1)  is  zero.

 2.
 
System (1)  is  “masked”  by  the  disturbance, i.e.:  

                                                            

( )( ) ( )
t

A tx t e bu dτ τ τ
 −

−∞

= ∫                                        (3) 

The concept of "mask  ability" is similar to the concept of controllability in 
systems with control signals, therefore, the necessary and sufficient condition for 
"maskability" is mathematically expressed   for  our  case as   [6]  

1( , ,..., )nrank b Ab A b n− =
  

 

 
Due to the observ  ability of the  useful  signal, the  set  of  functions   satisfying 

the unbiased condition [10]is not empty.  
From the vector record of the  meter-object  system  (1), (2)   let's move on to 

its equivalent scalar representation record.  
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Let  us  make  the  following  assumptions concerning  A , b


and  C


matrixes:
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It   is   required  to  find out  the  process:                                             

ˆ( ) ( ) ( )
t

s t T g t T s y s ds
−∞

+ = + −∫  

i.e., to  find  the  transitional  function  ( )g t   of  a  physically  realized  filter  which  

evaluates  linear  functional   atthe  moment  of  time t T+ which  can be  calculated  
by  the  formula  

( ) ( ) ( )
t

Ts t T q t T s x s ds 

−∞

+ = + −∫  

where  T   is   the  time  of  extrapolation   of  the  useful  vectorsignal   ( )x s
                    

( s t≤ )  and
 

( )Tq t

 
is  an 1 n×

 
real-valued  and  mean-square-integrablerow  vector 

that   is  the  transpose  of    an  1n×   column   vector
 

( )q t
 

which is set by a row   

vector  of frequency characteristics

 

( )Q λ
 

associated  by means of   this   transforma-

tion  function.

 The  quality  criterion  is  the  dispersion   of   the   extrapolation error   with   

the  time  period of extrapolation T is  given  by  

                                    
2ˆmin max [ ( ) ( )] min max ( , ),                                    ext ext

ext

u hG G
M s t T s t T D G h+ − + =

                             (4)  

where  
extG and Q   are   the   transfer  functions  associated   with   transformations  

g and q


 

respectively,  h
 

is   the  spectrum  of  the   unknown   disturbance ( )u t .   

Then  for  fixed   spectral  density  ( )h Kλ ∈ ,  the   optimum  linear  

extrapolator  ( )extG λ   is   found   by solving  the  problem  

                                                        
min ( , )
ext ext

ext

G K
D G h

∈

 

                                             
(5)

 
Let  

ext
K    denote  the  class  of  complex-valued     linear  extrapolators, K  denote  a  

class

 

1( )K L R⊆
  

of  disturbance  spectrum where  1( )L R

 

denotes  the class  of 

absolutely  integrated real-value  functions  on   R .  

 

Thus, the problem

 

comes  to finding  the  frequency characteristics  ( )extG λ   
according  to minimax  criterion  (4).  It  is  of   interest   to   consider  situations  in  
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which  the  exact  form  of  the power  spectral  density  of the   signal   is   known,  
but  the  form  of   the  power  spectral  density of  the  disturbance is unknown.   

In  particular,we  consider  disturbance  spectral  class   K   defined   by    

Notes



 
 

 
}1

1 2( ) ( ) :   ( ) ( ) uK h L h d Dπλ λ λ λ λΨ
∞

−∞


= ∈ ≤


∫

 ( ) 0  if   ,h λ λ Λ= ∉

 

where   uD < ∞    is  a  fixed  perturbation  power   and  ( )λΨ   is  the  non-negative  

even  upon  λ    pre

 

assigned  function   satisfying  the  Paley –

 

Wiener  condition 

                                                    

 2
|ln ( )| ,                                   

1
d

ω

ω ωΨ∞
<∞∫ +−∞

                

(6)

 

Λ

 

is  the  given   subset  of   the  frequency  axis  of   positive   measure  ( the  

infinite measure is possible ),  We  shall  consider  in  further    
ext

K   as  the   subspace  

of  2 ( )L λ
  

the  Hilbert space

 

of  complex –valued   functions  on  [ , ]−∞ ∞

 

that   

are  square  integrable   with   respect   to the   Lebesque  measure  with  density  

( )h λ   be  not  equal  to  zero.  

The  paper  by  Ulf  Grenander  [1]  was  the  first  one  where  this approach  
to  extrapolation problem  for  stationary  processes  was proposed. The analogous  
causal   case  has been  considered  for  interval  fuzziness  of  the  linear  dynamic  
system   with  the  parametric

 

uncertainty  of the  specification  only  in  the  state  
matrix  in  the  frameworks  of  the form  of  H-stability  with  the  restricted  variance  
of  the  random  disturbance in  the  useful  component  of  the signal   model  in [11].

 

Some  aspects  of  a related  causal  case  have been   considered  in  [2,3]   using   
convex   optimization  and  sub

 

differential  computation  methods. For   this problem 
we may  now  state  the  following  theorem  which  gives  a  technique  for  searching  
for  least-favorable  spectra    in  certain   cases.  

Theorem 2.1:  The  given  problem  has the   saddle  point  due to the fact  that   

( , )extD G h   
is  linear over h

 

and  the  set  of   the  all ( )h λ

 

with restricted  integral  

dispersion  

1
2 ( ) ( ) uh Dπ λ λΨ

∞

−∞

≤∫

 
is   convex  weak  compact  and   ( , )extD G h   is  square  over  

extG ,  i.e.  the  
conditions  of  convexity-concavity  which   are  required   when  the well-known  
theorems   from the game theory  are used  [14]   are  met   and     the   classical  
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condition  of  the  existence  of  the saddle   point  is  satisfied, i.e. we have  the  
corresponding  relation  determining  the saddle point:
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                             min max ( , ) max min ( , )
ext ext ext ext

ext ext

h K h KG K G K
D G h D G h

∈ ∈∈ ∈
=

                       
(7)

 
Thus,  the  problem   should    be  interpreted  as  an    antagonistic  interplay 

( , , )ext extD K KΓ ,   where  the  gain  functional  is  ( , )extD G h   with  corresponding  

strategy  spaces  of  two

 

players : space  of  the  first  player  named  by nature  K
striving  to  maximize  ( , )extD G h

 

and   space  of   the second  player  named  by  

investigator  
extK striving to

 

minimize  ( , )extD G h .  

III.

 

The  System  of  the   Relations,  Determining  the  Saddle  Point  in  the 

Problem  of   Minimax  Extrapolation   for  the  Situation  of  Uncertainty

 

Information  about   the  Statistical   Characteristics    of the 

Disturbance

 
Theorem 2.1 can  be  applied  for finding  solutions to  extrapolation problem for 

the  stationary stationary  occasional  process    in  the case  of   spectral  uncertainty,  
when  spectral   density

 

of disturbance  is  not

 

known  exactly. In  this 

 

section 

without  loss  of  generality  we  assume that the useful vector  signal

 

( )x s

 

may   be  

presented  in  the  form  of  the  scalar  signal  ( )x s

 

and   the    spectral  density  of  

( )x s   signal  may  be  presented  as by:  

( ) ( ) ( ),uX T hλ λ λ= +

 where ( )T λ

 

is  known  non-negative component  which  satisfies  the  Paley –

 

Wiener  

condition   (6)  and  ( )h Kλ ∈
  

is  unknown  component  in  the 

 

spectrum  of   

signal. The solution  to the problem

 

of (5) can be found for this case  by applying  the  

results  of   [7]   concerning     the  relationship   of     the   minimax  filtering  

problem   with  the solution to the Markov  moments  problem.

 

Let  us confine  

ourselves  to considering the  case  when

 

( ) 0T λ = . A more general case treated 

similarly

 

to this.

 

The  system  of  the   relations,  determining  the  saddle  point   in   this  case  
is  defined   by 

 

the    formulas  (8) - (10) 

 

                                                                  

2
;( ) | ( ) |λ ϕ λΨ =                                               (8)

 

 

                                                       

* 2|[ ( ) ( )] |( ) ;
( )

u
u

Q XX λ λ
λ

α ϕ λ

−
+ +=                                      (9)
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2|[ ( ) ( )] | ;
( )
uQ X d aλ λ λ

α λΨ

+∞ +
−

−∞

=∫                                 (9.1) 

                                  
*( ) ( ) ( )( ) ( ) ( )

( )

[ ]ext u u

u
u

Q X XG Q
XX

λ λ λλ λ µ ϕ λ
λ

+
−

+
++

= −=
              

 
(10)

 

where  α   is  
 
the  Lagrange  factor  satisfying   system  of  the   relations,  

determining  the saddle  point   of     the    minimax  extrapolator   [ 8, see paragraph 

3.6.1]; ( )ϕ λ  is the  result of factorization ( ) ( ) ( )λ ϕ λ ϕ λΨ + −=  ,
*( ) ( )ϕ λ ϕ λ−= , 

µ  is the  maximum  positive  eigen  value  corresponding   to the   eigen  function

( )uX λ
  

in the  equation  (9.1). The  dispersion
 
of   the  extrapolation  error  with the  

time  period     of   extrapolation T can  be  represented  in  the  form   
 

                    

2 21( ) | ( ) ( )| ( )
2

extextD G Q h d aλ λ λ λ λ µ
π

+∞
= − =∫

−∞                    

(11) 

Here  the  equations(9-10)  symbols  for function   ( )A λ+   and  ( )A λ−   
were  

introduced  as correspond for   the  separation  operation  of   ( )A λ   function  in the  

lower  and  upper  analytic   semi-plane  correspondingly, where  ( )A λ+
and  ( )A λ−

  

are 

 

causal  and   noncausal   parts of  ( )A λ

 

satisfying   factorization

( ) ( ) ( )A A Aλ λ λ+ −= , ( )h λ is  the  solution  to  the  Markov  moments   problem   

concerning   the  spectral    density  perturbation  is 

 

not known exactly related   to  

minimax mean-square  error  criterion  (4). In order to demonstrate the development   

the technique we propose the following example.  

Example  3.1

 

Let consider the problem of optimal linear extrapolation when the spectral 
density of the perturbation is not known exactly about the object of the second order

 

( )s u t=

 
It  is  required, using  the  values  of  the   measured   signal   ( )s τ   upon   the  

results   of  the  observations  at 

 

tτ ≤ ,   to  evaluate  the  value  of    the  signal   in  

the  moment   of   time  at extt t T= + . In   fact, since  2( ) ( )iϕ λ λ= ; 
4( )λ λΨ = ;

( ) i TQ e λλ = ; ( ) ( )a t tδ τ= − .  
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Differentiation   two   times  reduces   the   integral   equation  of    Grenander  

[1, p.156]  determining  the  unknown  eigenvalue  function  ( )uX λ to  the  differential    

equation  with the boundary conditions  

Notes



( ) ( ); (0) (0) 0;0 .s t s T t s s t Tµ = − = = ≤ ≤ 

 

From  this  relation we have  the  differential    equation  

 
2 (4) ( ) ( ),s t s tµ =

 
where µ  is the  maximum   positive  eigen

 

value  corresponding     to     the   eigen

 

function

 

( )uX λ in   the  equation  (9.1). The  common  solution  of  the  last  equation  
can be represented

 

in the form          

( ) cos sint t t ts t A B Csh Dch
µ µ µ µ

= + + +

 

 

cos sin 0;

cos sin 0.

t t t tA B Csh Dch

t t t tA B Csh Dch

µ µ µ µ

µ µ µ µ

− − + + =

 − + + =
  

Then a necessary and sufficient condition by virtue of which not the trivial 
solution of this system is possible is the condition

 

cos 1 0T Tch
µ µ

+ =
 

The  maximum   positive  eigenvalue  µ corresponding   to   this  equation  is   

2
2

2 0.284 ;   cos 1.T T x chx
x

µ = ≈ ⋅ = −
 

Carrying out simple, but rather cumbersome calculations will get the expression 
for the extrapolator

 

2 4

2
(1 )(1 )( ) ,

(1 ) (1 )
ext

p
p pG

p p p e
α βλ

α β α −

+ −
=

− + + 

 

  

 

where
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Notes

From  the  initial  and  boundary  conditions  (0) (0) 0; ( ) ( ) 0s s s T s T= = = =  
  

we  will have 0; 0;B C A D+ = + =



2

cos;  = 1.362;
sin

1/ 0.726;   = 0.284.

x chxp i T
x shx

x
x

λ γ

α γ β

+
= ≈ −

−

= − ≈ ≈


 

Guaranteed accuracy is  determined   by the standard  extrapolation  error
 

2 20.284 .ext a T a Tσ µ= ≈
 

Comparison with the simplest extrapolates chosen for reasonable reasons shows 
that the obtained filter has a marked advantage. So linear prediction

 

( ) ( ) ( )s t T s t s t T+ = + 
 

gives  the  mean  square  extrapolation  error  at the worst perturbation

 

2

2

( ) ( ),  or  ( ) ,  0,  

0.5 ,ext

h a u t A MA MA a

a T

λ δ λ

σ

= = = =

=
 

i.e. loses in 1.75 times. Square

 

prediction

 

2( )( ) ( ) ( )
2

s ts t T s t s t T T+ = + +




 

gives the mean square extrapolation error at the worst disturbance

 

2 2

 

( ) [ ( ) ( )],  5.5/T  or  ( ) cos( ),
2

 0,  ; 0.53 ,  

r r r r

ext

ah u t A t

MA MA a a T

λ δ λ λ δ λ λ λ λ

σ

= − + + ≈ =

= =

 

here rλ

 

is  the  resonance  frequency  of  the  minimax  filter

 

of  the  extrapolation, at

 

this point

 

the least favorable  spectral   measure  of  an  unknown  scalar   disturbance

( )h λ   is   concentrated     mostly   and    loses in  1.87   times.

 

The best  forecast  is   
the  forecast   being   the  average  of  linear  and   quadratic forecasts. At frequency

4.25 /r Tλ ≈ the

 

mean- square   extrapolation  error does

 

not exceed

 

20.33 ,ext a Tσ ≈
 

i.e.  loss of the  optimal extrapolation does not exceed

 

17% .  

IV.

 

Case

 

of  Extrapolation

 

for  Discrete  Time

 

Let

 

us

 

consider

 

the

 

dynamic

 

model

 

of

 

a

 

step-by-step

 

vector

 

process:
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Notes



T
n ny C λ=

 
 

where  nλ


 - is   the   column –

 

vector   of   the  model   condition,  ny  - is  the 

 

measurement  quantity;  nξ   -  is  the   column –
 

vector    of  the  excitation  in the 

model;  A - is  the transition  matrix  of   the   order  of  r ;  C


-  is the  bonding    
column –  

vector ;  n  - is the time-moment.     
 

Let  us   pass  from  vector  record   (12)  to the scalar  one  by choosing  the 

corresponding coefficients  A , C


 and  ip
  

in   the  case  if  (12)  is  the observable  

system  [6]. Let  us  confine ourselves  to the  case  when  

                                                                   0
,

n

i n i n
i

p x u−
=

=∑
                                                    

(13)  

where nu   -is   the  scalar  disturbance  with  restricted  dispersion. In  z  -  

symbolization  the latter   representation  is  given  by  ,ext u u uDσ γσ σ= = ,  where  

0
( ) i

i
i

P z p z
∞

=

= ∑ .

 Let

 

us

 

label

 

the  desired    evaluation

 

n Ny +   by nl . Then

 

                                                                       

0
n i n i

i
l g y

∞

−
=

= ∑
                                                       

(14)

 
In  z   -  representation   expression  (14)  will  read   as:

 ( ) ( ) ( )extl z G z y z=
 

If  the   spectrum  of  ( )u z

 

disturbance

 

is presented

 
( )

n

j n
u u

n
h e Kωω

+∞
−

=−∞

= ∑
 

where    ( )
nu i i nK M u u +=  - correlated   moments, then  the expression  of the  prediction  

error  dispersion  will   be   as follows:

 

                       

2
2

1 ( )( ) | ( ) |
2 | ( ) |

( , )ext ext j j Nu
u j

hG h G e e dN P e
D

π
ω ω

ω
π

ωω ω
π

−
−

−

−= ∫
                           

(15)

 

The   given    problem  has   a   saddlepoint due  to   the  fact   that   ( , )N uD G h   

is   linear  over  uh   and   the set   of   all  ( )uh ω     with    restricted   integral  
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dispersion   
1 ( )

2 uD h d
π

π

ω ω
π −

= ∫
  

is   convex   weak   compact   and   ( , )ext
N uD G h    is  

1n n nAλ λ ξ−= +
  

                                                         (12)

Notes



square  over  ( )ext jG e ω−
  ,   i. e. the  conditions  of convexity –

 

concavity,   which  

required   when   the well

 

known   theorem  from  the   game  theory    is  

 

used   

[14,15 ],  are met  and

 
                                                                                                                   G                 G                                               

min max ( , ) =max min (
ext ext

u uh h

ext
N u ND G h D    , )ext

uG h
   

(16)

 

Minimum  (15)   gives   Winer-Kolmogorov  filter  [9]:

 

                                   
   

1

( )
N

ext
x

zG z
x

+

 
  =                                          

 

(17)

 

where    ( )x x z=   -  is   analytical    function  (together   with   the  inversed  one  
1
( )x z )  inside an    isolated   unit  circle,   obtained    by  factorizing    the   function  

( )X ω
 

2

( )( ) ( ) ( )
| ( ) |

j ju
j

hX x e x e
P e

ω ω
ω

ω
ω −

−= =
 

The maximum of expression (16) provides for an arbitrary
 
spectral density  

( )uh ω satisfying the constraint
 

1 ( )
2 u uh d D

π

π

ω ω
π −

= < ∞∫
 only in the case

 
[ 9 ]

 

                                        

2 2
2

1( ) | [ ] |
| ( ) |

j N j N
jX e x e x

P e
ω ω

ωγ ω + +
+ −= − ⋅

 
.                                  (18)

 

Lagrange factor  γ
 
determines mean square error of the extrapolation   

 
1

1
1

( ) ( ( ))
N

n n N i n i n
i

l Y N x l Y N i
−

− − −
=

= − − −∑
.  

Equation  for  γ    and  nonzero   ( )x z+
  follows  from  expression  (18):

 

                    
1

0
1( 1),

n

i n i N n
i

p x X N nγ − − −
=

= − −∑                  (19)
 

where  1( )i   is  a   step  function:
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Notes



0,   i<0,
1( )

1,   i 0.
i


=  ≥

 

Thus  minimax    prediction  method   concerning   the   algorithm   does not 

depend  on the   level   uD ,  which   makes   its  applicability  domain   wider.  

Now let us consider a more compact representation of the minimax prediction process.
 

Let us study the prediction in accordance with (13) in the absence of perturbations. 
 

Equations (19) have a solution  relative to an accuracy of  an arbitrary 
multiplier. Therefore, 1 1Nx − =   may be added to (19). Then 

 
at N=1

 

( )n nl Y N= ,  

there is no difference between the minimax prediction for one step and the prediction 

without taking into consideration the perturbation and at N>1:

 

1

1
1

( ) ( ( ))
N

n n N i n i n
i

l Y N x l Y N i
−

− − −
=

= − − −∑ ,                       (20)

 

Minimax prediction is calculated according to recurrent ratios with the filter 
memory depth of N-1 steps, as in the evaluation process only N-1 last values of the 
previous prediction estimations are memorized and the same number of values of 
prediction estimations according to the model, the perturbations being neglected.

 

Thus, 
minimax  predictions   require  corrections  which  should   be   more   profound   at  
long –

 

term   prediction.

 

However,  it  should   be  noted,  that   unlike   in the  Kalman  filter, there  
should    be  a   separate  time-set  run   over   recurrent  ratios   (20)   for each  N.

 

The   initial  outset  of    algorithm  (20)  is evident :  it is assumed  that  the 

first  N-1  steps

 

residuals   in  (20)  ( )n i nl Y N i− − −   equal  zero. Formula  (20)    is the 
main  in the suggested  algorithm  of minimax  prediction. As  will  be  seen  from 
analytical examples,  minimax  predictions  may not  prove   to be effective  at low N. 

As N  increases  the efficiency  of the  prediction  grows.

 

Let   us   consider   the   examples. 

 

1.

 

1n n ny y u−= + .  In  this  case  equation(19)can be

 

expressed as: 

1 1( )n n N nx x xγ − − −− =
.  

It’s   solution  at  N>1  is as  follows:

 
 

( 1) 1sin
2 1 sin( / 2 1)n

nx
N N N

π
π

+
= ⋅

+ +
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Notes



1
2sin( / 2(2 1))N

γ
π

=
+  

The
 
prediction equation can

 
be

 
written as 

1

1
0

( )
N

n n N i n i n i
i

l y x l y
−

− − − −
=

= − −∑  

At   high  N  the maximal  gain  obtained  by  the minimax  filter  in 
comparison  with  the model prediction totals

 
/ 2π . The criterion  of  the  comparison  

of  the two filters  is mean square  error   of   the  prediction  under  the   most  
favorable  perturbation   spectrum.

 

2.
 

1 22n n n ny y y u− −= − + .   Equation(19)
 
can

 
be

 
expressed

 
as

 
 

1 2 1( 2 )n n n N nx x x xγ − − − −− + =
.  

Their  solutions  at  N >
 
2  may be presented by

 

1 sin ( 1 / 2) ch ( 1 / 2)
2 sin( / 2) ch( / 2)n

n N n Nx
N N

α β
α β

 + − + −
= + 

 

 

where  cos 1 (1/ 2 ); 1 (1/ 2 )chα γ β γ= − = +   and  γ

 

may  be   calculated  using  the  

 

equation

 

1 1( / 2) ( / 2) 1
4 4

ctg N th Nγ α γ β− − + =

 

At   N=2,    0 12 1, 2 1, 1x xγ = + = − = .  The  maximum  gain  for   our  case  is  

given  by

 

3 / ( 2 1) 1.21k = + ≈ .  

The   prediction    equations  are  given   by

 

1

1 1 1
0

( 1) ( ( 1 ) ( ) )
N

n n n N i n i n n
i

l N y Ny x l N i y N i y
−

− − − − −
=

= + − − − + − + −∑

 

At

 

N →∞  a symptotically , 0, ( / 2) ( / 2)ctg N th Nγ α β α β→ ∞ → → = .  Therefore  

from the

 

equation   ( / 2) ( / 2) 1th N tg Nα α= =   we obtain  2( / 2) 0.937552, 1/Nα ξ γ α→ =  , 

the  maximal   gain    obtained   by  the minimax   filter  is  1.87k = .  
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Notes



In the assumptions that the constant transition matrix in is Hurwitz and known  
and the measurements are correct, the Kalman filter [12,14 ], giving the evaluations of 

the vector in (12) has the recurrent form:

 

                                                     

1

1 1

1 ( )

1

,
n

e e T e
n n n n nT e

n

e e T e
n n n n T e

n

e e T
n n n n

K c y c
c K c

K K K cc K
c K c

A K AK A Kξ

λ λ λ

λ λ

−

− −

= + −

= −

= = +

   
 


 

 

                                    

 

(21)

 

Here  the  extrapolation  of  y  into  N  steps ,  denoted  by   ˆ( )e T N
n ny N c A λ=




.   
The  adaptation  is    based  on  the  selection  of  the   elements  of  the matrix   

n
Kξ   

at  every

 

moment  n,  for example,  the  selection  of the  minimized  sum of residuals   
squared

 

                      

1

0
( ) [ ( )] minn

n

n
e

n k n r
Kk

K y y r k
ξ

ξϕ
−

− −
=

= − − →∑ ,            

 

(22)

 

where   dim nr λ=


.  

The   condition  of  nonnegative    definiteness    should   be   imposed  on  n
Kξ .  

Thus  the  time 

 

segment, measured back  from  the present  moment,  during  which    

the  measurements  are  used  effectively,  is   regulated.     

 

b) Adaption  based on the approximating

 

model  coefficients  
Let  us  present  formula  (13)  in   the  following   way

 

                                        

 
T n

na y u=
 

,                                                     (23)

 

where   nu   are   perturbations    with    zero   mean  and    restricted  dispersion  and  

the  following    columns   are   introduced     0[ ,..., ,...] , [ ,..., ,...]
y

T n T
N n n Na a a y y y −= =

 
.  

Here  it  is   assumed   that   iY   are   precisely  measured  and     coefficients    
are  unknown.

 

In a  number of  cases the following  representation  may be  known a priori

 

                                                    aa A αα=

                                             (24) 

where  α

  is  column

 
vector  smaller  than  a ; aAα   is  known   matrix.      

 

The   adaption of  filter  in ref. [12 ]  which  provides  α
  

estimations,  is  given by
 

1 1 1ˆ ˆ ˆ ˆ(0 ) ( ) ,n T n n nT
n n n n a n a na a K y a A y E K y y A aα α− − −= + − = −
     

© 2023   Global Journals

1

Y
ea

r
20

23

32

     

     

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
X
III  
  
Is
s u

e 
  
  
er

sio
n 

I 
 

V
I

  
 

(
F
)

Adaptive and Minimax Methods of  Prediction Dynamic Systems using the Kalman Algorithm

V. Adaptive   and  Minimax  Prediction

a) Adaption  based on the  Kalman filter 
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Ref



                                   
1 1 1

1

1
1

n nT
n n n n nT n

n

K K K y y K
y K y− − −

−

= −
+  ,                         (25) 

where  ˆ
nα


  is  the  estimation  of  nα


. E   is a   unit   matrix.  nK   is  the  covariance 

error   matrix  of   estimations  of   the order   rα .  The  initialization   the  algorithm  

is  conducted  according  to  the first  rα
 
measurements,  where  dimrα α=


,  in  the   

assumption  of  uncorrelated

 

nu . The minimax approach is used after the adoption of 

coefficients of the under discussion model. In this case we are dealing with a combined 

adaptive-minimax model.
 

VI.
 

Conclusion
 

In this  paper, various  new  techniques  related  to  the  adaptive  and  minimax   
methods  of  extrapolationof a stationary occasional  sequence  in    the   presence  of   
disturbancewith  restricted  dispersionhave   been  presented  along  with  some  
practical  application examples. The  results  presented  here  are  intended  mainly  to  
reduce  the  complexity  involved  in  the  prediction  problem   in game  theory  inthe 
case   of  the  absence  of  a   priori   information  about   the  statistical   
characteristics    of  disturbance   in   the  absence  of   measurement  errors   under  
scalar  observation. Another important problem involved with the realization robust, 
steady minimax predictors becomes quite demanding in the conditions of interval 
fuzziness in the model parameters in the presenceor absence of measurement errors 
under scalar observation.The problem of the existence of the interval saddle  point in 
the extrapolation game in terms of the extreme properties of permissible interval 
spectral densities of the robust linear filters and nature is actualized in the context of 
prediction  estimation of discrete and/or continuous-time economic processes in the 
presence of uncertainty.We also expect that the application results, which were 
discussed in this paper, will motivate further potential applications of Kalman and 
minimax filtering techniques in various fields of economic,engineering  and econometric 
forecasting.  
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