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By an Extended lteration Method to
Adequate Solutions of Jerk Oscillator
Containing Displacement Times Velocity
Time's Acceleration and Velocity

Md. Ishaque Ali “& B. M. Ikramul Haque °

Abstract- Mathematics has applications in every aspect of real life. So many such type of reallife problems are modeled
by differential equations. Therefore, differential equations are used as tools to solve many complex situations. With the
help of differential equations, we can find the formula to solve many significant issues in many areas of the Anatomy and
Physiology of the human body like physical, mental physical, and medical principles. Differential equations can be
linear, nonlinear, autonomous, or non-autonomous. Practically, most of the differential equations involving physical
phenomena are nonlinear. Hence nonlinear differential equations play a vital role in case of science and engineering.
Nonlinear systems are differently classified, and the ‘nonlinear jerk oscillator’ is one of the most essential parts of a
nonlinear system. Different types of nonlinear jerk oscillators will be analyzed using Extended lteration Method, and the
outcome may leave an impact to be better than the current results. The principal advantage of this method is that it
paves a suitable and smooth way and is more accurate, practical, easy, and straightforward.

Keywords: jerk equation, truncated fourier series, newton’s method, angular frequency; extended iteration

technique.

[. INTRODUCTION

The use of quadratic nonlinear terms, cubic nonlinear terms, and asymmetric

behavior illustrate the researchers’ concentration to a great extent. Similarly, in the
case of studying elastic force, structural dynamics and elliptic curve cryptography
oscillators are found in use. The demands of such oscillators with strong nonlinearities
are very prevalent among researchers because of their importance. Because ofsolid

nonlinearities, it isn’t easy to get solutions to such oscillators. In these circumstances,
researchers have developed different procedures to solve and describe the physical
properties of different types of nonlinear equations. Such as the Perturbation Method

(PM) (Nayfeh, 1973); Homotopy Perturbation Method (HPM) (Bélendez et al., 2007,
Anjumet al., 2021);Differential Transform Method (DTM) (Alquran & Al-Khaled,
2012);Harmonic Balance Method (HBM) (Mickens, 1984; Hu & Tang, 2006; Hosen et
al., 2016); Enhanced Cubication Method (ECM) (Elias-Zuniga et al., 2012); Energy
Balance Method (EBM) (Ozis &Yildirim, 2007); Variational Iteration Method (VIM)
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(Alquran & Dogan 2010); Direct Iteration Method (DIM) (Mickens, 1987; Hu & Tang,
2007; Mickens, 2010); Extended Iteration Method (EIM) (Mickens, 2010; Haque, B.I,
2014;Haque &Flora, 2020; Haque, B.I & Igbal, 2021) etc.

The general form of the jerk equation is

% = J(x, %, %) (1)

where J(x, x,X¥) denotes the jerk functions.

In this article, to determine the approximate solution of the nonlinear jerk
equation, we have used Mickens’ extended iteration method where the jerk function is
the velocity times the acceleration-squared.

[[. THE METHODOLOGY

The vital base of the extended iteration method is to reconvey the prestige’s

solution to obtain the present stage’s solution and its sequence of extensions. The most

essential apprehension is

(i) How to reprocess the preliminary shape of the given nonlinear oscillator so that it
will help us to handle step-by-step iterations with simplification of a term including
the large number of harmonics.

(ii) How to reprocess the obtained solutions for the case of harmonic terms so that there
is no algebraic complexity. The outline of the presented procedure is as follows:

Step 1: considering the general form of the oscillator in the following way:

X+fx)=0 (2)
Step 2: setting initial conditions as
x(0) =4, (3)
x(0) =0

Step 3: making standard form by addingQ?xon both sides, we have
x+ Q%x + 0%x — f(x) = G(x) (4)
Step 4: formulizing the suitable iteration scheme as
X1 + Qx50 = G(xp) + G (20, Q) (x — x0); k=1,2,3, ... (5)
Step 5. setting initial guess as
x0(t) = A cos (Qpt) (6)
Step 0: setting iterated initial conditions as
xi4+1(0) = A4, (7)

x+1(0) =0
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Step 7: executing the successive iteration from
k=1,23,..

[II.  SoLuTioN PROCEDURE

The nonlinear jerk oscillator, which we consider
X+ X =xxX (8)
Let x = y where y(t)be the space variable. Then equation (8) becomes
yty=yyy 9)
Let y =z and y' = wThen equation (9) becomes
y+ty=yzw . (10)
For getting standard form, adding 2%yon both sides of equation (10), we have
y+2%2y=0°y—y+yzw=G(y,z,w) (11)
where G(y,z, w) =0’y —y+yzw
G oG

Then Gy=2—5=02—1+zw,GZ=E=yw and G, =--=yz

Thus, the extended iteration scheme of equation (11) is
Vit + Qv = (QFyo — yo + Yozowo) + (2F — 1+ 2owo) (v — ¥o) +
yOWO(Zk —Zo) +y0Z0(Wk —Wo),k = 1,2,3,.... (12)

wherethe initial guess is

Yo = Yo(t) =AcosB; 6 =0t : (13)
Zy = —A -QO sin © (14)
wo = A sin@ (15)

0

First Iteration Step: Putting k = 0 in equation (12) and using initial guess (13),
(14) and (15), we get

Y1+ 281 = (2§ ¥o — Yo + YoZoWo) (16)

Now, expanding the right-hand side of equation (16), then it reduces to

y1 + 03y, = all cosB + al3 cos30 (17)
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where,
all = (—44 — A® + 4403) (18)

3
al3 =" (19)

Now, solving equation (17), we have,

1 1
V= (A +al3 m) cosO — a13mc0536 (20)
1 . 3 .
z; = =y ((A +al3 w) sinf — a13wsm39> (21)
1 1Y . 1
wy = a((A +al3 ﬁ) sinf —al3 YTy sm39> (22)

To avoid secular term from equation (17), we obtain

2

h ==

(23)

Equation (20) is known as the first iterated approximate analytic solution, and
equation (23) is known as the first approximate frequency of the oscillator (8).

Second Iteration Step: Putting k = 1 in equation (12), we get,

Y2 + 07y, = 21y — Yo + YoZowo) + (2f — 1+ 2owo) (V1 — ¥o) + Yowo (21 — 20) +
YoZo (W1 — W) (24)
Now, substituting the value of yy, zg, Wo, ¥1, z;, and wyfrom equations (13),

(14), (15), (20), (21), and (22) into (24) and expanding the right-hand side of equation
(24), then it reduces to

y, + 2%y, = a21 cos® + a23 cos38 + a25 cos50 (25)
where
121 = — 44 _ A3 n 345 243 _ 254° _ 1347 _2A%0,
T 4442 B(4+42) | 16(4+A%)  (4+A2)3/20,  24(4+A2)3/20,  96(4+42)3/20,  (4+42)3/2
3450, 4A0% | 94307 (26)
8(4+A%)3/2 " 4442 " 8(4+A2)
423 = — 7A3 545 243 1745 947 24304
T B(4+A42)  32(4+A%)  (4+42)3/201  16(4+A2)3/20y  64(4+A2)3/20;  (4+42)3/2
9450 303
1 1 (27)

16(4+A42)3/2  8(4+42)

A° AS A7 34%04

az5 = - 32(4+42)  48(4+A2)3/20;,  192(4+4%)3/20,  16(4+42)3/2
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Now, solving equation (25), we have,

1 1 1

1
Yo = (A +a23 aa? + a25 240%) cos® + a23 Yy cos36 + a25 =yyY: cos56 (29)
1 10 . 3 . 5 .
z; = —0, ((A +a23 aa? + a25 240%) sin® + a23 Yy sin30 + a25 YRy sm56> (30)
1 1 10 . 1. 1
wp = o~ ((A +a23 aa? +a25 240%) sin® — a23 T sin30 — a25 o sm59> (31)

To avoid secular term from equation (29), we obtain
_ 16A%+34%
3(32V4+A2+942V4+42)
(3(32V4 + A? 4+ 94%V4 + A2)(9437184A% + 11206656A* + 5405696A° + 132192048 +
16383640 + 82354'2(9437184A42 + 11206656A* 4+ 540569646 + 132192048 +
163836410 4 8235412 + 3v/(—13194139533312 — 22265110462464A% —
50379966382084* + 19032610701312A4° + 2514650923008048 +
16524372606976A° + 6955567370240A4'2 + 20144318433284* +
40936382899241° + 577341820804 + 54082550884%° + 303693624422 +

24\\1/3 1 2 4 6
7757289A4°%)) )+6(32W+9A2m) (9437184A° + 11206656A* + 5405696A° +

132192048 + 163836A4'° + 823542 + 3v(—13194139533312 — 22265110462464A% —
50379966382084* + 190326107013124° + 251465092300804° +

16524372606976A'° + 6955567370240A'% + 20144318433284' +

4093638289924 + 57734182080A4'% + 540825508842° + 3036936244% +
7757289A4%*))1/3 (32)

") — (24576 — 1382442 — 1496A* + 3664° + 6348)/

Equation (29) is known as the second iterated approximate analytic solution, and
equation (32) is known as the second approximate frequency of the oscillator (8).

Third Iteration Step: Putting k = 2 in equation (12), we get,

V3 + 05y3 = (25Y0 — Yo + Yozowo) + (25 — 1+ zew) (V2 — o) + Yowo (22 — 2) +
YozZo(Wy — W) (33)

Now, substituting the value of yg, zg, Wy, ¥z, Z;, and w, from equations (13),

(14), (15), (29), (30), and (31) into (33) and expanding the right-hand side of equation
(33), then it reduces to

y3 + 2%y; = a31 cosb + a33 cos30 + a35 cos50 + a37 cos78 (34)
where,
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a31 = (47202034180423684%)/((4 + A%)? (—49152 — 2764842 — 2992A* + 7324° +
12648 — 324%(9437184A42 + 11206656A4* + 5405696A4° + 13219204° + 163836410 +
8235412 + 3v/(—13194139533312 — 222651104624644% — 50379966382084* +
190326107013124° + 2514650923008048 + 1652437260697641° +
6955567370240A2 + 201443184332841* + 409363828992416 + 5773418208048 +
5408255088420 + 303693624A4%2 + 7757289424))1/3 — 64* (943718442 +
11206656A4* + 5405696A4° + 132192048 + 163836410 + 8235412 .... —(9437184A4% + Notes
112066564* + 5405696A4° + 132192048 + 163836410 + 8235412 +
3v(—~13194139533312 — 222651104624644% — 50379966382084* +
190326107013124° + 2514650923008048 + 1652437260697641° +
6955567370240A2 + 201443184332841* + 4093638289924 + 5773418208048 +
5408255088420 + 303693624A4%2 + 7757289424))?/3)3) (35)

a33 = —(4453022092492804°)/((4 + A?)?(—49152 — 27648A% — 2992A* + 732A° +
126A% — 324%(9437184A% + 11206656A* + 5405696A4° + 132192048 + 16383641 +
8235A1%2 4 3v/(—13194139533312 — 22265110462464A4% — 5037996638208A* +
190326107013124° + 251465092300804°% + 16524372606976A° +
69555673702404'2 + 20144318433284™ + 4093638289924 + 5773418208048 +
5408255088420 + - 4+ 3v/(—13194139533312 — 22265110462464A42 —
50379966382084* + 190326107013124° + 2514650923008048 +
16524372606976A'° + 69555673702404'> + 20144318433284'* +
40936382899241° + 577341820804 + 54082550884%° + 303693624422 +
77572894%4))?/3)3) (36)

a35 = (11781954286387247)/((4 + A?)?(—49152 — 276484% — 2992A* + 7324° +
126A% — 324%(9437184A% + 11206656A* + 5405696A4° + 132192048 + 1638364° +
82354 + -+ +190326107013124° + 251465092300804°8 + 16524372606976A'° +
6955567370240A42 + 2014431843328A4'* + 409363828992A4'° + 5773418208048 +
5408255088A4%° + 303693624A%% + 7757289A4%*))2/3)3 (37)

a37 = —(16234976378884%)/((4 + A?)? (—49152 — 27648A% — 2992A4* + 7324° +
12648 — 32A4%2(9437184A% + 11206656A* + 5405696A° + 132192048 + 16383640 +
823542 + .-+ 16524372606976A° + 69555673702404' + 2014431843328A4 +
40936382899241° + 577341820804 + 54082550884%° + 303693624422 +
7757289A4%4))2/3)3 (38)

After solving equation (34), we have,
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1 1
)cose + a33 Yy cos30 + a35 YV cos50 +

a37 _480% cos76 (39)
z3 = —{13 <(A + a33 + a35——= 2402 a37481!2 )sme +a33— YY) sin30 + a35- Q% sin50 +
Notes a37 ——= 4802 sm79> (40)
. 1.
w3 = - <( ) sin® — a33 2 sin30 — a35 12023 sin560 —
1.
a37 73671 sm79> (41)

To avoid secular term from equation (39), we obtain

0, = (18049582881570816A4° + 4446589949470310448 + 500006864101048324° +
338683210948935684'% + 15353161074081792A4™ + 4891022626127872A +
1117554239127552A8 + 1832268169451524%° + 211387753503364%2 +
16359694351204%* + 7654110130842 + 1642907205428 + 5737807872A*V((128 +
6842 + 94*)%(—805306368 — 50331648042 + 567803904A4* + 83135692846 +
45299020848 + 13579436840 + 2378966442 + 23021284™ + 95769A1°)) +
73216819204V ((128 + 684% + 94*)2(—805306368 — 5033164804% + 567803904A* +
831356928A4° + 45299020848 + 13579436840 + 23789664A'% + 23021284 +
95769A%)) 4+ 391362969648V ((128 + 68A4% + 94*)2(—805306368 — 50331648042 +
5678039044 + 8313569284° + 45299020848 + 1357943684 + 23789664A'% +
23021284 + 95769A1°)) + 1121367552A41°v((128 + 6842 + 94*)2(—805306368 —
50331648042 + 567803904A4* + 8313569284° + 45299020848 + 135794368410 +
23789664A'% + 2302128A™ + 95769A40)) + --- + 675454 + A2V/((128 + 68A% +
94*)2(—805306368 — 5033164804% + 567803904A* + 8313569284° + 45299020848 +
1357943684 + 23789664A'% + 23021284 + 95769A4%6))(9437184A% +

11206656A4* + 5405696A4° + 132192048 + 163836A41° + 823542 + 3v/((128 + 6842 +
94*)2(—805306368 — 5033164804% + 567803904A* + 8313569284° + 45299020848 +
13579436840 + 23789664A'% + 23021284 + 95769416)))2/3)) (42)

Equation (39) is known as the third iterated approximate analytic solution, and
equation (42) is known as the third approximate frequency of the oscillator (8).

[V. RESULTS AND DISCUSSIONS
To verify the exactness, we considered the percentage error (%) according to the
definition:

Te—Tyg

Error= X 100%

e
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Where the various approximate periods obtained by Ty; k = 0,1, 2, ... ... are illustrated by
the modified method and T,denotes the exact period of the oscillator.

Haque's extended iterative method (Haque, 2014); has been presented based on
Mickens extended iteration method (Mickens, 1987); to obtain the approximate analytic

solution of the jerk oscillator containing “velocity times acceleration-squared, “The
frequency, in addition to amplitude, has been earned by a modified approach and
compared with those made by another existing process. We have calculated the first,
second, and third approximate frequencies and corresponding periods of the oscillator

denoted by QyQ,Q, and TyT;T,, respectively. It is noteworthy that the analytical
solutions of algebraic equations produced by the executed method are straightforward
to calculate. So, the iteration steps can be preceded to a finite necessary level. In this
modification, we have found the solution up to the third iteration step.

All the obtained results are presented in Table 1. Table 2 it has been shown the
comparison of results. A graph is provided in figure 1 and figure 2, where the
comparative diagram of the modified development and the exact result is presented. We
have compared the solution with the numerical solution obtained by Ranjikutta's 4™
order method graphically; our solution shows good agreement with the numerical
solution. A graph is provided in figure 1 and figure 2, where the comparative diagram of
the modified result and the exact result is presented. We have compared the solution
with the numerical solution obtained by Ranjikutta’s 4™ order method graphically; our
solution shows good agreement with the numerical solution.

Table 1: Analyzing the differences between the approximate and exact periods T, of

X+ X=XxxXX:
A Modified T Modified T, Modified T,
et Er(%) Er(%) Er(%)
6.275346 6.275347 6.275347
0-1 0.275347 1.56 ¢° 1.54 ¢ 2.60 &
6.252003 6.252016 6.252016
0.2 0.252016 2.07 & 3.10 &° 9.53 ¢*
6.095585 6.096021 6.096062
0.5 6.096061 1.17 &' 6.54 ¢ 1.18 &°
5.619852 5.624396 5.625880
1 5626007 1.09 ¢’ 2.86 > 2.26 &
4442883 4463964 4.614498
2 4491214 1.08 6.07 & 2.74

Initial, second, and third modified approximate periods are denoted respectively

byTy, TiandT,and percentage error indicates by Er(%).
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Table 2: Approximate periods obtained by our method compared with exact periodsT,

and other existing periods of X + X = xxx:

Modified Gottlieb T, | Maetal. Ty, Ramos T, | Karahan Ky Gamal T,

A " | Tacsecona) Er(%) Er(%) @010) [21] | @O17)[14] | (2021) [13]
Er(%) (2004) [6] (2008) [15] Er(%) Er(%) Er(%)

N 6.275347 6.275346 6.275347 6.275329 6.275347 6.275334

otes | 016275347 | gy g0 13¢° 05 e° 706" 319¢° 211 ¢
6.252016 6.252003 6.252016 6.251740 6.252016 6.252016

02 | 6.252016 9.53¢® 2.11¢e* 166”7 11¢? 3.20e® 1.59 ”
6.096062 6.095585 6.096059 6.085649 6.275334 6.275334

) : 1

0.5 | 6.09606 1.18¢® 7.08 ¢ 3.21¢e® 46¢e? 2.94 3.28 ¢®
1 5 626007 5.625880 5.619852 5.625795 5.477174 5.624549 6.275334

' 2.26¢* 1.09¢ 3.8¢e? 9.0¢e” 2.60 e? 2.31¢e*

> 4491214 4.614498 4.442883 4.482081 4.466205 4.466455 4.47661

' 2.74 1.08 2.03 56¢" 551 ¢ 3.25¢"

Ismail, respectively denoted by T, Ty, Tr, Kg, T; and the modified second approximate

Approximate period obtained by Gottlieb, Ma et al. Ramos, Karahan, and

periodreceived by us is represented by T,. Percentage error is indicated by Er(%).

| 0.8

04

ri

| r
no] - ]

== Proposed

Exact

(4] |

| H
[ n

Figure 1: Approximate solutions of X + x = x xx for A = 0.5 Compare
with the corresponding numerical solution.
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Figure 2: Approximate solutions of X + X = x xX for A = 0.1Compare
with the corresponding numerical solution.

V. CONVERGENCE AND CONSISTENCY ANALYSIS

Test of convergence: The iteration method will be convergent if the set of solutions x;
(or frequencies Q or amplitudes T),) in ascending order satisfy the following property.

xp = Lim(x;,) or, Qp = Lim(Q) or, Tz = Lim(T,), k —o Here xj is considered as the
exact solution, ; denotes the frequencies and T, denotes the corresponding periods of

the nonlinear oscillator.
In the obtained solutions, it has been indicated that there is less error to

iterative steps in ascending order and finally it has been shown that |T, — T¢| < &, where

€ is a small positive number. Hence the presented extended iteration method is
convergent.

Test of consistency: The iterative method will be consistent if the set of solutions x; (or
frequencies Q or amplitudes T,) in ascending order satisfy the following property

Lim|x, — xz| = Oor, Lim|Q, — Q| = Oor, Lim|T,, — Tg| =0, k > o

In the obtained solutions, it has been indicated that there is less error to iterative steps
in ascending order, and finally, it has been shown that,

Lim|T, — Tg| =0, k > o as|T, — Tg| = 0.

Hence the presented extended iteration method is consistent.

VI. CONCLUSION

In this research, it has been seen that the most significant part of solutions has
been enhanced drastically. The modified solutions show that this modification is more
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precise than other existing solution methods and resolution is valid for the large
amplitude of oscillation for the jerk system. We have seen that it is not always true
that the extended iteration method yields better results than the direct iteration
method. It can be accomplished that the adopted modification is steadfast, effectual,
and conformable also, it, also present sufficient well-suited solutions to the nonlinear
jerk equations arising in mathematical physics, applied mathematics, and different field
of engineering, specially in Mechanical, Electrical, and Space engineering.
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