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[. [NTRODUCTION

Special functions are applicable in solving variety of problems of mathematical
physics, statistics mechanics, dynamics, functional analysis etc. In recent few decades,
many researchers are working on this field, especially with Bessel’s function .Many
researchers applied different Integral transforms include the Fourier Transform, Laplace
Transform and the Mellin Transform for solving many problems of science and
engineering The solution of many Engineering problems like acoustics,
electromagnetism, quantum mechanics and other areas frequently lead to integrals
involving Bessel’s functions. When we solve these types of problems by using Integral
Transform it is necessary to know the Integral Transform of Bessel’s Function.

Mathematically, Bessel’s function is defined by

Ju(®) = kZO(—nk AT /2

And is known as Bessel’s function of the first kind of order ‘n’

The Laplace transform of a real-valued function of real-valued function
f(t)of twhen t >0 is denoted by f(s)or L(f (t)) where s is a real or complex
parameter and it is denoted by improper integration given by f(s) = fooo e St f(t)dt

Author a: Department of Mathematics, Delhi Skill and Entrepreneurship University, Delhi. e-mail: ranjanashri@gmail.com
Author o: Department of Mathematics, Al-Falah University, Faridabad.
Author p: Department of Mathematics, Mewat Engineering College, Nuh, Haryana.

© 2024 Global Journals

Year 2024

E
@)

Version |

Global Journal of Science Frontier Research ( F) XXIV Issue I



2024

Year

IS
B

Global Journal of Science Frontier Research ( F) XXIV Issue I Version I

The aim of present article is to determine the value of improper integral
containing Bessel’s function as Integrand by using Laplace transform.
a) Some properties of Laplace Transform
Linearity Property:

The linearity property of the Laplace transform is a fundamental property that
states the transform of a linear combination of functions is equal to the linear

combination of the individual transforms. Mathematically, this property can be
expressed as follows:

L(a(f(®)) + L(b(f () = aL(f (D) + bL(f ()

Change of scale Property: If Laplace transform of function f(t) is F(s) then, Laplace
transform of e® f(at) is given by i f (i)

Shifting Property: If Laplace transform of a functionf(t) is (f(s)then, Laplace
transform of e® f(t) is given by f(s — a).

Laplace transform of the derivative of the function: The Laplace transform of the
derivative of a function f(t) is given by sf(s) — f(0) where f(s) is the Laplace
Transform of f(t).

Laplace transform of Integral of the function: If Laplace transform of function
f(£)is £(s) then L [ f()dt =< f(s)

Laplace transform of Function, (Multiplication by ‘¢ theorem): If Laplace transform of
function f(t) is £(s)then,L(t(f (£)) = (=1) = £(s)

Laplace transform of Bessel’s Function:
The Bessel’s Function is defined as

Jn(8) = kzz()(_l)kk!l"(n+k+1)(t/2) *
L], (t) = L<kzzo(—1)k kK'ifT(n+k+1) ¢/2) 2k>

” —st N 1 n+
JO ¢ ;(‘”"k!r(mkﬂ)“/” *

N (-1 ”
Z e—SttZk-l‘Tldt
£a 22 kT (n+ k +1) Jg
1 1w (DTm+1) TRk+n+1)
sntlipn ~ 228k rn+k+1) T(n+ 1) .s2k
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11O DR +n)y 1
sn+l 2n — 22k kI (1 4+ n), .s%
1+n n
0 ko2k
1 iz(_l)z (52),(1+3), 1
sn+l’2n & 22k k! (1 4+ n), .52k
1+n ny 1

L1172 (1+2)z

Sn+1'2n 1

14+n;

Hypergeometric Function: Hypergeometric function denoted as 2F;(a, b; c; z) is a special

function that arises
mathematical physics. It

Where (a) , denotes the

(@ =a(

in various

arecas of mathematics
is defined by the series

2F (a,b;c;z) = Z (ak)l k((f))kk zk

Pochhammer’s symbol

a+1D@+2) ..

including analysis and

(a+n—1)and (a)=1

The hypergeometric function is a generalization of several elementary function
such as the binomial series and it satisfies various differential equations including the
hypergeometric differential equation. It has applications in solving differential equation,

evaluating definite integrals and expressing solutions to certain problems.

The

hypergeometric function has many special cases and identities making it a powerful tool
in mathematical analysis. It is extensively studied and applied in different branches of
mathematics and physics.

[I. APPLICATIONS

In this section, some applications are given in order to explain the advantage of

Laplace transform of Bessel’s function for evaluating the improper Integral containing

Bessel’s function as Integrand.

1. Evaluation of I = fooo
L], (t) =

we have,

here s — 1, therefore,

e I (t)dt

14+n

1 1 2
Jn(®)dt = 5.7 2F

fooo e—St

© 2024 Global Journals

Year 2024

E
~N

I Version 1

Global Journal of Science Frontier Research ( F) XXIV Issue



2024

Year

N
(00

Global Journal of Science Frontier Research ( F) XXIV Issue I Version I

1+n (1+E) 1

o —t

1
fe J(©)dt = o2F; 2
0

w =2
Evaluation of I = fo te I, (t)dt

[14+n ' (

1
Ln () = oy 5 2F

[1+n ny 17

, 1+ =)—=

1 1 ( )

L(t/a () = 5550 2F

heres — 2,

_ — , (1+Y)5
© 2t 1 1 ’ 2
) te " h(©dt= 5. 2F | ( 2)2

[oe]

Evaluation of I = fo e’ (fot]n (u) du)dt

1;—71 ‘ (1+n)1

Ln(0) = <7 572

1+n;
By property of Laplace Transform of integral,
1+n
t 1 1 1 2 ’ (
L[ ) = $10,00) = 555728
1+n;
heres — 1,
1+n (1
t 1 1 ’ 5
L[ Gdw) =<1 Gu) = 5 20 | 2 2
0
1+n;
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4. Evaluation of I = fooo e_Zt [;_t]" (t)] dt

[oe]

11 (-Dr(n+1) IrRk+n+1)
LU, (©) = it -z_nkZO 22k kIT(n+k+1) T(n+1).s2%k

Now, by using the property of Laplace transform of derivative of function, we have

. (=D I'(2k+n+1)
L[dt]n(t)] .+l on Zk =022k pir(n+k+1) 52k

(=1)k I'(2k+n+1)
P (1)

s" '2" 22k |\r (n4k+1) s2k

Then by the differentiation of Laplace transform we have
d w —st[d
L[E]n (t)] = fO e [E]n (t)] dt (2)

e[S de =

11 i (-1)* rk+n+1)
's"'Z"k_OZZk K'rn+k+1) .52k

Taking s — 2,
o —2t
Jye " [5m®]de =

1 1<% (—=1)* rk+n+1)
22 L 2K T (k4 1) 22k
1+n n
_ oz '(”E) 1
T 22n+2k 1
1+n;

[1I. CoNCLUSION

In this article, we have successfully discussed the application of Laplace

transform for solving improper integrals whose Integrand contains Bessel’s Function.
The given numerical applications show the advantage of Laplace transform for

evaluating improper integral whose Integrand contains Bessel’s function.
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